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We use momentum-space techniques and a quasilocal expansion to derive the imaginary-time
thermal Green's functions and the one-loop finite-temperature effective Lagrangians for A,P fields

in curved spacetimes. These approximations are useful for treating quasiequilibrium conditions as-
sociated with gradual changes in the background fields and the background spacetimes. For prob-
lems in spacetimes with small curvature, we use a Riemann normal coordinate for the background
metric, a derivative expansion for the background field, and a small-proper-time Schwinger-DeWitt
expansion to derive the finite-temperature effective Lagrangians. For problems in homogeneous
cosmology we consider conformally related fields and the Robertson-Walker universe as background
to carry out finite-temperature perturbation calculations. We study a massless conformal A.P theory
in a Bianchi type-I universe and derive the finite-temperature effective Lagrangian in orders of
small anisotropy. The quasilocal method presented here is related to the adiabatic method in finite-
temperature quantum field theory presented earlier in similar settings. These results are useful for
the study of quantum thermal processes in the early Universe.

I. INTRODUCTION

Finite-temperature quantum field theory in curved
spacetime is an important tool for the study of thermal
quantum processes near black holes' and in the early
Universe. Development of these theories has spanned
about a decade in history, trailing almost directly after
theories in flat space. One may say that it began with the
work of Hartle and Hawking and Gibbons and Perry
on applying the imaginary-time thermal Green's function
for the description of Hawking radiation in black-hole
spacetimes. This technique is particularly suited for
spacetimes possessing Euclidean sections such as Rindler,
Schwarzschild, and de Sitter spacetimes. The nature of
thermal radiation in these spacetimes associated with vac-
uum fluctuations around event horizons is very different
from that associated with the quanta of ambient radiation
in general cosmological spacetimes such as the
Robertson-Walker universe. For curved but static or sta-
tionary spacetimes, finite-temperature field theory is well
defined, as the existence of a global timelike Killing vec-
tor permits a thermal equilibrium state to persist. Gen-
eralization of flat-space thermal Green's-function tech-
niques has been carried out in the work of Dowker,
Critchley, Kennedy, and Altaire. These techniques are
applicable for spacetimes which are conformally static,
such as the Robertson-Walker universes, as seen in the
work of Kennedy, Drummond, and Critchley, Davies,
and Kennedy. The basic notions and the conditions
underlying a viable finite-temperature field theory in gen-
eral dynamical spacetimes were first discussed by Hu. In
this work, the conformal properties of fields and space-
times are invoked as conditions for maintaining thermal
equilibrium for free fields. By way of a quasiadiabatic ex-
pansion the notion of an adiabatic n-particle state was in-
troduced and the finite-temperature energy density was

calculated for near-conformal fields and for spacetimes
nearly conformally static. The adiabatic method was also
applied to the derivation of effective quasipotentials for
self-interacting fields in Robertson-Walker' and Bianchi
type-I universes. " The finite-temperature method and re-
sults obtained in this work and generalizations thereof are
useful for the discussion of finite-temperature symmetry
breaking, ' particle production and back reaction, '

and entropy generation' problems, although proper
treatment of these processes necessitates the development
of nonequilibrium methods, such as real-time Green's
function ' and Wigner function techniques.

An approach parallel to the adiabatic expansion method
in finite-temperature field theory (as exemplified in Ref. 8
and discussed in Ref. 10) is by way of the Schwinger-
DeWitt proper-time expansion in the effective Lagrang-
ian. The two approaches have been shown to yield identi-
cal results in the treatment of ultraviolet divergences in
zero-temperature field theories. The physical meaning
behind these two expansions are however different. The
proper time s can be viewed as a scaling parameter on
the curvature-induced mass a [a =m +(1—gg'dR
+kg /2, see Eq. (2.5)] in a kP theory, which determines
the energy or length scale of the relevant physical process-
es. Small s gives the short-distance (local), high-
frequency (UV) behavior while large s gives the long-
distance (global), low-frequency (IR) behavior. This is
why a small-proper-time expansion is usually used to
identify the ultraviolet divergences. By contrast, in the
adiabatic expansion the relevant parameter is the nonadia-
baticity parameter A=A'/0, which measures the time
rate of change of the natural frequency 0, of each normal
mode of the system compared to the background dynam-
ics. It measures the rate rather than the scale of variation.
Since it is a criterion for measuring particle production
(II & 1), the adiabatic expansion method can be used to
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define adiabatic vacuum or n-particle states in zero and
finite-temperature theories in dynamical spacetimes. For
the same reason, the physical meaning of these theories
are better defined and understood by the adiabatic
method. On the other hand, the proper-time effective ac-
tion method has many advantages. Not only is it covari-
ant (note however that finite-temperature theory in
dynamic spacetimes necessarily breaks covariance, as a
timelike Killing vector is singled out for the definition of
thermal equilibrium states), but a variety of techniques
has been developed in zero-temperature field theory which
can readily be adopted for finite-temperature considera-
tions. This includes background-field methods,
momentum-space techniques, and quasilocal expansion,
all of these are useful for our present work. The quasi-
local approximation is an expansion of the effective action
I in orders of the derivatives of the background field P,
which can have temporal or spatial dependence. The first
term in this expansion (constant background field) gives
the well-known effective potential V, while higher-order
approximations take into account the 'kinetic terms" in
the Lagrangian. We have earlier called this an effective
"quasipotential. " This expansion is useful for construct-
ing approximate field theories in cosmological spacetimes,
as the background field is invariably dynamical. Earlier
we have derived an exact form of the zero-temperature
effective Lagrangian for A.P fields in curved spacetime
by quasilocal expansion techniques up to second order in

Here, we want to generalize these results to finite tem-
perature. It is of interst to note that derivative-expansion
techniques have recently been developed for zero- and
finite-temperature theories in flat space ' for the study of
soft-gluon processes in quantum chromodynamics, Skyr-
mion stability problems, and locally supersymmetric
theories.

In this work we use the momentum-space technique
and quasilocal expansion to derive the imaginary-time
thermal Green's functions and the one-loop finite-
temperature effective Lagrangians for a AP field in
curved spacetimes. Restrictions on the techniques used
naturally limit the validity of our results to gradual
changes in the background spacetime and in the back-
ground field so that a condition of quasiequilibrium is
maintained in each successive interval. (These conditions
can be made precise by identifying and grouping the suc-
cessive terms in the effective Lagrangian in accordance to
their adiabatic order. ) For the benefit of both theoretical
and practical inquiries, we have derived the finite-
temperature effective Lagrangian for a general curved
spacetimes (in a local coordinate patch) and for two
cosmological spacetimes, the Robertson-Walker and the
Bianchi type-I universes. They are discussed in Secs. II
and III, respectively.

In Sec. II we carry out a Riemann-normal-coordinate
expansion (up to fourth order) for the background
metric and Minkowski space and a quasilocal expansion
(up to second order) for the background field. We then
introduce a momentum-space representation of the
Green's function and a proper-time representation of the
effective Lagrangian, which for second-order variation in
the fields can be written in a closed form. Upon impos-

ing a periodic condition on the Euclideanized time and
carrying out a small-proper-time expansion and integra-
tion one obtains the finite-temperature effective Lagrang-
ian in orders of deviation from the flat space. The Bose-
Einstein-type sums contained therein can be implemented
by taking the high-temperature limit. The result is in the
form of a double series in inverse temperature and small
proper time (or inverse frequency) orders (they can also be
grouped according to their adiabatic orders). In Sec. III
we study A.P theory in homogeneous cosmologies, start-
ing with the Robertson-Walker (RW) spacetime. Because
RW space is conformally flat, simplification can be
achieved by working with conformal time and conformal-
ly related fields. A finite-temperature theory is well de-
fined in such cases. The transformed scalar wave opera-
tor has the same kinetic part as in flat space. Using this
as the background we extend our discussion to massless

theory in a Bianchi type-I spacetime with small aniso-
tropy. This is a spatially flat universe with different ex-
pansion rates in the three directions. It is of interest both
for the study of quantum anisotropy dissipation processes
in conventional (3+ 1) Bianchi cosmologies and as a
model of cosmological compactification in Kaluza-Klein
cosmologies. ' ' Here we follow the approach of Ref. 35
in expanding the wave operator in orders of small anistro-

py off the RW background. Because the massless kP
field in the RW universe permits a condition of thermal
equilibrium, the thermal effect of anisotropy can be clear-
ly identified. In Sec. IV we conclude with a discussion on
the range of" validity of the approximations used in this
work. In a companion paper we will discuss two addi-
tional aspects: the relationship of the proper time and the
adiabatic methods and the infrared behavior and higher-
loop effects. The latter problems arise, for example, in
symmetry-breaking considerations, where terms in odd
powers of the effective mass in the one-loop calculation
become imaginary and have to be corrected by higher-loop
contributions. ' Finite-temperature theory in the
imaginary-time formulation has topology S'XR, with
the radius of the circle equal to the inverse temperature f3.
In the high-temperature limit finite-size effect can be im-
portant in influencing its infrared behavior. The methods
and results from an earlier study of symmetry breaking in
curved spacetime can be used to tackle this problem.
These are topics which require further studies.

II. CURVED SPACETIME IN RIEMANN
NORMAL COORDINATES

Consider a massive (m) self-interacting (A, ) scalar field
4 coupled (g) to a general curved spacetime with metric
g„and scalar curvature R. It is described by the La-
grangian density

L, [C,g„]= ——,
' @[ +(1—g)g'~R+m']N

—A,N /4! (2.1)

where =g" V„V is the Laplace-Beltrami operator and

gq = —,(d —2)/(d —1) is the conformal coefficient in d di-
mensions (g~ = —, in 4-dimensions) and / =0, 1 denote con-
formal and minimal couplings, respectively. The action
has a minimum at N =P, which satisfies the classical
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equation of motion

A2$(x) =( +M2)p(x) =0,
where

(2.2)

M, =m'+(1 g)gdR—+kpl2 (2.5)

is an effective mass which depends on the coup-
ling g, background curvature R, and the background field

Contributions of the fluctuation field to the equation
of motion for P in (2.2) enter through the vacuum expec-
tation value and the thermal average of its variance
A, (P )/2, which acts as additional terms in the effective
mass Mz in (2.3). The effective action I related to L,ft
by

r[jg„„]=f d xV —g L„, ,

is expanded perturbatively in powers of A as

r[y] =s[j]+r" '+r,
where S [P] is the classical action,

S = f d xv' —g L~ ', L~ ' L[g,g&„], ——

(2.6)

(2.7)

(2.8)

and I "' and I ' are the one-loop and higher-loop effective
actions:

I'"=f d"xv' —g L"'= — ln(detG) .
2

(2.9)

Here G is the bare Feynman Green's function satisfying

A ~G (x,x') =( —g) ' 5(x,x')

or

A ) G(x,x') =6(x,x'),
(2.10)

where

G(x,x')=( —g) '~ (x)G(x,x')( —g) ' (x') . (2.11)

In a static homogeneous spacetime P is a constant field, in
which case one can define an effective potential V as

V(y) = —(vol) -'r(y), (2.12)

where (vol) denotes the spacetime volume. In general P
has temporal and spatial dependences, which render V(P)
ill-defined. Under circumstances where the background
spacetime and the background field change only gradually
compared to the characteristic scales of change of the sys-
tem one can carry out a quasilocal expansion of the field
and the metric around any spacetime point xl", including
their derivatives up to a certain order. Thus for the back-
ground field up to second-derivative order

P (x')=P (x)+P „(x)(x' x)"—
+ —,

'
P „(x'—x)"(x'—x) + . . (2.13)

M2 ——m + ( 1 g)g—dR +A p l6 . (2.3)

Fluctuations /=4 —P around the classical background P
satisfies an equation (to lowest order)

A, P(x) =( +M) )4)(x)=0, (2.4)

where

+(+zoR& p.ra+ 4s R~&p&R & s)y y y y
a p y 5

+ o ~ ~ (2.14)

where g„„ is the Minkowski metric (+1,—1, —1, —1),
y =x' —x, and the coefficients in this expansion are
evaluated at y =0. Using this expansion for the wave
operator A~ in (2.4) we get an equation for the Green's
function G(x,x') in (2.11) up to quadratic order in y (Ref.
28)

(ri"'d„d„+a +p~"+ —,
' y„y"y )G(y)=5 (y), (2.15)

where

a =m + (1—g g'dR + —,
'

A,P
—=m + U,

P„=U.„,
I 2 1

4 yp ———, U.p. +ap

a& = »o R.
&

——Rz ——,OR& R&

K X ApK+ 6o R
& Q~g+ 6O R pRgpav

(2.16a)

(2.16b)

(2.16c)

(2.17)

Except for the a„ tensor (whose trace gives the az coeffi-
cient in a Schwinger-DeWitt expansion related to the
trace anomaly), all the expansion coefficients a, p, and y
are proportional to the derivatives of the generalized mass
U = —,

'
AP +(1—gg'dR. Equation (2.15) for the Careen's

function G will be the same as that in Minkowski space if
U were a constant. This is the case for constant back-
ground fields P and for either conformal coupling (/=0)
or for spacetimes of constant four-curvature (e.g. , de Si-
tter universe). For these cases a global timelike Killing
vector field exists (with respect to t time), which allows a
global thermal equilibrium state to exist and to be main-
tained. Let us first consider these cases.

A. Constant generalized mass

A convenient formulation of finite-temperature theory
under these special conditions for the fields and the
geometry when a=const is via the Euclideanized space
obtained from a Wick rotation to imaginary time
t~—i ~. The Euclidean Green's function G~ defined by

G(t, x, t', x')=GE( i r)x, i%', x—')—-
satisfies the equation

(2.18)

(B~ +8„+a +P~P+ —,
' j„y~y )G~=6( x, rr', x'),

(2.19)

where

po ipo, p;=p; (i——=1,2, 3)
~2 2 ~2 ~ 2 ~2 2
700 700~ 3 Oi ~3 Oi~ 7 ij 7ij

(2.20)

The effective Lagrangian will then be a functional of P
and its derivatives. Likewise when the spacetime curva-
ture is small we can expand the metric gz around x" in a
local coordinate patch. In a Riemann-normal-coordinate
expansion up to fourth order in the variation of g„:

gpv gpv+ 3 Rpavpy y + 6 Rpavp; yy y y
a p p y
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In the coordinate patch defined in (2.14) one can intro-
duce a momentum space centered at point x and define
the Fourier transform Gz(p) by

cidence limit (x ~x' or y~0) becomes

G(x,x)= f d p f dse 'e
(2'�)" (2.24)

GE(y)= f d pe'~~GE(p),
(2m )" (2.21)

(p +a ip—„B" —,
'—y„B"8 )G (p)=1, (2.22)

~here py =—p„y"=q""p„y . The momentum-space
Green's function GE(p) satisfies

A finite-temperature theory is constructed by imposing a
periodicity condition on the imaginary time y in (2.24),
i.e., r~r+np and summing over n [do not confuse the
inverse temperature p= 1/k~T and the first-order coeffi-
cients P& in (2.16)].

Expressing Gp as an image sum over G(=GT 0):

where 8"G~(p):—BG~/Bp„. Henceforth we will drop the
subscript E and the overbar on G~. In the aforemen-
tioned cases p=y =0, the Green's function is given by

Gp(x, x')= g G(x+npu, x'), u =(1,0, . . . , 0)

and noting that
—as — sG(p)=(p +a ) '= dse 'e

0
(2.23) ipon p 21t 2&71 2~npo=

We have written the second equality in a proper-time (s)
integral representation. Note that the only change from
flat space is in the mass term a, which now contains con-
stant background field and curvature contributions. The
configuration space Green's function G(x,x') in the coin-

(2.25)

one obtains the thermal Green's function Gp for these
special cases in proper-time representation

GO(X X} f dd ~p f dS g e ~ ~e ~2nn&PI &e
—P I

'~

(2m. ) 'P (2.26)

The (d —1)-dimensional integral is easy to evaluate:
(d —1)/2

f dd —I —/P 2s

00 s
(2.27)

r 1 —d

p 2(2~)d-' a + 277fl
2 (d —1)/2

I —d 3+
( 2+ 2)(d —I —3)/2

2
(2.28)

For the proper-time integration after this, we can use the
relation

(1 —d+1)/2 ( +&o )
2 2

ss e
0

(2.31)

The series in (2.29) or (2.31) cannot in general be summed
to an analytic form. But for certain ranges of a and P, in
particular if a P « 1, one can perform a high-
temperature expansion of (2.29) or (2.31) using

2 b

a +
We have left l&0 in (2.28) in anticipation of similar
proper-time expansion in more general cases. The
thermal Green's function for the present case l =0

G~(x,x')

2b

' 2b

gn (1+n a )

gn (1+bn a +. ) . (2.32)
I I —d+3

2 2 (d —I —3)/2
2 277'a +(4~)"-""p

(2.29)

The one-loop effecti ve Lagrangian is related to the
Green's function by

(2.33)G& ——G&(finite)+ G p(pole),
aL, (" =—G(x,x) .
a&2 2

(2.30) where

Here we have defined a =aP/2m and b =(d —1 —3)/2 in
(2.29) or (d —I)/2 in (2.31). Inspection of (2.32) indicates
that the thermal Green's function contains a finite part
and a part with poles:

Upon integrating (2.29) with respect to a, we obtain the
finite-temperature effective Lagrangian for these special
cases

G&(finite) = — a — —
3 g(3)+0 p'a'

4~P 3P 32~3

(2.33a)
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and

G~(pole) = + .ia 1

8~2 d —4
(2.33b)

Under a change of variables p~p'= ——,
' 3 'p+B, the

integral becomes Gaussian, which can easily be evaluated.
Taking the concidence limit y ~0 of G (x,x') gives

These ultraviolet-divergent terms are to be combined
with those arising from the zero-temperature theory.
Note that one can get the T =0 result from L„but not
from high-temperature expansion. Renormalization in
T =0 theory was treated in detail in Ref. 30 (and other
work referred therein). We have for a general curved
spacetime the one-loop ultraviolet-divergent terms

cx 1 1 cx p 3+—ln
32~ d —4 2 4~p 2 4

a2 l l ~2
+ 2 +—ln

d —4 2 4~p2

a~ = ——,', y . (2.34)

Note that certain terms in (2.33b) and (2.34) combine and
as in flat space all the divergences in a finite-temperature
theory are already contained in the zero-temperature
theory. The divergence-free part is given by (2.33a). It
has the same form as in flat space except for a now tak-
ing the place of M .

When a/3~0, corresponding to very small effective
mass or at very high temperatures, infrared divergence
will appear in /3

" terms in (2.33). The one-loop approxi-
mation is no longer valid and one would need to take into
account higher-loop contributions. One can obtain the
leading higher-loop contribution from the large-N limit of
an N component field, as has been done in flat-space
theories. ' It is helpful to view the finite-temperature
theory in R as a zero-temperature theory in a space with
topology S'XR, where /3 is the radius of S'. Recent re-
sults on the infrared behavior of curved spacetime can
easily be applied to the finite-temperature case. Let us
now come to the general case where a is not a constant.

B. Variable generalized mass

Permitting P(x) and R (x) to have space and time
dependence, we want to seek solutions to the Green's
function G or GE in (2.15) or (2.19) with /3&, y„, or
/3&, y&~0. If we include variations in P(x) only up to the
second derivative order, we can write G(p) in the same
form as (2.23) but with p replaced by a general quadratic
polynomial in p", i.e.,

G(p)= f ds e 'exp[ p"A& (s)p +iB„(s—)p" +C(s)],
(2.35)

where A, B, and C are functions of /3 and y with con-
straints that they reduce to A& (s)~6&~, B&(s)~0 and
C(s)~0 in the constant-field limit. The configuration
space Euclidean Green's function G(x,x') now assumes
the general form

G(x,x )= ds 8
—a s+c f ddp 8 8

oo

(2~)
(2.36)

G (x,x) = f &
exp[ —a s +C —, BA—'B

——,tr ln(As ')], (2.37)

where

3 =y 'tanhys,

B =2y (1—sechys)/3,

(2.37a)

(2.37b)

C = ——,tr ln(coshys) —/3 y (tanhys —ys)/3 . (2.37c)

These results were obtained earlier in Ref. 30. To extend
them to finite-temperature considerations, one should first
make sure that there is a well-defined finite-temperature
theory in the unperturbed background like those in case 1

discussed above, i.e., cases where a =m + (A./2)P
+(1—g)gdR is a constant. Under conditions that the
background field and the background curvature change
sufficiently gradually (this can be measured by the nona-
diabaticity parameter ) we can then use the finite-
temperature theory associated with the unperturbed back-
ground obtained in the adiabatic limit at every sequential
interval of time. Note the difference between the adiabat-
ic and instantaneous definitions of finite-temperature
theory. The former is better defined as it allows for suffi-
cient time for spontaneous and induced) particle produc-
tion and interaction between the intervals. The adiabatic
approach gives a more precise notion of quasiequilibri-
um, as is assumed in the present approach. Technically,
the finite-temperature theory associated with the unper-
turbed background can be obtained by imposing periodic
boundary conditions on the imaginary time at every in-
stant. The finite-temperature theory associated with the
full theory wherein the background field and spacetime
undergo gradual change is defined with respect to the
timelike Killing vector of the unperturbed background in
every interval. The interval is chosen so that the increase
of entropy from produced particles and interactions are
exponentially small (this making the adiabatic n-particle
state well defined at each instance). Physically the above
conditions mean that deviation from the equilibrium value
of physical observable in that interval is weighted with a
thermal distribution established in the corresponding un-
perturbed theory. There are different ways of accounting
for the variation arising from a slowly changing back-
ground: instead of working with the adiabatic state and
imposing the imaginary time at each interval, one can, for
instance, work with the instantaneous thermal state but
relax the periodicity condition on the imaginary time [e.g.,
integrating from —i/3/2 to +i/3/2 (Ref. 7)). We prefer
the adiabatic approach as the adiabatic state is better de-
fined and has a more direct physically meaning.

In the manner described above, we now seek to general-
ize the quasilocal Lagrangian to finite temperature. De-
fine the momentum integral in (2.36) as
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where

~d —p.A.p+iB p —BA B/4I~d pe =e (2.38a) I'~ e d pe
I 277 Aoopo d 1 — p A p —p Dpo

I'= ddp e (2.38b)
~

( )(d —1)/2 —tr lnA /2 +PaF 2

e e
n

(2.39a)

Split the p& ——(po,P) into time and space parts (where an
overbar denotes the d —1 spatial components) and impose
periodic boundary conditions on the (Euclidean) time.
This changes the integral dpp to a summation
(2~//3) g„,

where

F= App+ 4D 3 D D =Ap +c4.p (2.39b)

The thermal Green's function from (2.37) becomes, after
taking the coincidence limit,

F 2

G~(x,x)=,d „ f d, , exp[ —a s +C —,' BA '—B——,
' tr in(As ',)]g e (2.40)

The one-loop finite-temperature effective Lagrangian is obtained from (2.30):

dS ~2, J( ) ~ Fpo

(4 )(d —1)/2 p (d+1)/2 e ~~e (2.41)

where

f(s) = —C+ —,
' BA 'B + —,tr ln(As ') .

In Eqs. (2.40) or (2.41), the quasithermal Green s function and effective Lagrangian are given in proper-time representa-
tion. In the Schwinger-DeWitt formulation the proper time s does not have any direct physical meaning. But from the
form of the integrand in (2.40) s can be regarded as a scaling parameter on the characteristic mass a or natural frequency
of the theory: small s yields the local or ultraviolet behavior whereas large s yields global or infrared behavior. A small
proper-time expansion gives the contribution of the high-frequency modes of the system, which is also the domain where
adiabatic methods are applicable and the finite-temperature theories are well defined. Thus, expanding all quantities in
(2.41) depending on s in a power series in s up to 0 (s ), i.e.,

C=—4s try + 3s f3, BA 'B=s P

—,tr 1n(As ')= 6 s tr' y [tr' denotes trace over (d —1)-dimensional indices], F=—s + —,s yoo

we get (pp ——2~n/P)

(2.42)

(2.43)

D= —4try + 6tr'y

where

E=—(2)i), F =Typo .

The proper-time integrals can be related to I functions by (2.28), whereby we obtain

L p
——L pp +L~ +L p3 +(&) (&) (&) (&) (2.44)

(1)
L13

where

r 2o.+ 1 —d

(4 )(d —) )/2f3 +
( 2+ 2)(2tr+ ) —d)/2

(2.45)

Ap= 1 A2 =D A3 =E +Fpp

Here o denotes the order of proper time. The coefficients D,E,F defined in (2.43) are functions of P, a, R, and their
derivatives. We recognize that the leading zero o.-order terms gives us the result (2.29) for the constant mass background
theory (case 1), where the finite-temperature theory is well-defined globally.

At this point we can perform a high-temperature expansion aP «1 for the sums in (2.45). Using some of the series
expressions given in Appendix A, we obtain finally [the coefficients D,E,F are defined in (2.43)] (A'= 1)
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1 1 a 1 a 1 g 22 1 4 g(3) 42 1 4 1+ + alnaP+ a(y —In4n) — -aP — a
90 p4 24 p' 12~ p 64~' 8(32)~' 32~' d —4

+0 (a'p'), (2.46a)

L@———()) D 1 1 2 2 2g(3) 2 2 1 1 1+ lna P —
z

a P ——(1—In4w) ——
167r a/3 2' (2.46b)

(&)
LP3 ———1 E 1 F 2 2 g(3) 3 ~ 2 F F+ lna p + 3

E — Fa —p + (2+@—In4~)16' 2 a3p 4~ 8n 4~ 2~ d —4
(2.46c)

Note that when o; &0, all odd power terms of a are complex. These terms come from the zero mode of the fluctuation
field operator and they are modified by higher-loop contributions, as will be discussed above in.

From Ref. 30 we can obtain the zero-temperature one-loop effective Lagrangian (up to second-derivative order)

(1) A4 1 A2 1 3 1 a2 1 a2 y 1

32~ 2 4~p 2 2 d —4 ] 6~ 2 4~p 2 d —4

g(3) 6, a 1

8(32)~ 16~ d —4
+

Choosing the renormalization scale p = 1 lp we have L ' "=L
( z 0) +L I)' (the total effective Lagrangian):

(() H 1 1 a 1 a+ 1 i D E 1

90 P' 24 P2 12' P 16' /3 2 a2p
a +

(2.47)

J(3) 3F+ D+
8w3 32~

Eo.
16

a2P2 D +F1

327T2 2

Q2

8 2 d 4
(2.48)

We see that the divergent terms are of the same form as in the T =0 theory.

III. COSMOLOGICAL SPACETIMES:
ANISQTRQPIC PERTURBATIQNS

In the previous section we considered finite-temperature
theories in static or constant curvature spacetimes, where
thermal equilibrium can be defined and maintained. We
then considered an approximate finite-temperature theory
for more general conditions where the background field
and curvature vary sufficiently slowly to allow for
quasiequilibrium conditions to be maintained. We used a
quasilocal expansion for the background field (2.13) and a
Riemann normal coordinate for the background metric
(2.14). In this section we will consider as background
spatially homogeneous cosmological spacetimes. The
Robertson-Walker universe constitutes a rather unique
class because they are conformally static, i.e., they can all
be related to a static metric by means of conforrnal
transformations (this property defined by the Weyl tensor
C t)zs=0 is sometimes called "conformally flat" ). The
existence of a global conformal Killing vector in these
spacetimes permits a thermal equilibrium condition to be
maintained for conformal fields. A finite-temperature
theory can then be defined with respect to the conformal
time throughout the cosmological history. This point has
been discussed earlier.

Using these background spacetimes, one can then con-
sider approximate finite-temperature theories for more
general conditions where the background field varies with
conformal time or the background metric departs from
conformal staticity. These are the theoretical basis for the
discussion of finite-temperature theories in homogeneous

cosmology. ' " In this section we will use the proper time
and quasilocal approximation to treat the Robertson-
Walker universe and then extend to the Bianchi type-I
universes with small anisotropy. Here since we are only
interested in homogeneous backgrounds, the use of
Riemann normal coordinate is not appropriate. Rather
we will use a perturbation expansion on the metric in
powers of the small anisotropy parameter, and calculate
the finite-temperature effective Lagrangian with thermal
Careen's functions defined in the background Robertson-
Walker universe.

A. Robertson-Walker universe

3
=a (r)) de —g(dx') (3.1)

where q is the conformal time defined by dt =a dg. The
scalar 4-curvature is given by

R =6a "la (where primes denote d /de) . (3.2)

We consider a massive k(/( field coupled to the RW back-
ground. After a background-field decomposition, the
background field and the fluctuation field satisfy, respec-
tively, Eqs. (2.3) and (2.4). The scalar CJreen's function in

Let us consider for simplicity the spatially flat
Robertson-Walker (RW) universe whose metric is given
by

3

ds =dt a(t) g(dx'—)'
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RW space G is related to that of flat space G (2.11) by
conformal factors, i.e.,

G(r/, x, g', x) =a ' "~ (r/)G(g, x, g', x')a ' ~ (r/'), (3.3)

where d is the dimension of spacetime. 6 satisfies the
wave equation

(g" B„B„+a )G(x,x')=5"(x,x') . (3.4)

where

U=[(1 ggdR—(g)+ —,&P (r/)]a'(g) .

(3.5)

We see that in the special case of free massless conformal
fields a =0, there is no particle production and entropy
generation to disrupt any existing thermal equilibrium.
For interacting fields, entropy could be generated both
from particle production and particle interaction or decay.
If the interaction time of the system is short compared
with the Hubble time, one generally assumes that an
equilibrium condition can be reached at each successive
interval in the evolutionary history. These equilibrium
states are of course different from one instant to another
as additional entropy is added to the system. One needs
to use interacting quantum field theory and statistical
mechanics to analyze these processes to get the full pic-
ture. For our purpose here we shall assume that the quan-
tity cY varies sufficiently slowly in g time that whatever
thermal equilibrium condition previously established is
least affected (again in an adiabatic sense as described pre-
viously ) so that an approximate finite-temperature theory
is well defined. Note a case of special interest, i.e, for a
radiation-dominated RW universe, a ~ g, R =0, in which
case thermal equilibrium can be established for massless
particles irrespective of the type of field coupling. Our
treatment of the RW universe is parallel to that of Sec. II ~

One can work with the conformally related Euclidean-
time (r/~ —i7/) Green s function Gz which satisfies

(d„'+&„'+ ')GF-(r/, , r/', ')=& (r/, , r/', ') . (3.6)

Assuming that cY varies slowly with g and x, one can
carry out a derivative expansion of a(x) around x' analo-
gous to that for P in (2.13):

Throughout this section x"=(g,x) and we will use a tilde
to denote the conformally related quantities, e.g. ,

a (g) =a (g)a (g) =ma (g)+ U(g), etc. ,

and the Euclideanized expressions p„and y„are related
to P„and y„by (2.20). Here the coefficients are all
evaluated at y =0. Note that y& does not contain a&„
because of the spatial homogeneity of the background.
However, terms of the form az does arise in the regular-
ized energy-momentum tensor in the zero-temperature
theory, giving rise to the conformal anomaly. This can be
obtained by carrying out a scale transformation in the ef-
fective Lagrangian, as illustrated in Ref. 39. Since the
trace anomaly enters only in the zero-temperature theory
we do not need the details at this point. Once the problem
is cast into the standard form, the ensuing discussion is
identical to that encountered in Sec. II.

In particular, the thermal Green's function in RW
universe expanded up to second derivative order is given
by [cf. Eq. (2.36)]

G —=G~(x,x')=, g f d" 'p e'~'" G~(p)

and

Gp(p)= f dse

&&e 'e " [I+Ds+(E+po F)s + . ]

with

D=M y E= ——,M 6 F= ——,M y (3.9)

Here

a' 0 E a' 0+, &= —+M' M' ~ M'

and

M2=(m + —,AP )a, 8= —,APP'a
2

(3.10a)

E =-2Ap a 4P 'a'
+ w + (3.10b)

(1) 4 4 (1)I p(Rw)
—— d x a L~(R~) .

The one-loop finite-temperature effective Lagrangian

Lp(R~) is given by 1/a L p where L p is the Lagrangian(&) ~ ~ 4-(]) (1) ~

in (2.48), with a D,E,F replaced by the corresponding
tilded quantities. The finite-temperature effective action
1s

a (x')=a (x)+a „(x)(x'—x)"

+ —,
' a „(x)(x'—x)"(x'—x) + (3.7)

There are no geometric terms other than a and its deriva-
tives and R (derivatives of R enter at third order and
higher but are absent in our approximation).

Since the background is conformally flat, expansion such
as (2.14) on the metric is not necesary. The variations of
the field are, in the cases of homogeneous cosmology, cou-
pled only with the inhomogeneity in time. This gives us

[0-„+8„+a(x)+p~"+ —,'y „y~y"]

B. Bianchi type-I universes

We now consider a Bianchi type-I universe with
metric '

ds =a (r/)[dr/ —(e ~)zdx'dxj], i j =1,2, 3, (3.11)

where
—2 & —2 &-2I~@=0.'p~ 4 V pv= 2

A' .p. v

GE(r/, x, r/', x') =6 (T),x, q ',x'), (3.8)
where pz(r/) is the anisotropy matrix which is symmetric
and traceless. Its rate of change measures the shear
cr2=/3; /3'~ [do not . confuse with the coefficient of first-
order derivative expansion P„ in (2.16b) and the inverse
temperature p]. We shall consider cases where p;1 is small
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and treat the background as a small perturbation off the
spatially flat Robertson-Walker universe with scale factor
a (t/). One expects that in addition to the conformally re-
lated generalized mass a in the potential part of the La-
grangian, there will also be additional kinetic terms from
expanding the Laplace-Beltrami operator in orders of the
small anisotropy parameter. Indeed, using the results of
Ref. 35 we get up to 0 (/3;J )

I

a„'+2 —' a„—(e-'p), ,a, a,a2 ~ a

I ~————trlnG& ——I &+'I &+ I &,2

where

—' tr lnG Pp,

—tr(V, G p),

I —
p I p 0

2
—tr( V2G p) ——tr( V, G pV, G p) .

4

(3.17)

(3.18)

(3.19)

(3.20)

and (3.12)

If
(4)g 6 +f3' /3'

a a

The zero-temperature Green's function has the form to
O(f3J )

I & is the effective action of the RW universe derived in
Sec. IIIA. We will show that 'I

~ vanishes and the only
contribution comes from T p. Now in (3.19j

'I
p
———itr[a /3"a;a, G p(x, x')]

~$
itr /3'~g—f ds f d 'pa;aje ~ 'e

G:(A(+V) =Go+GpV(GO+G()V2Go

+ —,Gp V] Gp V] Gp+. . . (3.13)

—a s ip. (x —x')f(

(3.21)
where A i is defined in (2.4), Go is the RW zero-
temperature Green's function defined in (2.10) and V; are
the interactions terms defined in (3.12) from the anisotro-
py

where f (po, s) can be expanded in powers of the proper
time. For d =4, the three-dimensional integral in (3.21)
after taking the coincidence limit gives

v, =2a /3"a;a,
—2

/3,' /3' —2a /3'"/3k a, a, .

(3.14a)

(3.14b)

d pp;p~e
' =0 unless i =j .

For i =j, this yields

The one-loop effective action is given by

1L = ——trlnG .
2

(3.15)

As discussed earlier a finite-temperature field theory is
well defined for massless conformal A, (() fields in the
Robertson-Walker universe. The thermal conformal
Green's function Gp in a RW universe where the back-
ground field and curvature vary slowly is given by (tilde is
dropped below G p =Gp)

'1
p
————, (trf3)g f s s

(d —] j/2

(3.22)

'1 p(V, )= ——'«(V, G p)
2

= ——tr( ,' f3,' /3'~ /3'"/3k~—a; a, )G p— (3.23)

However, since tr/3=0, this implies 'I'p ——0. There are
two second-order terms in I p. Denote the first term in
(3.20) as

GO( ) y f dd —I &p (x — ')G(p)
(2 ) '/3

(3.16)
and the second term as

and

G p(p) = f ds e 'exp( p "A„p"+iB&—p"+C),
&p( Vi ) = ——tr( V, G p V, G op) .

4
(3.24)

where A„,B&,C are slowly varying functions of the back-
ground field and curvature. In a path-integral approach,
we can assume that the in and out regions are described
by thermal n-particle states of the RW spacetime where a
finite-temperature theory is well defined. During the evo-
lution if the anisotropy /3J of spacetime remains small, an
approximate finite-temperature theory can then be defined
in the quasiadiabatic case. We can expand the metric and
the wave operator in orders of f3;J and use the RW
thermal Careen's function to compute the finite-
temperature one-loop effective action. This is given by
(the left-hand superscript on L or 1 denotes the order in

;, )

The first term in (3.23) is of the same form as (2.29)
and can be treated accordingly. The second term in (3.23)
has an integral over p which is again nonzero only
when i =j. Integration over p gives a factor of
[(d —1)/2s](ir/s)( ''I . The remaining integral over
proper time s is in the form

(d —1)/2
1 ds w ~2, —po-s

(2 )d,P X, , f(P.» .

(3.25a)

Expanding J in a proper-time series J =g,. J;, where J;
are of the ith proper-time order, we have
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J;= 1
ds s "+" e 'e ' (c;s')

2 —p

(4 )(d —I I/2p

(3.25b)(no sum on i) .

Here the coefficients c; in the proper-time expansion are

functions of R, P, and their derivatives. The integrals J;
(i =0,2, 3) under high-temperature expansion are given in
Appendix 8 as [Eqs. (813)—(815)]. Collecting the result
for both terms in (3.23) from Appendix 8 we get

Lp( V~)=— i m B
a' 90 p'

1 ~ a 1 1 a 3 D
12 3 2 P~ 12 w 4 a

—+ B + Q+ B 1+— 3 F.
6

1+
64m

2

3 3~4Q+a4B 1+— g(3) Q a B 1
4(8m1)D.— 2 & ~ 2

8(16m ) 3 2~ a a

1+
o2 y 1 c 4

4+ ———ln 4m Q + (y —1n4w)B+D (1—ln4vr)B — (2+y —ln4vr)B
2D

3' 2 2 277 3'

a Q z 10D+ ——aB 1+
3 2' 3 3 Q

1

d —4

where

B =p' pi, Q =p'Jp' (shear), and D =M2y= ,F . —

We now come to the second term in ~I
& in (3.20) ..

'r~( V&') = ——tr( V, G ~ V, G ~p) .
4

Written explicitly,

'r~(V, ') = —i f d'x P'&(g) f d x'P" (g')a, a„.G', (x,x)a, a, G~(x,x') .

(3.26)

(3.27)

(3.28)

Now using the thermal Green's function in momentum space one can reduce this to an integral:
d p;pJG(p)G(k)pkp~. The only nonzero terms are those containing even numbers of identical indices. Defining

H(ri, g')=K4 g(p ) +K2 2 g(p pI~)+4 g(p'~p~j ) =Z(ri, ri')K4,
l l (J l (J

(3.29)

where

K4 ——f dp(p)' f dp2 f dp3'Gp'(p')

and

K, = f dp, p, ' f dp, p, ' f dp, 'Gz'(p') .

(3.30)

As the two Green's functions G(p) and G(k) in the integral are of two different arguments p, k (although p=k, pp&kp
this reflects the spatially homogeneous but temporally nonlocal nature of particle production) one has to perform a dou-
ble integration and summation.

The integrals are treated in Appendix C, where it is shown that K4 ——3K'. After a proper-time (cr) expansion of the
integrand we find

oo '( — )( — ')
1~(v& )=—,, fdx fdic'Zg g e ' ' "" g (3 I +BI )

m k= —oo a=0
(3.31)

with

pp ——2m.m /P, qp ——2~k/P .

Here

Ip(a, b) = —I (d +1)
2

where

d+1—b d+d
2 b 2
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a =a (rj)+pa, b =a (g')+qo

I (a, b)

(3.32)

r 1 +2CT —d

1+2o.—d

( + 1) 1+2a —d

a —b
;CJ'+ 2;

2

and

IV. DISCUSSION

In this paper we have derived the finite-temperature ef-
fective Lagrangian for kP fields in the following space-
times: (1) general curved spacetime perturbed from flat
space, (2) The Robertson-Walker universe, and (3) the Bi-
anchi type-I universe with small anistropy. In closing, it
may help to review the conceptual and technical basis we
have assumed in our calculation.

Conceptually, we have drawn upon our earlier studies
on the conditions for thermal equilibrium in dynamical
spacetimes to define a finite-temperature theory. It can be
argued that if particles in the system can interact at a rate
faster than the expansion rate of the universe one can as-
sume that thermal equilibrium can be maintained
throughout. If this were the case, then the requirements
(conformal invariance of the field, including interacting
fields such as kP, and conformal staticity of spacetime )

for a well-defined finite-temperature theory can be lifted
and the results obtained here based on quasiequilibrium
are unconditionally valid. However, the above assump-
tion may not always be valid for weakly interacting fields
(such as gravitons, neutrinos, axions) at certain energy
scales (the Planck time) or during periods when particles
are distributed at distances greater than the horizon (as in
certain epochs in quantum or inflationary cosmologies).
Under these conditions the particles are essentially free

j =I (b, a) (o =2,3),
where F denotes the hypergeometric function 2F~ (the
a = 1 term vanishes) and A, B are geometric and
temperature-dependent coefficients. Its structure and
meaning are similar to that of I ( V~ ) which is the dom-
inant term in the zero-temperature effective Lagrangian.
I p(V~ ) being nonlocal and complex describes particle

production at finite temperature and the red-shifting of
produced particles. Since we have used a quasilocal ap-
proximation for the Green's function we can only discuss
cases when q is close to g' for consistency. Imposing a lo-
cal approximation (g=rI') for the exponential factor we
can calculate the diagonal (k =m) term in I ~( V, ) expli-
citly. This is given at the end of Appendix C. This real
quantity gives the dominant contribution to I p(V, ) at
high temperatures (p~O) since the fast oscillations of the
exponential term force all other contributions toward
zero. Results from using local approximation depict par-
ticle production and red-shifting in the high-frequency
ranges and is consistent with the high-temperature small-
proper-time expansion used here or the quasiadiabatic ex-
pansion used earlier. " The statistical thermodynamic
properties of this system under such conditions are dis-
cussed in Ref. 12.

and questions concerning finite-temperature theory would
have to be addressed in the conditions set forth in Refs. 9
and 10. This is because even in the absence of interaction,
entropy generated from particle production' (at spacelike
separations) can disturb any equilibrium state present. In
this sense, the conditions we assumed are the weakest of
all. We have used these conditions as a guide to con-
structing finite-temperature field theory. In Sec. II where
we discussed curved-spacetime effects using the local
Riemann coordinate expansion off flat space, the condi-
tion for maintaining global equilibrium translates to the
generalized mass a being a constant [Eq. (2.16a)]. In Sec.
III where we discussed homogeneous cosmology, the con-
dition is for the conformally related mass o. to be constant
[Eq. (3.5)], which of course is strictly satisfied only for
massless conformal fields in RW spacetimes.

Technically we used perturbation theories to consider
more general situations where a finite-temperature theory
is approximately well defined in a quasiadiabatic sense.
These are cases where the background field and curvature
vary slowly. Thus, in Sec. II B we used the quasilocal ex-
pansion on the field and the Riemann normal expansion
on the metric. In Sec. IIIB with the RW universe as the
background spacetime we performed an anisotropic ex-
pansion on the metric and a corresponding derivative ex-
pansion on the wave operator in orders of the anisotropy
parameter, while using the thermal Green's functions in
RW space to calculate the effective Lagrangian.

The imaginary-time thermal Careen's function approach
used here, i.e., the use of adiabatic n-particle states and
the imposition of periodic conditions on the imaginary
time at each interval, is only valid in a perturbative sense
described above.

In addition to the quasilocal and Riemann expansion on
the background field and spacetimes, we have also used
small proper time and high-temperature expansions. It
may help to understand the physical meaning of these ap-
proximations by considering the parameters used to
characterize the system. A quasilocal expansion is in the
derivatives of the field B&P or metric t)~. Let us denote
by L and T the length and time scales at which signifi-
cant variation in the spatial (inhomogeneity) and temporal
(nonadiabaticity) dependence of P and g occurs. This is to
be compared with the frequency co or period ~ of the nor-
mal mode of the fluctuation field. The background field

decomposition and the quasilocal expansion are valid only
for T »~. This is true for slowly varying backgrounds or
for high-frequency modes (thus the quasiadiabatic condi-
tion). The proper time s is a scaling parameter on the
generalized mass a. Small s gives the local behavior from
the high-frequency modes while large s gives the global
behavior or that of the low-frequency modes. Thus a
small proper-time expansion is consistent with the quasi-
local approximation. Finally, the temperature factor p
A finite temperature theory (in flat space) obtained by
compactifying the imaginary time dimension has topology
S'&&R . The radius of S' is equal to P which is small at
high temperature while large at low temperature. As long
as L »P, the quasilocal variation will remain as small
perturbations in the high temperature domain, which is
consistent. On the other hand, the infrared behavior of
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the finite-temperature theory will become important at
small P due to finite-size effects associated with the zero
mode (band) of S'. This effect needs separate considera-
tion and is the topic of a later paper. For the present
work we are assured that the quasilocal, small proper-time
and high-temperature approximations are all consistent
with each other and with the premises of a finite-
temperature theory in curved spacetime. Departures from
these conditions would require treatment using nonequili-
brium quantum kinetic theory or statistical field theories
in curved space, subjects which are currently under
development.

APPENDIX A. HIGH TEMPERATURE EXPANSION:
DERIVATION OF EQ. (2.46)

We have for o =0 in (2.45): (fi= 1)

r 1 —d
2

(d —) )/2 '
(4~)

Expressing the sum as

g =(m =0)+2 g
QO m =1

and defining

we have

(a2+p 2)(d —) )/2

k=1

X =a" 'g(vk) ' 1+
k

277m

2 (t2)' —1 j/2
1

(A 1)

(A2)

QO

L( ) f (d) y ( 2+ )( — )/

where

where v=2n lag.
Performing a high-temperature expansion (P~O) keep-

ing up to terms 0 (a P ):

Xp-a 'v'[v g(1 —d)+ —,(d —1)vg(3 —d)+ —„' (d —1)(d —3)v 'g(1 e)+ —„—(d —1)(d —3)(d —5)v g(7 —d)] (A3)

with e=d —4 and g(n)=gk ( ilk is the Riemann g function. Using dimensional regularization and expanding the
coefficient of the pole term g(1 —e) to first order in e: (@~0)

BFp
F()(d) =(d —1)(d —3)f()(d), F()(4+a) =F()(4)+ E

M d=4

we have

(A4)

Fp(4) = 1

2~'
aFp

()/ —ln~) .„4 4~

Also v'= I +elnv and g(1 —e) =y —I/e. Collecting the finite terms plus the pole terms we have, for d =4,
vr' 1

90 p4

1 a 1 a 1 4 2 2 1 4 g(3)a lna P + a (y —in4m) — " 4a P — 2a24 g2 12~ P 64rr2 64n2 8(32)n 32rr d —4

+O(a'P ) . (AS)

The term in second order in proper time (cr=2) in (2.45)
1s

Repeating the procedure used for L ~' we find

QO

LII2 ————,
'
&2f2(d) —g (a'+p()')' (A6)

LP2 ———()) D 1 1 2 2 2g(3)

Inane

— aP
16rr aP 2a

where

r 5 —d
2

If2(d) =
(d —i)n '(4')

——,(1 1n4vr) ———1 1

d —4

+O(f3 ) . (A8)

Now

QO 122=a ' g (vk)" 1+ —,
' (d —5)

vk

+O(a'P') .

2

(A7)

The term in third proper-time order ((r=3) in (2.45) ex-
panded up to second-derivative order is

I ~~' ————,
' f3(d) g (&+p 'F)(a'+p ')'

k = —QO
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where

Expanding

r 7 —d
2

(. ))/2(4rr ) I p( V2) = ——tr( V, G p),2

where

(B1)

APPENDIX B: EVALUATION OF I p( V2 ) IN EQ. (3.23)

We now evaluate the first term in Eq. (3.20):

23=a g (vk) 1+—,
' (d —7)

vk

we get

+O(P')

(A 10)

V = —a P' P'~ 2a —P'"P„ir); d

Write

'rp( V, ) ="rp+ "rp

1 I F 1 FI.p3
——— lna p

16vr 2 a3p 4w

with

"x a

+ ~(", (F. ,'Fa')P'——
8w

(2+ ) —In42r )—F 1

4n 2m d —4

tr(a P,'Jp'~ G p)

x a xJ 'g

&&a '(2/)G p(x, x) . (B2)

+O(P') . (A 1 1) Using the form for G p given by (2.29), we get

21L

r 3 —d

'Jp . . 1 ~ 2 2 (d —3)/2
4 (d —))/2 pa (4~) P k

(B3)

carrying out a high-temperature expansion in a manner similar to Appendix A we find

i Pi2P ")
4

Now consider

3
a P — a lna P —,a (4+) /2 ——,ln4vr)+ a4 2 1 2 2 2 1 1 2

3 p P 4(2~) 16~ 8~ d —4

(B4)

I p ——i tra P'"Pk 8;(3 G p . (B5)

We first evaluate ();()~G p(x, x') and then apply the trace defined as trF(x, x')= f d x d (x)F(x,x). In the proper-time
representation

dd —1
7 — SI—: dxa I =i dx ' ~ ds — —pp. ~'e ' e ' p, s (B6)

We can integrate out the second moment of momenta

P'"P' fkd" 'p(p;pz)e ~ '= (P'"Pk; ) f d 'p p e

and
' (d —1)/2

dd —1 2 —Ps d —1
pp e

2s
(B7)

and get the effective Lagrangian

( (P'"pk;
4 (4 )(d —) )/2 p

fds 1

s s

' (d —1)/2

(B8)
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Define proper-time integral:

1 1~ ds 1J=
(4 )d )/2 P~ s s

where

(d —1)/2
2 — $

e 'e ' f(po, s), (B9)

and

a =a (rI)[m +(1 g)g—dR(g)+ —,Ap (rI)]

f (po, s)= 1+s M y ——,s ( ,'M o—+paM y)+O(s )

expanded up to second derivative order with M, y, 5 defined in (3.10). Expanding J in a proper time series:

1 1 —(d+1)/2 —a $ PO iJ=gJ;, J;= —g dss ' +''/e 'e cs' (no sum oni),
(4 )(d —) )/2 P

where the coefficients c; are functions of R, &P, and their derivatives. Performing the s integration:

2$
(2p —1 —d)/2 —a $ P0 ~ I + i 2 ~ 2i(d —2p —1)/2

2

with p the proper time order, we get

r 1 —d

J = ' -1
(d —()/2 P

2 2 (d —1)/2

(4~) P k

(B10)

(B1 1)

(B12)

This has the same form

ik
22L =( —.

)
P Pki

a'

as L~' in (Al), with high-temperature expansion given by

1

90 P

1

, n4 1

3277 d —4

1 a 1 a 1 & 2 2 1 q (3)a lna P + a (y —ln4~) — a P
24 P2 12~ P 647r2 64n2 8(32)vr

(B13}

Likewise J2 is of the same form as L'@' in (A6}. Thus

M22L ( )( PikP )
y

a4
1 1 1 22 g(3) 22 1

2
ina P —

2
a P + (1—1n4~)— 1 1

16~ aP 32~2 8~2 3277 d —4
(B14)

Similarly for J3 which is similar to L~'q' in (Al 1), with E = —,
' M 5 and F= —', M y we have

P Pk~ E 1 F 2 2 g(3) 3 2 2 F
Lis3 ——(i) — + lna P + (E —

z Fa )P + (2+y ln4vr) ——F 1

16na 2 a /3 4~ 877 477 277 d —4

Finally collecting terms in

I p( V2 ) = f d x a ( L~( V2 ) )

and using the notation

B =P'"Pk;, Q =/3'J. P' (shear), D =M y= ,F, —

we get for the term in Lfi containing V2 in (3.20), Eq. (3.26).

(B15)

The second term in I ~..

APPENDIX C: EVALUATION OF 2I p( V, 2) IN EQ. (3.24)

I is( V( ) = ——tr( V, G p V, G p)4

where tr acts on (g,x(, . . . , xd, ) through f d x a (rI)[ ]. Written out explicitly, (3.24) is

I is( V) ) = ——' f a x d (q) f d x'a "(g')[V)(rI)G p(x, x')][V((g')G p(x', x)],
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where

V, =2a-'P, ,a, a, .

Substituting

G~(x —x')=[a(g)]' ~ G~(x —x')[a(q')]'

and

[subscript x means that coefficients in Gp(p) are evaluated at x (here they depend only on r/)]. One gets

'r~(V, ')= —i f d"x f d x'[P; (g)a, a, G,'(x —x )][P„,(~ )a„'a;Gp(x' —x)]

f d"x f d"x' /3;~(q)g fd 'p( —p;pi)e'~ 'G~(p)„
(2 )2d —2

&&pki(n')y f ~' '6( kkel)e —"'" 'Gp(e)„

Using

g d —i i (P —q )(x —x') (2 )d —1gd —1(—

(where x denotes d —1 dim vector) this reduces to

1 p(V)')= f d~x f drj' Pi(r/)Pki(r/')& & f d 'p(p pipkpi)e
' ' Gp(p, po)„Gp(p, qo)„.

(2ir)

(C3)

In the momentum integrals, only terms containing even numbers of identical indices are nonzero. These are of two
types:

&4 f &S ——ip)4 f &d 'p(oG-p'), &.= f &p)p)' f &p~p~' f &d 'p(oG-p'),

where

'G/3' = G/3(p, po )„G—i3(p, iIo )„
Performing the summation over the indices:

(C4a)

(C4b)

(C5)

where

H(q, q')=K, g(/3 )' +It, 2+(P P,')+4 +(P"P;, )

l l (j l (j
2$The dependence of G~(p,po) on p is only through e ~ '. Thus [from now on p is a (d —1)-dimensional vector]

. {d+3)/2

jp p gd 2p e
S

{d+3j/2

S

(C6)

(C7a)

(C7b)

with

K4 ——3ICq and H(r/, g') =Z(q, g')K~ (C8)

Z(~&, q')= g(P ) + —, 2 g(P Pqi)+4 g(P'~Pi)
l l (J l (J

which depends only on g and q'. Now the expansion of G~(p,po) up to second-derivative order is
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2 — s
Gp(p, pp)= f ds e 'e ~ 'e " '(1+s M y ——,'s M 6 ——,s pp M y),

where y and 6 are geometric factors defined in Appendix B and

a'(~) =a'(q)[m'+(1 g—)gd~ (Z)+ —,
' Xy'(~)],

(C9)

G~(p, pp)&G~(p, qp)z ——f f ds dr e '+"'e 1' '+"'e e

X[I+(M y)y +(M y)qr T~—(M 6 )y —7'(M 5 )qr 3(—M y)~ s

——', (M y)„q r ].
In evaluating K4 after performing the momentum integration using (C7a) we obtain integrals of the form

—a s br — a =a ('g)+pp2= 2 2

s re eI (a, b)= f 3 2 7 & ) & 2 2/ I ~ 2

(C10)

(d+1)
0

2

d+1 bd+1

b2
(Cl 1)

I 1+2o —d

1+2g d a2
~~+2~

(o + 1)a '+' CT=2, 3

F is the hypergeometric function 2F&. Putting everything together

(d —1)//2

Ip(V) )=(—i) d, f d"x f d2')Z( 2,)21) g g e' "" " g(A I +B J ),
4(21r ) o=0

where A, B are the geometric and temperature-dependent factors of proper-time power o in (C10). Also

(C12)

Po= 2~m 2~k
9'0 = and J =I (b, a) .

Taking a local approximation (2)=2)') for the factor e' /~' """ " ' we can calculate explicitly the diagonal (k =m)
term in 1 ~( V) ):

Ip(m k)„„=I
1 —d a, I (m =k)z

r 1+267—d
2

0 =2, 3
( + 1) 1+2m —d (C13)

Define Q( 1)=2f dry'Z(2), 2)'). Assuming in the quasilocal approximation 2)' is close to r) [this is the approximation for
G(x,x') we used] and expressing the effective action in a proper-time series

3

'r~(V, ')=& r, =r,+r,+r, , r= f d xa L
i=0

we get for

Lo ——( i) 3 — 1
Io .a4 4(4~)(d —1)/2 p2

(C14)

Carrying out a high-temperature expansion for Xp as given in Appendix A up to 0(a p ) we have

3i Q rr 1

2 a4 90 p5
1 a 1 a 1 a a 2 2 g(3) 4 1 a 13+ 2 + (y —In4~)+ lna p2- , a'p—

24 p' 12~ p' 16~2 p 64vr P 8(32)m 32m. P d —4

Similarly for

3( —i) Q 1

4(4 )(d —1)/2 4 p2

222 5 —d d —S 2&m
3 2

r ga, where A2 ——M y, a =a +
2

(C15)

Using the results for X2 in Appendix A we get
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ML, =( i)—Q
1 1 1 1 2 q g(3) q 1—Ina P — a P+ (1—ln4~) ——1

16vr aP~ 327r P 8rr3 32m

1 1 1

16~' P d —4
+O(P') .

Finally

where

3( i —) Q 1

4(4 )(d —1 I/2 4 p2

4
3

1 7 —d
2 '

2

(C16)

Using X3 from Appendix A we get

Q 3E 1 3F 1 ~, 3F 1 3E((3) 9F((3) 2 3F IL3 ——(i) +
a 8 a ~P~ 16' P 16~ P 32rr 64' 8rr f3 d —4

where

F. = —,M 5, F= —,M y.
Collecting these terms we have, with 1 ~(V, )= f d x a [ Lt3(V~ )]

+O(P'),

(C17)

2
'L (V, ')=( i)—

6O p'
1 o. 1 1 3 1 D+ —o, +16p3 8 ~ 2rr a

3E 1 1 3 4 (1—8rr) 1+ a + D —lnap' 16~ 87r 2vr P

t(3) 3 , D . 1 3 4 Da — a2p+ a4(y —ln4n)+ —(1 —ln4w) 4D (2+y ——1n4rr)
1

64~ 2 16~ 8~ 2

1 3

16~ 4w

1 1 1 1D
2 P d —4

(C18)

where D =M y, and Q = f dq'z(g, ri'). The temperature-dependent ultraviolet divergence in the last term which does
not have a counterpart in zero-temperature theory arises from the nonlocal kernel in 2L~(V~2) at finite temperature. We
will discuss this point in Ref. 36.
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