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Hadron production in the central region in high-energy nuclear collisions is investigated. The hy-
drodynamical expansion of a locally thermalized system is studied for both the cases with and
without phase transition. The case with phase transition is considered by using a sound-velocity
function c¢,(T) parametrized to fit the energy density determined in a lattice gauge calculation. The
effect of a transverse rarefaction wave is included in the calculation of the temperature profile of the
expanding fluid. The transverse-momentum distribution of hadrons is calculated by collecting all
the hadrons produced when the hadron gas is cooled down to a freeze-out temperature at different
times in the expansion. Fluctuation in initial temperature and radius is allowed due to variation in
impact parameter. On the basis of a study of the thermalization process in the parton model we im-
pose a constraint on the initial temperature and the thermalization time, the simultaneous variation
of both of which gives rise to a relationship between the average transverse momentum and rapidity
density. We have found that there is no so-called “plateau” region in that relationship. The impli-
cation on the diagnostics of a quark-gluon plasma is discussed.

I. INTRODUCTION

For many years the average transverse momentum
(pr) of produced particles in high-energy hadronic col-
lisions has been found to have the characteristic value 350
MeV/c in the minimum-bias events, essentially indepen-
dent of the incident energy or incident particles. It has
been regarded as a feature that is a consequence of the
spatial size of the hadrons, but no detailed theory has been
advanced to calculate its value, which is the trademark of
low-pr physics.

Recently, it has been established experimentally that
(pr) increases with energy in Pp collisions"? for Vs
above 200 GeV, and depends on the multiplicity of pro-
duced particles in the cosmic-ray Japanese-American
Cooperative Emulsion Experiment® (JACEE) in such a
way that (p;) first increases to a region in which the data
points are widely scattered and then rises again at higher
rapidity density dN /dy. Indeed, it has been suggested*
that the plateau could be interpreted as a possible signa-
ture for a first-order phase transition into quark-gluon
plasma. The dependence of {pr) on dN /dy has more re-
cently been studied® in a model for particle production in
AA collisions, in which it is assumed that the hot matter
formed after collision is a collection of spherically explod-
ing plasma droplets in hydrodynamical expansion. The
local spherical symmetry drastically simplifies the calcu-
lation so that {p;) can be obtained as a function of tem-
perature T without solving first the hydrodynamical
equations. Using certain assumptions to relate the energy
density to the observed rapidity density, the agreement be-
tween the prediction of the model and the JACEE data is
claimed to be good.

The most comprehensive study to date of the
transverse-momentum distribution is, as far as we know,
the work reported in Ref. 6, in which many issues related
to the evolution of matter produced in ultrarelativistic nu-
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clear collisions have been considered. After some detailed
hydrodynamical calculations, their results only vaguely
suggest the existence of a plateau region in {p;) versus
dN /dy, and the sharp rise at higher dN /dy is visible only
in the logarithmic scale of dN /dy. In their study they
have approximated the energy-density function €(T) by a
step function, and have fixed the initial nuclear radius for
each reaction while putting in fluctuation in initial tem-
perature by hand.

In this paper we investigate the hydrodynamical-flow
problem in a way similar in spirit to that in Ref. 6, but
impose different conditions both at the start of the trans-
verse expansion and at freeze-out. We also treat phase
transition differently. In outline we study in detail a
cylindrically expanding hydrodynamical system and con-
sider both the case of having a phase transition and
without such a transition. Due attention will be paid to
the collective effect of the transverse rarefaction wave.
The transverse momentum of the hadrons is calculated by
studying the temperature profile of the system as a func-
tion of time and by assuming that the expanding hadron
gas freezes out at a temperature Ty, whose value can be
restricted to a very narrow range. Phase transition is in-
troduced into the calculation by parametrizing the sound
velocity ¢, as a function of T in accordance to the result
determined in a lattice gauge calculation.” Fluctuation in
the initial temperature T, is assumed to be related to the
variation in impact parameters among the collisions so
that the initial radius and Ty are coupled. In this respect
our work differs significantly from that in Ref. 6. We al-
low T, and 7p, the thermalization time, to vary subject to
a constraint derived in thermalization study in the parton
model.! Thus even for an experiment with fixed beam
and target nuclei at fixed incident energy, the effective nu-
cleon number A varies with impact parameter, resulting
in simultaneous variation in T, and 7o. Apart from this
difference our approach to the problem is very similar to
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that of Ref. 6. We do not consider the possibility of
shock waves, a treatment of which has been considered in
Ref. 9.

The thermodynamical and hydrodynamical aspects of
our problem are intrinsically coupled together in the
theory so that in our calculation of the py distribution of
the produced hadrons it is not possible to separate {p)
into two distinct corresponding components. Thus our re-
sult has a definite bearing on the suggestions made in
Refs. 4 and 5 that (pr) exhibits a plateau as a function of
increasing dN /dy before rising again, a phenomenon pur-
ported to be related to the deconfinement transition in
high-energy nuclear collision. Indeed, our conclusion is
that the curve for (p;) versus dN /dy does not behave
that way.

In a paper to follow, the contribution to {py) arising
from minijets produced by the hard scattering of partons
will be described. Since minijets originated from a
quark-gluon plasma will depend on the characteristics of
the transverse hydrodynamical expansion, the subject of
concern in this paper carries a significance that goes
beyond the results to be presented below.

II. HYDRODYNAMICAL EXPANSION

For simplicity we consider first a head-on collision be-
tween two identical nuclei at very high energy so that ini-
tially we have a disk of strongly interacting system whose
constituents are either quarks and gluons or hadrons de-
pending on whether there is or is not deconfinement,
respectively. To avoid stating the two cases in parallel re-
peatedly, we shall in the following focus on the case where
the initial temperature 7T, is high enough and the
thermalization time 7 is short enough so that deconfine-
ment does occur. The case of no phase transition can be
treated easily as a special case and will not be mentioned
until the results are to be presented near the end.

We assume that the system of quarks and gluons quick-
ly achieves local thermal equilibrium in a time scale 7
(proper time) less than 1 fm/c. Persuasive arguments can
be given to justify this assumption by analyzing the
thermalization process on the basis of some reasonable es-
timates,’ or in the framework of the parton model.?
While the initial values T and 7 are relevant for the nu-
merical calculations later, our description of the time evo-
lution of the system here relies only on the property that
the system reaches local thermal equilibrium before it
enters the process of hydrodynamical expansion. We
adopt the scaling description of that expansion advanced
by Bjorken.!® Thus the space-time picture of the system
is that the hot matter has a cylindrical symmetry, the two
leading edges of the cylinder receding at rapidities com-
parable to those of the incident nuclei. In the central re-
gion which is the region of interest to us here, there is
Lorentz invariance under longitudinal boost. In any
frame the longitudinal flow velocity v, depends on space
(z) and time (¢) in the simple scaling manner v,=z/t. In
the transverse plane at any z in the central region the fluid
expands symmetrically in the radial direction, thus setting
up a rarefaction wave that propagates inward. The hy-
drodynamical description of the transverse flow is given

in detail by Baym et al. (BFBSC),!! whose work we shall
follow closely. We give here a brief summary of the key
points that are relevant to our calculation.

Assuming no dissipation or creation of matter, the
stress-energy tensor 7#" satisfies the continuity equation

3,T*'=0, (2.1)

ii

where in the metric g®=1, g¥=—1, T*¥ can be written

as
TH =(e+P)utu”—Pghv . (2.2)
Here € is the energy density, P the pressure in the comov-

ing frame, and u* is the fluid velocity vector. The sound
velocity is given by

oP 0 InT
2= - = T 2.3)
“ T3 9 Ins (
where s is the entropy density, the conservation of which,
d,(sut)=0, (2.4)

follows from (2.1), (2.2), and €+ P =Ts, the enthalpy den-
sity. For the one-dimensional problem of longitudinal ex-
pansion, Bjorken’s scaling solution has the property

s(r)ecr™!, (2.5
where 7 is the proper time
r=(t?—z%)1"2 . (2.6)

For the transverse expansion that is concurrent with the
longitudinal expansion, we need only consider, by virtue
of the longitudinal-boost invariance, the transverse plane
at z=0, in which the radial coordinate r and velocity v,
are the only essential variables. In terms of the transverse
rapidity variable

a=arctanhv, (2.7

it can be shown from (2.1) and (2.4) that the transverse
hydrodynamical equations on s and T can be expressed in
the form!!

~a-(r7s cosha)+ —a—(rrs sinha)=0, (2.8a)
or ar
d . d
—— (T sinha) + ——(T cosha)=0 . (2.8b)
or ar
Introducing the function ®(T), defined by
dd=c, 'd InT =c,d Ins (2.9)

where ¢, need not be a constant, BFBSC recast (2.8) in
terms of the functions

ai(r,r)=exp(®*a) (2.10)
which then satisfy the characteristic equations
da da v
(liv,cs)—i—i—(v,ics) = +c ——'——f—l a;=0.
or ar r T
(2.11)

These equations have been solved!! numerically as well as
analytically (in a certain approximation close to the
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Riemann solution), both for constant ¢;. From the solu-
tion for a4, the value of ® can be obtained by inverting
(2.10), i.e.,

®&=7Ina,a_, (2.12)
whereupon (2.9) yields
T=Toe"" . (2.13)

The value of v, can be determined more directly by use of
a,—a_

= (2.14)
a,+a_

U"
For our problem where ¢, is not constant due to phase
transition, we cannot use the analytic method of solving
(2.11), so the numerical procedure is our only recourse,
once the T dependence of ¢, is specified. In place of
(2.13), an inversion of

T
®(7)= [, [T'e(T)]~'dT" (2.15)

becomes necessary, after the integration is performed.

III. SOUND VELOCITY WITH PHASE TRANSITION

For the purpose of our calculation in the following we
want to have an analytic form for the sound velocity,
¢;(T), that contains the effects of a phase transition.
From the thermodynamical relation

3
72 =
e=T=(P/T), (3.1)

we can relate the dimensionless quantities €(7) and p(T),
defined by

e T)=T*(T) (3.2)
and

P(T)=T*H(T) (3.3)
by the integral

T

AT)=T"3 fo &ATHTdT . (3.4)
Then, from (2.3) we obtain

e HT)=— 8D +pD (3.5)

48 T)+Td&T)/dT

Hence, knowledge of €(T) will enable us to calculate
c(T).

For €(T) we turn to the result of lattice calculation in
QCD. Celik, Engels, and Satz’ have performed a Monte
Carlo calculation on an 83 lattice with dynamical
quarks (Ny=2) in SU(3) gauge theory, and obtained &(T)
as shown in Fig. 1. The deconfinement transition results
in a rapid but apparently smooth change at around a criti-
cal temperature T,.=155A; where A; is the (arbitrary)
lattice scale. The boundedness of dé(T)/dT at T, im-
plies, according to (3.5), that the second velocity ¢, does
not vanish there. This does not necessarily imply the ab-
sence of a first-order phase transition, for which P(e€) is a

ar p/T4

| L |
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FIG. 1. Plots of €/T*and P/T*vs T. The points are the re-
sults of the lattice gauge calculation obtained in Ref. 7. The
curve for €/T* is a plot of Eq. (3.6) in the text. P/T*is calcu-
lated from that parametrization. The critical temperature T, is
set at 200 MeV.

constant in the transition region, and consequently ¢, =0
as required by (2.3). The nonvanishing of ¢, could well be
due to the finite-volume effects in the lattice calculation.

For our purpose below which is to take into account the
effects of phase transition on the p; distribution of pro-
duced hadrons, we need not be involved in any speculation
on the detailed nature of the phase transition. It is suffi-
cient for us to make use of €(T), given in Fig. 1, as input
to our calculation. We therefore parametrize €(T) as

&T)=B +(A —B)[1+exp(T.—T)/b]7". (3.6)

Choosing the values A4=11.34, B=0.99, and b
=0.05167T,, we obtain the result shown by the solid curve
in Fig. 1. There is no physical significance in the specific
choice of the form in (3.6), apart from its common usage
to describe a rounded step function. We are not seriously
concerned with the discrepancy between the curve and the
points from lattice calculation in Fig. 1 for T < T, be-
cause in that region the quarks and gluons condense into
hadrons; thus the behavior of €(T) there depends on the
details of the hadronization process, which in turn is sen-
sitive to the lattice size chosen. Since in both the lattice
calculation and our calculation of the hadron momentum
in the next section the hadronization process is treated in
some degree of approximation, we feel that our simple pa-
rametrization of €(T) in (3.6) is totally adequate for our
purpose.

Since the temperature in (3.6) is measured in units of
Ar ~!, which is arbitrary, we shall, in applying (3.6), as-
sume a typical value for T, such as 200 MeV. The result
will not critically depend on the precise value of T,.

Using (3.6) in (3.4) and (3.5), we have calculated ¢, %(T),
which is shown in Fig. 2. Evidently, ¢,X7) has a deep
dip at T=T,. On the two wings, c,*> has the ideal-gas
value of +. The width of the dip is characterized by the
value of b in (3.6), which is chosen to fit the points in Fig.



3412 XIN-NIAN WANG AND RUDOLPH C. HWA 35

0.3}

0.2+
N »
o

Ol

(0] 1 1 1
100 200 300 400 500
T (MeV)
FIG. 2. Sound velocity squared ¢,%(T).
1 for T>T,.. If one uses the points for T < T, to deter-

mine directly the value of ¢;*(7T) in that region, one would
find that'? ¢,%(T)<+ where our result has already
reached the ideal-gas value. We note that the behavior of
our ¢,X(T), in particular its value at T =140 MeV being
+, is consistent with our later treatment of the pion gas at
freeze-out when the pions are regarded as noninteracting
massless particles. Conversely, without using the parame-
trization (3.6), the sound velocity inferred'? directly from
current lattice calculations would have implied a hadron
gas whose dynamics is so complicated at freeze-out that
there would be no consistent method to treat the
transverse-momentum distribution quantitatively.

In summary, on the basis of (3.5) and (3.6) we shall re-
gard in the following the velocity of sound ¢, (7) as
known numerically.

IV. NUMERICAL SOLUTION
FOR TRANSVERSE EXPANSION

We now combine the results of Secs. IT and III to solve
for the transverse expansion. Let 7, denote the time when
the transverse expansion beings, R the initial radius, and
T, the initial temperature of the locally thermalized fluid.
The initial conditions are

T(r,79)/Ty=6(R —r) , 4.1)
v,(r,79)=6(r —R) . (4.2)

The second equation above is equivalent to no radial fluid
velocity at all » >0, since no fluid exists initially for
r > R. However, for 7> 7, the solution approaches (4.2)
in the limit 7— 7.

The numerical integration of (2.11) is performed by the
method of characteristics.!"!>  Because ¢, 2(T) is a
smoothly varying function of 7, we have no difficulty in
executing the integration of the characteristic equations
by finite differences, contrary to what one might en-
counter if ¢;%(T) were sharply discontinuous, as would be
the case in the bag-model description of phase transition.
For definiteness, we have taken 7o=1 fm/c and R=7 fm

in this part of our calculation.

The results of our calculation are shown in Figs. 3—6.
We show in Fig. 3 T /T, as a function of r for various
values of 7. The two sets of curves correspond to the two
cases: c¢;’=+ (no transition, dashed curves) and
T./Ty=0.5 (with transition, solid curves). The same are
shown in Fig. 4, except that T,/T,=0.3 for the solid
curves. It is clear in each case that there is a radial rare-
faction wave propagating inward from r =R, while the
fluid expands rapidly outward radially (as well as longitu-
dinally, though not evident from the figure). It is also
clear from the figures that in the cases with phase transi-
tion, as the interior temperature reaches T,., the fluid
stays at that temperature for a long time. During this
long period when the system is in the mixed phase, the
fluid continues to expand, thereby lowering its energy
density, as the latent heat is converted into kinetic energy.
As is evident from Figs. 3 and 4, the solid curves are al-
ways higher than the dashed curves of the same 7. It
therefore implies that the radius of the part of the fluid
that has cooled down to a given temperature is always
greater for the case with phase transition than that for the
case without. This feature of the hydrodynamical expan-
sion will be important immediately below in determining
the transverse velocity of the fluid in the two cases.

In solving the hydrodynamical equation (2.11) the
transverse velocity v, is simultaneously obtained along
with the determination of T (r,7). The results for v,(r,7)
are shown in Figs. 5 and 6, again for the same two values

T=1fm/c

T =0.5T

0.8+

———— <%= 1/3

T/T,

FIG. 3. Temperature profile at various values of 7. Solid line
is for the case with phase transition of ( T, =0.5T), the dashed
line without. For these curves, we have set R =7 fm and 7o=1
fm/c.
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FIG. 4. Same as for Fig. 3, except that T, /T,=0.3.

of T.. It is a general property in these solutions that at
any given 7 the velocity increases monotonically with r,
while roughly speaking, v, decreases (increases) with  at
a fixed r >R (< R). We also see in these figures that the
curves for having phase transition (solid) are always lower
than the ones without (dashed) for the same values of 7.
This, however, does not mean that the fluid velocity for
the former is lower. It is important to compare the values
of v, for the two cases at the same temperature. For a cal-
culation of pr of the produced hadrons, the relevant tem-
perature is the one when the hadron gas freezes out. At
T =Ty, the freeze-out temperature, the hadrons undergo
free streaming without further interaction. If we now ap-
ply the conclusion of the preceding paragraph to the
present consideration at Ty, which must be less than T,
we see that the value of v,(r,7) for the case with phase
transition at a given 7 and at the value of r corresponding

FIG. 5. Transverse velocity in unit of ¢ at various values of
7. Other parameters are as in Fig. 3.
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FIG. 6. Same as for Fig. 5, except that T,./T,=0.3.

to some T, (using Fig. 3 or 4) is always higher than that
without phase transition at the same 7 and T, (conse-
quently, at smaller ). For this reason a phase transition
leads to higher transverse velocities and therefore higher
transverse momenta of the produced hadrons, which we
shall quantify in the next section.

In Figs. 7 and 8 we show the transverse velocities v,(7)
as functions of 7 at various values of T for T./T;=0.5
and 0.3, respectively. In each of those figures we again
exhibit the two sets of curves with (solid) and without
(dashed) phase transition for comparison. Note that when
T is significantly greater than T,, the values of v,(7) for
the two cases are very close, obviously because the effect
of phase transition has not yet been experienced by the
fluid. After T drops near T, differences between the two
cases begin to develop: the case with phase transition has
higher v,(7) at all 7, as has been mentioned above. A
comparison between the solid curves of Figs. 7 and 8

T (fm/c)

FIG. 7. Transverse velocity as a function of 7 for fixed
T /To. Other parameters are as in Fig. 3.
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FIG. 8. Same as Fig. 7, except that 7,7,=0.3.

would be especially meaningful, if we consider the same
values of T,, Ty, and 7 but different T in the two fig-
ures. Thus, regard T, in Fig. 8 as representing an in-
crease over that in Fig. 7 by a factor of . Then for the
case T in the two cases, Ty/T is decreased by the same
factor. Comparing the curve for T,/T(=0.4 in Fig. 7
with the one for T;/T,=0.25 in Fig. 8, we see that v,(7)
is significantly increased. Hence, we have here a graphic
illustration of the dependence of the transverse velocity on
the initial temperature: the higher Ty, the more time the
system has to expand until freeze-out, and the greater the
transverse velocity.

Since different parts of the hadronic fluid take different
lengths of time to reach the freeze-out temperature, v,(7)
varies over a wide range of 7. A calculation of the aver-
age transverse momentum of the produced hadrons must
take this phenomenon into account by an integration over
T.

In Fig. 8 one can see that the solid curves at high =
have “partners” with lower v, that join the ones with
higher v,. These are due to the rarefaction waves being
reflected from the origin. In those cases the temperature
profile of the system shows a bump in r, as is vaguely evi-
dent in Fig. 4 for 7=17 and 21.5 fm/c. The solution of
T(r,7)=T; at those values of 7 is then double valued.
This result in two branches for 7> 7|, where 7, is defined
by

T0,7)=T, (4.3)
as illustrated in more detail in Fig. 9(b). The two

branches meet at 7,, at which time all hadrons have
frozen out.
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V. TRANSVERSE-MOMENTUM DISTRIBUTION

There are two stages in the determination of the
transverse-momentum distribution of the produced ha-
drons. The first is the calculation of transverse momen-
tum pr of a space-time cell which freezes out at 7, when
the cell has a transverse velocity v,. This part of the
problem involves statistical averaging. The second stage
is to take into account the transverse expansion of the
hadron gas when freeze-out can take place over a period
of time. This part involves the hydrodynamical charac-
teristics of the whole system which depends on the pres-
ence or absence of a phase transition.

We shall consider only pions at freeze-out. Their flux
current vector is therefore the statistical average of the
pion momentum, averaged over the Bose-Einstein distri-
bution of the pion gas at temperature T, i.e.,

&n

Jh= 1" ut= 3
(27)

d3k _
ka”[exp(k“u“/T)—l] t

(5.1

where g, is the degeneracy factor, which is 3 here. It is
easier to evaluate the integral in the comoving frame in
which u#=y(1,v,,0) becomes u"*=(1,0). As in previous
sections, we need only consider the z=0 plane, so the
Lorentz transformation here refers only to the transverse
boost by rapidity a, where a is given by (2.7). In terms of
the momentum k'* in the comoving frame, we have

(5.2a)
(5.2b)

ko=kocosha + krsinha cosf ,
kr=k7+v,[v, Kp(y —1) /v, +7kj] ,

where y=(1—v,2)""% and cosO=v, kr/v,ky. It then
follows from (5.1) and (5.2) that the number density .#" is

& 3, ., ko/T —1
N = )3fdk(e° -1

(27
ﬂ_TS © 2
- 82772 S “Kanp, (5.3)
n=1

where B=m /T, m being the pion mass, and K, is the
modified Bessel function.

The transverse momentum pr of the hadron gas at tem-
perature T is defined by

8x d* _
JOPTZ=(“2?)3fIO—kOkTZ[eXp(k“up/T)—l] (54

Using (5.2) and (5.3), we get

—1
2_T2 < [))iK
pPr = 2 " 2(nf)
n=1
© 3
X123 %Ks(nﬁ)
n=1
o0 3
+sinh’a 3 {%Kﬂnﬂ)——zK}(nB) .
n=1 n

(5.5)
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We note that in the zero-temperature limit, one obtains
the trivial result

pri—(msinha)?, T—0. (5.6)

On the other hand, if a=0, we have the thermal trans-
verse momentum

prai=2mT 3 n=K,nB [/ 3 n=K,(nB). (5.7

n=1 n=1

In general, the system is in neither of these unrealistic
limits. Instead, we consider the simplification that the
pion mass is vanishingly small, an approximation which is
not unreasonable for a first-order calculation. Thus, in
the limit m —O0, we have

=231, (5.8)
m
pT2=8§%(1+§sinh2a)T2 , (5.9

where §(n) is the Riemann { function. Note that p; de-
pends on both the temperature and the transverse rapidity,
which in turn depend on the nature of hydrodynamical
expansion. Evidently, the results described in the preced-
ing section are now needed to proceed further into the
second stage of this calculation.

The number of particles (partons and/or hadrons) in
the system in the toroidal volume element dV =27r drdz
is J%dV. Since at z =0, dz =7dm, where the spatial ra-
pidity 7 is the same as the velocity rapidity y in the scal-
ing solution, the total number of particles per unit p at
z =0 in the fluid within a radius r is

dn(r)
dy

We now consider the freeze-out of hadrons at the outer
edge of the cylinder. When the temperature of the surface
decreases to Ty at the radius ry, which is the solution of

T(rs,1)=Ty, (5.11)

=27 [ o rar . (5.10)

the pions leave the hadron gas that is just inside r,
without further interaction. The rapidity density of the
pions produced per unit time is then the negative time
derivative of (5.10) at freeze-out, i.e.,

d’N
drdy

arf
or

=277 |v, — , (5.12)

where use has been made of (2.7) and (2.8a), with s cosha
being proportional to J° In (5.12) JO is evaluated at T
and v, at rs(7); J® is therefore .# cosha, where .#" is the
hadron gas density (containing no more unconfined
quarks or gluons since Ty <7.). The detected dN /dy,
which includes pions produced at all 7, is, therefore,

ar
v,—-—f‘

ar

anN _
dy

dN,,

13
dy (5.13)

.
2T frof JOrfT

The first term on the right-hand side represents the con-
tribution coming from the surface of the hadron gas as
the pions there leave the cylindrical system in free stream-

ing. The second term in (5.13) represents the residual con-
tribution, and has two specific forms depending on the
hydrodynamical condition at freeze-out.

There are two possible scenarios. First, before the rare-
faction wave reaches the origin, the central core region
that has zero v, has already cooled down to T, due to
longitudinal expansion. Then the freezing out of the
pions in that region at that time, 75, contributes to

dN,

-Fy—zerszfJ/'( Ty), (5.14)
a result that follows directly from (5.10) and the definition
Rf=rf(‘rf) . (5.15)

In Fig. 9(a) we have plotted the temperature profile of the
hadronic system in this scenario for the case of no phase
transition.

The other possibility is that the rarefaction wave
reaches the origin and is reflected before the temperature
of the central part of the system reaches T;. As we have
mentioned before at the end of the preceding section,
there is then a bump in the temperature profile. This is
shown in Fig. 9(b), again for the case of no phase transi-
tion, since the effect is most pronounced in that case when
T, is sufficiently high. At 7, freeze-out begins from the
central core of the cylinder while an annular ring of the
system remains in the gaseous state. This is the second
branch for 7> 7. The pions produced in this second
branch are represented by the second term in (5.13), which
should clearly be

dN,
dy

’

ar
__L_U;
ar

dr, (5.16)

.
f 0.,
227-[71 Joret

where the integrand is to be evaluated along the second
branch, in which the radius and transverse velocity at
freeze-out are denoted by r; and v,, respectively [see Fig.
9(b)].

Having indicated the way to compute dN /dy, it is now
straightforward to calculate {pr"). To simplify notation,
let us define

(a) (b)

osf [
T<T
T
0.4r 2 i
g | i
~ L 1 1
" | i
oif i |
0.2 i !
L i E
F | i
: 1
0 ol T I L
Ry rir) Ry r(T)
r(fm) r(fm)

FIG. 9. Temperature profiles at various 7 for the case of no
phase transition. (a) T;/T,=0.48. Rarefaction wave does not
reach r=0 before freeze-out. .(b) T,/T,= ;l;. At T,
T (r =0)=Ty, freeze-out begins from r =0.
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G (1)=2mJ° Oy (5.17)
T )= 41T rfT Ur 87' ) N

where J° and v, are evaluated at T, and r(7), we then
have

(pr")=(@N/dy)~" [ [ pr(T)G (Dd7+(pr™ s .
(5.18)

In the first case discussed in connection with (5.14), we
have

(pr")1=pr,m"(dN,/dy)(dN /dy)~ ",

where pr .y, is given by (5.7), while pr in (5.18) is given by
(5.9). In the second case we have, from (5.16),

(5.19)

-
(pr"ya=(dN /dy)~" [/ p" TG (n)dr . (5.20)
where G'(7) is — G (7) as defined in (5.17) except that r,
and v, are evaluated along the second branch, i.e., r; and
V.

The values for {p.) and dN /dy can be computed, since
have the numerical solution of the hydrodynamical prob-
lem. What we need as inputs are the values of 7o, Ty, T.,
and T;. In the absence of phase transition and transverse
hydrodynamical expansion, the average transverse
momentum is of thermal origin only and is independent
of 79, Ty, T,, and R. From either (5.7) or (5.9) we get

Prn=2.627T . (5.21)

Taking T, to be 140 and 160 MeV as representative
values, we have pr , =368 and 420 MeV, respectively. In
view of the canonical value of 350 MeV for the average
pr of pions produced in minimum-bias events in hadron-
hadron collisions, we conclude that setting Ty at the pion
mass is very reasonable. Nevertheless, we shall show
below the results obtained using the two values of T, 140
and 160 MeV, since it is instructive to compare their
differences.

In presenting the results of our calculation, we fix 7, at
200 MeV. For every pair of values of 7y and T, we can
determine the corresponding values of (pr) and dN /dy.
Consequently, we can exhibit the dependence of {p;) on
dN /dy if we vary 7g and T simultaneously in accordance
to a constraint equation. Such a constraint is indeed
available as a result of a study of the thermalization prob-
lem in nucleus-nucleus collisions. On the basis of the par-
ton model it is found that®

T,=1804'% MeV, 7,=0.274""%fm/c.  (5.22)

We therefore vary our values for T, and 7, along the
curve

To1o=49 MeV fm /¢ =0.25 . (5.23)

Deviations from these constraints will be discussed later.
The effective nuclear radius is related to 4 in the canoni-
cal way: R=1.24!73 fm. Note that by varying along the
constraint curve we are effectively varying the initial ra-
dius R before hydrodynamical expansion. This is a
reasonable source of fluctuation even for fixed incident
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nuclear types, since the impact parameter fluctuates from
collision to collision. Indeed, the large fluctuation in mul-
tiplicity distribution observed in hadron-hadron collisions
at CERN ISR and SPS can be related to impact-
parameter smearing.'* Although at each fixed impact pa-
rameter, and therefore fixed R or effective number of par-
ticipating nucleons, there can still be fluctuation in Ty, we
shall regard that fluctuation to be minimal. This is one of
the areas where our work differs from Ref. 6, where R is
kept fixed for each nucleus in a reaction.

The results of our calculation are shown in Fig. 10 for
T;=140 and 160 MeV, and for the cases with and
without phase transition. We see in Fig. 10 that collective
transverse expansion increases (pr) above pr., the in-
crease being greater for the case with phase transition
than without. The reason is that the phase transition
slows down the cooling of the system so that higher trans-
verse velocity can be developed before freeze-out occurs.
Indeed, the lower the freeze-out temperature Ty, the
greater is the net gain in transverse momentum due to col-
lective expansion. Note that the difference between the
two solid curves in Fig. 10 (corresponding to two values
of Ty, both with phase transition) is smaller than the
difference between the two values of pr, (for which there
is no transverse expansion at all). The implication is very
important for our general conclusion to be drawn later:
When the collective motion is taken into account, the case
with lower T, allows the system to develop more trans-
verse velocity before freeze-out so that the lesser thermal
contribution to (pr) is compensated by the greater collec-
tive hydrodynamical contribution.

It is also evident in Fig. 10 that after the initial rise of
(py) with dN /dy, further increase is gradual and at a di-
minishing rate. This characteristic is independent of
whether there is a phase transition. To see which part of

T
a: 140 Mev

050+
b: 160 MeV

045

____________

<pT>(GeV)

0,35% L 1 1 _ ‘

FIG. 10. Average transverse momentum vs rapidity density
for two values of Ty: (a) 140 MeV; (b) 160 MeV. Solid lines are
for phase transition at 7, =200 MeV, dashed lines for no phase
transition, and dashed-dotted lines for no hydrodynamical ex-
pansion, i.e., {pr)=prwm. The curves are obtained using
R=1.24"7 fm, T;=180A4'° MeV, and T,7o=0.25. Varia-
tions along the curves are effected by varying 4, or equivalently
the impact parameter.
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the curve corresponds to T, being in the neighborhood of
T., we have calculated dN /dy as a function of T, but
plotted it the other way around in Fig. 11. Near 200
MeV, which is the value of T, used in all our calculations,
the value of dN /dy for the case with phase transition in-
creases precipitously by about a factor of 10 compared to
the case without phase transition, just as one would expect
by counting the increase in the degree of freedom, a prop-
erty of the system that has been introduced through the
ratio A /B in (3.6). (This is the “plateau” region referred
to in Refs. 4 and 5, but here it is T, not {p).) Over the
corresponding range of dN /dy, we see, however, in Fig.
10 that (p;) rises most steeply. This results disagrees
with the plateau behavior of {p;) discussed in Refs. 4
and 5. The physical mechanism responsible for our result
is that, as T is increased over the T, region in the case
with phase transition, the time duration taken to reach
freeze-out varies over a wide range; consequently, the
transverse expansion permitted during that period also
varies widely, leading to a sharp rise in {ps ). Further in-
crease in Ty does not lead to proportionally higher values
of {pr), because the plasma cools off rapidly from T to
T.. As noted in the preceding paragraph, the value of
{pr) reflects more the hydrodynamical history of the ex-
panding system than the thermodynamical state at either
To(1o) or Tyl(7p).

To see how sensitive our results are to the constraints
on T, and 7y stated in (5.22) and (5.23), let it first be em-
phasized that those constraints are derived in Ref. 8
within the framework of a scaling parton model. If the
initial parton density F per nucleon in the central rapidi-
ty region increases with energy, as it must, since the ob-
served plateau height of produce particles is nonscaling,
then the coefficient of 4'7¢ of T in (5.22) would also in-
crease as Fy'/2, in accordance to Eq. (22) in Ref. 8. More-
over, the constraint expressed in (5.23) represents only a
lower bound on 7, as discussed in Ref. 8; the actual value
of 79 may be significantly higher than that expressed in
(5.22) when the interactions among quarks and gluons
during the thermalization process are fully taken into ac-
count. For our purpose here, let us relax (5.22) by intro-
ducing the parametrization

04

0.3- c2=1/3 .

To (GeVv)
\

T, = 200 Mev

0.2

| 10
dN/dy

FIG. 11. Initial temperature vs rapidity density for the two
cases with (solid) and without (dashed) phase transition. Other
parameters are as in Fig. 10.
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a =200

<pp>(Gev)

FIG. 12. Average transverse momentum vs rapidity density
for T,=140 MeV, T,79=0.25, and three values of a in
To=aA'® MeV.

To=aA'® MeV, 7= iA_”"‘ (5.24)
We allow a to have the values 156, 180, and 200 MeV for
¢=0.25 and 0.5. The resultant curves for (pr) are
shown in Figs. 12 and 13 for the case with phase transi-
tion only and for T,=140 MeV. We see that on the
whole (pr) increases with the values of a and c, but there
is no change at all in the characteristics of the dependence
of {pr) on dN /dy. Thus the qualitative aspect of our re-
sult is independent of the details of the parametrization
used. In summary, above pr , {(pr) depends mainly on
the collective expansion of the system, which in turn de-
pends on whether T, is high enough to permit adequate
time during phase transition for it to develop.

The result in Ref. 6 indicates a steeper increase in {py)
versus dN /dy than ours after the initial rise. We have
traced the origin of the discrepancy to the differences in
how fluctuations are introduced. We allow variation in
impact parameter so the effective nuclear size fluctuates,
while in Ref. 6 R is fixed but T is allowed to fluctuate.
By allowing R to increase as T,2, we have found that
above T, the resultant increase in dN /dy is far more than
that in (p;). That is why the portion of the curves in
Fig. 10 above the initial rise has diminishing slope. We
have been able to reproduce largely the result in Ref. 6
when we fix R, as is done there.

We have also calculated dN /dy dp;? at y =0. Since

06

I/SMeV

To = aA

<py>(GeV)

FIG. 13. Same as in Fig. 12, except that T(7,=0.5.
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dN _ dN/dydrt
dydpr*  dpgi/dr

(5.25)

the numerator can be determined from (5.13) by differen-
tiation, and the denominator from (5.9) where T'=T, and
a is given by (2.7) evaluated at 7,. An alternative but
equivalent method is first to calculate, from (5.1),

j}:‘; —(g,/16mcosha) [ dk,d[expk-u/T)—1]""
T
(5.26)
and then to perform the hydrodynamical average
4 Ve dN
dN = f ! sz G(T)dr—k 1,22 ’
dy dpr o | dkp® |kp2=p2 dy dpr
(5.27)
where
dN e
LR, (5.28)
dy dpr dkr” |kpi=ps?
dN T ’
[ a1 G g (529
dy de T dkT kT2=pT2 N

The results of our calculation for the parameters in (5.22)
are shown in Fig. 14, for two representative values of
dN /dy. The pr distributions will be useful not only in
comparison with data, when available, but also in deter-
mining higher moments {p;"), as we shall do in a sequel
to this paper.'>

Tc = 200MeV
¢ = 140Mev

—
"

T, = 180A6Mev

ToTo = 0.25

T

(1/N)
T Ifllilll

T

dN/dy = 3.38

IIIIIII

pr(GeV)

FIG. 14. Transverse-momentum distribution for the case
with phase transition.

VI. CONCLUSION

We have made a quantitative study of the transverse
momenta of hadrons produced in high-energy nucleus-
nucleus collisions. Taking into account the statistical
properties of the hadronic system in local thermodynami-
cal equilibrium, we first obtain p; as a function of T and
v,. The hydrodynamical expansion of the system includ-
ing phase transition is then carefully considered in order
to determine the time when the surface of the system
reaches freeze-out temperature. It is the pions emitted at
that time (at Ty=m,) that are counted in the contribu-
tion to the pr distribution. The resultant {p;) is shown
to increase rapidly at first with dN /dy, but then only
gradually without any dramatic rise at high dN /dy. This
result disagrees with the suggestion that (pr) develops a
plateau first, as dN /dy is increased, and then rises sharply
at higher dN /dy.*> It is on this difference that we now
make some comments in conclusion.

It has been suggested that since {ps) is an observable
reflection of the temperature of the thermal system, a pla-
teau in (py) as a function of dN /dy would be a conse-
quence of a phase transition at which T remains approxi-
mately constant as the energy density undergoes a steplike
increase due to deconfinement. Above T, both {p;) and
dN /dy would increase, as the temperature and entropy
would, if the nuclear collision can put the system in a hot
plasma state with increasingly higher energy density.

In our view a plasma state with T > T, consists of
quarks and gluons whose transverse momenta cannot be
translated directly to the hadron p;. The hadronization
process, whether by fragmentation or recombination, un-
doubtedly will affect the pr distribution, as is familiar in
the parton-model description of the p; distribution in soft
hadronic production at low p7.!® Fragmentation of
quarks and gluons leaving a plasms surface is a rather
nontrivial problem, and is one that will be treated in some
detail elsewhere.!”” Recombination is essentially what
takes place during phase transition as the plasma con-
denses into a hadron gas, which continues to expand long-
itudinally as well as transversely, so that the detected ha-
drons do not stop interacting with other hadrons (and
thereby changing their pr values) until T drops from the
transition temperature 7. to the freeze-out temperature
T;. Thus in this picture {pr) cannot be related directly
to the initial plasma temperature T, or any other value of
T above T, without accounting for the effects of collec-
tive expansion, and of hadronization at T, and freeze-out
at Ty. An approach treating the thermodynamical and
hydrodynamical components of (pr) as being additive is
clearly not justified, since our calculation has shown that
the relationship between {p;) and dN /dy is a result of
the intricate interdependence of T, v,, rs, and 7. Instead
of a plateau followed by a precipitous rise, {p7) rises
sharply over the phase transition region due to the collec-
tive expansion, and then it increases only gently at a di-
minishing rate as dN /dy is increased. This result is a
consequence of not holding the initial radius fixed, but al-
lowing it to vary due to impact-parameter fluctuation.
We believe that the significant increase in {py) observed
both in pp collisions at the CERN SPS (Refs. 1 and 2) and
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in cosmic-ray experiments (Ref. 3) are related to the pro-
duction of minijets.!’

In Fig. 10 we do see that the occurrence of phase transi-
tion increases the value of {pr) over the entire range of
dN /dy, when compared to the case without phase transi-
tion. However, to identify that increase above the back-
ground would be phenomenologically very difficult, espe-
cially in view of the expected competing mechanism aris-
ing from minijets. The use of {p;) as a signature for

quark-gluon plasma is therefore far more complex than
first realized.
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