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Two important invariant identities about the products of the Riemann tensor R py~ and the Ricci
tensor R ~ and the scalar curvature R are derived by the technique of Weyl decomposition of the
Riemann tensor and by the spinor formalism. These identities are very useful in four dimensions for
simplifying the final expression of the a3 coefficient of the scalar fields and for simplifying the
evaluation of the vacuum-polarization energy-momentum tensor. This result is of relevance to the
work of Jack and Parker on the summed form of the heat kernel.

I. INTRODUCTION

Gilkey' has calculated the a 3 coefficient of spinor
fields by geometric methods and reasons. The final ex-
pression involves 46 fundamental invariants (the coeffi-
cients of three terms are equal to zero). It reduces to 17
so-called fundamental invariants for scalar fields. We
have calculated the a3 coefficient of the scalar fields by
proper-time-expansion methods. The primary expression
involves 25 invariants, and the 25 invariants can be re-
duced to 17 invariants by using many invariant identities.
The final expression agrees with the formula given by Csil-

key for the a3 coefficient of the scalar fields.
The following questions then arise. Are Gilkey's 17 in-

variants really fundamental? Can it be further simplified?
We derive two important identities in this article. Using
these identities we can reduce the expression for the a3
coefficient from 17 invariants to 15 invariants. The prob-
lems are not solved completely. Does another invariant
identity exist? What is the number of the independent in-
variants?

Our results are very useful for simplifying the evalua-
tion of the vacuum-polarization energy-momentum tensor
of scalar fields in curved spacetime.

Our results mean that in four dimensions the coeffi-
cient of the R-dependent terms in a3 can be written in
more than one way. This will be relevant to the work of
Jack and Parker.

We use the sign convention ( —+ —) as in Carmeli's
book and Plancks units A'=c =G = 1.

II. THE TWO IMPORTANT INVARIANT IDENTITIES

The decomposition of the Riemann tensor in a four-
dimensional manifold is

1

Rapyt =Caprid+ z (gayRpk gatRpy+gpgRay gpyRail. )

1

6 R (gaygpA. gang py )

From (1) we can, after a lengthy calculation, obtain the re-
lations

C yC C P=R yR 'R P ——RR R Py —6R yRPR —6R PR yR +7RR R P ——RaP y O A,~ aP yO. k7. 2 ~PyA. apyA. a p y ap 18

RyRQP'=CyCCP' —3RCPyC+ RCCyP ——RPRyR+ RRRP ——R—ap y A, o. ap 0' A.cT ypa T A.apy a p y 4 ap 9

C C Py~=R R Py~ —2R R P+ —R2
apyk. apyA. ap 3

In spinor formalism we have

ya Cak, C P7. C EFGHC ABLM C cDNP
ABCD EFNP IM GH

y C ~C P=C . EFGHC
ABCD EFGK LMNP

C . . = —(& e. . e. . +e eABCDEF'GH r A CEG BD FH AC EG WBDFH

From (5) and (6) we get the formulas

raCaz C Pr 4(P CGPAE PN +q DHq MPq

(3)

(4)

(6)

(7)

yaC ~rC aP g(q EGq LNq AC+ q FHq MP y BD)

Then we have
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770 COMMENTS

Cap C yrC~ o =
2 Cap Cy Cg (10)

It is worth emphasizing that (10) is valid for an arbitrary four-dimensional Riemann manifold. From (3), (4), and (10) we
obtain

ap yr A, o. apyo. 7

(R Pr Rr Rg P —,RRg PqR Pr 6R rRP R Pry 6R PRPrRr +7RR PR P +, )R )

Similarly we derive

R Qg p
R' P~= , RRg p—„R Pr+2R rRP R p p +2R PRprR 2RR —pR P+ , R— (12)

We must point out that the important identities (11) and (12) cannot be derived by Bianchi identities and by the algebraic

properties of the Riemann tensor alone.

III. APPLICATION

The old expression of the a3 coefficient of the scalar fields is

a, = —,[6(3—14$)R pP+ [84.$(5(—2)+17]R. R 2R p R—P'r .4R p R—~ P.
+9R p „.R Pr ' +28(1 —6$)(1—5$)RR. —8R pR P —8(14(—3)R pR

+12R p gR Pr ' + —, (1 —6$) R ——,'(1 —6$)RR pR P+ —', (1—6$)RR p xR

+112(g——,', )R PRp~R 112((———„)RrRP R p g ——,R +x p
R' Pr

+ —R r R 'R P+ —R R r'RP I.9 ap year A, v 9 apycr 7

We find, on substituting (11) and (12) into (13), the following new expression of a3 coefficient of the scalar fields:

a3 ———,[6(3—14$)R. pP+[84$(5$ —2)+17]R. R' —2R p. R P'r 4R p—
(13)

+9R py)
RP~" +28(.1 —6$)(1—6$)RR. —8R pR P

g
—8(14$—3)R~pR

+12R p pR pr ' +[—, (1 —5$) ——", ]R —[—, (1 —6g) —', ]RR pR

+[—', (1—6g) ——, ]RR p R P~ [+112(g——,", ) —'," ]R PRprR

112(g+ —,
' )R rRP R p + ", R pr R 'R,—P]. (14)

The terms R,RR pR P and R py~R
Py do not vanish

when g= —,'. Our results mean that in four dimensions,
the coefficient of the R-dependent terms in a 3 can be
written in more than one way. This will be relevant to the
work of Jack and Parker.
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