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The ¢z and bb spectra are used to restrict the parameters of a QCD-inspired linear plus Coulomb
potential. The potential incorporates a running coupling constant a(r), which is controlled by a pa-
rameter b. This parameter is virtually undetermined by the ¢z and bb spectra. The spectra are extra-
polated to the 7 regime for a variety of acceptable potentials or b values. It is shown how minimal 7
measurements will restrict a(r) and determine Agg (where MS denotes the modified minimal-

subtraction scheme).

I. INTRODUCTION

The ¥ and Y families of narrow resonances have been
interpreted for the last ten years as bound states of the ¢
and b quarks, respectively. For recent reviews see Refs.
1-5. The spectroscopy of these states has been very suc-
cessfully tested by potential models with or without rela-
tivistic corrections. Successful potentials have been ob-
tained by an inverse scattering method,® by inspiration
from QCD (Refs. 7-13), or pure phenomenology.'* !’

It is well known that ¢z and bb spectroscopies do not
probe the potential at short distance, that is, shorter than
~0.1 fm (Refs. 12 and 16). This makes a variety of func-
tional forms (ranging from single power,'> Coulomb plus
linear”!? to logarithmic at short distance, linear at large
distance'®!!) equally successful in matching ¢¢ and bb
data. The potentials of these models are essentially identi-
cal at distances larger than 0.1 fm, but at shorter dis-
tances there are marked differences. In a recent paper,!’
Moxhay and Rosner compare the predictions of various
models for 7 spectroscopy by extrapolating to probable -
quark masses and find significant differences.

Here we take the approach of a single potential,'’ flexi-
ble enough to reproduce a whole range of differing small-
distance behaviors, each interpreted as a different ap-
proach to asymptotic freedom and ultimately related to
the QCD scale parameter Agp (where MS denotes the
modified minimal-subtraction scheme). Even limited in-
formation on ¢ spectroscopy will restrict the parameter b
that controls the small-distance behavior of the potential
and the value of Ays.

II. THE RUNNING COUPLING CONSTANT
AND THE gg POTENTIAL

The form for the running coupling constant a(r) is sug-
gested by a Fourier transform of the asympiotic-freedom
result for a(g?) which, for large momentum transfers,
behaves as
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Hence, a(r) has the following small-distance behavior:'®
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This form of a(r), however, has a singularity at

r=(Ae?)~! or in the neighborhood of 0.2-1 fm. Various
modifications have been suggested, which may be con-
sidered as more or less arbitrary summations of a series
with (1) or (2) as the leading large-g* (Ref. 10) or small-r?
(Ref. 11) term.

The form chosen by Beavis, Chu, Desai, and Kaus'! is
given by

a
| 9 |In[b+1/(Age?r?)]

with Ap=2.5 fm~! or 500 MeV. This potential has the
transparent feature of interpolating between the
asymptotic-freedom limit and intermediate radii which
seem to be so well represented by a nonrunning Coulomb
potential. The scale Ay should not be confused with the
QCD scale Ayg. Ao is merely a parameter of the running
coupling constant a(r) and, through r, =(Age?)~!=0.22
fm, is probably more related to the transition from a
spherical cavity to a flux-tube regime. It is the combina-
tion of Ag and the parameter b in Eq. (3) which is related
to perturbative QCD and its scale Ayg. This will be dis-
cussed in Sec. IV. The argument of the logarithm in Eq.
(3) is b +ra%/r? and we can say
2 A
r >>T Coulomb ,

b>1, (3)

), TA’
re<<y

The low limit of b (b =1) represents a configuration-space
analog of the Richardson potential.!®

The calculations of the quarkonia spectra in the next
section were performed numerically using the potential of
Beavis, Chu, Desai, and Kaus:'

4 afr)

3
where a(r) is given by Eq. (3). The couplings gs and gy
refer to the usual scalar and vector couplings.

The relativistic corrections to the potential (4) were in-
cluded in standard form!'® as first-order perturbations.
The spin-independent corrections are

asymptotic freedom .

Vir)= +(gs+gyr+Vo, 4)
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and the spin-dependent ones
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III. g7 POTENTIAL PARAMTERS,
ASYMPTOTIC FREEDOM, AND t QUARKONIUM

The sensitivity of charmonium and the Y system to
asymptotic freedom was determined by variation of the
parameter b in Eq. (3). The other parameters a, gy, gs,
Vo, m., and m,; were reevaluated by obtaining a best fit to
the six lower lying charmonium and eight lower Y states.
We avoided the higher states, since we deemed them too
close to the (four-quark) continuum and not as suitable to
fix the parameters of the central potential. Tables I-III
contain the parameters, levels, and ratios of leptonic
widths obtained by the fits. The parameters gy, gs, Vo,
m., and m, are shown as functions of b in Figs. 1-3, as
well as the overall figure of merit.

Acceptable fits were found in the interval from b =4 to
b=10* (essentially Coulomb, i.e., b= ). The best fit
was b =20, but no significance can be attached to this,
since the rms error for this fit (b =20) was 0.2%, while in
the entire range, b =4 to b=10% the error was never
larger than 0.4%. Thus the cZ and bb spectra are not sen-
sitive to the incorporation of asymptotic freedom in the
potential excluding only the range b <4 in our potential.
Figure 4 compares the best fit (b =20) with experimental
gq masses.

The running coupling constant as a function of b for
F= o0, F=rp, and r=r, /10 is shown in Fig. 5. As b is
decreased the reevaluation of the parameter a causes the
value of a( ) and a(r,) to increase; however a(r, /10)
decreases. The ratio a(r)/a(w) which removes the
effects of a is shown in Fig. 6.

For the entire range of acceptable b’s, g and gg are
about equal and their sum is 1.2-1.3 GeV/fm. The 3P,
level splittings are particularly sensitive to the gy /gs ra-
tio. The ratios R=(*P,—’P,)/(*P;—>Py) for the X., Xy,
and X} states are given by experiment20 as 0.48, 0.93, and
0.83, respectively. Our fit which was only concerned with
fitting energy levels gives R =0.91, 0.90, and 0.88. The
gy =~gs result is an artifact of the potential form and more
parameters in the central potential ¥ (r) could replace the
vector presence in the confining potential (gy +gs)r.

In Fig. 7 we show the potential [Eq. (4)] as a function
of r for b=6,20,100,10* On the graph we indicate the
rms radii and expectation values of the central potential
for the 1S states of the charm, bottom, and top systems
(assuming m, =40 GeV) for the various b values. Here
we see that the charm and bottom systems probe dis-
tances that are essentially not effected by asymptotic free-
dom. Although the hyperfine splittings probe smaller
values of r they do not give sufficient sensitivity to the pa-
rameter b because of compensations among the other po-
tential parameters.

The independence of the spectrum on the assumptions
about the r dependence of a(r) ceases drastically when the
calculation is extrapolated to quark masses in the prob-
able top-quark region (40-50 GeV). The 2S-1S and 3S-
1S excitation energies are shown in Table IV and Figs.
8(a) and 8(b). As we discussed previously,!! the quark-
mass independence of the excitation spectrum for char-
monium and Y is in no way fundamental and we are not
surprised that when the larger quark masses produce
bound states, large deviations result. The potential is now

TABLE 1. The potential parameters and the rms error for the various values of b.

14% gs Vo me my Error

b a (GeV/fm) (GeV/fm) (GeV) (GeV) (GeV) (%)
2 0.3975 0.7656 0.5922 —0.9954 1.921 5.272 0.6124
4 0.5348 0.6593 0.5118 —0.9818 1.919 5.274 0.3696
6 0.6263 0.5945 0.5207 —0.9979 1.924 5.280 0.2804
10 0.6410 0.5674 0.6423 —1.046 1.903 5.261 0.2447
20 0.7679 0.5718 0.6194 —1.047 1.899 5.258 0.2169
10? 0.9910 0.6720 0.5848 —1.074 1.870 5.235 0.2576
10° 1.342 0.7396 0.5687 —1.107 1.860 5.226 0.2962
10* 1.801 0.7627 0.5380 —1.130 1.874 5.240 0.3026
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TABLE II. The calculated energy levels of the 14 states used in the fits for the various values of b and the experimental results in
units of GeV with b dimensionless.

cC system

b e I/ (1°Pg) (1°Py) (13Py) v

2 3.005 3.096 3.392 3.467 3.553 3.726

4 2.991 3.103 3.39% 3.481 3.568 3.701

6 2.984 3.107 3.403 3.488 3.570 3.692
10 2.986 3.102 3.410 3.488 3.560 3.697
20 2.982 3.107 3412 3.490 3.561 3.692
10° 2.981 3.110 3.408 2487 3.561 3.697
10° 2.983 3.110 3.405 3.484 3.561 3.702
10* 2.981 3.112 3.404 3.484 3.562 3.700
Expt® 2.981+0.006 3.0969+0.0001 3.4150+0.0010 3.5100+0.0006 3.5558+0.0006 3.6860+0.0001

bb system

b Y (13Py) (3py (1°Py) Y (2°Po) 3Py 2°Py)
2 9.508 9.822 9.840 9.860 10.047 10.268 10.281 10.296
4 9.482 9.835 9.862 9.889 10.038 10.254 10.273 10.292

6 9.468 9.842 9.872 9.902 10.034 10.249 10271 10.292
10 9.467 9.844 9.874 9.900 10.029 10.250 10.272 10.292
20 9.461 9.849 9.880 9.908 10.023 10.245 10.270 10.292
10? 9.468 9.851 9.882 9.909 10.020 10.246 10.271 10.294
10° 9.475 9.848 9.877 9.903 10.018 10.244 10.269 10.291
10* 9.475 9.848 9.878 9.904 10.018 10.243 10.269 10291
Expt® 9.4600+0.0003 9.8729+0.0058 9.8945+0.0035 9.9146+0.0024 10.0234:0.0003 10.2328£0.0058 10.2537+0.0034 10.2710+0.0024

2Particle Data Group, Ref. 20.
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FIG. 1. The vector and scalar coupling constants of the linear
confining potential, gy and gs, and their sum as functions of b.
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TABLE III. Ratios of leptonic widths, I'.(2S)/T.(1S), for
the various values of b and the experimental results. In potential
theory the leptonic width is given by the Weisskopf—Van Royen
formula [R. Van Royen and V. F. Weisskopf, Nuovo Cimento
50, 617 (1967)]: T.(nS)=16meg%a’|y(0)|*/M,>. However,
radiative and relativistic corrections to this result are very large.
They cancel partially in the ratios. Buchmiiller and Tye (Ref.
12) estimate the uncertainties for the ratios to be about 30% in
the case of charmonium and about half of that in the case of Y.
The calculations for the top system were done assuming m, =40
GeV.

b cC bb it

2 0.58 0.76 0.67

4 0.50 0.57 0.52

6 0.48 0.51 0.44
10 0.50 0.51 0.40
20 0.50 0.48 0.32
10? 0.52 0.49 0.23
10° 0.54 0.51 0.19
10* 0.54 0.51 0.18

Expt? 0.45+0.06 0.42+0.04

*Particle Data Group, Ref. 20.

probed at r <rp=~0.2 fm and the parameter b, which
heralds the onset of asymptotic freedom becomes impor-
tant. Y, where the 2S-1S excitation energy is about 0.56
GeV, was fit by the parameter b varying from b=4 to
b=10*% with a spread of about 0.02 GeV. At a t-quark
mass of 40 GeV these potentials could give for the 25-1S
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FIG. 3. The root-mean-square error of the fit (in %) as a
function of b. The rms error is defined as
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FIG. 4. The experimental (Ref. 20) (solid lines) and calculat-
ed (circles) values of the energy levels with respect toJ /¢ and Y.
Shown are the 14 states in the fits and the centers of gravity for
the triplet-p states. According to the Crystal Ball Collaboration
(Ref. 27) the X»(*Po) state is moved to the dashed line. This
figure represents the best overall fit with b=20 and an rms error
of 0.22%.
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FIG. 6. The ratio a(r)/a(«) as a function of r for four
values of b (b =6,20,100,10%).

excitation energy a value from 0.49 GeV (b =4) to 1.15
GeV (b=10%. Thus the minimal measurement of the
nS-1S splittings will be quite sensitive to asymptotic free-
dom in the potential.

In a recent article!’” Moxhay and Rosner compare the
properties of various models!>!3152! for m, =40 GeV.
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FIG. 7. The potential as a function of r for four values of b
(b =6,20,100,10*. The marks show the rms radii (top edge) and
expectation values of the central potential (left edge) for the 1S
states of c€, bb, and (7 (assuming m, =40 GeV) for the above-
mentioned values of b.

We find that the model potential used here, Eq. (4), which
interpolates, through the parameter b of Eq. (3), from
Coulombic (large b) to “normal” asymptotic freedom
(small b), interpolates between various models as well.
Thus b=100 closely matches the results of Moxhay and
Rosner?! for (7 excitation energies, b =70 those of Kiihn
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FIG. 8. The excitation energies (a) E2s-Eis and (b) E3s-E;s
as functions of the quark mass for four values of b
(b=6,20,100,10*. Here E,s is the center of gravity of the sin-
glet and triplet states. The points close to mg=2 and 5 GeV
correspond to the ¢ and bb systems, respectively. The horizon-
tal bars represent experimental values (Ref. 20).
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TABLE IV. The ground-state and excitation energies of the
nS states for ¢f (assuming m, =40 GeV) for the various values of
b in units of GeV with b dimensionless. The energies E,s are the
centers of gravity of the singlet and triplet states.

b Es Eys-Es E;s-Eis
2 78.513 0.341 0.596
4 78.297 0.494 0.791
6 78.147 0.600 0.921
10 78.123 0.651 0.974
20 77.949 0.796 1.138
10? 77.772 0.983 1.336
10° 77.676 1.078 1.432
10* 77.555 1.154 1.517

and Ono'® (model b, the Richardson potential), b =40
corresponds to Buchmiiller and Tye'’ (for Agg=500
MeV), b=9 to Kiihn and Ono'® (model a, the T poten-
tial), b =7 to Buchmiiller and Tye'? (for Ags=200 MeV),
and finally b =4 to Martin.'

IV. THE RUNNING COUPLING CONSTANT,
t QUARKONIUM, AND Az

The discussion is entirely in the context of the potential
(4) in which the phenomenological running coupling con-
stant is given by (3)

A
9

a
In(b+r%/r?)

with 74 =(A¢e?) ™' ~0.22 fm or Ag=500 MeV.

We find that the c¢ and b spectrum does not strongly
constrain the parameter . However, while the inclusion
of asymptotic freedom through the logarithmic term in
a(r) cannot do much good (Fig. 3), it can do considerable
harm for b <4. The phenomenology of c¢ and bb spec-
troscopy probes the potential down to r=~0.2 fm and
demands that the running coupling constant be greater
than 80% of its asymptotic value at r=0.2 fm, i.e.,
a(0.2)/a(«)>0.8. Since a(0.2)/al w)=In(b)/In(b +1)
this translates into b >4 in our potential. On the other
hand, 7 spectroscopy with m, =40 GeV will be sensitive

a(r)=

to the potential to ~0.05 fm and will certainly determine
b to one significant figure (Fig. 8, Table IV).

The restriction b >4 does have significance for pertur-
bative QCD. We matched the phenomenological
a(rAo,b), Eq. (3), with the running coupling constant,
a(rAgg), obtained from perturbative QCD (Ref. 12).
This was done at several values of p=rAygp, ranging from
75 to %. The results are shown in Table V along with the
matching radii.

We see from this exercise that the Ay of our own a(r),
which corresponds to a critical distance r, =0.22 fm is
not simply related to Ayg. Rather we may think of r, /b
as a measure of the radius where a transition from the
flux-tube-string regime to the perturbative regime occurs.
The running coupling constant a(r) in the neighborhood
of ro/b changes from the perturbative QCD prescription
a(rAgg) to perhaps the string prescription a=(3)r/12
(Ref. 22). In any case the matching to a perturbative
QCD potential a(rAgpg) should be done at r=p/Ags
Sra/b. From Table V we see that this condition is met
by p=3 or smaller, which should also be small enough
for perturbative QCD to converge well. The fact that for
the best fits, b =20, Ayg does not change much with the
fitting radius p/Agg, shows that our phenomenological
a(r) blends well into the perturbative a(rAgg). Thus, the
condition b >4 would seem to indicate that Az > 120
MeV. The best fit, b =20, gives an a(r) which fits very
smoothly into a perturbative a(rAgyg) with Agg=240
MeV. This should dispell the notion that ¢z and bb phe-
nomenology demands a Ayg greater than 300 MeV. A
compilation of Ay determinations shows that Agg=200
MeV may not be inconsistent with most considerations®
and it is certainly not inconsistent with ours, putting b
somewhere in the range of b=10-20. In this range we
also agree well with z-quarkonium predictions of Clavelli,
Lichtenberg, and Willis.?*

The importance of the t-quarkonium spectrum then lies
in the fact that this consistency can well be destroyed by
almost any information on the excitation spectrum. For
example, taking a hypothetical top-quark mass of 40 GeV,
we see from Table IV, that if the 2S-1S excitation energy
is larger than 800 MeV, b is larger than 20 and Ayg
larger than 240 MeV. Conversely, if 2S-1S is smaller

TABLE V. The QCD scale parameter Apg and the matching radius 7 for each b. The values are ob-
tained by matching the phenomenological coupling constant, a(rAo,b), and the perturbative QCD cou-
pling constant (using ny=4, to second order in [In(1/r2Agg?)] ", according to Ref. 12) a(rAsg), at a
fixed p=rAys. The table shows the results for four different values of p.

1 1

1

P=73 P=35 P= % P=1
Axis(r) Asis(r) Awss(r) Axis(r)

b (MeV)(0.01 fm) (MeV)(0.01 fm) (MeV)(0.01 fm) (MeV)(0.01 fm)
2 100(9.5) 85(7.7) 70(6.7) 65(6.0)
4 150(6.7) 130(5.1) 120(4.2) 110(3.7)
6 190(5.3) 170(3.8) 160(3.1) 150(2.7)
10 180(5.6) 170(3.8) 160(3.1) 150(2.6)
20 240(4.1) 250(2.6) 250(2.0) 240(1.6)

100 330(3.0) 460(1.4) 500(0.98) 520(0.76)
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than 500 MeV, then b <4. This would imply that
Az <120 MeV, which is pleasing to some determina-
tions, but b <4 gives a very poor fit to ¢¢ and bb spectra.
Similar relationships for other excitation energies such as
3S-1S as well as other top-quark masses can be obtained
from Table IV and Figs. 8(a) and 8(b).

The phenomenological potential (4) does not agree with
perturbative QCD as r vanishes. Any extraction of Ay,
however, depends on consistency with QCD.

We have modified an expression by Buchmiiller and
Tye'>?S for the inverse B function, by adding a simple
function which leaves intact the asymptotic properties at
small and large Q, but alters the behavior in the transition
region (2 < Q <20 GeV) smoothly. In this manner, it was
possible to find expressions for the Fourier transform of
the potential, consistent with perturbative QCD and with
the whole range of phenomenological potentials (4).

We found for each b an acceptable range of Ajyg:

b=2, Af=80%20 MeV,
b=6, Ajp=150+50 MeV ,
b=20, Azpg=260£60 MeV ,
b=50, Azpg=400£100 MeV ,
b=100, Azg=700+200 MeV .

The range of Ay comes from the fact that the interpolat-
ing function has two parameters, which allows some range
for the transition region. Limited by the demand for
fitting the phenomenological potential at small Q and

blending smoothly into the perturbative expression at
large Q, we found the transition region Q for b=2 is
2<Q <3 GeV, while for b=100 acceptable potentials
were found with 10 < Q0 <20 GeV.

In conclusion, the ¢¢ and bb spectrum provides us with
very little information about asymptotic freedom and its
scale Ay, If we take 6 <b <50 as the range of ““accept-
able” potentials, then this implies Ayz=300+200 MeV.
This is somewhat more pessimistic than an estimate by
Hagiwara, Jacobs, and Olsson,?® who obtain Azs=250
+100 MeV. The f spectrum will certainly narrow the
choice of b. This, in turn, will constrain Agg. For exam-
ple, if b=20 remains the optimum b, we obtain
Azs=260160 MeV, in good agreement with the expecta-
tions from the “fake” data of Hagiwara, Jacobs, and
Olsson.?® Should the higher b values, such as for example
b =100, become more favorable from real t-quarkonium
data, then Az would increase dramatically, but so would
the uncertainty. It will be possible to bracket the scale of
asymptotic freedom in gg spectroscopy, when there is
some manifestation of the running coupling constant.
However, if b >>20, that is larger z-quarkonium excitation
energies, then even t quarkonium does not feel this effect.
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