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We study the production and subsequent decays of the S- and P-wave quarkonium states of a

heavy quark that may be produced at a multi-TeV hadron collider. Our considerations are focused
on the lighter member of a fourth-generation doublet, for which the weak decays of the quark are
expected to be suppressed by mixing angles. For quarkonium masses (1 TeV, the dominant pro-
duction is via gluon fusion. En addition to the decay channels that are present in the charm and bot-

tom systems, heavy quarkonia can decay into 8'+ W, Z Z, and Z y pairs. Furthermore, the
latter decay rates may be enhanced due to couplings of the heavy quarks to the longitudinal corn-

ponents of the gauge bosons. We assess the prospects for discovery of a new heavy quark via its
bound-state decays. Quarks with masses up to = 100 Gev can be found from the decay of the 1

state (1b) into lepton pairs. If the decay of the pseudoscalar quarkonium state into a Z boson and a

Higgs boson is kinematically allowed, there is a rather clean signal for the Higgs boson, even for the
intermediate-mass Higgs boson with 2m, ~ m& ~ 2M~. Furthermore, Hy and 00 pairs would also
be present at fairly large rates.

I. INTRODUCTION

The first signals in hadronic collisions for charm and
bottom quarks were the leptonic decays of the J/f and Y
bound states. Hence it is of particular interest to examine
the possibilities for discovery of new heavy-quark flavors
at hadronic colliders through the decays of their quar-
konium bound states. The tt quarkonium signals were ex-
amined previously' and found to be rather elusive. How-
ever, in a recent Letter we showed that the prospects for
simultaneously identifying a fourth-generation quarkoni-
um state and the Higgs boson at supercollider energies
were very promising, due to the possible dominance of the
distinctive decay mode ri(QQ)~ZH of the pseudoscalar
bound state q into a Z boson and a Higgs boson. In this
paper we make a thorough study of production and de-

cays of g(0 +), g(1 ), X(0++,I++,2++), and h(1+ )

superheavy quarkonium states.
Quarkonium states with masses M&& ( 1 TeV would be

produced with substantial cross sections at hadron super-
colliders with a center-of-mass energy of 10—40 TeV. For
these energies, the gg luminosity exceeds the qq luminosi-
ty by a factor ) 50, and gluon fusion is the dominant
source of quarkonium production. The pseudoscalar state
ri(QQ) and the scalar and tensor P wave states Xo(QQ-)
and X2(QQ) couple directly to two gluons and are directly
produced via the gluon-fusion mechanism. The vector
state 1b(QQ) and the spin-1 P wave states Xt(QQ-) and
h (QQ) couple only to the three-gluon or qqg system.
Here the dominant production mechanism is the process
gg~gg. This is so even though the decay width for
g~qq exceeds that for tb~ggg because the gluon lumi-
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nosity is far greater than the quark luminosity for quark-
onium masses M&& &1 TeV. We ignore the possibility

M&—Mz, which has been considered elsewhere. The
quarkonium production cross sections are proportional to
the quarkonium decay width into gluons, which can be es-
timated within the framework of nonrelativistic potential
models.

Heavy-quarkonium decays lead to a variety of interest-
ing final-state topologies. In addition to conventional sig-
nals from q, +O,X2~yy and $~1+1 decays, potentially
interesting new signals for heavy quarkonium are the de-
cays into gauge-boson pairs 8 + W, Z Z, and Z y and
also into Z +Higgs boson. The latter decay mode may
make it possible to search for the intermediate-mass Higgs
boson. The proposed U.S. Superconducting Super Collid-
er (SSC) is particularly well suited for searching for the
q~ZH signal for two reasons: (i) It would be a high-
luminosity machine, making searches for relatively rare
but distinctive signatures possible, (ii) the cross section for
pseudoscalar-quarkonium production is large because of
the high gluon luminosity at very high energy. Quarkoni-
um decays may also be a source of sequential-heavy-
lepton pairs.

Central to our considerations is the assumption that the
spectator decay of the heavy-quark constituents in the
quarkonium are suppressed. We argue that this is likely
to be the case for the lighter member of a fourth-
generation doublet, if the intergeneration mixing is small.

Our analysis naturally divides into several parts: (i)
potential-model wave functions (Sec. II); (ii) calculation of
quarkonium production cross sections (Sec. III); (iii) par-
tial widths and branching fractions for the various quar-
konium decay modes (Sec. IV); (iv) physics signatures and
backgrounds (Sec. V).

A discussion of the calculational methods used in
evaluating bound-state decay rates is given in Appendix
A. Appendix B contains an explicit illustration of the
computation for cases W~ZZ.

The considerations of this paper can also be applied to
quarkonia formed from isosinglet heavy quarks that occur
in the 27-dimensional representation of E6, with some
modifications in the decay calculations. We should also
mention that although we confine our analysis to heavy-
quarkonium signatures at the SSC, the novel decay modes
discussed in Sec. IV may also be relevant to heavy-
quarkonium production at a very-high-energy electron-
positron collider.

II. POTENTIAL MODELS

nonrelativistic Schrodinger equation by parts and apply-
ing the usual boundary conditions at r =0 and Oo, we can
relate the quarkonium wave functions squared at the ori-
gin to the derivative of the potential by

I
Rs(o&

/ '=mg( ),
iR (o)~i2 Q + ( —

1)
9 p. dr p

(2.1)

(2.2)

(2.3)

is assumed to dominate, with a running strong coupling
a, given by Eq. (2.11) below, evaluated at a scale m~.
The wave functions can be exactly calculated. For the
lowest S and P states, we have

~
Rs(0)

~

=4( —,a, m(2)
and

~
Rp(0)

~

=—„(—,a, m~) . This approximation
slightly underestimates

~

Rz(0)
~

but more seriously un-
derestimates

~
Rz(0)

~

compared to more realistic poten-
tials which include the long-range part. This is because
the confinement force pushes in the wave functions rela-
tive to the case of the Coulomb potential; see Eqs. (2.1)
and (2.2).

(2) Cornell potential. This potential is parametrized by

V(r) = —k jr +ar (2.4)

with the constants k and a fixed by cc and bb quarkoni-
um data. The empirical coefficient of the short-distance
part, k-0.5, is much larger than the perturbative QCD
expectation, —', a, -0.1—0.2, so the wave functions at the
origin for superheavy quarkonia are considerably overes-
timated.

(3) Richardson potential. This model incorporates the
asymptotically free short-distance behavior and a linear
confinement potential at large distances with an economi-
cal choice of parametrization in momentum space:

Here ( ) denotes an expectation value, E =M&& —2m&,
and Rs(0) and Rp(0) are, respectively, the radial wave
function of the S state and the derivative of the radial
wave function for the P state evaluated at r =0. Because
of the monotonicity of the potential, the quarkonium
wave functions at the origin are determined mainly by the
size of the quarkonium which is roughly the size of the
Bohr radius (a,m~ )

' —10/mg.
We have considered the following potential-model

choices.
(1) Coulomb potential. In this case the short-distance

part of the potential

The decay widths and production cross sections of
quarkonium states depend crucially on the quarkonium
wave function. Although the quark-antiquark potential,
from which the wave functions can be derived, is given by
one-gluon exchange at short distances and is calculable,
the intermediate distance part of the potential must be in-
ferred from the existing charmonium and b-quarkonium
data. The calculation of the wave functions of superheavy
quarkonium require an extrapolation far from the present-
ly observable regime, so the results could be sensitive to
the choice of interquark potential model. Integrating the

4 12vr 1 1

3 33—»f g' In(I+g'gA')
(2.5)

However, a value of A=400 MeV is necessary to repro-
duce the large-distance string tension; hence the
superheavy-quarkonia decay widths may be somewhat
overestimated.

(4) Wisconsin potential. This model bridges the per-
turbative QCD behavior at short distance and linear con-
finement at large distance with a flexible parametrization
for the intermediate region so that the short- and long-
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distance parameters are not closely correlated. The poten-
tial is

10

V(r) = Vs(r)+ VI(r)+ar, (2.6)

where Vz(r)= 4a—,(r)i3r with a, (r) a regularized ver-
sion of the two-loop perturbative coupling constant in
which the Landau zero is pushed off to infinity. The in-

—/'/f 0termediate potential VI(r)=r(ci+c2r)e is a rather
arbitrarily chosen form subject to the requirements that it
vanish at small and large radii. In a fit to the cc and bb
data the value AMs-250 MeV is preferred (MS denotes
the modified minimal-subtraction scheme). This potential
is presumably the most realistic and hopefully it yields a
reliable estimate of the wave function of superheavy quar-
konium at the origin. The short-distance behavior of both
the Wisconsin and Richardson potentials is (r inar)
with the main difference being how they match onto the
confining region.

The four potentials are shown for the sake of compar-
ison in Fig. 1. Although the potentials look similar in the
P and Y regions, they differ markedly for large values of
m~ and so can yield quite different results in calculations
involving heavy quarkonia.

Figure 2(a) shows the square of the radial wave func-
tion at the origin in units of m& of the lowest S state.
The square of the derivative of the wave function for the
lowest I' state is shown in Fig. 2(b). At large m~

i
Rs(0)

i
and

i
Rz(0)

i
scale as m& and mi2 for the

Cornell potential, similar to the Coulomb potential,
whereas they grow much more slowly for the Richardson
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FIG. 2. (a) The S-wave radial wave function squared divided
by Mz and (b) the derivative of P-wave function squared di-

riQ

vided by M& as a function of the mass of the heavy quark,
Q

mQ. Notice that for large quark masses, the Coulomb wave
functions are similar to those of the Wisconsin potential for S
waves though the difference is quite large for P waves.

and Wisconsin potentials.
The partial widths into gluons of the various quarkoni-

um states can be readily calculated and are given by

0.01 0.1

r {GeV ')

FIG. 1. Comparison of four QCD-motivated quarkonium po-
tentials. The Coulomb, Cornell, Richardson, and Wisconsin po-
tentials are labeled Coul, Cor, Rich, and Wis, respectively. Also
shown is the S-wave function for the charm quark, bottom
quark, and a new heavy quark with mQ ——100 CxeV. In the
curve marked Coul, a, is evaluated at scale mQ . Notice that
the b-quarkonium and charmonium wave functions do not
probe the short-range part of the potential.
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I (rI~gg) =

2 I
Rs(0)

I

'
3M

40(n —9)a,
I (g 3g) =

I
Rs(0)

I

81~My

96', iR'(0)
fM
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For the strong coupling cz„we take
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(2.9)

(2.10)
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FICx. 6. The cross section for production of the q, lt, and po states of heavy quarkonia as a function of the quarkonium mass in pp
collisions at V s =40 TeV. The cross section for g2 production is 3 times that for go production. The three curves correspond to the

cross sections obtained from the Cornell, Richardson, and Wisconsin potentials.

A. g production

The cross section for inclusive g production is shown in
Fig. 6(a). The Cornell potential yields a cross section that
exceeds the cross section obtained using the other poten-
tials by a factor of over 20. The Coulomb, Richardson,
and Wisconsin potentials give similar results that are
probably more indicative of the true cross section. Even
for g masses as large as 700 CieV and for the most conser-
vative potential the cross section at V's =40 TeV is —1

pb, which corresponds to 10 events/yr for the SSC design
luminosity.

C. +0 2 production

Xo and +2 quarkonia can be produced via two-gluon
fusion, and so their production cross section can also be
readily calculated using Eq. (3.1). The resulting cross sec-
tion for Xo production is shown in Fig. 6(c). The corre-
sponding cross section for 7z is —, times the Xo cross sec-
tion. We note that since the 7 cross sections are one order
of magnitude smaller than the P cross sections and 3 or-
ders of magnitude smaller than the g cross sections they
are unlikely to be interesting.

B. f production

Color conservation together with Yang's theorem
prevents the color singlet P from decaying into two gluons
and so the lowest-order process is that shown in Fig. 5(b),
the so-called bleaching gluon process. The cross section
for the subprocess gg~gg is given by'

"(gg yg)=, r(q ggg)I ("iM~'),
8M' ( —9)

(3.2)

where

I(x)=
x —12

2x lnx 2(x —1) 4 lnx+ 2+(x —1) x(x+1) (x+1)
(3.3)

There is no singularity as x~1 and one can integrate o.

folded with gluon densities over s to obtain the total cross
section. Figure 6(b) shows the g production cross section
in pp collisions at Vs =40 TeV. Again there is a wide
variation in the cross section obtained from the different
potential models. The P cross section is roughly 2 orders
of magnitude below that for g.

D. Comments

We have ignored the following contributions to g pro-
duction.

(a) Radiative X decay, X~gy. The X cross sections are
an order of magnitude less than the P cross section, so
even if the 7 decayed radiatively 100% of the time, the
contribution to the g cross section is a small effect com-
pared to the uncertainty of the potential.

(b) Quark-antiquark annihilation, qq ~g. Unless
M~=Mz, I (P ggg) —I (P uu )-I (tt dd). Since
the gg luminosity is much larger than the uu, dd lumino-
sities we expect the qq~P contribution to the cross sec-
tion to be negligible.

(c) WW fusion, WW~P. As shown in Sec. IV, there
is a large enhancement for the decay g~ W+ W . As a
result, the WW fusion cross section cr(WW~P) exceeds
the bleaching gluon cross section by several orders of
magnitude. However, the 8 L 8'L luminosity' at the SSC
is a million times smaller than the gluon luminosity and
so this contribution can be neglected.

Finally we have neglected 7& and h production. These
states cannot couple to two gluons and their decay widths
are therefore O(a, ). The corresponding cross sections
are then much smaller than those for Xo 2.
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IV. DECAY MODES OF SUPERHEAVY QUARKONIA

In this section we present formulas for the decay widths
of the S- and P-wave states of superheavy quarkonia.

The novel feature for quarkonia of mass )200 GeV is
the appearance of new decay modes involving weak bo-
sons and Higgs bosons. The coupling of the Higgs boson
to a superheavy sequential quark, being proportional to
the quark mass, exceeds the gauge couplings when
M&2M~. Couplings of longitudinally polarized weak
bosons are also effectively enhanced because the helicity-
zero polarization vector of a gauge boson is proportional
to E/M. There is no gauge-theoretical cancellation of the
singular terms unlike the high-energy behavior of, say,
O'W scattering amplitudes, because a heavy fermion is in-
volved here. Another way of seeing this enhancement is
to recall that the longitudinal component of the weak bo-
son comes from the unphysical Goldstone mode of the
Higgs-boson field, which couples to the heavy quark with
a large Yukawa coupling. Thus the decays of heavy quar-
konia into 8'+8, ZZ, Zy, and also ZH and HH may
be enhanced relative to the gluonic decay mode. In some
cases these modes indeed dominate the quarkonium decay.

These annihilation decays do not exhaust all the possi-
ble decay modes of a superheavy-quarkonium state. Radi-
ative and hadronic cascade decays to lower-mass states are
possible except for the lowest pseudoscalar state. Howev-
er, it turns out that these transitions are negligible for the
S-wave states and at most of the same order as the annihi-
lation decays for the P-wave states.

A potentially important decay mode is the single-quark
decay; the quark or the antiquark decays weakly, leaving
the other as a spectator. As is well known, the weak de-
cay becomes increasingly important as the quark mass in-
creases, proportional to m& below the 8' emission
threshold, or to m& if the real 8'emission is allowed. In
fact, if the t quark is very heavy ()M~), this single-
quark decay becomes the dominant decay mode of the t-

quarkonium states and hides all the other interesting
modes. However, for the lower-mass member of the
fourth-generation quark doublets, we expect that the
single-quark decay is suppressed by the small intergenera-
tion mixing. Some aspects of heavy-quarkonia decay have
also been considered in Ref. 12.

A. Single weak decay

The width of an arbitrary quarkonium state @(Qg)
due to Q~q+ Wis' '

100

Single

10

cT
C3

C3

+

]a

t
(3

10—
Al

0
II

D'
C3

—0.1 o

P [1 8(Rq+R~)+ 16(Rq R~)2]~~~ (4 2)

The width in Eq. (4.1) divided by
~ U&q is plotted in

Fig. 7, for the cases mq=0 and mq ——m, =40 GeV. If
there is no suppression due to the mixing, as would be the
case for the heavy t quark or the heavier member of the
fourth-generation quark doublet, the single-quark decay
width is huge, exceeding 1 GeV at M~) 250 GeV and
—10 CzeV for M~ —500 GeV. Then the branching frac-
tions to the decay modes of interest become insignificant.

The situation may be radically different for the lighter
member of the doublet. From our experience with the
known quarks, it appears that the intergeneration mixing
becomes smaller for heavier quarks. Most of the specula-
tions ' ' on four-generation mixing suggest a small
( (10 2) mixing of the fourth-generation quark to lighter
quarks. If the mixing is 10, the single-quark decay is
suppressed by a factor of 10". Figure 7 shows that the
weak decay width in this case is 100 keV —4 Mev for
quarkonium of mass 250—800 GeV, which is smaller than
the two-gluon decay width of the pseudoscalar state.
Thus the single weak decay can be plausibly be neglected
for the g quarkonium if the mixing is less than 10
[We will subsequently see (Fig. 13) that a similar situation
occurs for the P also. ] We will make this assumption,
particularly when we discuss quarkonium signatures at
the SSC. The mixing must even be smaller if we require
that the decay of the P-wave states should also be dom-
inated by annihilation channels. It may well be that only
the S-wave states of heavy quarkonium that decay dom-
inantly via Qg annihilation.

We note here that in any two-Higgs-doublet model

I (W~gqW or gqIV)

ag iUgqi /3 Mg

M

[1+4(Rg 2Rq)+16(Rq +RqRg 2Rg )]

0.1

0 500

M& (GeV)

! 0.01
1000

mq=40 Gev

(4.1)

where U& is the quark mixing matrix element,
a~ ——a/sin 9~, R;=M; /M for i =W, q. M is the
quarkonium mass and

FICx. 7. The decay width of heavy quarkonium via the weak
decay of a single quark divided by the square of the quark mix-
ing matrix element squared. Also shown is the width for
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without flavor-changing neutral currents (e.g. , all super-
symmetric models), single-charged-Higgs-boson emission
provides a new possibility for single-quark decay of a
heavy quark. However, the rate for this is suppressed by
the same mixing-angle factor discussed above.

It is worth noting that the up and down quarks of a
heavy SU(2) doublet are approximately degenerate in
models where their masses are determined by the infrared
fixed points of the equations governing the
renormalization-group evolution of their Yukawa cou-
plings from the unification scale down to low energies.
In this case, the decay of even the heavier member of the
doublet is kinematically suppressed so that the considera-
tions of this paper may be applicable to both the up- and
down-type quarkonia.

p)

Ql

P)

(c)

P)

(b)

(e)

P)

B. Annihilation decays

Here we present the decay widths of all the S- and P-
wave quarkonium states to two-body final states within
the standard model. A substantial part of the results have
not appeared in literature. Formulas are given for
fourth-generation quarkonium states, but they are also
applicable to states made of quarks with unconventional
quantum numbers (for instance, the isosinglet quarks in
E6 models) unless otherwise noted. The formulas require
modification if the couplings to Higgs bosons differ from
the standard-model coupling.

Each formula has been derived using two different cal-
culational techniques, which provides a check of the com-
putation. The first method developed in Ref. 14 involves
writing the spin-projected amplitude near the threshold as
a trace of a product of Dirac matrices; this amplitude can
be readily squared to obtain the decay rates. The other
technique is a direct derivation from the scattering ampli-
tudes for states with definite helicity. The formalism for
both methods is explained in Appendix A and illustrated
explicitly for the decays d~ZZ in Appendix B.

QCD corrections to some of the decay modes have
been calculated, and it is found that not all of them are
small for charmonium and b-quarkonium systems. We
have ignored these corrections because (a) higher-order
calculations are available for only some of the decay
modes and (b) the corrections are expected to be smaller
for the heavy quarkonium.

In the following, each final state is discussed separately
for all the S-wave (t)~

..0 +,$~.1 ) and P-wave
(Xgj.J++,J =0, 1,2,h&. 1+ ) quarkonia for convenience
of presentation. The branching fractions for the various
states will be given later in this section.

Xl'~ M~ MR

Widths for the decays to two massless vector states are
well known but we reproduce them here for completeness.
Yang's theorem forbids the decay of spin-1 states to two
massless identical spin-1 particles; thus the Q, X,, h states
cannot decay into yy or gg. (Yang's theorem is applicable
for the two-gluon state since the initial state is a color
singlet. ) The generic diagrams responsible for the decays
of all the quarkonia are shown in Fig. 8. Those contribut-
ing to the various decays of the quarkonium states can be

read from Table I. For example, for the decay g~yy,
only the t- and u-channel quark-exchange graphs in Figs.
8(d) and 8(e) contribute. The decay widths to two photons
are

12' eg
I (t) yy) =

I
Rs(0)

I
(4.3)

432' eg
I (Xo~yy)=,

~

Rp(0)
~

', (4.4)

576' e~
1(Y, yy)= ~R'(0) ~',

sm4
(4.5)

where we have omitted the suffix Q on the states for clari-
ty. M is the mass of the quarkonium, e~ is the charge of
the quark g in units of the proton charge.

The decay widths of the rj, g, Xo, and Xz states into
gluons have already been given in Sec. II. In addition to
these, the 7~ and h states can also decay via W~qqg or
ggg. The widths for these states have a singularity when
the binding energy is neglected. These widths are
O(a, lna, ) for heavy quarkonia and have been discussed
in Ref. 9.

2.

From Table I we see that quarkonium states can decay
into a lighter ferrnion-antifermion pair via s-channel y, Z,
or Higgs-boson exchange, or via t-channel W exchange.
First we note that the 8' exchange can be neglected since
for the decay

FIG. 8. Generic diagrams for the decay P&~~p&p2 where

p lp2 are gauge-boson pairs, fermion-antifermion pairs, a gauge-
boson —Higgs-boson pair, or a Higgs-boson pair, and P&~ is the
quarkonium. (a), (b), and (c) denote decays via the exchange of
y, Z, or H in the s channel while (d) and (e) denote decays via
a quark exchange in the t or u channel. For P&~~ W+ W, the
exchanged quark is the SU(2) partner (Q') of the quark con-
tained in the quarkonium. The diagrams relevant for each de-
cay mode discussed in Sec. IV can be read off from Table I.
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TABLE I. The diagrams contributing to the allowed two-body decays WQ~p&p2 for the S- and P-
wave quarkonium states. The entries (a—e) in the table refer to the five generic diagrams shown in Fig.
8.

1QI

Z'y
Zozo
8'+ 8'
ZH
yH
HH

Cl, C

b
Cl, C

Cl, C

ci

b

a,b
Ci, C

Cl, C

a,b,d
b,d, e

Cl, C

CI,C

c
d, e

c,d,e
c,ci

c,ci,c

b
Ci, C

d)c
b,d

b,d, e

Ci, C

d, e

d, c
d

Ci, C

d, c

Ci, C

Ci, C

d

d, c
d, e

(QQ)~qq (eg~eq), (4.6)

the interference term of the 8 exchange and other dia-
grams is suppressed by

~ U~q ~

. This interference contri-
bution, though formally of the same order

~ U&q ~

as the
single weak decay [Eq. (4.1)], is further suppressed by the
wave function at the origin factor that occurs only for the
decay via annihilation. The potentially interesting
flavor-changing decay (QQ)~Q'q, where m~ &m~, is
also suppressed by the same factor. We will, therefore,
neglect the 8'graph from now on.

Initial states which decay to ff ( f denotes a quark or a
lepton) is restricted since the diagrams are all s-channel
exchange. The photon exchange contributes only to the
1 quarkonium state, Higgs-boson exchange to 0++, the
Z exchange to 1 (via vector coupling) and 0 +, 1++
(via axial-vector coupling). The other two states, X2 and
h, do not decay to ff. Also, decays of 31,Xo to a massless
fermion pair are forbidden by chirality conservation.

The nonzero partial widths for the decays to ff with a
finite fermion mass are listed below:

1(g ff)= iR (0)
i

3az Nfpf Mf
M

4a Nfpf 2e~ef U~Uf
I (p~ff)= (1+2Rf) e& ef + +

M xw(1 —xw) 1 —Rz
Ug Uf

2 2

x w'(1 —x w)' (1 —Rz )'

(4.7)

I (Xo~ff)=

2 2

+pf', ~ f, ', ~R(0) ~',
xw (1—xw) (1 —Rz)

27a, Nfpf Mf
M Mz (1 —RH)

i
Rp(0)

i

(4.8)

(4.9)

96az a~ NfPff'(X, ~ff)= [vf (1+2Rf)+af pf ] ~

Rp(0)
~M (1 —Rz)

(4.10)

Here, az ——a/(sin Ow cos Ow), Nf is a color factor (1 for
leptons, 3 for quarks), R; =M, '/M (i =f,Z, H),
xw ——sin Hw, pf ——(1—4Rf )' is the velocity of the final
fermion in the quarkonium rest frame, and U; and a;, the
vector and axial-vector coupling of the fermion i =f or Q
to the Z, are given by

mulas are also applicable to decays of quarkonia formed
from isosinglet quarks, except for the Xo result which in-
volves Higgs-boson exchange. The singularity in Eqs.
(4.8)—(4.10) is an artifact of the zero width approximation
for Z and H and can be simply treated by including the
width into the respective propagators.

vi — (I3L +I3R ) —e. sin Ow, a = —'(I3L —I3R ) (4.1 1)
3- Zy

Here, I3L (I3~) is the third component of the weak iso-
spin for the left- (right-) handed fermion. For sequential
fermions I3L ——+ —,, I3p ——0. The formula (4.8) for the p
is standard; the X& width (4, 10) to massless fermion has
been calculated by Kaplan and Kuhn. The above for-

The decay to a Z and a photon is accessible when the
quarkonium is heavier than Mz. The diagrams are the
same as those for yy, with one y replaced by Z . All six
quarkonium states can decay into Zy. The decay widths
may be obtained by crossing from the results for
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r(q zy)=

8 2 2

I (g Zy) = (1 —Rz )
~
Rs(0)

~

Mz

96(XAz eg Qg 2
2 2

I (h~Zy)= (1 Rz —)
i
Rp(0)

i

(4.13)

(4.14)

Z~y+quarkonium of Guberina et al. ' and also appear
in Ref. 23. We have checked the results by independent
calculations. The Zy decay rates are given by

24cxcxz eg vg
(1 —Rz)

i
Rs(0) i, (4.12)

7's, which are due to the vector coupling? This is because
the vector current is conserved. At high energies, the
longitudinal-polarization vector of a Z with four-
momentum k" is

1 Mzk"+0
Mz k

The first term, which may given an enhancement factor,
does not contribute to the amplitude because of current
conservation.

864aazeg'ug' (1——,Rz)'
r(XO~Zy) =

4 ~

Rp(0)
~

',
M 1 —Rz

192aaze& u& Rz(1+Rz)
r(X, Zy) =

[ Rp(0)
IM 1 —Rz

(4.15)

(4.16)

r(X2~Zy)
1 11152aaze~ v~ 1+—,Rz+ —,Rz

I
Rp(0) [5M 1 —Rz

(4.17)

The apparent singularity for Mz ——Mr for the decays
XJ~Zy for Mz ——Mr is due to our neglect of the bind-
ing energy for the quarkonia. The decay of the charge-
conjugation-even states (rI,X's) proceeds by the vector cou-
pling of the Z, that of C-odd states (lt, h) by the axial-
vector coupling. These latter widths are singular in the
limit Mz~0. This shows the nondecoupling of the longi-
tudinal Z polarization, due to nonconservation of the
axial-vector current. Further, the widths for
g, h —+ZT+ y ( ZT ——transversely polarized Z) are also
nonvanishing in this limit since Yang's theorem is not
applicable. (The X~ —+Zy width, on the other hand, van-
ishes in the same limit. ) These properties can be translat-
ed to the case M~~, i.e., the case of very heavy quar-
konia, because the Mz —+0 and M~oo limits are essen-
tially equivalent. The Zy width of the C-even states has
a regular behavior and becomes proportional to the yy
and gg width (except for X~), whereas, the width of the
C-odd states has an enhancement factor which reflects the
singular behavior in the Mz~0 limit. For example, we
can see that

4. ZZ

It is convenient to begin with the discussion of possible
quantum numbers of the ZZ system. We assign
J =1 to Z, J =1 to 8' —,J =0++ to the Higgs
boson. The gauge-Higgs system then conserves the sym-
metries C, P, and T separately. The fermion couplings to
Z, W violates C and P, but within the range of considera-
tions in this paper CP can be regarded as a good symme-
try.

The total angular momentum of the ZZ system J is
given by J=L+S, where L is the orbital angular momen-
tum between the two Z's, and S is the total spin
(S=0,1,2). The parity and charge-conjugation quantum
number of the system are given by P =( —1),
C =( —1) + . Bose symmetry requires L +S=even;
hence only C =+ states are allowed. Possible quantum
numbers for low L states are listed in Table II. This table
will be useful later in understanding the characteristic
properties of various decay widths.

Possible states are much more restricted for the ZLZL
state, i.e., both Z's longitudinal. All CP = —states are
disallowed because in this case L and S are both odd and
the S=1 spin wave function contains only ZTZT. The
Z&ZI component is also absent in J-odd, L-even states,
which can be verified by using symmetry properties of the
Clebsch-Gordan coefficients. Thus the only states decay-
ing to ZLZL are 0++,2++, . . . . This is in accord with
the spectrum of two unphysical Goldstone-boson system.

The Feynman diagrams contributing to the ZZ decay
are the t- and u-channel quark-exchange diagrams, which
are common to the two-photon decay, and the s-channel
Higgs-boson-exchange diagram (see Table I). The Higgs-
boson diagram contributes only to the 70 decay. The de-
cay widths are

I'( Q~Zy ) M

r(P~ff ) Mz TABLE II. Possible quantum numbers J of the ZZ system
for L =0, 1,2.

The decay to the massive gauge boson becomes increas-
ingly more important for a heavier-quarkonium state.
Another way of understanding this enhancement is the
following. The behavior comes from the longitudinally
polarized Z, the spin vector being proportional to
M/Mz, and is thus the first example of the enhancement
mentioned at the beginning of this section. Why is there
no enhancement factor in the decay widths of the g and

L=0
S =0,2

p++

2++

L=1
S=l
0—+

1
—+

2 +

L=2
S =0,2

0++
1++
2++
3++
4++
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12az (v +a )Pz
I (g ZZ)= IR (0)

IM (1 —2Rz)
(4. 18)

r(1t ZZ) =

I (h~zz)=
I

Rp'(0)
I(1—2Rz)

8az'v'a 'Pz'
I
Rs(0)

IMz' (1—2Rz )'

96a ~v 2a 2P

M M

(4.19)

(4.20)

96az pz 2 2Rz z 3 1 —2Rz
I (go~zz)=

4 v
z

—a +
Mz l (1—2Rz)~ 32 1 —RH

2

—v (3 —8Rz)+a (3—4Rz)

(1 —2Rz )

2

+ —R
1

2

I
Rp(0)

I

48az'Pz' 1 2Rz
I (X)~ZZ) = a —v

M Mz (1—2Rz) 1 —2Rz

3 1

8 1 —RH
I
Rp(0)

I
(4.21)

(4.22)

48az'Pz
I (X2~ZZ) =

5M

4R
a +v z

(1 —2Rz )

3Rz
2 2 2Rz

+ a +v
(1 —2Rz ) 1 —2Rz

2

4Rz 2Rz2
+ ( vs+a 2)2 3 +

(1—2Rz ) (1 —2Rz)
IR'(0)

I
(4.23)

where Pz=(1 —4Rz)' and we have omitted here the
subscript Q in v~ and a~. In applying these formulas to
unconventional quarkonia, the Higgs-boson contribution
must be modified according to the model. Each of the six
formulas (4.18)—(4.23) display large diversity.

(1) Parity. The amplitudes for Q and h are parity
violating (proportional to va), whereas those for ri and X's
are parity conserving (proportional to v or a ). This
property can be understood with the help of Table II. The
quantum numbers of ri and X's ( J
=0 +,0++, 1++,2++) can be found in Table II, but
those of g and h (1,1+ ) are not present therein.
Thus the decay of these two states must proceed via the
parity-violating coupling to J =1++,1 + ZZ states,
respectively.

(2) Threshold (Pz) behavior The Xo and .X2 widths are
proportional to pz, indicating that the final state can be
in S wave. The g and h go into P wave, but the g and J&
widths, being D wave, are much suppressed at threshold
(M&2Mz). These different threshold behaviors follow
from the orbital angular momentum I for each state as
given in Table I. The width is proportional to Pz +'.
For instance, the 0 + state has L = 1 and hence Pz
behavior.

(3) High mass (M~ oo) lim-it Because there ar. e two
Z's, the width can be enhanced by a factor M /Mz if
both Z's are longitudinal. This double enhancement only
occurs for pp and 72, in accordance with our preceding
discussion of the ZL ZL system. The other three states
(P,h, X~) receive single enhancement only. There is no
enhancement factor for the g because ZL ZT states cannot
be in J=O.

Finally, the two-photon decay widths may be derived
from the ZZ widths formula if we set v =e&, a=O, dis-
card the Higgs-boson contribution (RH~ac ), and take

the limit Rz~O. The vector coupling is seen to give
much milder heavy-mass dependence with no enhance-
ment factor. Enhancement due to a heavy-quark mass is
possible only if the axial-vector coupling is nonzero.
From Eq. (4.11), this leads to the following: if the quark
can have an SU(2) X U(1)-invariant mass term, there is no
enhancement in the ZZ decay. This comment applies to
isosinglet quarks, for example.

5. e+rV-

TABLE III. Possible quantum numbers J of the W+ W
system for L =0, 1,2.

L=0
S=0, 1,2

L =1
S=1

L =1
S =0,2

L=2
S=1

L=2
S =0,2

0++
1+—
2++

0—+

1
—+

2 +
1

2
3

1+—
2+
3+—

0++
1++
2++
3++
4++

The 8'+8 decays are quite similar to ZZ, but there
are a few important differences. The quantum numbers
of the 8 +8' system are tabulated in Table III. There
are more states than the ZZ system, because here there is
no Bose symmetry constraint. This leads to somewhat
different properties of the 8'+8 widths, as will be
shown shortly. Double longitudinal state 8 L 8 I can
form J =0++,1,2++. . . only.

From Table I we see that there is only one ( t-channel)
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quark-exchange diagram for the 8'+ 8' decay. Instead
there are s-channel y- and Z-exchange diagrams, in addi-
tion to the Higgs-boson exchange. These s-channel
graphs contribute to limited states only: y to 1,Z to1,1++, and H to 0++. The quark-exchange graph

which contributes to all states obviously depends on the
mass of the other quark in the same weak doublet. The
decay widths to 8'+8' are given below. Here we as-
sume the standard V —3 coupling and neglect the inter-
generation mixing, taking U~&

——1. We obtain

2 /Rs(0) [

1+20Rw+12Rw
r(q w+ w-) = (1—8cRz+16c Rz )

64 Mw (1—Rz )

(4.24)

4Rw(5+6Rw) 4R w(2 —R w)

(1—R)(1—Rz)
(1—4cRz)+,

I
Rs(0) i'

(1—R)
(4.25)

r(h w+w )=. . . 1 —2R
3a w'Pw 1 Pw'

2M Mw (1 —R) 1 —R i
Rp(0)

/
(4.26)

3aw'Pw
r(x, w+ w-) =

4Mw

1

1 —R
Pw'Rw

1 —3R w+
1 —R

3
(T —Rw)

1 —RH

+2Rw
Pw'

1 —R 1 —R
3

1 —RH
i
Rp(0)

i
(4.27)

r(x, w+ w-) =
8M Mw (1—R)

Pw'(1 —2R)' Pw'

1 —R

4(R —Rz)
1 —R,

Rw(R —Rz) (1+2Rw)
+ 8+

(1—Rz) Rw'
[Rp(0)

i
(4.28)

40Mw (1—R) 1 —R (1—R)
(4.29)

Here aw=a/sin Ow, R =2(R~ —R~ +Rw) (actually
R& ———,

'
), Pw=(1 4Rw)'~, with—Rw Mw /M, an——d

c =2I3~e(csin Ow. It is straightforward to generalize the
formulas to the case of finite mixing.

It is instructive to compare the 8 + 8' formulas
(4.24)—(4.29) with the ZZ widths (4.18)—(4.23). Half of
the states ( g, h, X

&
) have less suppressed W+ W thresh-

old behavior due to the lack of Bose symmetry. Large-
mass behavior is similar with a notable exception of g,
which now gains a double enhancement. Thus for a very
large mass quarkonia we have

r(q w+ w-)»r(q zz) .

This is completely different from other states, for in-
stance,

6. ZH

TABLE IV. Possible quantum numbers J of the ZH sys-
tem for L =0, 1,2.

L=0 L=1 L=2

This decay can be enhanced due to the large Yukawa
coupling of the heavy quark in addition to the longitudi-
na1 Z enhancement.

The ZH system is described by J=L+S, S= 1,
P = ( —1) + ', C = —,and is summarized in Table IV.
A11 states except Xo can decay into ZH. The relevant dia-

r(x, w+ w-):r(x, zz) =2:1,
which agree with naive expectation. The explanation of
these behaviors can be made along a similar line of argu-
ment as was made for the ZZ system.

0+—
1+—
2+

1

2
3
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grams can be read off from Table I. graphs with t- or
u-channel quark-exchange have a large Yukawa coupling.
The s-channel Z-exchange graph does not have this cou-
pling, but it has instead an enhancement coming from the

longitudinal component of the Z propagator. Three states

q, 1t, and X~ receive contribution from the Z-exchange
graph.

The widths are

2a 2 3 2

1(21 ZH)=
f
R (0)

f

z

a 2V 2

I"(f~ZH) =
I [(1—Rz) —RH(1 —3Rz)]

2Mz (1—Rz) (1 —Rz Rz)

(4.30)

+ 2 Rz[(1—Rz) +RH(2 —RH)] I f
Rg(0)

f
(4.31)

6Az v
I (h~ZH) =

M Mz

6cxz Qg
I (X, ZH)=

M

, fR,'(o) f',
(1—Rz —RH)

1 RIIRz
(1+Rz —RH ) 1 —Rz+

(1—Rz RH )— 1 —Rz

2

(4.32)

1+—Rz 3(1—Rz)+RH
2

1 1
+4RHRz +

1 —Rz 1 —Rz —&0

2 '

f

R'(0) f, (4.33)

r(X, ZH) =
5M Mz

f
Rp(0)

f

(1—Rz RH)— (4.34)

where f3zH =[(1 Rz —RH) 4Rz—RH] =2—
f q f

/M q
being the three-momentum of the Z or H. These widths
can be obtained by crossing from the results of Guberina
et al. ,

' and can be found in Ref. 23. They have been in-
dependently checked by us.

It is interesting to compare those formulas with the Zy
ones. The role of rj and P is interchanged here: the
ri~ZH is doubly enhanced, whereas the 1t width has only
one enhancement factor. The ZH widths of C-odd states
come from the vector coupling, and so are only singly
enhanced.

7. yH

which was first derived by Kiihn.

8. HH

The two-Higgs-boson system has J =0++,2++, . . .
so this channel is not accessible from P, h, and X& (angu-
lar momentum conservation) and from q (CP conserva-
tion). However, the two states Xp and X2 can decay into
HH. There is a diagram with s-channel Higgs-boson ex-
change, which involves the three-Higgs-boson vertex and
contributes to the Xo decay, apart from t- and u-channel
quark-exchange graphs. Widths are doubly enhanced by
the Yukawa coupling:

Although the yH decay is similar to ZH, here there is
no axial-vector coupling. Thus there is only one enhance-
ment due to the Yukawa coupling and parity is conserved.
C-even states g and 7's cannot decay into yH. The
@~yH decay was first discussed by Wilczek. The par-
tial width is

I (Xp~HH)

3~w le 5 —8RH

32Mw (1—2RH )

9RH
f
Rp(0)

f

1 —RH

(4.37)

2

1(g yH)= (1—RH) fRs(0)
f2M'

(4.35)
3&w PH 1

80Mw (1—2RH )
(4.38)

The other allowed yH decay has the width

6(x ~axe@
2

I(h-yH)=, , (1—R ) IR,(o) f',
M Mg

(4.36)

where pH
——(1—4RH)'~ . The second term of the Xp for-

mula is the contribution of the three-Higgs-boson vertex.
This completes the catalog of two-body annihilation decay
rates for the S- and I'-wave states of heavy quarkonium.
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C. Radiative and hadronic transitions 3. Hadronic transitions ofP states

A quarkonium state can make a transition to a lower-
mass state by emitting a photon or 1ight hadrons. Here
we make an estimate of these transitions of the lowest S-
and P-wave states. The only appreciable transition is the
radiative decay of the P states.

S-wave states

The pseudoscalar state q is expected to have the lowest
mass and is stable against cascade decay. The only possi-
ble transition of the g is the Ml transition $~21y with a
width

The P-wave states can also emit light hadrons to be-
come an S state, for instance,

7Q
v 7J Q tr7T

& g Q g & tt/ Q CO

hQ~QQnvr, . . . .

Since the size of the quarkonium states is much smaller
than the extension of the light-hadron system, these de-
cays can be evaluated by the @CD multipole expansion,
which describes the decays as

g& ~g& +gg, etc.

16o.eg k
r(q qy)=

3M
and is successful for the charmonium and b-quarkonium
transition. These transitions account for a substantial
part of the decay rate for states such as l()', 'r'. However,
the strong mass dependence of the widths makes them
negligible for heavy-quarkonium states.

(4.39)

where k is the photon energy k=M~ —M„. The g 21—
mass difference comes from the spin-spin interaction

32cxs 4
M& —M =

I
Rs(0)

I

= I (g~gg)
9M 3as

(4.40) D. Branching fractions for quarkonium decay

and is —50 MeV for the %'isconsin potential. The width
(4.39) is much smaller than 1 eV for the quarkonium mass
range of interest and is completely negligible.

2. Radiative transitions of P tuave -states

The P states gj, h can make E1 transition to the S
states: XJ~gy, h ~21y. (The Ml transition +2~by is
negligible. ) The widths are'

(4.41)

The photon energy k=M&z —M&& is —1 GeV and the ra-
diative width (4.41) cannot be neglected. This fact may be
understood from the following argument. For a power-
law potential V(r)-r, the radiative width scales as

r (g q )
—(2+3v)/(2+v) (4.42)

when the quark mass is changed. The gluonic decay
width scales as

I (~ )
—(3+4v)/(2+v) (4.43)

The quark-antiquark potential may be effectively
described by a power potential with v-0 for the char-
monium and b-quarkonium regions and with v decreasing
to —1 for very heavy quarkonium. The ratio

F(+~A ) I ()+ )/(2+ )

I (X gg)

does not decrease as m~ increases for —1 (v & 0. The
P-wave radiative decay for the charmonium 7 states has
an appreciable branching fraction. Thus it should be also
important for a heavier quarkonium.

Explicit calculation using the potentials shows that the
radiative decay of a heavy P-wave states has a rate com-
parable to the gluonic decay Xo 2~gg. The annihilation
decay branching ratios are reduced due to this radiative
mode as wi11 be discussed later.

%'e are now in a position to compute the branching
fractions for the decays of S- and P-wave quarkonium
states into the various two-body states discussed in Sec.
IV B. For definiteness, we have presented our results for a
down-type quarkonium. The branching fractions for the
up-type quarkonium are somewhat different because of
the different couplings to the photon and Z, but these
can be readily calculated using the formulas in Sec. IV B.
We first consider the case when the only allowed decays
are into gauge boson or known fermion pairs. In this
analysis, we assume m, =40 GeV unless otherwise speci-
fied. The possibility that the Higgs boson or a fourth-
generation charged lepton is light enough to be produced
via quarkonium decay is deferred to Sec. IVD2. Single-
quark decay is ignored throughout.

1. Heavy-Higgs-boson case

(a) g decays. The branching fractions for the various
possible decays of ri are shown in Fig. 9. For ri masses
less than 1 TeV, the dominant decay is g~gg which
proceeds via the strong interaction. For large g masses,
the decay into a tt pair which occurs only due to axial-
vector-current nonconservation starts to become impor-
tant since it is enhanced by a factor (M„/Mz) [see Eq.
(4.7)] relative to the gluonic decay [Eq. (2.7)]. Thus for
m, =100 GeV, gott dominates for M„~ 500 GeV. For
the same reason, decays of 21 into sequential heavy leptons
may be important as we will subsequently see. There is,
however, a suppression (Mf/M„) coming from the fact
that the divergence of the axial-vector current is propor-
tional to Mf. This cancels part of the enhancement just
discussed.

Of particular interest are the rare but characteristic de-
cays of the g into gauge-boson pairs: 8'W, ZZ, Zy, and
yy. Although the branching fraction for these is small,
the large g-production cross section (see Fig. 6) leads to a
fairly large number of gauge-boson pairs via g decay.
However we find later that there are serious problems
with backgrounds to these decay channels.
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FIG. 9. The branching fraction for the decays of g~ as a
function of M„. The W+ W branching fraction depends on
the mass of Q' the SU{2) partner of Q and is shown for
m~ ——m~ (solid curve) and m~ ——m~+250 GeV (dashed curve).
Am~ in the figure denotes m~ —m~.

(b) P decays. The branching fractions for the allowed
modes are shown in Fig. 10. Unlike the q case, the weak
decays of P dominate the strong decay P~ggg for
i)rf&&Mz. For ~~=Mz, the decay Q~Z~ff dom-
inates (f = q, l, v) which accounts for the sharp dip in the
branching fraction for P~ggg there. It is interesting to
note that for M& & 2M', the decay P~ W+ W com-
pletely dominates all the other signals since it is the only
"doubly enhanced" g decay, as discussed in Sec. IVB.
The fact that the branching fraction for the 8 +W
mode is =100% implies that in spite of its much smaller
production cross section, P decays compete with r) decay
as a source of 8'pairs.

(c) X decays. The branching fractions for the various
P-wave states are shown in Figs. 11(a)—11(c). The states
Xo and X2 couple directly to two gluons so that the decays
Xo 2~gg dominate until the doubly enhanced 8'+8'
and Z Z decays exceed the gluonic decays at M+-0.5
TeV. The decays Zy and yy have no enhancement fac-
tors, and, hence, their branching fractions are very small.
Finally, the heavy-fermion decay of Po is enhanced exact-
ly as in the g case and hence is fairly small for m, =40
GeV. The branching fractions shown do not add up to
100%%uo because we have included the decays X~fy (for

FIG. 10. The branching fractions for the decays of g&. We
have fixed m~ ——m~+250 GeV.

the wave functions given by the Wisconsin potential) in
the branching ratio. Since the matrix elements and the
phase space for the transition are the same for the decay
of all the 7 states, the effect on the branching ratios is
maximum for 7~ since a light 7& is narrower than Xo 2 be-
cause it dominantly decays via X&~qqg (Ref. 9).

(d) h decays. Finally, we come to the decays of the
singlet P-wave quarkonium state, for which the branching
fractions are shown in Fig. 12. The decays h~8'+W
and h ~Z Z are only singly enhanced and hence the
quarkonium mass for which these decays compete with
the hadronic decays is somewhat larger than in the previ-
ous cases.

The total widths for the various quarkonium states are
shown in Fig. 13. Also shown in the figure is the corre-
sponding width from the single-quark decay assuming the
mixing U~~ between the third- and fourth-generation
quarks is 0.01. We see that for M~ )230 GeV, the
single-quark decay dominates the annihilation decays for
all the P-wave states. As discussed in Sec. IVA, the only
quarkonium states amenable to the analysis in this paper
are then the tb and the q. If U(2q (10, the single-quark
decay mode becomes comparable to the annihilation de-
cays even for the 7 states.

2. Quarkonium decays into Higgs bosons

(a) Higgs-boson —y decays. If the Higgs boson is
lighter than 2m~, the decay Q~Hy can occur. ~ The C-
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~O0

100

10

0.1

nally chosen the heavy-lepton mass to be 100 GeV. The
decay rl~LL has a substantial branching fraction (for the
reasons noted in discussion of ri~tt) unless the decay
g~HZ is allowed. In the latter case the branching frac-
tion for the HZ mode increases rapidly with the heavy-
quark mass and that for g~LL reduces. It is also in-
teresting to note that YOU'LL is allowed only via Higgs-
boson exchange and hence this channel is important only
for small M&. The branching fraction for YOU'LL also
falls off with increasing M& due to the dominance of the
decay, YO~HH.

This completes our discussion of the decays of heavy
quarkonium. In the next section we turn to a study of the
possible signals and backgrounds to the various decay
modes studied here, in order to assess whether it is possi-
ble to identify new quarks at the SSC via quarkonium de-
cays.

V. SUPERHEAVY-QUARKONIUM SIONALS
AT THE SSC

0.01
0 500

M~ (GeV)

1000

FIG. 14. The branching fractions for Q~Hy and h~Hy
decays vs the quarkonium mass for three different Higgs-boson
masses.

Fourth-generation quarkonium states are produced at
sufficiently high rates to be observable at a high luminosi-
ty multi-TeV hadron collider such as the proposed SSC.
This is particularly interesting since the anticipated lumi-
nosity ( —10 pb '/yr) may make it possible to search for
relatively rare decay modes with distinctive signatures. A
study of the various signals that result from quarkonium
decays forms the subject of this section.
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FIG. 15. The branching fractions for the ZH decay mode of heavy quarkonium vs the quarkonium mass for three different
Higgs-boson masses. For definiteness m& ——mu is assumed although the results are insensitive to this choice of Q' mass.
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FIG. 16. The branching fractions for the decays go~HH
and Pz~HH vs the quarkonium mass for three values of the
Higgs-boson mass.
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(b)

A. Heavy-Higgs-boson case: Quarkonium decays into
gauge-boson and fermion pairs

Consider first the case where the Higgs boson and any
new sequential leptons are too heavy to be produced via

quarkonium decay. Ignoring the hadronic decays, which
would be obscured by strong-interaction backgrounds, we
are left with possible signals from gauge-boson pairs yy,
Z y, W+ W, and Z Z and from lepton pairs l + l
These modes would be characterized by a common invari-
ant mass of' the produced pair, and so the attainable mass
resolution would be a crucial factor in deciding whether
the quarkonium signal could be distinguished from back-
grounds.

The total signals can be readily calculated from the
quarkonium production rates in Sec. III and the branch-
ing fractions for various decay modes in Sec. IV. Our re-
sults for the various final states are shown in Fig. 18 for
the case of a down-type quarkonium. The corresponding
signals for the other potentials can be obtained by scaling
those in Fig. 18 using Fig. 6. Most of the signal for
neutral-gauge-boson pairs comes from g& because of its
large production rate. The g~ contributes most of the
W+ W signal. The fact that the branching fraction for
the decay $~8'+W is almost 100% compared with
&1% for g~R'+W' (see Fig. 10} makes up for the
smallness of the g cross section relative to q. The lepton
pairs dominantly come from P decay.

The reduction in the signal due to rapidity cuts in the

corno= 010—

~00

IU 1—

Co

0.1—

0.01
0 500

M~ (GeV)

1000

FIG. 17. The branching fraction for the decay W~LL as-
suming (a) that the Higgs boson is too heavy to be produced via
&~ decay and (b) assuming M~ ——130 GeV. The presence of a
relatively light Higgs boson affects the branching fractions for g
and gt since these have large branching fractions into ZH (Fig.
15) and also allows the channel go~LL to open up since this
decay occurs only via s-channel Higgs-boson exchange (see
Table I).



35 SUPERHEAVY-QUARKONIUM PRODUCTION AND DECAYS: A. . . 3385

10 pp-WW, ZZ, Z7, 77, e+e, o ZH at 40TeV

10

'lO
CL

O

P 10

O

b 03

O
C:

CA

b 10

—4
200 400 600

Mpoir (GeV)

800 1000

-3
10

10 0 500
Mo, (Gev)

1000

pp center-of-mass system can be easily calculated. For the
decay products of g, the acceptance (g) is given by'

Yf dy min —tanh( Y —y), 1 G (x ~ )G (xq)

max'"
dy G ~& G ~&

max

with x~ q
——M@e-+~/V's, Y,„=inVs /M~,

Y =min( Y,„„Y,„) and f3 is the velocity of the produced
particle. For the yy signal, a laboratory-rapidity cut

~ y ~
& 2.5 corresponds to an acceptance between 56% and

82% for g masses between 200 and 100 GeV. Since the g
is produced with substantial rapidity ((y„)=1.7) in the
laboratory, a cut

~ y ~
& 2.5 leaves less than one unit of ra-

pidity available in the rest frame of the g. The acceptance
depends on the mass of the produced particles and is
greater in the case of Z pairs. The cross sections shown
in Fig. 18 must be reduced by the appropriate acceptance
factor.

The backgrounds to these signals from standard-model
processes' are shown in Fig. 19. These depend on the at-
tainable mass resolution; we have shown the background

FICx. 18. Expected cross sections for gauge-boson pairs and
e+e pairs from quarkonium decays at the SSC as a function
of the mass of the quarkonium. The yy, Zy, and ZZ signals
are almost completely from g~, the e+e signal from gg, and
W+ W from gg and Pg. In this figure, we have assumed that
the Higgs boson and any sequential heavy lepton are too heavy
to be produced.

FIG. 19. The cross section o.=(do. /dM)6M for 8'+W
ZZ, Zy, yy, e+e, and ZH pair production as a function of
the invariant mass M of the pair at a pp collider with V s =40
TeV. The curves assume 6M/M = l%%uo so that the cross section
shown has to be multiplied by the resolution on the measure-
ment of the invariant mass expected for each of the processes in

order to obtain an estimate of the background to the rates from
quarkonium decay shown in Fig. 18.

cross sections per percentage of mass resolution. For a
mass resolution of 1%, the background from gauge-boson
pairs exceeds the signal (even before reduction due to in-

complete acceptance) for quarkonium masses greater than
—200 CseV. Furthermore, the signal-background ratio
falls rapidly with increasing quarkonium mass making the
detection of heavy quarkonium more difficult.

We have further checked that it is not possible to sub-
stantially enhance the signal by reducing the acceptance in

y; the signal and background change by roughly the same
factor. We have also checked that a cut on the center-of-
mass scattering angle (assuming y

~

&2.5) is also not ef-
fective in enhancing the signal relative to the background.

It is possible to further enhance the signal-to-
background ratio for W~yy, ZZ, and Zy by making a
cut on the pT of the gauge boson. The signal has a Jaco-
bian peak at pT M„&2 for rj~——yy, at pT=(M„/2)(I
—Mz /Mz ) for rI~Zy, and at pT ——(M&/2)(1
—4Mz /M„)' for r)~ZZ. For W~W+W, it is not
possible to implement this cut in practice since the pT of
each 8' cannot be measured, assuming we require the W
to decay leptonically in order to avoid being overwhelmed
by QCD background. We find that while the require-
ment 2pr/Myy )0 8 cuts out about a third of the g~yy
signal, it enhances the signal-to-background ratio by about
two. This enhancement is, however, not large enough to
see the signal above the background. Similar conclusions
also apply for the other decays of the g. We conclude,
therefore, that it will be difficult to detect quarkonia via
their decay into gauge-boson pairs.

The best prospect for detecting g heavy quarkonium is
through its decay into lepton pairs. A signal-to-
background ratio of —1 can be attained for a quarkonium
mass -200 GeV and a mass resolution of about 3%. At
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the SSC the expected cross section is -0.01 pb (which
corresponds to an annual rate of 100 e+e events per
year) from the decay of a 200-GeV quarkonium. There
would be a similar rate for p+p events although muon
momentum measurements may not be good enough to
achieve this mass resolution.

10

B. Higgs-boson signals from quarkonium decays

TABLE V. Anticipated number of H y pairs per 10 pb ' in-
tegrated luminosity from P& decays.

M& (GeV) M& ——10 GeV M~ ——130 GeV M~ ——240 GeV

100
200
300
400
500
600
700
800
900

2.9X 10'
6.2X10'
8.5X10'
1.6X 10'-

42
13
5

2
1

3.9X10'
7.3 X 10'
1.5X10'

40
13
5

2
1

3.7X 10'
1.1X 10'

33
11
5

2
1

(a) Hy events. We first consider the decay Q~Hy.
From Fig. 6(b), we see that even for the Wisconsin poten-
tial, the cross section for P production varies between -4
pb and 10 ' pb as M~ varies from 200 to 450 GeV. Mul-
tiplying by the branching fraction for the decay Q~Hy
in Fig. 14, taking for illustration M~ ——130 GeV, the Hy
production cross section at the SSC is -0.4—0.006 pb
corresponding to 4000—60 events/yr. In this scenario the
Higgs boson is expected to decay via H~tt. The rates
for other scenarios are summarized in Table V. (The
smallness of the cross section for M& ——100 GeV is due to
the reduction in the branching fraction at M~ ——Mz. )

There is thus a fairly large rate for tty events, for which
the invariant mass of tty peaks at M& and that of tt at
M~.

(b) HZ events. Next consider a Higgs boson produced
from g decay in association with the Z boson. The cross
section is given in Fig. 20. The standard-model back-
ground is about 2 orders of magnitude smaller than the
signal, for Mz~) 200 GeV. The ZH rate is large for a
wide range of Higgs-boson and quarkonium masses. Thus
the leptonic decay of the Z can be used as a trigger for
the signal. If Ma) 2M' 2Mz, the Higgs boson decays
into 8'+8 and Z Z pairs in the ratio 2:1 giving
events containing three gauge bosons with an invariant
mass of the rl and a W'+ W (Z Z ) pair at the Higgs-
boson mass. For instance, if M~ ——240 GeV and

Mz —500 GeV, there would be about 800
W+W +(Z ~ll) and 400 Z Z +(Z ~ll) events per
10 pb ' at the SSC.

The case of the so-called intermediate-mass Higgs bo-
son (2m, &Mtt & 2M~) is of particular interest since with
only three generations the Higgs-boson signals are
overwhelmed by backgrounds. If there is a fourth-

1—
t4
b

0.1

0 500

M& (GeV}

1000

FIG. 20. The cross section for ZH production from g~ decay
at the SSC as a function of M„ for three different Higgs-bosonri g
masses.

generation pseudoscalar quarkonium and the decay
g~ZH is kinematically accessible, the ZH cross section
exceeds 0.5 pb if M &0.8 TeV for M& ——130 GeV. This

7l
0corresponds to about 300 ( Z ~ll ) + (H ~tt ) events

(l =e,p) per 10 pb
' with M, ,-Mtt, Mi—t Mz, and——

M, +. ..-M„. If M„ is smaller (=400 GeV), the rate for

these events may be almost an order of magnitude higher.
The dominant background to this signal comes from

Z tt events produced by gluon fusion. The experimental
resolution attainable will play a crucial role in separating
the signal from background. The background has recent-
ly been studied by Gunion and Kunzst and it appears
that signal-to-background ratios exceeding unity can be
obtained assuming reasonable mass resolutions on M;, and

Mzo-. Thus the decay of a fourth-generation quarkoni-

um provides a new way of simultaneously searching for
the intermediate-mass Higgs boson and the fourth genera-
tion at the SSC. Finally, consider the case M& & 2m, . If
2mb & M~, the dominant decay mode of the Higgs boson
would be H~bb and it is quite likely that the signal from
rl~Z H~Z bb would be buried by the QCD back-
ground. One could, however, search for the subdominant
decay H~r+r with expected branching fractions of
3—4%%uo since this mode leads to essentially background-
free ~+~ +Z events; the estimated cross section of
0.03—0.3 pb corresponds to about 20—200 distinctive
I+I ~+~ events per year at the SSC.

(c) HH events. From Fig. 6(c) and Fig. 16 the dom-
inant source of Higgs-boson pair production is 70 decay.
Folding together the Xo production cross section with the
branching fractions in Fig. 16, we obtain the Higgs-boson
pair cross section shown in Table VI. Depending on the
Higgs-boson mass, the events contain either four gauge
bosons or four top quarks (unless M& & 2m, ). For
M~ ——240 GeV and quarkonium masses between 0.5—0.7
TeV, 10—30 four-gauge-boson events may be expected in
approximate proportions 4 8'.2 W2Z:4Z =4:4:1. This



35 SUPERHEAVY-QUARKONIUM PRODUCTION AND DECAYS: A. . . 3387

TABLE VI. Anticipated number of HH pairs per 10 pb
integrated luminosity from $0& decays.

unlikely that either the L or g mass could be reconstruct-
ed. This decay is therefore unlikely to be detectable.

Mz (GeV) MH ——10 GeV M& ——130 GeV MH ——240 GeV

100
200
300
400
500
600
700
800
900

6.5x10'
2.7 x 10'
1.4x 10

78
41
21
11
6
3

1.3 X 10'
74
39
20
11
6
3

30
19
10
6
3

event rate is too low to be observable. In addition to these
multi-gauge-boson events, the three-gauge-boson events
from the decay g~ZH must also be present. If the mass
of the quarkonium is below that of four gauge bosons,
events from g decay alone would be present.

TABLE VII. Anticipated number of LL pairs per 10" pb
integrated luminosity from g~ decays (mL ——100 GeV).

Mz (GeV)

100
200
300
400
500
600
700
800
900

1000

0
0

1.6x 10
9.8x10'
5.5x10'
3.5x10'
2.2x10'
1.5 x10'
1.0x 10'
7.2x10'

MH ——130 GeV

0
0

1.5x 10
6.9 x 10'
2.5 x 10'
9-8x 10
4. 1x10'
1.7X 10'

76
40

C. Heavy-lepton signals from quarkonium decays

Finally, we briefly consider the production of
sequential-heavy-lepton pairs from quarkonium decay.
The dominant source is g. If the decay g —+ZH is accessi-
ble, the maximum branching fraction for g~LL is about
-6% for M„-450 GeV [Fig. 17(b)]. Folding this with
the g production cross section the event rates shown in
Table VII are obtained for the production of LL pairs at
the SSC. In spite of the rather substantial number of
these, we do not expect that it would be possible to
separate these from a comparable' ' (or greater) number
of pairs from the Drell-Yan process. If the Higgs boson
is too heavy to be produced via g decay, the branching
fraction for g~LL exceeds 25% for Mz —700 GeV. The
increased number of LL pairs in this case are also shown
in Table VII. When folded with the production cross sec-
tion for the heavier q, the heavy-lepton signature is still
unlikely to be separable from the Drell-Yan background.
We note however, that the branching fraction for g~LL
increases with mI and so the signal for heavier-lepton
masses is more likely to stand out. However, since there
are at least two neutrinos from the L and L decays, it is

VI. SUMMARY AND CONCLUDING REMARKS

We have considered the possibility of discovering new
heavy quarks at a multi-TeV hadron collider through the
decays of their quarkonium bound states. Quarkonium
states with masses less than —1 TeV would be copiously
produced at the proposed SSC. We focused our attention
on a fourth-generation quark, although our analysis can
be applied to other types of quarks such as the isosinglet
quark that appears in the 27-dimensional representation
of E6. In fact, we have written most of our formulas in
terms of general couplings so that they apply to any type
of quark. Exceptions to this are explicitly noted.

The three aspects of our analysis are (i) production
mechanisms and production rates for heavy quarkonium,
(ii) decay patterns of the produced quarkonium, and (iii) a
comparison of the signal and background cross sections at
the SSC.

We have restricted our attention to the lowest S- and
P-wave quarkonium states since these would have the
largest production cross sections.

A. Quarkonium production at hadron colliders

At a hadron collider, quarkonium production occurs by
qq and by gg fusion. In the range of masses of interest
(m~ (0.5 TeV), the gg luminosity at the SSC exceeds the
qq luminosity by a factor & 50 so that it is the dominant
source of quarkonium states. Even for the spin-one quar-
konia g, X &, and h which do not couple to two gluons
(Yang's theorem) the cross section for the process
gg~W+g substantially exceeds that for qq —+0 which
takes place via electroweak interactions unless the mass of
the quarkonium is very close to the Z mass. In our com-
putations, we have, therefore ignored the qq contribution
to the production of quarkonium.

A crucial ingredient in the analysis is the widths for
quarkonium decay to gluons. The widths are determined
by the quarkonium wave functions obtained from nonrela-
tivistic potential models. We examined the quarkonium
production cross sections for various QCD-motivated
quarkonium potentials that reproduce the spectroscopy of
charmonium and b-quarkonium systems. Our results for
these are summarized in Fig. 6.

The cross section obtained using the Cornell potential is
considerably larger than those obtained using the
Richardson or Wisconsin potentials. This is because the
Cornell potential uses a much larger value for the coeffi-
cient of the singular term and most likely overestimates
the wave functions at the origin. The cross section for the
production of the pseudoscalar state g at the SSC is enor-
mous even for the Wisconsin potential which yields the
most conservative estimate. It varies between 100 pb for
Mz-250 GeV to -0.2 pb for Mz ——1 TeV. For the
Richardson potential, the cross section is typically a fac-
tor of 2 larger whereas it is between a factor 20—50 larger
for the Cornell potential.

The production of g dominantly occurs via the mecha-
nism gg~gg. The cross section for this is lower than the
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g-production cross section by about 2 orders of magni-
tude.

The production of the P-wave states go and Xz proceeds
via gg~P. The cross sections are suppressed by 3—4 or-
ders of magnitude relative to that for q-production be-
cause the 7 radial wave function at the origin vanishes,
which effectively reduces the coupling by factors of
O(k/M), where k-momentum of the quark inside the
quarkonium and is small for a nonrelativistic system. The
states 7& and h do not couple to two gluons and hence can
only be produced via qq fusion (only X&) or by the bleach-
ing gluon process. Since the cross sections for these are
small they have been ignored in our analysis.

B. Decays of superheavy quarkonium

The dominant decay mode of a quark Q with a mass
exceeding M~ is Q~W+q. If the quarks Q and q be-
long to the same weak isodoublet, this decay is very rapid
and dominates the decay of the quarkonium 6& as can be
seen from Fig. 7. If Q is the lighter of the doublet of
quarks, it can only decay into a quark of another genera-
tion. For the first three generations, these mixings de-
crease rapidly with increasing mass and so it is plausible
that a fourth-generation down-type quark may be relative-
ly long lived. If this is indeed the case, its quarkonium
states decay dominantly via annihilation (see Fig. 7). Our
considerations are based on this premise. A similar situa-
tion would occur for E6 isosinglet quarks which can only
decay via mixing into the usual quarks.

In addition to the decay modes that are present for the
charmonium and b-quarkonium systems, a quarkonium
with a mass greater than 2M~ or 2Mz can also decay
into 8'+O', Z y, and Z Z pairs. Furthermore if the
Higgs boson is light enough the decays of quarkonium
into HH, Hy, and HZ pairs may also be possible. In Sec.
IV we studied the decay modes of the S- and P-wave
states of heavy quarkonium and found several novel
features.

For bb and cc quarkonia the dominant decays are to
two gluons for spin-zero states and to three gluons for the
spin-one states. From Figs. 9—12, with the exception of
the rI, the states of a heavy-quarkonium system dominant-
ly decay into the weak bosons 8 —+ and Z when the ZH
mode is kinematically inaccessible. From Figs. 14—16 we
see that when the Higgs boson is light enough to be pro-
duced, quarkonium decays into these are also very impor-
tant. In any case, the electroweak decays into vector bo-
sons and Higgs bosons dominate the strong decays into
gluons for quarkonium masses exceeding about 0.5 TeV.

The enhancement of the weak decays was discussed in
Sec. IV. This was traced to the production of longitudinal
gauge bosons whose polarization vectors are of the form
k"/M~-M&/Mv (M~ is the vector-boson mass) for
large quarkonium masses. For M~ &&Mz, the matrix ele-
ments for quarkonium decay into gauge bosons are, there-
fore, enhanced (unless the fermion current is conserved).
This could be alternatively understood from the fact that
the coupling of the longitudinal components of the gauge
bosons to the quark comes from the Yukawa coupling and
so is proportional to the mass of the heavy quark. The
reason for the enhancements for quarkonium decay into
Higgs bosons is, of course, the large Yukawa coupling to
the quarks.

The enhancement factors for the various decays of the
S- and P-wave quarkonium states are summarized in
Table VIII. The enhancement factor for any given final
state is not the same for all the quarkonia. For instance,
the Z Z decays of Xo and X2 are doubly enhanced, the P,
h, and 7& singly enhanced, and the g not enhanced at all.
This can be understood by studying the allowed quantum
numbers for the final state as discussed in Sec. IV.

This table is a useful guide in understanding the decays
of the various states. For instance, the doubly enhanced
Z H decay of the g taken together with the enormous g
production cross section leads to the novel possibility of
finding the intermediate-mass Higgs boson if there is a
fourth generation of quarks. The signals expected at the
SSC will be discussed shortly. Before closing this section

TABLE VIII. Enhancement factors for the various decays of the S- and P-wave states of heavy
quarkonia. A dot denotes no enhancement whereas T denotes an enhancement factor (M&'/M~ ). The
dashes denote that the decay is absent whereas & denotes a suppression. The double arrow denotes that
the enhancement factor is (M/ /M~') . For g~LL there is a chirality suppression ML /M„as dis-
cussed in Sec. IV D 1 of the text.

ggg/vqg
'V3'

e+e
LL
Zy
Zz
r+ w-
yH
ZH
HH
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we should point out that the doubly enhanced decays
/~&+A and X,~ZH suggest the possibility of dis-
covering these states at an electron-positron collider. '

The production of X~ (J = 1++ ) occurs only via Z
since electromagnetic interactions conserve parity. From
our discussion of the decays W~ff, it is clear that the
other quarkonium states cannot be produced by e+e
collisions.

C. Superheavy-quarkonium signals
at a hadron supercollider

Superheavy quarkonium can decay dominantly into
vector bosons or the Higgs boson if the latter is light
enough. This leads to the possibility of a variety of new
signals which may be separable from standard-model pro-
cesses by virtue of the fact that the decay products recon-
struct to the quarkonium mass. Results for the case when
the Higgs-boson mass exceeds the quarkonium mass are
summarized in Fig. 18. The standard-model backgrounds
are shown in Fig. 19. Assuming that the attainable mass
resolution will at best be a few percent at the SSC, the
prospects for identifying a heavy-quark via these decays
appear to be dim in spite of the fact that each signal has
cross sections in the range 0.001—1 pb. The only promis-
ing signal comes from P~e+e for which quarks with
masses up to —100 GeV may be identified.

If the Higgs boson is relatively light so that quarkoni-
um decays into it, the situation is quite different. The
best prospect for simultaneously discovering the Higgs bo-
son and a new fourth-generation quark comes from a
study of the decay g~Z H~IIH. As shown in Fig. 20,
for quarkonium masses as high as 700 GeV and for
mH &Mz —250 GeV, the ZH production cross section
exceeds 1 pb; this corresponds to ) 10 Z H events with

MzH ——M& per year at the SSC. The large event rate al-
lows the clean Z ~1+1 decay as a trigger. Even for the
intermediate-mass Higgs boson, signal-to-background ra-
tios exceeding unity are possible assuming reasonable ex-
perimental mass resolutions on MzH and MH.

In addition to the ZH events just discussed, there would
be —100 Hy pairs from f decays and a comparable num-
ber of HH pairs from Po decays. Higgs-boson production
from light-quark fusion is small and so the dominant
background to Hy is from tty for the intermediate-mass
Higgs boson, and from 8'+8' y and Z Z y for the
heavy Higgs boson. We have not estimated these back-
grounds. The Hy and HH event rates are summarized in
Tables V and VI. It seems unlikely that HH pairs can be
identified.

Finally, we estimate from Table VII that there could be
—10 —10 heavy-lepton pairs per year at the SSC from
the decay of the pseudoscalar quarkonium. This is the
case for a wide range of g and Higgs-boson masses. How-
ever, it appears unlikely that these can be separated from
a comparable production from the Drell- Yan process.

In summary, if there is a fourth-generation quark with
small intergeneration mixings so that its weak decays are
suppressed, its bound-state decays lead to interesting sig-
nals. At a multi-TeV hadron collider, these decays could
lead to the identification of both the Higgs boson and a
fourth-generation pseudoscalar quarkonium for a wide
range of their masses.
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APPENDIX A

In this appendix we summarize the two methods used
in the computation of the decay widths of the bound
states.

Method I. This technique has been previously used in
Ref. 14. We include the relevant formulas here for the
sake of completeness.

The amplitude for quarkonium decay into any final
state can be written as a convolution of the scattering ma-
trix element 6 into the same final state with Bethe-
Salpeter wave function appropriate to the given quarkoni-
um state. The Bethe-Salpeter wave function, in turn, is
constructed in terms of the quark and antiquark spinors
in a given spin configuration (triplet or singlet) and the
bound-state wave function in a given orbital angular
momentum state so that the total angular momentum is
that corresponding to the quarkonium state. The relevant
spin projectors and the resulting amplitudes for quarkoni-
um decay have been worked out in the nonrelativistic lim-
it, i.e., to lowest nonvanishing order in the relative
momentum between the q and q in the quarkonium (we
can set this equal to zero for S-wave states but must re-
tain it to first order for P wave states). -

In terms of the quarkonium four-momentum Q, and
the scattering matrix element for qq —+final state, WF, the
decay amplitudes are given by

1/2

A (q) = Rs(0)Tr[@Fy5( —@+M )],
16mM~ 7I (A 1)

A(f)=— 3
16m.Mg

1/2

Rs(O) Tr[ WFE( —g +M& )], (A2)

3
A (Xp) =i

4aM'

1/2
Q

Rp(0)Tr WF y +
Mg

—Q+M~
2

+3@F (A3)
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& (x))= 9
8aM'

1/2

Rp(0) 2@Fgy5+ie Q &Fpy~e
—@+Mr

2M~
(A4)

9
A (Xq) = i-

4aMg

1 /2

Rp(0)e pTr WFy
—g+Mg

2
(A5)

A(h)= i—9

4m'
g+Mh

Rp(0)Tr C7F~ 'Y5+8 +Fp
Mg P 'Vs (A6)

Here, Rs(0) and Rp(0) are the S-state radial wave func-
tion and the derivative of the P-state wave function,
evaluated at the origin. WF is the usual Feynman-
diagram amplitude for a quark with momentum Q/2+q
and an antiquark with momentum Q/2 —q to scatter into
the final state F, except that the spinor factors are re-
moved. In other words, WF is a product of Dirac ma-
trices. In Eqs. (Al) —(A6), WF is evaluated at q=0. The
quantity WF that occurs in P-state decays is given by

momentum direction as the z axis. Near the QQ thresh-
old

p =mg(1, 0,0,Pg), p=mg(1, 0,0, —Pg), (A10)

where P~ is the velocity of the quark. We can neglect
terms of 6'(P~ ) or higher as we will consider S and P
states only.

We now rewrite the helicity amplitude in terms of de-
finite J states:

&F= &F(q)
I q=o.

Bq
(A7)

Finally, d' in Eqs. (A2), (A4), and (A6) is the polarization
vector of the spin-one quarkonium whereas the sym-
metric, traceless tensor e p in Eq. (A5) satisfies

e.pQP=0

~qp, '(Q+Q 1+2)

= g MPJ' '( +'LJ~1+2)&qq( +'LJ),
states

(A 1 1)

where Jz ——h —h =k;, and the projectors H&& are given
by

and, therefore, has five independent components as may
be expected for a spin-two particle. In summing over the
polarizations of 72, we have frequently made use of the
identity

1 1

~yv ap Y( pa vp+ pp va) Y yvPap
polarizations

(A8)

with

Q Qp
Pap = Rap+

Mg

r —&/2(1S ) ( 1)h —1/2g
2

ar('P, ) = H„r('So),

Hqq( PJ)=(110K,; I

JA, ;)Hhq( S)),
or specifically,

(A12a)

(A12b)

(A12c)

(A12d)

(A12e)

(A12f)

Q(p, h)+ Q(p, h)~1(k), A, , )+2(kq, k~) . (A9)

The momentum and helicity of each particle is shown in
parentheses. We work in the c.m. frame and take the Q

The decay rates can then be obtained from the decay am-
plitudes as usual.

Method 2. Use of helicity amplitudes rather than the
squared matrix elements facilitates the calculation when
there are many diagrams. In evaluating the decay rates of
quarkonium states, the helicity amplitude method ex-
plained below provides an efficient way of computation
for two-body final states.

We consider two-body decays of S- and P-wave quar-
konia: C7(QQ)~1+2. We assume the binding is weak
(binding energy « quark mass) so that the nonrelativistic
approximation can be used for the quarkonium states.
Here, we give a heuristic derivation of the width formula.
We start from the scattering amplitude for the process

(A12g)

These projectors can be derived using the conventional
spin wave function and with the definition

I

J Jz L S &= g (LSLzSz
I
JJz) IL Lz&

ISSz�&
.

L,S

(A13)

We have fixed the initial quark direction along the z axis,
thus restricting to Lz ——0 states. This is sufficient to ob-
tain all the necessary amplitudes because of the rotational
invariance. In Eq. (A12) we used the Condon-Shortley
convention for the Clebsch-Gordan coefficients. It should
be kept in mind that in calculating the helicity amplitude
one should use a phase convention consistent with it, e.g. ,
that of Jacob and Wick. It is convenient to extract from
the amplitude the kinematical angular factor
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(A14)4 ~ 1 2(2s+1L 1 2)dJ (g) i f
i f

where 0 and P are the angles of the final particle 1 and

Xf ——A.
&

—A, 2. Note that the amplitude M is independent
of the magnetic quantum number Jz =A,;.

We can now calculate the total cross section for
Q +Q ~1+2 for a definite initial state with quantum
numbers +'LJ. We have

cr( 'LJ —+1+2)= J (2~) 5 (p+p —k) —k2) o 3 0 g ~

MJ' '( +'LJ~ I+2)
~

2s Pg (2m. ) 2k) (2m. ) 2k2 g g

(
+ LJ~I +2)

~ J [d~g g (g)] d/
4M PQ A, [,A2

i f

( +~L 1 2)~2
(2J+ 1)M Pg

(A15)

where we put s=M, and

P)p ——[(1 R—
) R—p) 4R )R2]—' (A16)

I ( +'SJ 1+2)=2pgo( 'SJ 1+2)
~
ps(0)

~

(A17)

with R;=M; /M . If the final two particles are identical,
a factor of —,

' must be included. The result is independent
of Jz as expected. Note the Pg

' factor which gives the
characteristic behavior of an exothermic reaction at
threshold (for S states).

We can relate the cross section (A15) to the decay width
of corresponding quarkonium state if the binding is weak,
i.e., Eb;„&&m~, or more rigorously, if the space-time
scale of the binding force is much larger than that of the
annihilation process. This condition is satisfied for de-
cays of heavy-quarkonium states unless the Q value for
the decay is very small.

The amplitude at the threshold, (Pg~0), has S-wave
pieces only. The decay rate of an S state is given by

where gs(0) is the (total) nonrelativistic wave function at
the origin. This formula may be better understood in the
antiquark rest frame: the factor 2Pg is the velocity of the
quark in this frame, and

~
gs(0)

~

is the number density
of the quark at the antiquark. (There is no time dilation
factor in our approximation. ) To obtain an explicit for-
mula we assume hereafter the final particles are colorless.
Then

gs(0) = ~iq Rs(0) .
1 1

3 4~

The first factor (=v 3) comes from the color wave func-
tion, and the second factor is the orbital angular wave
function of S states. We obtain

I ( +'SJ 1+2)= ( +'SJ 1+2)
~

Rs(0)
~2'

12
~

W ' '( +'SJ~ 1+2)
~ ~

Rs(0)
~2(2J + 1)M

(A18)

Here M can be interpreted as the quarkonium mass.
There is an additional factor of —, for identical particles.
It is easy to extend this formula to the case of colored fi-
nal particles. Thus the helicity amplitude at threshold is
sufficient to calculate the decay width of the S-wave
states. In the special case that only one state (either 'So or
S~) can decay to the final state in consideration, the

spin-averaged cross section is enough to obtain the width.
For P-wave states there is one factor of relative

momentum, so we need the helicity amplitude up to
O(Pg ). There is no S-wave piece in the O(Pg ) term. The

factor Pg is converted to the derivative of the quarkonium
wave function. The conversion factor from the cross sec-
tion to the width is

' 1/2

(2Pg) v 3
4~

Rp(0)
1

—,
'
PgM

The factor (3/4vr)'~ is the L =1 angular wave function,
and a factor —,'PgM has been converted into the deriva-
tive. The decay width for a P wave state is thus-
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("+'P 1+2)=, ("+'P 1+2) IR'(0)I'=, 2 IPg '~ ( P 1+2)
~

iR'(0) ~'.
rrggM (2J+1)M'x x

(A19)

Again a factor of —, for identical final particles is understood.

APPENDIX B

In this appendix we illustrate the computational techniques discussed in Appendix A by explicitly calculating the de-
cays W~Z Z .

Method I. As can be seen from Eqs. (Al) —(A6), the first step in the computation involves the calculation of the
scattering matrix element WF and its derivative (8/Bq ) WF(q). W~ is the usual Feynman-diagram amplitude for a quark
with momentum Q/2+q and an antiquark with momentum Q/2 —q to scatter into the final state F (=Z Z in this ex-
ample), except that the spinor factors are removed. The Feynman diagrams contributing to QQ~Z Z are the quark
exchanges in the t and u channels and the Higgs-boson in the s channel.

For Z Z production via the t- and u-channel exchanges we have

W, +„(q)=
gz 1 p(ug —agl 5) +if —kg+ mg 1 (vg —agl 5)

L

2

2
—+q —k, —mq'

+(p~v, ki~k~) E„*(ki )e*,(k~) (B1)

while from the Higgs-boson exchange, we have

mg
s 0 — zgz p qgpv .

4mg —M~
(B2)

The derivative with respect to q of the amplitudes can now be readily calculated. For the derivative at q =0, we have

ug +ag +2ugagy5 vg +ag +2ugagy5 g Q
2 —M (2 —M )2m~ —Mz mg —Mz

2mg(vg —ag ) Q+ z z z y&y~
——kq +(p~v, k&~kq) e&(ki)E~(kq)

(2mg —Mz )

a

(B3)

0, (0)=0 . (B4)

Here k i and kz are the four-momenta of the two Z bosons, v& and a& the vector and axial-vector couplings of the
quarks as defined in the text, and mg is the mass of the quark Q. Equations (B3) and (84) are relevant only for the com-
putation of the decays of the P wave states whe-reas (B1) and (B2) enter the computation of all the decays.

The evaluation of the amplitudes (Al) —(A6) now involves a straightforward though, at times, tedious computation of
traces of products of Dirac matrices. We find that for the Z Z decays of quarkonium the amplitudes are (we list here
all the amplitudes for the Z Z decay of S- and P wave quarkonia)-

A(q —+ZZ) = 3 s()R 0
4gz (ug +ag )e„(ki)e (kz)e " Q~kz~,2 2 2 + + apPv

1 —2R, (B&)

A(g~ZZ) =— R,(0)
4gz vgagE„(k, )e*(kq)e~(Q)e " (ki —kq)~,

Mq Mq 1 —2Rz
(B6)

A(Xp~ZZ) = 3

4'~
R~(0)gz'

Mg
e*(k

&
).e*(kz)

—16(ug +ag )Rz 24(ug —ag) 3+ +
(1—2Rz ) 1 —2Rz 1 —RH

T

16Q'E (kl )Q 6 (kp) 2(vg +ag )(1—Rz)+(vg —ag )

Mg (1 —2Rz )
(B7)
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A(X)~ZZ) = 9
8m.Mg

Rp(0) 64gz z

Mz (1—2Rz )
[vg Rz —ag (T~ —Rz)]E*(k, )E&(kz)e~(Q)e ~ — k—z (88)

A (Xz~ZZ) =
AM,

Rp(0) 48gz E ~(Q) Mz
'(ug +ag ) Mz e' (ki)ep(k z)+k&akip~ (kl ) 6 (kz)

Mx (1—2Rz ) 2

+vg [Q e*.(k&)e~(k z)k&~ —Q E*.(kz)e~(k&)k&~] (89)

A(h ~ZZ) =— 9
4m.Mg,

Rp(0) 16gzzugag
[Q.e*(kz)e*(k, ) e(Q)+Q e*(k&)e(Q).e*(kz)] .

1 —2Rz
(810)

In the amplitudes (86), (88), and (810), e(Q) denotes the polarization vector of the decaying quarkonium, whereas e ~(Q)
in (89) is the polarization tensor for Xz. The amplitudes can now be readily squared to obtain the spin-averaged and
spin-summed squared matrix elements. The computation of the square of the amplitude (89) is considerably simplified
by the use of the identity (A8). The decay rates for the quarkonia can now be calculated as usual.

We now turn to the helicity amplitude method for obtaining the decay rates.
Method 2. We first consider the amplitude for the t-channel quark-exchange diagram given by

2

u (P )8 z ( ug —a g 7'5 )(P —k i +mg )E i ( ug —ga1'5 ) ll (P),
(p —k) ) —mg

(811)

where gz ——e/sint9~cosO~. The amplitude E'"' for the crossed diagram is obtained from M'" by exchange e]~e2,
k&~kz. The amplitude for the s-channel Higgs-boson exchange is

gz m&
e& ez u (P )u (p) .

2(s —MH )
(812)

This last amplitude vanishes at threshold and does not contribute to the decay of S states. (It contributes to the Po state
only. ) The t-channel amplitude can be rewritten without any approximation:

2
gz

{i[ei ezKH]+@& ezK H+2(q e& Ez.H —q ezei H)+(P e& Ez H+P ezei H)
s ( 1 —2Rz —PgPzcosO)

4ag mgu(P)eze f u(p) I—, (813)

where q=p+p=k&+kz, P=p —p, K=k& kz, [ABCD]—=e„z A B C D, and vectors H and H are given by

H"=(ug +ag )u(p)y"u(p) —2ugagu(p)y"y'u(p),

H"= —2ugagu(p)y"u(p)+(ug +ag )u(p)y"y'u(p),

which are just numbers for a fixed helicity (h, h ). The crossed amplitude is likewise

2

{i[a&ezKH] ei &2K H —2. (q E.*, Fz H q~z~*, .H)+(P—.
&&&& H+P ezra, .H)

s (1—2Rz+ fjg/3zcos6))

(814)

—4ag mg v(p )e *, e z u (p) I . (815)

Adding these two at threshold (Pg ~0,P~O) gives

2gz
i [e& ezKH] .

M (1 —2Rz)
(816)

H =(ug'+ag')2mg( —1)"+'~'Xt-, X„,
H'= —2vgag2mg( —1)"+' Xrcr'X~ .

(817a)

(817b)

Here h, h =+—,
' is the helicity of the quark (antiquark),

(Note that the sum of the last terms, ef ez uu, vanishes at
threshold. ) The vector H" in (814) reduces to

~1~2 3
4~2 azugag nL)'z'Pz'~f .

1 —2Rz
(818)

and X~ is the two-component Pauli spinor for helicity h.
We use the convention

1 0
X+ 0

L

The space components of H (817b) contribute to the
decay of the spin-triplet state. Using the Jacob-Wick con-
vention for the Z polarization vectors, we obtain, for the
S& ~ZZ amplitude,
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Here yz ——M/2Mz, nL is the number of longitudinal Z in
the final state (in this case nL ——1). The amplitude is pari-
ty violating and only the final states with

Af l

= 1(ZL ZT ) are allowed. Inserting this amplitude
(818) into the formula (A18) for the vector state

A++ ———(3—8Rz )ug + (3—4Rz )ag

Am=16Rz ug —8(1—2Rz) ag',
B++ = —s, Btx,——4 (1 —2Rz)

(822)

f'(S, ZZ)= g lM ' '(S, ZZ)l lR (0)l
4M

(819)

Pg 'M ''(P, ZZ)

4gz'
1 —2Rz

2Rz
(823)

(note a factor —,
' for identical particle is included), we can

obtain the result (4.19).
The time component of H, on the other hand, is non-

vanishing for the spin-singlet combination and gives the
'So ~ZZ amplitude

A lAP 2~2az(ug +ag )
M ' '('Sp~ZZ)= 1'z Pz&px ~i .

1 —2Rz f

(820)

The amplitude is parity conserving and contains the
ZrZT states only. The decay rate (4.18) can be readily
calculated from (810).

Finally we list the helicity amplitudes for the P states.
%'e have

Pg 'M ' '( Pp~ZZ)

-1 ~&~z 3
2~2gz' .,

Pg 'M ' '( Pz~ZZ)= 1'z C~ x
1 —2Rz

where

C++ ———2(ug +ag ),
2Rz

Cip ——Cp+ ———v 2 ug +ag
1 —2Rz

C++ ———( —,
' )' (ug +ag )

1 —2Rz
2

2 2 16Rz
2

Cpp ———( —, ) ug +4ag (1 2Rz)
1 —2Rz

Finally

Pg 'M ' '('P, ZZ)

4~2 gz' '2
1 —2Rz

ugagyzPz( —I) 'l ~I

(824)

(825)

(826)

=(—
) 5]/2 2 L 1 2 + 1 2

(1 —2R )'

where

(821) Note that only kI ——+ 1 (0) states are allowed for J= 1 (0)
decays. Various enhancement factors (or suppression in
the case of the vector coupling) may be explicitly seen in
these amplitudes.
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