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The values of neutrino masses and mixing angles which are required by the Mikheyev-Smirnov-
Wolfenstein (MSW) solution to the solar-neutrino problem are found from analytic solutions to the
neutrino propagation equations in the Sun. They coincide with those obtained through extensive nu-

merical computations by Rosen and Gelb. They divide into three classes of oscillation parameters
that can solve the solar-neutrino problem. The gallium solar-neutrino experiment will be able to test
only two alternatives. However, the third alternative yields sizable oscillations of atmospheric neu-

trinos in Earth which can be detected by the massive deep-underground proton-decay detectors and
neutrino telescopes. Finally, some solutions yield a sizable amplification of neutrino oscillations in

Earth which change both the flavor and the spectrum of solar neutrinos that reach terrestrial detec-
tors at night. The day-night modulation of the flux of solar neutrinos perhaps can be used to estab-
lish their solar origin in the radiochemical detectors and the MSW solution to the solar-neutrino
problem.

I. INTRODUCTION

If the neutrinos, which are produced in weak interac-
tions, are not stationary states of the Hamiltonian, they
will evolve in time to produce neutrino oscillations, '

which is the analog in the leptonic sector of the K -K
oscillations. Such oscillations in Uacuo were first con-
sidered by Pontecorvo who showed that the probability
of oscillations in a vacuum is measurable if the neutrinos
are not degenerate. A few years later when Bahcall and
Davis reported that the rate of Ar production by the re-
action v, + Cl~e + Ar in the chlorine solar-neutrino
experiment of Davis is much smaller than that expected
of solar neutrinos, several authors' proposed that it may
be due to neutrino oscillations: If v, 's, which are pro-
duced by the thermonuclear reactions in the core of the
Sun (with E & 14 MeV), oscillate and reach Earth as v&'s
(or v, 's), they escape detection in the chlorine solar-
neutrino experiment because their energy (E„(14MeV)
is below the threshold energy for the reactions
vI+ C1~1 + Ar l =p, z.

The experimental results of Davis and his collabora-
tors indicate that a complete mixing of the three neutrino
flavors would be required to bring theory into agreement
with experiment. However, neutrino oscillations have
been searched extensively during the past few years and
no evidence for oscillations with large mixing angles has
been found. But, since terrestrial measurements can mea-
sure only oscillation lengths, which are either smaller or
comparable to the diameter of Earth, ' while the oscilla-
tion length of solar neutrinos may be comparable to the
distance to the Sun, it may be impossible for terrestrial
measurements to verify the neutrino-oscillation solution
with a large mixing to the solar-neutrino puzzle.

Recently, Mikheyev and Smirnov have discovered that
even a very small mixing angle, which yields a very small
v, ~v& oscillation amplitude in Uacuo can cause an al-
most complete conversion of the v, 's produced by the

thermonuclear reactions in the core of the Sun into v&'s

before they emerge from the Sun. Their discovery is
based on a very interesting 1978 paper by Wolfenstein,
where he showed that even a small mixing angle can lead
to a complete conversion of v, 's into v„'s (or v, 's) in
matter, due to the difference between the forward-
scattering amplitudes (off electrons) of v, 's and of the
other neutrinos in matter analogous to the regeneration of
Kz from a KL beam passing through matter. However,
Wolfenstein has demonstrated' this resonance conversion
only for neutrinos, which cross a slab of a constant elec-
tron density equal to the resonant density, and whose
thickness is a half-integer product of the oscillation length
in matter which depends both on the mixing angle and os-
cillation length in free space, and on the electron density.
Because of these very restrictive conditions, Wolfenstein's
discovery was not considered relevant to the solar-
neutrino problem, until Mikheyev and Smirnov discovered
by numerical integration of the neutrino propagation
equations in the Sun that a resonance conversion of solar
v, 's into v„'s can take place in the Sun and may explain
the mystery of the missing solar neutrinos. ' ' " The
Mikheyev-Smirnov-Wolfenstein (MSW) solution ' to the
solar-neutrino problem has been reexamined recently by
Rosen and Gelb' and by Bethe. ' These authors have
tried to develop a qualitative understanding of neutrino
masses and mixing angles, which are required by the
MSW solution.

In particular, after very elaborate and extensive compu-
tations Rosen and Gelb found that there are two classes of
oscillation parameters that can solve the solar-neutrino
problem. One class corresponds to the solution found by
Bethe, ' which does not affect the flux of solar v, 's from
the pp reaction and consequently has only a slight effect
on the expected results of the 'Ga solar-neutrino experi-
ments. The second class suppresses completely the v, flux
from the pp reactions and reduces strongly the 'Ge pro-
duction in 'Ga.
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In view of the important implications of the MSW
solution of the solar-neutrino problem (the possible
discovery of finite neutrino masses and mixing angles and
the removal of a major shadow cast over the theory of en-
ergy production in stars and stellar evolution for the past
15 years) and in view of the fact that there seems to be
some differences between the results and conclusions of
Mikheyev and Smironov, those of Rosen and Gelb' and
those of Bethe, ' we have investigated independently the
phenomenon of neutrino oscillations in the Sun and
whether or not the MSW solution can be tested on Earth.
For that purpose we have developed simple numerical and
analytical methods for solving the neutrino propagation
equations in matter. In particular we found closed-form
solutions of the propagation equations in the Sun. We
used them to derive simple closed-form expressions for
the probability of solar neutrinos to emerge from the Sun
as v„'s and for the neutrino masses and mixing angles that
can solve the solar-neutrino problem. We have verified
the analytic expressions by comparing them with the re-
sults of detailed numerical integrations. Generally our re-
sults and conclusions support those obtained by Rosen
and Gelb. '

Our final conclusions are as follows. Neutrino oscilla-
tions in the Sun can be responsible for the solar-neutrino
problem only if nature has selected one of three alterna-
tive combinations of neutrino masses and mixing angles.
The gallium solar-neutrino experiments will be able to test
two alternatives. However, the third alternative yields siz-
able oscillations of atomspheric neutrinos in Earth, which
can be detected by the massive underground proton-decay
detectors and neutrino telescopes.

Our paper is organized as follows. In Sec. II we discuss
analytic solutions to the neutrino propagation equation in
a medium of constant electron density, which exhibit the
Wolfenstein resonance phenomenon. In Sec. III we
present a simple numerical scheme, which is very useful
for numerical solutions of the neutrino propagation equa-
tions in matter whose density changes with position, and
for testing analytic solutions. In Sec. IV we derive analyt-
ic solutions of the neutrino propagation equations in the
Sun and we use them to obtain simple closed-form expres-
sions for the probability of the solar neutrinos to reach
Earth and retain their original electron flavor. In Sec. V
we demonstrate the accuracy of these expressions and use
them to determine the ranges of neutrino masses and mix-
ing angles, which can solve the solar-neutrino problem.
In Sec. VI we discuss possible tests of the MSW solution
to the solar-neutrino problem, employing either atmos-
pheric neutrinos and the deep-underground massive
proton-decay detectors as neutrino telescopes, looking for
matter amplification of neutrinos oscillation in Earth, or
solar-neutrino detectors for searching a day-night differ-
ence in the solar-neutrino flux which reaches the under-
ground detectors. Final remarks and conclusions are
drawn in Sec. VII.

II. NEUTRINO OSCILLATIONS
IN A MEDIUM OF CONSTANT DENSITY

The time evolution of a wave packet describing the
propagation of a highly relativistic particle of mass m and

momentum k (fi=c =1) with a refraction index n is given
b 14

dt med dt
aq ax
Bx f„, Bt

where

and

ax/at=i, (aq/ax)„„=tk@,
(aq/ax), =lknq,

Consider now the propagation of neutrinos in matter, and
for simplicity assume that there are only two neutrino fla-
vors, v, and v&, and that the refraction index is diagonal
in the neutrino flavor. If v, and v& are not mass eigen-
states of the free Hamiltonian, but a linear combination of
the mass eigenstates v& and v2 with masses m

&
and mz,

respectively,
r

ve cosO sinO v) v(:—U
v2 v2

(3)—sinO cosOvp

then the propagation of v,
common phase factor of
described by

dx vp

and v„ in matter, except for a
no physical significance, is

l 7T
ve

(ao., +yo.3)
l, vp

(4)
dt vp

where

a =—sin2O, y = l, /l —cos2O,

l, ( cm ) =—4rrk /Am

=2.47X 10 E (MeV)/bm (eV ),
l(cm) = 2m /k(n —n„)—

e p

=&2~/G~S, = '
(cm),1.63 &(10

Pe

(4a)

(4b)

(4c)

and o.; are the Pauli spin matrices. l, is the oscillation
length in vacuum and l is the refraction length in matter
expressed in terms of GF, the Fermi coupling constant of
the weak interactions and p, =X, (cm )/6 & 10 is the
electron density divided by Avogadro's number. (This
value of l is obtained explicitly in the Appendix. It
differs from that originally given by Wolfenstein' and
used by Mikheyev and Smirnov, by a factor I/V 2 and in
sign and agrees with the value in Refs. 12 and 13.) In a
medium of constant density n —n is independent of

(df/dt)t„, ——t(m /2k)g .

The index of refraction n depends on N, the density of
scatterers per unit volume in the medium and on f (0), the
forward c.m. scattering amplitude from these particles:

n —1=(2vrN, /k )f(0), where (do/dQ), =
~

f(0)
~

(2)
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position and Eq. (4) can be solved by simple exponentia-
tion. Utilizing the algebra of the Pauli spin matrices one
can write the solution as

=Q u, (I;,hx;)
vp. x i

(8b)

cos(ax /I )
p x

t
Vel

+i sin(7rx/I )(ao (+yo3)
l '

vp o
(5)

where x =g, bx;. Solution (8) to Eq. (4) is an exact solu-
tion if I within each individual segment is a constant. It
is, of course, an exact (formal) solution to Eq. (4) in the
limit Ax; ~0.

Note, however, that "far" from the resonance, where
y=l„/I —cos20»cos20, Eq. (4) reduces to

/( tz2+ y2 )
1/2

=I„/[sin 20+(cos20 —I, /I) ]' (Sa)

e ~y e
~l O3

dx vp, l, vp.

whose solution is

The probability that a pure v, state at x =t=0 appears
later at x = t as a vz state can be read from Eq. (5):

P(v, ~vz, x) =
~

v&(x)
~

=(I /I, ) sin 20sin (nx/I ) .

Thus l is the oscillation length in matter. Note in par-
ticular that

v, (x) =exp i7r J y dx/I, v, (0),

v„(x)=exp i~ I y—dx/l„v„(0),

while for I„/I «1 one obtains that I =l„and Eq. (4) de-
scribes vacuum oscillations. Consequently in a medium
with a density which changes with position the transition
probability for v, ~v& is negligible, if y &&sin20, while it
is given by expression (7a), if I, /I « l.

sin220sin (vrx/I„) if I„/I «cos20, (7a) III. NUMERICAL SOLUTIONS

P(v, ~v„,x)~ (I/I„) sin 20sin (mx/I) if I„/I &&1,
(7b)

sin (mx sin20/I„) if I„/I =cos20 . (7c)

then

t

ve
=u2(I;, hx; )

x; vp x,
(8a)

Thus in a low-density medium where I, /I «cos20 [case
(7a)] expression (6) reduces to the well-known expression
for neutrino oscillations in vacuum, while in a very dense
medium, where I, /I »1 [case (7b)], the probability for
oscillations is strongly suppressed, independent of the
mixing angle. A complete flip of the lepton flavor of neu-
trinos, independent of the size of the mixing angle, takes
place in a medium that satisfies the resonance condition
I =I„/cos20 [case (7c)] at distances x„which satisfy
x„=(n+ —,)I„/sin20, n=0, 1,2, . . . . This is the resonance
phenomenon that was discovered by Wolfenstein. '

In the general case when the density of the medium
changes along the neutrino trajectory, Eq. (5) can be used
to construct the solution to Eq. (4), as follows: one can
divide the trajectory into segments where l is practically
constant. In each individual segment [x; &,x;] the propa-
gation of the neutrinos is described by Eq. (5) with x re-
placed by ~,. =x,. —x, , and 1(x) replaced by
I,. =1(x;,+bx; /2), i.e., if one rewrites Eq. (5) as

A2 =l(ve v~ —v~vp)

Q3 =Ve Vp+Vevp

By multiplying Eq. (4) and its complex conjugate from the
left by (v„v&)o.; and (v,*,v&)o;, respectively, and then by
adding the two equations one obtains

2w

dx l„

0

0

0
0 y A2

From the normalization condition
~
v,

~
+

~
vz ~

= 1 one
obtains that A~ +A2 +A3 —1 and that

~
v,

~

=(1+A)/2 and
~

v&
~

=(1—A&)/2. In a medium of a
constant density the solution of Eq. (9) can be written as
A(x) =u3(l, x ) A (0), where the propagation matrix u3 is
given by

Although Eqs. (8) and (5) can be used to propagate neu-
trinos through matter, they require algebraic calculations
with complex numbers. The use of complex numbers can
be avoided, however, by transforming the two coupled
equations (4), which are satisfied by the two complex
functions v, (x) and v„(x), into a set of three coupled
linear equations satisfied by the three real functions
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+0', cosX sinX ny(1 —cosx )

l

u3(l, x)=l CX

sl nx
l

l 2cosX

r

+ slnx
l

(10)

+cxy(1 —cosx ) — slnx cx +y cosX
l

where

1
lm =lm/lu (~+y )

and x—:2rrx/l [a=sin20 and y=(l„/1 —cos20)]. For
the initial conditions (v„vz)o ——(1,0), i.e., A=(1,0,0), Eq.
(10) yields the solutions H = —p, /(dp, /dx) =H~/cosX . (15)

Sun passes through the resonance density p, =p, (r, ) [for
which l(r, ) =l, /cos20] on its way out from the Sun. Let
7 denote the angle between the neutrino trajectory and the
radius vector r, (see Fig. 1). The effective scale height H,
that the neutrino sees around r, along its trajectory is thus
given by

A~ ——1 —2(l /l, ) sin 20sin (mx/1 ),
A2 ———(l /l, )sin20 sin(2rrx /l ),
A3 ———2(l /l„)sin20(cos20 —I, /l)sin (rrx/1 ) .

(12a)

(12b)

(12c)

The oscillation length in matter l, which is given by Eq.
(5a) has a resonance shape around r, . Its full width at
half its height is given by Al/l„=tan20. Since l-p
the corresponding width in x space is given by

Equation (6) then follows from Eqs. (12) and

~
v& ~

=(1—A
~
)/2. If the density of the medium

changes along the neutrino trajectory, one can divide the
trajectory into segments where the density is approximate-
ly a constant and the propagation matrices are given by
Eq. (10). Then the propagation matrix from 0 to x can be
obtained by multiplying the propagation matrices in the
individual segments

1.e.,

Al Ax

l„ l„ Ax

Ax =2H tan20 .

hx dp hx =2 tan20,
ps d

(16)

(16a)

u (l,x) =Q u (l (x;),bx;),
l

(13)

where b,x; =x; —X; ~, 2X; =x;+x;,, and x =gb,x;.
Equation (13) is exact if either l is a constant in each indi-
vidual segment, or Ax; ~0.

Equations (13) and (10) form the basis for our numeri-
cal solutions to the neutrino propagation equations
(within the Sun, down to Earth and through Earth until
reaching the underground neutrino detector). They have
been used to test the analytic solutions that we have found
for the neutrino propagation equations in the Sun, as
described in Secs. IV and V.

IV. ANALYTIC SOLUTIONS FOR THE SUN

Let p, (r) denote the density of electrons in the Sun (di-
vided by Avogadro's number) as a function of the distance
r from the center of the Sun. The standard solar model
yields a density distribution, " which decreases monotoni-
cally between p(0)=115 and p(R~) -0, where

Rc ——6.96)&10' cm is the radius of the Sun. The scale
height of the density distribution, defined as

Ho= p /(dp, /dr),

decreases from its value Ho-0.66Ro near r =0 to be-
come Ho -0.10Ro in the convective zone, 0.25
Ro (r &Ro.

Let us assume that a v, which is born in the core of the

Por (t'e t'e )

~~r(&e ~e)
P2r( te ~e)

FIG. 1. Schematic description of the transition of solar neu-

trinos through a spherical resonance layer in the Sun.
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Therefore we conclude that for small mixing angles for
which Ax «H the region x„—H & x & x„+H is many
times wider than the width of the resonance. Within this
region the density may be well approximated by
p, =p„[1+(x—x„)/H] and Eq. (4) can be replaced there
by

y, =Mme . —I'/2

u1+U1

e
—ig v/2 e

—in/4 +i/

r( ,' -ip) I 0 I
r(ip)

(23a)

d
dx

where

=i(ao] —Pxo.3)
vp

(17)
y, =V]r e

—I'/2

=u2+Up

gein/2e —ig e
—in/4e +i/

+
gr( —,

' +ip)

(23b)

x =m.(x —x„)/l„a =sin20,

P= ( l„ /7rH )cos20 .

For small mixing angles the probability amplitude for the
transition v, ~vz can become significant only within this
region: before this region, i.e., for x &x, —H, the solution
of Eq. (4) can be well approximated (see Sec. III) by
v, (X)=exp(i f ydX), v„(x)=0, i.e., the neutrino enters
the resonance region as a pure v, state. Well beyond the
resonance region (x &x„+H) the solution of Eq. (4) can
be well approximated by the solution in a vacuum, which
for small mixing angles yields a very small probability
amplitude for the transition v, ~v„, P(v, ~v„)
& sin 20 « 1. Consequently the only significant transi-
tions v, ~v& can occur within the resonance region and
can be calculated from the solution of Eq. (17) in the re-
gion x„—H &x &x, +H.

We shall now proceed to solve Eq. (17). By differen-
tiating Eq. (17) we obtain

v, (x =0)=A](u]+U] )+A2(u2+V2) =1,
2 8 =A](u] —V])+A2(u2 —U2) =1,

r

whose solution is given by

A] =V2/(u]U2 —u2V])

A2 = —U] /(u ] U2 —u2U] )

(24)

(25)

Consider now the solution at the symmetric point g,
beyond the resonance point (=0:

where Iti=+ig /4+ipln(g /2).
The initial conditions are v, (x =0)=v, (g = —g„

v'2pn—x„/1„) and v&( —g„)=0; and from Eq. (17) it
follows that (d v, /d g) &

i g—„—/2 I.f we denote

u] ——u]( —g„), V] ——U]( —g„), u2 ——u2( —g, ), and
U2 ——U2( —g„), then the initial conditions yield the rela-
tions

d
dx'

= —[(a +iPo3)+13 x . ]
vp v, (g„)=A](u](g„)+v](g„))+A2(u2(g, )+U2(g, )) . (26)

i.e.,
d2

d 2
+( —,

'
g —a )v, =0, (19) v, (g„)=A](u]+U] ) —A2(u2+U2) . (27)

But u] and U] are symmetric functions of g while u2 and
v 2 are antisymmetric. Consequently

v, (g)=A]y]( ia, ge' —)+A2y2( —I'a, ge' '), (20)

where A1 and A2 are constants, and y1 and y2 are,
respectively, the even and the odd parabolic cylindrical
functions:

where g=V2)I3x and a =( —a —ip)/2/3. Equation (19) is
the parabolic cylindrical equation whose solution is (see,
for instance, Ref. 20, p. 686) I ( —, —ip)r( —, + ip) =m /cosh(mp),

I (1—ip) = i pl ( —ip—),
I ( —ip)I (ip) =7r/p sinh(mp),

one finally obtains

(28a)

(28b)

(28c)

By substituting the explicit values of A;, u;, and U;,
i = 1,2, and by utilizing the relations

y, ( ia ge'n )—=e '~ M(ia /4P —e' g /2),

y2( ia, ge™/4)—

(21a) v, (g„)=e '"~+0(v p/g„),

—na2/p(v, v„g„)=e—' e=e

(29)

(30)
in/4ge ig / M(i—~ /4P+ )

e n
g /2) (21b)

The functions M(a, b,z) are Kummers functions. For
Iz

I
»

I

a I, I
b I, they have the asymptotic form (see,

Ref. 20, p. 508)

If there is no significant change in this probability when
the neutrino continues to propagate out of the Sun we ar-
rive at our main result:

e +i+a& —a ezra —b

M(a, b,z)=I (b) +I (b —a) I (a)

Consequently for
I g I

»p=a /4P,

(22)

—(n sin228H )/(cos2el„)
p]r verve (31)

where the subscript 1r indicates that the neutrino was
born inside the spherical resonance layer (see Fig. 1). If
the neutrino is born behind the resonance layer and it goes
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through it twice, then

p2„(v, ~v, ) =1—2p, „+2p,„ (32)

—27Tp

v. )= l»(14 I
»p) I'=

2
(34)

while for solar neutrinos that do not pass at all through
the resonance layer po„(v, ~v, ) =0.

Note that the requirement
~ g ~

& p implies that Eq. (31)
is a good approximation as long as

32 l,
tan420 (

H
(33)

Near the center of the Sun where I„)10 cm this implies
the condition sin20(0. 3, while it is less restrictive if the
resonance layer is farther out.

Note also that Eq. (31) is valid only for neutrinos which
are not born within the resonance. In particular, if x„=O,
i.e., if the neutrino is born at the resonance point, then the
solution to Eq. (19) is v, (g) =y(g). From the asymptotic
form of y& it then follows that

In this paper we shall confine our attention to situations
where 4') 1 at resonance, because only then the transi-
tion probabilities through the resonance, Eqs. (31) and
(34), are significantly less than 1 and perhaps can account
for the experimental observations on solar neutrinos.
From the conditions 4~p =~ sin 20H /cos20l, ) 1 and
l„=l cos20 it then follows that

10, p; —0,
tan 20) 4

When x, the production point of the neutrino changes
between x &x„—Ax/2 and x )x„+Ax/2, p(v, ~v, )

changes between p~„and 1, respectively. It assumes the
value of Eq. (34) at x =x„.

This behavior can be well described by the following ex-
pression:

p „=e-4 =exp—4~p

p(v, ~v, )=
Sir=

2. 78)&10 sin 26 H Am (eV ) t(x) &l,
cos20 Ro E(MeV)

l(x) & l,
(35)

cos20 —l, /I1+exp —V2 ' ——2+p, „sin20

where l(x) is the refraction length of the Sun at the pro-
duction point and l is defined p&„(l=l)=p, „. Note that
the arbitrary choice of the function p, „(l), which interpo-
lates between p&„and 1, has no practical importance be-
cause the fraction of neutrinos "born" in the resonance
layer is relatively small. This is because the width of the
resonance layer Ax =2H tan20, is much smaller than the
width of the region in the Sun where the production of so-
lar neutrinos takes place (if tan20»1). We selected that
particular p, „(l) because p, „(l»1,=l, /cos29)~1 and

p ~ „(1= I„)=( 1+e ~) /2 [see Eq. (34)].
Equation (35) agrees well with numerical calculations

(see Fig. 2).

1.0—

0.8—

0.6—

0.4—

NEUTRINO OSCLLATIONS IN THE SUN

S lA 2

V. RESULTS

Po„(v,~v, ) = 1 ——,
' sin 28, (36)

(b) for neutrinos which are born in the region surrounded

Equations (31) and (35) describe the transition probabil-
ity of v's through the resonance layer. However, these
equations can be easily modified to include the effects of
propagation before and after the resonance; at the end of
Sec. II it was shown that neutrinos retain their flavor
when they propagate in a medium with a density much
higher than the resonance density, while they exhibit vac-
uumlike oscillations in regions with density below the res-
onance density. Consequently, (a) for neutrinos which do
not cross the, resonance layers one obtains

0.2—
]X t

0
O o 0

eV

0.0 I 0 I I

2 8 14 20 26 52
r = POINT OF CREATION ( 10~ km)

FIG. 2. p(v, ~v, )—the probability of an electron neutrino
produced at a distance r from the center, and moving along a
central trajectory, to emerge from the Sun, as an electron neutri-
no, as a function of r—the production point. The discrete
marks were calculated numerically with Eq. (9) and a simple pa-
rametrization of the Sun's refraction length, specifically,

l(r) =l~e, where l~ ——1.6& 10 cm, Ho ——8)& 10 cm. The
smooth line was obtained from the analytic expression (35). p
was calculated for sin 20=(2&(10, 1)& 10 ).
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by the resonance layer one obtains

pi„(v, ~v, )=cos 28pi„+ —, sin 28, (37)

1.0

0.8—
and (c) for neutrinos which are born behind the resonance
layer (and cross it twice) one obtains 0.6—

p2„(v, ~v, )=1—cos 28sin 28+2cos 28( „—„) .P lr —7 tr

(38)

pi„ is given by Eq. (35) and the bars indicate averaging
over detection position. This averaging has been invoked
because of the change in the relative distance between the
Sun and the underground detector (on Earth), due to the

iurnal rotation of Earth and the eccentricity of its orbital
motion around the Sun.

The closed-form expressions (35)—(38) for p v, ~v,
are the main results of our paper. We have compared
t ese expressions with numerical solutions of the neutrino

ing the method described in Sec. III. We found ex
a reement be

e oun excellent

g etween the closed-form expressions and the
numerical results. This is demonstrated for the Sun in
Figs. —5, where we compared our closed-form- orm expres-

'
ns wi etailed numerical calculations and with those

of Rosen and Gelb.
In Figs. 3(a) and 3(b) we compare the closed-form ex-

erica resu ts o Rosen
e or p(v, ~v, ) at Earth as a function of E/b m

for sin 28=0.01 and sin 28=0 04, respectively, assuming
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that all the solar v, 's are produced at the center of the
Sun. In the calculations we used the solar density distri-
bution, which follows from the standard solar model and
was tabulated by Bahcall et al. " and the expression for 1

that was used by Rosen and Gelb. ' The results are sensi-
tive only to the density distribution outside the solar core
which can be well represented by an exponential density
with Hg-0. 1R~. Note that according to Eqs. (34) and
(35) p(v, ~v, )=—,

'
when the resonance condition

i cos28=l„=2.47X10 XE(MeV)/bm (eV) cm

is satisfied at the center of the Sun. Rosen and Gelb used
l(0) —1.59 X 10 cm, which yields the value E/b, m
=6X 10 MeV/eV, where p(v, ~v, ) = —,'.

Figures 3(a) and 3(b) demonstrate excellent agreement
between the closed-form expressions and the numerical re-
sults of Rosen and Gelb, if one uses the same solar model.

In Figs. 4(a) and 4(b) we compare our predictions,
which follow from the closed-form expressions (35)—(3g),
and the numerical results of Rosen and Gelb for
p(v, ~v, ) at Earth as a function of E/hm2 for
sin 20=0.01, for 8 solar neutrinos, and for pp solar neu-
trinos, respectively. The spatial distributions of the pro-
duction points of solar neutrinos were taken from the
standard solar-model predictions that were tabulated by
Bahcall et al. " Note that for E/Am )5X10 MeV/eV
Figs. 3(a), 4(a), and 3(b) are practically identical. This is
due to the fact that the resonance layer surrounds the
whole neutrino production region for E/b m values
beyond this value and all the neutrinos, which reach
Earth, must cross the resonance layer, i.e.,
p(v, ~v, )=p&„. The production region of pp neutrinos
extends up to" r =—0.5RC), while the production region of
B neutrinos extends up to" 0.1RO. For r, =0.5RO the

standard solar model yields" p, —1.4 and 1, =1,=1.2
& 10 cm. Consequently, the resonance condition
l„cos28=l, =2.47 X 10 E(MeV)/Am (eV ) implies that all
the neutrinos with E/Am ) 5 & 10 cm, which are born at
r &0.5RO cross a resoriance layer at r, )0.5RO. For B
neutrinos the v, production is confined to r &0.12RO. If
r, )0.12RO, then p, &59.5 and 1, )1„=2.73&(10 which
implies that Figs. 3(a) and 4(a) should coincide for
E/Am ) 1.2X10 MeV/eV .

When E/Am decreases below 5&&10 MeV/eV, the
resonance layer moves into the production region of the
pp neutrinos. Since p], «1 and sin 2t9«1, it follows
that both p2, —1 and po„—1, i.e., all the neutrinos pro-
duced inside the resonance layer are transformed into v&'s,
while those produced outside it survive as v, 's. Conse-
quently, in Fig. 3(b) the curve for E/hm & 5 X 10
MeV/eV simply exhibits the fraction of pp neutrinos,
which are produced beyond r, that satisfies
i, =2.47X 10 E(MeV)/hm (eV ) =l(r, )cos28 cm. Simi-
larly, in Fig. 3(a) the curve for E /b, m & 1.2 X 105
MeV/eV describes the fraction of B neutrinos that are
produced beyond r, that satisfies l„=l(r, )cos28.

Figures 3(a), 3(b), 4(a), and 4(b) demonstrate that the
closed-form expressions reproduce the values of
p(v, ~v, ) at Earth obtained by numerical solution of the
neutrino propagation equations in the Sun. Therefore, we
shall use the c1osed-form expressions to evaluate the ef-

(R /X, ),h ——[5.8+0.73( lo )]X 10 sec

while the experimental result of Davis et al. is

(40a)

(R /iV, ),„=[2.1+0.3( lo )]X 10 sec ' . (40b)

The parameters Am and sin 20 which yield a reduction
in the production rate of Ar consistent with experiment
can be found as follows.

In the standard solar model the production rate of Ar
is dominated by B neutrinos [4.3 SNU (solar-neutrino
unit) compared with 1.5 SNU from all other sources
where 1 SNU=10 captures/ Cl atom sec]. For B
neutrinos E,„dg /dE —x (1—x), where x =E /E
and o,-x '. Therefore oQP„/dx peaks around x=0.73,
i.e., around E„—10 MeV.

The transition probability of B neutrinos through a
resonance layer, as given by Eq. (31), is larger than that of
all other solar neutrinos, by an enormous factor. This is
because the effective energy of B neutrinos, —10 MeV, is
much larger than the energies of the pep, Be, and CNO
neutrinos (see Table I). Consequently, there are three ex-
treme possibilities to reduce the Ar production rate to
2. 1 SNU.

(a) All the production is due to B neutrinos. This can
happen only if two conditions are satisfied: (i) p„=0.5
for E —10 MeV yielding b, m sin 28/cos28-2. 6X10
eV; (ii) l, (0.86 MeV) & l(0.12R~)cos28 yielding
b, m cos28&7X 10 eV . Condition (i) suppresses the B
contribution from the standard-model prediction of 4.3
SNU to the observed 2.1 SNU, while condition (ii) yields
practically p&, —0 for the Be, pep, and CNO neutrinos;
i.e., it supresses completely their contribution.

(b) The resonance condition in the Sun is satisfied only
for B neutrinos; i.e., 1.5 SNU are due to Be, pep and
CNO neutrinos and the remaining 0.6 SNU are due to B
neutrinos. This happens if either the resonance layer sur-
rounds the production region of B neutrinos, i.e., i„(—10
MeV) & l(0. 12Ro), and p ~,

——0.6/4. 3 but l„(0.86
MeV) &1(r, =0)cos28, which yields (i) Am sin 28/cos8
=7&(10 eV and 1.5&10 &Am (10 eV, or the
resonance layer surrounds 86% (=1—0.6/4. 3) of the pro-

fects of neutrino oscillations in the Sun on the solar-
neutrino experiments, and to determine the range of
values of 5m and sin 20 that can solve the solar-neutrino
problem.

The rate of interaction of solar v, 's in a detector on
Earth is given by

R =N, j dEo. (E)p„(E)(dg,/dE), (39)

where N, is the number of active atoms in the detector,
o. is their cross section for v, interaction, dP IdE is the
differential flux of solar neutrinos (all flavors) at Earth,
and p (E)=p(v, ~v, ) at neutrino energy E. E,h is the
energy threshold of the detector and E „ is the max-
imum energy of the solar neutrinos: E,„=14MeV. The
predictions of the standard solar model' for the capture
rate of solar v, 's by the reaction v, + Cl~e + Ar
with E,h

——0.82 MeV are summarized in Table I for
p„=1. For a chlorine detector the theoretical prediction

15
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TABLE I. Neutrino fluxes and production rates predicted by the standard solar model (Ref. 15).

Reaction
Branching Max E Flux Ar production 'Cxe production rate

(%) (MeV) (10' cm sec ') rate (SNU) (SNU)

p+p D+e +v
p+e +p~D+v,
D+p~ He+y
He + 'He~ He + 2p

or
'He+ He~ Be+ y
Be+ e ~ Li+v,

or
Be+ p~ B+y
Li+p~2 He

SB~8Bee+e+ +v

The pp chain

99.75 0.42
0.25 1.44

100
86

14 0.86 (90%)
99.89 0.38 (10%)

0.11
100
100 14.06

6.1

1.5 ~ 10-'

4&& 10—4

0
0.24

0.95

4.3

70.2
2.5

27.0

1.2

12C + 13N
' N~' C+e++v,

"O "N+e++ v,
15N+p 12C + 14He

Total: 4p+2e ~"He+2v, + 26.73 MeV

The CNO cycle

1.20

1.75

14.06

5X10—'

4X10-'

6.63

0.08

0.24

5.8

2.6

3.5

107.0

duction region of B neutrinos and p&„-0. Since 86%%uo of
the B neutrinos are produced within r &0.075Ro and
H(0.075R~) -0.2RD, it follows that (ii) b m cos20
—1.2&&10 eV and 10 &sin 20&0.3.

(c) All the v, 's convert in the Sun into v„'s (pi„-0), but
the v&'s oscillate in vacuum on their way to Earth and a
fraction of about 2.1/5. 8 (= —,

'
)&sin 28) reach the terres-

trial detector as v, 's, which yield 3)&10 &hm &10
eV and sin 20-0.7.

Solutions (a)—(c) define approximately a triangle in a
hm -sin 20 plane. If the 2.1 SNU is regarded as an upper
bound then all values within the triangle can solve the
solar-neutrino problem. Solutions (a)—(c) are indicated in
Fig. 5 where we plotted the allowed values of hm and
sin 20 which we obtained by taking the theoretical and ex-
perimental results at their face values +1 standard devia-
tion. The allowed regions become much wider if one al-
lows larger errors in both the experimental and theoretical

Ar production rates. Our analytic solutions agree well
with the solutions found by Rosen and Gelb through ex-
tensive numerical calculations.

The effects of the MSW solutions of the solar-neutrino
problem on the proposed 'Ga solar-neutrino experiments
can also be easily calculated.

The main contribution to 'Ge production in the 'Ga
experiments is due to pp and Be neutrinos, as can be seen
from Table I. Their maximum energies E,„are 0.42 and
0.87 MeV, respectively. If b, m )2&(10 eV these ener-
gies are below the lowest possible resonance energy in the
Sun. Consequently, solutions (b) to the solar-neutrino
problem do not affect the 'Ga solar-neutrino experi-

ments.
If, however, nature has selected Am and sin 20, which

satisfy

Am sin 20/cos2g=2. 6/ 10 eV

and b, m cos28 & 10 eV, (r, )0. 12R~), then (i) the con-
tribution of Be neutrinos is reduced to -0, since their
production is inside the resonance layer and their transi-
tion probability through the resonance is p&, -0, as fol-
lows from Eq. (35), and (ii) the production rate of 'Cse in
'Ga by pp neutrinos decreases fastly from 70.2 SNU for

bm ) 10 eV to practically zero for hm &1.5)&10
eV . This is shown in Fig. 6, where we plotted both
p(v;~v;) at Earth and the rate of production of 'Ge in
'Ga by pp neutrinos as function of Am .

The behavior of p(v; ~v; ) shown in Fig. 6 can be easily
understood: for E, =0.42 MeV the resonance condition
I cos20=l, and the solar density obtained from the stan-
dard solar model implies that the resonance position
changes between r, =0 for b.m = 10 eV and
r, =Ro/2 for Am = 10 eV . Consequently, for
5m ~ 10 eV, the energies of the pp neutrinos are
below resonance, while for Am & 10 eV all the pp neu-
trinos are born inside the resonance layer and cross it on
their way out of the Sun. From Eq. (35) it follows that
the transition probability p&„(v;~v;), through the reso-
nance layer for pp neutrinos (E„&0.42 MeV) which satis-
fy the condition

10—8

cos20



3616 MELINA, AND D. ZAJFMA. DAR, A. MANN, Y. 35

b, m sin 28
= 2.6 10 eeVe

Cos 28

1.0—
P of pp

---- P of Be0.8——- —Rate of
——Rate of

" o-6 - ----- Rate of

0 4—

0.2—

I
~ ~

i

I

I

I I
I

I
/

100
D
CO

80
LLI

cK

60 lK

C3

40 ~
Cl

20 ~
CL

0.0—
10

—0.0
1010 6

h, m~(eV )

Betes of 'Ge in 'Ga due to pp and
n

'
scale) and the probability of pp anneutrinos (right sca e an

rsus hm . In this fig-h as electron neutrinos versus
a): Am sin 2 cosure we assumed solution (a:

10 '

VI. NEUTRINO OSCILLATION S IN EARTH

is well above t e oriis w h h izon solar neutrinosWhen the Sun is w
h Earth before reaching

d o bt h th
rt distance throug ar

d solar-neutrino detec or,
b lo t t}1 d' tthe horizon and goes e owSun approaches the

os travel through ar eE th before reachingthat solar neutrinos
uite significant. For

th' d' t
detector becomes qui e si

a detector at a depth d below t e sur ace
' enbglv

d(2R —d)]'i —(R —d )cosX,L = [(R —d ) cos X+d (41)

7 10 cmist era '
h dius of Earth and g is

(X=O 'f h S i bo
'f h S i bio th dt to).

'
h an le at the detector g= i

=~ if the Sun is e o
A flip of neutrino flavor can occur in a

is negligible.
u 1 d utrino masses andure has selecte neu

g g satisf condition a,

neutrinos if Am (
lu i

' 'ble for the missing so-lution (a) is responsi e orlu'
h th'"t' f "dCl ex eriments, t en elar neutrinos in p

'Ga should be reduce rom
10 V d d

th t of od t o
r value if Am (2X e

on the value of Am . pIn articu ar, t e ra
of 'Ge in Ga shou eld decrease to —,i

alid only whener that our results are va i

e horizon. As we s a s
'

ns of solar neutrinos in ar
b 1 11 11o o (hen the Sun is e owabove predictions w en

night).

in Earth theditions are satisfied: a
= I i.e., l(cm) = ir 2ir/ondition l cos2

uch smaller than both
F e 10 / =2.47X 10 e

(b) the width oof the resonance is muc sma
d 't near the resonancef the electron density nearthe scale height of

utrino travels before the dens&-and the distance that the neutrino trave s e o
ty suddenly changes.

-1 2X10 eV then Earth
o However, cosmic-ray-

has selected Am =1.2X e
o solar neutrinos.p

induced atmosps heric neutrinos wit
d tion lcos20=l, ine resonance con i ionMeV can satisfy t e

's and v 's.os heric neutrinos contain v, s P
h 130r ratio R =X /2V in t e ene

MeV (E (600 MeV depen s on y
=0 and decreases to about

h
' tio. Fo

nb el t dtotheir
n- oin atomsp eric neu

os g) w/2, their ratio can e re
th t os h re at zen-ratio when they enter Earth rom e a

n the far side of Earth:ith angle ~— on

(42)

NEUTRINO OSCILLATIONS IN EARTH

XO

~m& =1.2x)0 4'ey~

QQM V

O i f
r

i j' -- r

/ /
"-o —

iII

Ck ~/'

sfP~ 2e
0
4X lQ
)xlQ ~

4 x]Q

O.Q
-1.0 -0.6 -Q. 2

I

0.2
I

0.6 1.0
cos X

tio of atmospheric v„'s divided by at-FIG. 7. The expected ra io o a mo „' a-
an le for

m = 10 eV The different lines are for t e o-
of sin 2f9=(0, 4~10, )&lowing values of sin =, )&

ratio was ca cu al l ted from expressions an

(1—p)R+pR=—(N, /N, I——

~v ) is the pro a i
'~v )

'
b b'lity that a neutrinowhere p =p(v, ~v&)

Earth from one siden flavor when it crosses ar rflips its lepton av

gt an an le ~—g. ince geom
n the ratio v /v, are qui e

h hmost of the sites w ere
d trino telescopesn-decay detectors an neuderground proton-decay
d with experimentalE . (42) can be teste wiare located, q.

d the experimental resultsed at the same site an e itsdata obtaine a
b d t increase statistics.

f
an be combine o inc

d R as a function o eg po
for atom spheric neuneutrinos with

—3ive values of sin 20 (4X10
do - o at o h 1and 0). The ratio v„/v, for down-goin



35 NEUTRINO OSCILLATIONS AND THE SOLAR-NEUTRINO PROBLEM 3617

trinos was taken from the calculations of Dar, ' which
agree well both with experiments and with other indepen-
dent calculations. '

p(v, ~v„) for Earth as a function of the zenith angle
was calculated by using Eq. (9) and the density distribu-
tion of Earth' shown in Fig. 11. As can be seen from
Figs. 7 and 8 the effects of neutrino oscillations on R for
b,m 1.2)&10 eV is quite significant for values of
sin 28 which are not too small. Therefore the experimen-
tal data on the interactions of atmospheric neutrinos that
have been accumulated in the massive underground
proton-decay detectors (1MB, Kamiokande, Nusex,
Soudan, and Frejus) should be carefully reanalyzed to see
whether there is any confirmation to the MSW solution to
the solar-neutrino problem. Note in particular that the
energy range 200 MeV &E„(400MeV is exactly the en-

ergy range where most of the interactions of atomspheric
neutrinos have been detected, i.e., o~ for atmospheric
neutrinos peaks within this energy range.

In Figs. 8, 9, and 10 we plotted 8 as a function of the
energy, for atmospheric neutrinos with zenith angle
7=180', 120', and 0'&7 &90', and various values of
sin 20.

The electron density of Earth changes from about

p, =n, /Nz —1.6 near its surface to about p, -6.3 near its
center. ' Consequently, solar v, 's with 0.24 & E„&14
MeV may encounter a resonance density in Earth if
6&(].0 (b.m & 1.4~ 10 5 eV .

The estimated effects of the MSW solution on the Cl
and the Ga experiments neglected neutrino oscillations in
Earth. At night solar neutrinos cross Earth before reach-
ing the detector. Passage through Earth induces v, ~v&
transitions. Since the transition probability depends on
the path length in Earth, i.e., on the position of the Sun
relative to the detector, neutrino oscillations in Earth may
induce both diurnal and seasonal modulations of the pro-
duction rates in radiochemical detectors and changes in
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FIG. 9. The expected ratio of atmospheric v„'s divided by at-
mospheric v, 's versus energy for zenith angle P= 120'. The dif-
ferent lines are for sin 20=(3&(10, 1&(10,2&10 ).

the rate and in the spectrum of recoiling electrons in
electron-recoil detectors.

We have used Eq. (9} and the density distribution of
Earth from Ref. 18 for calculating P(v, ~v„), the proba-
bility of a neutrino flavor flip after crossing Earth. Our
results are demonstrated in Fig. 12 where we plotted
P(v, ~v„) as a function of E,/b. m, for sin 28=3)& 10
and various zenith angles of the incident v, 's. As can be
seen from Fig. 12 a significant probability of neutrino fla-
vor flip develops for sin 28 & 10 and zenith angles z
satisfying cosz (—0.25, for neutrinos which satisfy the
resonance condition in Earth. The electron density of
Earth changes from p, —1.3 near its surface to about

p, -6.0 near its center. Thus the resonance condition
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FIG. 11. Density distribution of Earth used in this paper.
The squares are data taken from M.H.P. Bott
[The Interior of the Earth, 2nd ed. (Arnold, London, 1982), p.
164], and were calculated in Ref. 18. The line is an interpola-
tion fit, . obtained by exponential functions, p(r) =poexp( —r/H )

with different parameters (po, H) in different regions of the
Earth interior. This fit was used in the numerical calculation of
Figs. 7—10.

I, = l cos20 in Earth is satisfied by neutrinos with
10 &E/bm &5)&10 MeV/eV .

The zenith angle of the Sun, z, as a function of time at
a geographical latitude P (P-43'N for Homestake, Mont
Blanc, Frejus, Grand Sasso, and Baksan) is given by

cosz =sing sin6 —cosP cos5 cos(2trh /23. 934), (43)

where h is the day time (in hours), 23.934" is the mean
siderial day, and 5 is the Sun s declination as a function of
time. sin5= —sin(23. 44')cos(2vrd/365. 242), where 23.44'
is the angle at which the ecliptic is declined to the plane
of the celestial equator, 365.242 is the length in days of a

tropical year, and d is the time in the year (in days).
In Fig. 13 we plotted the yearly and seasonal time-

averaged regeneration probabilities of solar neutrinos in
Earth, that reach a terrestrial detector at night, at a geo-
graphical latitude 43'N, as a function of F /Am, for
sin 20=0. 1 Figure 13 demonstrates that the regeneration
probabilities in Earth can become quite large for mixing
angles not too small. Consequently if solar neutrinos are
converted in the Sun into v&'s then Earth may transform a
large fraction of them, during nightime, back into v, s
and the day-night difference in the radiochemical detec-
tors may be quite large (depending on the specific values
of masses and mixing angles that nature has selected), as
can be seen from Figs. 12—15. Unfortunately, the Ar in

the Cl experiment was extracted after exposures between
35 and 80 days. ' To reveal a day-night modulation one
will have to extract continuously the Ar atoms produced
in Cl (the Ge atoms produced in Ga) into separate day
and night containers and count them separately, which

apparently can be done with reasonable efficiencies.
However, a day-night difference, if it is sufficiently large
should reveal itself also in a summer-winter difference.
At 43 N the ratio between the average time that the Sun is
below the horizon in the winter (October 1 through March
31) and in the summer (April 1 through September 30) is

1.40. Since the time-averaged probabilities in winter
nights and in summer nights are approximately equal,
therefore at Homestake the ratio between the numbers of
Ar atoms produced in Cl by solar neutrinos during the
winter and during the summer should be between 1 and
1.40 (1.40 if the MSW effect in the sun transforms all so-

lar v, 's into v&'s, less otherwise).
Indeed, the average production rate of Ar in Cl at

Homestake was found to be 15% larger in the winter than
in the sutnmer (after correcting for seasonal changes in
the distance to the Sun and excluding sessions which over-
lapped with large solar flares). However, the effect is of
the same order as the statistical error (+20&o) (Refs. 21
and 22).
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FIG. 13. The yearly and seasonal averaged probabilities of
neutrino flavor flip in Earth for solar neutrinos that reach ter-
restrial detectors at a latitude 43'N during the night, as a func-
tion of Ev/Am, for sin 20=0.10.
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VII. CONCLUSIONS

The values of neutrino masses and mixing angles,
which are required by the Mikheyev-Smirnov-Wolfenstein
solution to the solar-neutrino problem, can be found from
analytic solutions to the neutrino propagation equations in
the Sun. They practically coincide with those obtained
through extensive numerical computations. They divide
into three classes of oscillation parameters that can solve
the solar-neutrino problem. The first class corresponds to
the situation that only B neutrinos encounter resonance
denisties in the Sun and only 0.6 SNU of the 2. 1 SNU ob-
served production of Ar in Cl is due to B neutrinos,
while the rest 1.5 SNU is due to Be, pep, and CNO neu-
trinos. The second class corresponds to the situation that
practically all the Be, pep, and CNO neutrinos and only a
fraction of the B neutrinos are transformed into vz's in
the Sun, and the observed Ar production rate is due
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FIG. 15. The probability that pp neutrinos from the Sun
reach a terrestrial detector at latitude 43'N as electron neutrinos,
during daytime and during nighttime, as a function of hm, for
sin 2I9=0.10, and the corresponding rate of 'Cxe production in
"Ga.

completely to the B neutrinos which escaped the v, ~v&
transition. The third class corresponds to the situation
that all the solar neutrinos are transformed in the Sun into
vz's, but vacuum oscillations on their way from the Sun to
Earth transform about one-third of them back into v, 's,
which produce the Ar atoms in Cl.

If nature has selected the oscillation parameters to be-
long to the first class, then neutrino oscillations in the Sun
have no effect on 'Ge production in 'Ga. However,
these parameters yield sizable oscillations of atmospheric
neutrinos in Earth, which can be detected by the massive
deep-underground proton-decay detectors and neutrino
telescopes.

If nature has selected the oscillation parameters to be-
long to either the second or third class, then the produc-
tion of 'Ge in 'Ga by solar neutrinos is strongly reduced
(less than 5 SNU during day time). These classes of oscil-
lation parameters contain solutions that yield matter am-
plification of v, ~v& transitions due to passage in Earth
when the Sun is below the horizon. These transitions
should show themselves as variations in production rates
between day and night (perhaps possible by using more
advanced detectors such as water Cherenkov detectors or
heavy-water detectors) and between seasons (perhaps
detectable by the radiochemical detectors).
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Tote added. After completion of this work and during
its proof for publication in this journal many authors have
published relevant works. In particular, J. Bouchez et al. ,
Z. Phys. C 32, 499 (1986), repeated the numerical calcula-
tions of Rosen and Gelb, included the effects of neutrino
oscillations in Earth, and obtained similar results. W. C.
Haxton [Phys. Rev. Lett. 57, 1271 (1986)]; S. J. Parke
[ibid 57, 1275 (19.86)], and S. J. Parke and T. P. Walker
[ibid 57, 2322 . (1986)] found that the neutrino propaga-
tion equations in the Sun can be reduced to the quantum-
mechanical problem of level crossing under the influence
of an external linear field, which had been solved before
by L. D. Landau [Phys. Z. Sowjetunion 2, 46 (1932)] and
C. Zener [Proc. R. Soc. London A137, 696 (1932)]. Their
solution is identical to our analytic solution and indeed
they showed that it leads to the three classes of solutions
to the solar-neutrino problem which we found indepen-
dently. E. W. Kolb et al. [Phys. Lett. 175B, 478 (1986)]
reproduced the "slab model" of Rosen and Gelb to ex-
plain the Rosen-Gelb solutions to the solar-neutrino prob-
lem. Finally, possible tests of the MSW solution to the
solar-neutrino problem, using the matter amplification of
oscillation of atmospheric neutrinos and of solar neutrinos
in Earth, were discussed also by J. LoSecco [Phys. Rev.
Lett. 57, 652 (1986)], by E. Carlson [Phys. Rev. D 34,
1454 (1986)],by A. J. Baltz and J. Weneser [Phys. Rev. D
35, 528 (1987)], and by M. Cribier et al. [Phys. Lett.
182B, 89 (1986)], who arrived at similar conclusions to
ours.
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APPENDIX

In the standard theory of the electroweak interactions
the amplitude for v, e~v, e scattering via W exchange is
given by

GF MWM= —,, v(q~)y"(1 —y5) (pt) (p2)v2 Mtv —k

Xy„(1—y5)v(q t ),

f(0)= dn"="
M[v, ( —)+e( —)~v, ( —)+e( —)]=SV 2 GFk v s,

all other combinations give M=0 (s is the c.m. energy
squared and k the c.m. momentum of the neutrino), i.e.,
f (0)=(&2GFk lvr)f+(0)=0 where the subscripts
+/ —indicate + —, initial (and final) electron helicities.
Consequently

b. n =n(v, ) —n(v„)

where Gz is the Fermi coupling constant, M~ is the mass
of the Wboson, q& and p& are the initial four-momenta of
the v, and the electron, respectively, qz and pz are their
final momenta, respectively, and k=p& —qz ——pz —

q& is
the four-momenta transferred by the W.

The c.m. amplitudes for forward scattering of electrons
with helicities + —, are obtained by performing the spinor
and matrix multiplication and are given by

i.e.,

2~
k An GpN,

1.63X10'
cm

Pe

k , [f (o) X&, ( ——, )+f+(0)XN, (+ —,
' )]

2 N,

k ,f (0)
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