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Within the framework of a particular model for meson production, we have performed a pertur-
bative QCD analysis for inclusive production of heavy mesons D, B, and T at an energy range of
20—110 GeV. At the high-energy limit, analytic calculations of total cross sections, fragmentation
functions, and angular distributions are presented. For T rnesons, all mass terms in the leading-
order perturbative calculation are included in numerical estimates. We found these terms give
20—30% corrections for D and B--meson production at V s -60 CxeV. The forward-backward
asymmetry from weak-electromagnetic interference is found to be large at KEK TRISTAN energy.

I. INTRODUCTION

The present vigorous experimental programs at the ex-
isting accelerators and at the ones under construction are
expected to subject quantum chromodynamics (QCD) and
electroweak theory to ever more stringent tests. Specifi-
cally, e+e colliders at center-of-mass energies of
vs —100 GeV will provide the opportunity to explore
many of the predictions of QCD and electroweak theory
in a clean environment and therefore they are ideal testing
grounds within their energy ranges.

In e+e annihilations, the interaction is mediated by
electromagnetic current (y) and the weak neutral current
(Z ) (Ref. 1). At typical operating energies of the Stan-
ford Linear Collider and CERN LEP, the interaction
will be dominated through a neutral current via Z pro-
duction. Furthermore, large enhancements in the value of
the cross section for e+e ~hadrons is ex ected at a Z
resonance, i.e., at a c.m. total energy of s -Mz. How-
ever, at lower energies (i.e., Ms -20 GeV), the process is
dominated by electromagnetic current and Z contribu-
tion will be negligible. The interesting region of medium
energy [e.g. , KEK TRISTAN (Ref. 4) energies] will reveal
the interference between weak and electromagnetic in-
teractions.

Related to the variation of energy in inclusive hadron
production, it is interesting to study the angular distribu-
tion of produced hadrons. At energies slightly above
threshold, the reaction is almost like a two-body exclusive
process. Therefore, the angular distribution is determined
by the helicity of the final-state hadrons. However, at
higher energies, multiparticle production dominates and
the spin correlations among produced hadrons become
unimportant. In fact, at asymptotic high energies, the an-
gular distribution of the hadron in inclusive reaction is ba-
sically determined by the quark-antiquark pair produc-
tion.

Another interesting feature of angular distribution of
hadrons come from weak and electromagnetic interfer-
ence. ' The axial-vector coupling of the Z boson to fer-
mions gives rise to asymmetry in the angular distribution.
This leads to forward-backward asymmetry which can
provide valuable information about the coupling of Z to
quarks.

In this paper, we have studied the inclusive production
of heavy mesons (mesons with at least one heavy quark
c,b, t) for the energy ranges from 20 GeV to 110 GeV.
From a theoretical point of view, heavy-meson systems
are interesting because (i) their binding energies are small
compared to their masses and therefore to a good approxi-
mation they are nonrelativistic systems described by sim-
ple wave functions (see Sec. II) and (ii) the momentum
transfer q involved in the production of heavy quarks is
sufficiently large compared to QCD scale parameter
A&CD-100 MeV. Thus, the heavy-meson system could
provide important clues related to the perturbative QCD
mechanism for the hadronization process. The proposed
mechanism we adopted in this study is the one-gluon-
exchange process as will be explained in the next section.

This paper is organized as follows. In Sec. II, we
present the details of the calculation for production of
heavy mesons. We derive analytic expressions for various
cross sections at the high-energy limit in Sec. III. The nu-
rnerical estimates of total cross. section, fragmentation
function, angular distribution and asymmetry for pseu-
doscalar mesons are given in Sec. IV, followed by a sum-
mary and conclusions in Sec. V.

II. CALCULATION OF CROSS SECTION

Our calculation is based on a particular model for
meson production. We include explicit effects associated
with the meson bound state by assuming that in the low-
momentum transfer domain, the meson wave function de-
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scribes a quark-antiquark bound state and that at large
momentum transfer the momentum dependence of the
meson wave function is controlled by the Bethe-Salpeter
kernel and thus by single-gluon exchange in the asymptot-
ic limit. The mechanism based on this idea for inclusive
production of heavy mesons is shown in Fig. l. In Figs.
1(a) and 1(b), the process is mediated via photon produc-
tion while in Figs. 1(c) and 1(d) it is mediated through the
Z boson. The main contribution from each set of dia-
grams depends on the energy regions, as was discussed in
the Introduction.

In this model, the invariant amplitude ~ at large
momentum transfer q for processes shown in Fig. 1 fac-
torizes into the convolution of hard-scattering ampli-
tude TH and meson-distribution amplitude pM. A neces-
sary (but not sufficient) condition for the factorization is
illustrated in the Appendix. Therefore, we can write M
as

~(k;,q;)= J [dx]TH(k;, q;,x;)PM(x;, q ),

(b)

kp

(c)

FIG. 1. Inclusive production of mesons in e+e annihila-
tions. Four more diagrams can be obtained by exchanging
primary- and secondary-quark pairs.

where TH is the hard-scattering amplitude which can be
calculated perturbatively from quark-gluon subprocesses,
and pM is the probability amplitude to find quarks which
are collinear up to the scale q in a mesonic bound state.
In Eq. (1), x s are the momentum fractions carried by
constituent quarks and [dx]=dx~dx25(I —x& —x2). For
the heavy-quark system, we use the bound-state wave
function determined by nonrelativistic considerations as a
further model assumption. The use of a nonrelativistic
wave function is probably not realistic, especially for
mesons in which the lighter-quark mass is comparable to
the binding energy. However, it serves as a useful guide
and one eventually hopes to use the actual distribution
amplitudes when they become available. For now, we use
the quark distribution amplitude pM, given in Ref. 7,
which is derived in nonrelativistic approximation. For
pseudoscalar mesons, PM is given by

QM(x;, q )= 5 x)—fM
2 3

m&
(2)

1 y, (p+m)~ gv(p)u(p)=
SPl11 2

(4)

for pseudoscalar mesons, the hard-scattering amplitude
TH can be expressed as

where fM is the pseudoscalar-meson decay constant and
m and m] are masses of the meson and the primary
quark, respectively. By substituting Eq. (2) into Eq. (1),
the invariant amplitude ~ becomes

m(k, ,q, ) = T„(k, , q, ,r),fM
2 3

where r =m
&
/m. Using the spin sum

16~ CFcxa,
TH= l

(1 r)s (v s ——2E, )sI
V(k2 )y"t, u (k i )

y, (p+m)
u(q2)y y (p+q2+rm)y I ~v(q~)

2
V s —2E~

y&(p+m)
u(q~ )y y I ~ I [q ~+qq+ (1—r)p]+ rm ]—y v (q, )

2
&s —2rE

+ (primary~secondary ),

where

sr ——s, sz, ——4sin 29~(s ~z +i I zMz)

r~= —1, r, = v, +w, y, ,

rr~=g, r~=v~+~~y, ,
z

with

V~ ——2I3 —4Q sin 8~, V, =4 sin 8~—1

Ag ———2I3, A, =1 .

Here I3 is the third component of the weak isospin of the
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quark coupled to Z and g is the charge of the quark. In
Eq. (5), a is the fine-structure constant, the color factor
CF 3 E and E I are energies of the meson and the pri-
mary quark, respectively, and (primary~secondary) indi-
cates the contributions from the diagrams in which the
primary-quark pair is exchanged with the secondary-
quark pair.

Now the square of the invariant amplitude ZP becomes

fM 128~ CF o. a,
12 (1—r) s (v s —2E~ )

zO

X g „L""(I,J)H„(I,J),
I J SISJ

where

L"'(I,J)=Tr(fzy&1, Q,I,y )

and
(9h

H (I J)= — Tr[[q2+(1 —r)m]y~(p —2m)(p+q2+rm)y I g(q, —rm)I gy, (p+q2+rm)(p —2m)y~I
4 I J

(v's —2E, )
P

+ Re[Tr[[q2+(1 —r)m]y~(p —2m)(p+q2+rm)y&I g(q~ rm)—4 I
(&s —2E~ )(Vs —2rE)

[q I+q2+( I ")p rm ]~gy (—p ™—y5y. I ]

1 I
2 Tr[[q2+(I —r)m]y y~(p+m)y&I g[q~+q2+(I —r)p —rm]y (qi —rm)(u's 2rE)—

Xy [Q, +qz+(1 —r)p —rm]1 gy„(p+m)yqyp] . (10)

In Eqs. (9) and (10), I,= V, —y5A, . Using Eqs. (8)—(10),
we can calculate the differential cross section for the pro-
cess e+e ~meson+ L:

d'P d'q d'q
dcT =

2s 2E 2E, 2E2 (2~)5

[4( 1 —z) +r ]y —2(2 —z) [2( 1 —z) + rr ]y

+ [2(1—z)+ rH] + r H(z r) =0 . (14—)

In the following section we will use Eqs. (8)—(13) to deter-
mine cross sections for various pseudoscalar mesons.

X5'(k, +k, —p —q, —q, ), III. CROSS SECTIONS AT HIGH-ENERGY LIMIT

where
~

Mi'
~

is the square of the spin-averaged invariant
amplitude. Utilizing energy-momentum conservation, the
differential cross section (11) becomes

do = dzdy d cos0dgd cos0MgdPMg64(2'�)

2 —2(y +z)+yz +rr
2 & 1/2 2 2 ~ ]/2(z —r') (y —r r2)

X 0(2 —y —z), (12)

der= dzdyd cos0dpMg .
1024~

(13)

where y =2E& /v's, z =2E/Vs, r =4m /s, angles (0,$)
specify the direction of the meson with respect to the
beam axis, (0Mg, pMg) determine the direction of the pri-
mary quark with respect to the meson, and the function
0(2 —y —z) is theta function. The final form of the dif-
ferential cross section can be obtained by integrating over
cos0Mg and p (integrand is independent of azimuthal an-
gle of the meson). Therefore, we get

[1—( 1 —r)z]
y& ——1 —z+

4z (1—z)

yu =1—[1—( 1 r)z]—
4z (1 —z)

(15)

Consequently, by integrating over y and using the limits
given by (15), the differential cross section becomes

27Tcx (xqfM
2 2 2

s
27 sin 20wm (s —Mz ) +I z Mz

dO

p~o dz

[1+(1 r)z]—
(1—r) (1—rz)

In this section we derive an analytic expression for the
differential cross section of Eq. (13) in the limiting case of
m /S~O. This high-energy limit is mainly applicable to
the production of D and B mesons at SLC and LEP ener-
gies where meson mass can be neglected compared to total
c.m. energy.

Let us return to Eq. (14) where its solutions represent
the limits of y integration in differential cross section of
Eq. (13). If r =4m /s «1, then the solutions of Eq.
(14) to the first order of r are

The limits of y integration satisfy the equation
cos OM~

——1, or

(1+rz)

r [1—(1 r)z]—(16)
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where

I,= —,'(V, +Vg, A, +Ag, V, +Ag, 3, )

with

(17)

(s M—,')'+ rz'Mz'
V~, = Vg, V, —4Q~, sin 2(9 p

S where

2+a a, fM S

27sin 29@ m (s —Mz ) +I z Mz

X [I g (r)+ I,g (1 —r)], (20)

M() 1 der~'=u dz
' (19)

where cr is the total cross section and is obtained by in-
tegrating Eq. (16). The result is

(18)

Here Qz, refer to primary and secondary quark charges.
Now we calculate the fragmentation function D& (z)
which is related to the differential cross section by

g ( r) = ( 10 20—r + 16r —6r + r )
ln( 1 r)— 2 3 4

r (1 r)—

+ (60—150r+146r —69r +15r ).
6r (1—r)

(21)

Therefore using Eqs. (16) and (20), the fragmentation
function defined by (19) becomes

(1 —r) (1—rz) r [1—(1 r)z]—[I ~g (r)+ I,g (1—r)], (22)

1 [1+(1 rz)]-
g(r) (1 —r) (1 rz)— (23)

where g (r) is given by (21). Therefore, the coefficient I z
which contains the information about the coupling of Z
to quarks and leptons cancels and the fragmentation func-
tion becomes exactly what was calculated in Ref. 5 based
on only photon exchange. One can easily see that Eq. (23)
has the z dependence

D(z) cc
(1—r)z (1—z)

(1 rz)—
if r is close to 1. This becomes 6(1 —z) when r=l and
has 1/(1 —z) behavior near z= 1, which is consistent
with a general theorem for the r=1 case derived by
Oliensis using (P )6 field theory. However, if r is not ex-
actly one, as in the case of charm and bottom quarks, our
results become D(z) —(1—z) as we discussed above. The
fragmentation function as given by Eq. (23) peaks' at
z~,k-l/(5 —5r+r )' For D m.esons z~„k-0.8 while
for B mesons z~,k-0.9. For T mesons (tu), z~„k ap-
pears very close to 1 and the fragmentation function
behaves like a delta function.

The analytic expressions for angular distribution of
produced mesons can be calculated using the same tech-
nique. The result is summarized as

where I"z, is given by Eq. (17).
It is interesting to note that even though experimental

data from SLC or LEP are not yet available, but the mea-
surements of fragmentation functions of heavy quarks at
SLAC PEP or DESY PETRA indicate (1 —z) behavior
at large-z values, i.e., z close to 1. This is precisely what
is predicted by Eq. (22). Furthermore, at r values near 1

(but not exactly 1), e.g., for D and B mesons, the contribu-
tions from the secondary-quark pair (light-
quark —antiquark pair) in Eqs. (16) and (20) become negli-
gible and we get

do aa, fM
2 2 2

d cosO sin 28~[(s —Mz ) +I z Mz ]s m

Fp + (primary~secondary)
(1 —r)

(24)

IV. NUMERICAL ESTIMATES

In this section, we present the numerical estimates of (a)
total cross section, (b) fragmentation function, (c) angular
distribution, and (d) forward-backward asymmetry. As
can be seen from Eq. (8), there are several factors for
which there are no accurate experimental data. For exam-
ple, the meson decay constant fM is not known for all
cases we are considering. In our numerical results we
used the values

a, =0.2, fM ——0.28 GeV, I z —2.9 GeV,

m, =40 GeV, mb ——5 GeV, m, =1.5 GeV,

m„=0.3 GeV, Mz ——92.9 GeV, sin 0~ ——0.23 .

(26)

A. Total cross section

For D and 8 mesons, the total cross section at high
c.m. energies (v's & 60 GeV) is given by the analytic re-
sult of Eq. (20). The contributions due to the nonzero
value of r (higher-twist mass effects) are not very large
and we found these corrections to be about 20—30% (see

where F~ is a function which has the general form of

Fp Co +C ]cosg +C2 cos 0 (25)

The coefficients C s are functions of r and couplings V~,
3&, etc. The exact form of Fz will not be presented here
because of the lengthy expression; however, the predic-
tions of Eq. (24) will be examined in the next section.
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Secs. IV B and C). However, for T mesons, r is no longer
small and the contributions from these terms cannot be
neglected. Consequently, in this case, all mass terms must
be included in the predictions.

The total cross sections for D and B mesons, are
predicted by Eq. (20), are shown in Figs. 2(a) and 2(b). At
the Z pole, i.e., vs =92.9 GeV, the total cross section
peaks and increases by approximately two orders of mag-
nitude compared to v's =60 GeV. The fact that the cross
sections in Figs. 2(a) and 2(b) are not decreasing around
~s=60 GeV is due to the contributions from Z ex-
change. This effect should be observable at TRISTAN
energies. For lower energies, this contribution becomes
smaller as compared to higher-energy cases. Therefore,

photon exchange dominates and the cross section de-
creases as 1/s. This I/s behavior is also recovered once
the energy ~s &)Mz. In Fig. 2(c) we have shown the to-
tal cross section of the T meson which includes a11 mass
terms. In this calculation we used the algebraic-
manipulation program REDUCE and the Monte Carlo in-
tegration routine vEGAs. " As we see from Fig. 2(c), at
Z pole the T(tu) meson total cross section is approxi-
mately the same order of magnitude as 8 (bu ) and D(cu )

mesons. Consequently, we expect a large contribution
from the T meson in direct hadronic production channels
at SLC and LEP.

B. Fragmentation function

Since the fragmentation function is defined by the ratio
of two cross sections, i.e., D(z) =—( I/o. )do/dz, the correc-
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FIG. 3. (a) Charm and (b) bottom fragmentation predictions
Eq. (22), compared to various experimental data (Ref. 10). The
solid curves in (a) and (b) are pseudoscalar mesons and the
dashed curves are vector mesons.
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cose

tions due to higher-twist mass effects are negligible. The
leading-twist calculation of fragmentation function was
presented in Sec. III where we derived an analytic expres-
sion for D(z) given by Eq. (22). As we mentioned in Sec.
III, for r close to 1, the fragmentation function is in-
dependent of the nature of exchanged particle (i.e., y, Z,
or both) and is only a function of z. In Figs. 3(a) and 3(b)
we have compared the predictions of Eq. (22) with the ex-
perimental data. ' They are in reasonable agreement with
the data for c- and b-quark fragmentation functions.
These calculations can be easily extended to vector
mesons and the results are shown by dashed curves in
Figs. 3(a) and 3(b). For the family of T mesons (tu, fs,
etc.), the value of r is very close to 1 and due to mass
threshold, the expected kinematic range of z for D~ (z) is
quite reduced to z = 1. In fact, to a good approximation,
it can be considered as D(2 (z)-5(z —z~„k), where z~,k is
nearly 1.

The differential cross section dcrldz for B mesons is
shown in Fig. 4. The solid line represents the calculations
with all the mass terms included, while the dashed line is
the prediction of the analytic expression (16). From Fig.
4, it is observed that higher-twist mass effects in average
account for corrections of approximately 20—30%.

o
O

b
D

I.O
—

I 0
COS6)

ergies. As we see from Fig. 5(a), the angular distribution
of B meson at vs =11 GeV is almost flat (notice the
scale). In fact, near threshold, the process is dominated
by two-body exclusive production and the angular distri-
bution is effected by the spin correlations between the two
produced mesons. Since we require one of the produced
mesons to be a pseudoscalar, the other meson is most like-
ly a pseudoscalar or a vector. Therefore, the net angular
distribution, which is a combination' of sin 0

T meson

FIG. 5. Angular distribution of B ( bu ) meson at (a) V s = 11
GeV, (b) V s =29 GeV, (c) Ms=60 GeV, (d) Vs =80 GeV, (e)
Vs =90 GeV. The solid curves in (a), (b), and (c) are the nu-

merical estimates with higher-twist mass effects. The dashed
curve in (c) and the solid curves in (d) and (e) are predictions of
Eq. (24).

C. Angular distribution

At low energies (e.g., vs =20 GeV), the angular distri-
bution of B mesons is expected to have a general form like
a+b cos 0. In other words, at these energy ranges the
contributions from axial-vector coupling due to Z ex-
change are negligible and the angular distribution is sym-
metric. As the energy increases, the axial-vector coupling
makes larger contributions and the angular distribution
gradually becomes asymmetric and behaves like
A +Bcos8+ C cos 8 [see Eq. (24)]. This property is
clearly shown in Figs. 5 and 6 where we have plotted an-
gular distributions of B and T mesons at various c.m. en-

1.8 —~s =85 GeV

O
X

25
D
X

~ 1.4
O

b

1.0
—

I 0
cos8

~ 2.0
D
C3

b

0
cos8

FIG. 6. Angular distribution of T (ru ) meson at (a) V s =85
GeV, and (b) V s =92.9 GeV with higher-twist mass effects.
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(pseudoscalar-pseudoscalar) and 1 +cos I9 (pseudoscalar-
vector), shows very small variation in the entire range of
cosO. This threshold behavior is also observed for T-
meson production as shown in Fig. 6(a). However, as en-

ergy increases, angular distributions become more concave
because multiparticle channels give larger contributions.
This behavior is observed in both Figs. 5 and 6 for B and
T mesons, respectively.

AFB

1.0

0.5

0

D. Forward-backward asymmetry
-0.5

As we discussed in Sec. IV C the interference between
vector and axial-vector currents give rise to asymmetry in
angular distributions at high energies. This interference
arises from y and Z cross diagrams or from the product
of vector and axial-vector coupling terms in Z diagrams
alone. The latter contribution is generally negligible due
to the very small magnitude of the vector coupling of Z
to leptons. Therefore, the main contribution to the asym-
metry is coming from weak-electromagnetic interference
terms.

To measure asymmetry, the forward-backward asym-
metry AFz is defined as

1 ' do.
A~s = — f d cos6) —J d cosO . (27)

dO
0. o d cosa —i d cosL9

I.O

~FS

0.5

0

D

-0.5

—l.0
25 50

I

75
(GeV)

I

IOO

FIG. 7. Forward-backward asymmetry for inclusive D- and
B-meson productions.

The asymmetries for D, B, and T rnesons are shown in
Figs. 7 and 8. Since the photon diagram is dominant at
low energies, the asymmetry is very small near the thresh-
old of D and B meson production (see Fig. 7). However,
for 50 & V's /CreV & 80, the interference between y and Z
gives a significant contribution to the process. Conse-
quently, at TRISTAN energies, the asymmetry is expected
to be large. At the Z pole, the photon contribution is
negligible and as a result the asymmetry becomes very
small. For higher energies, photon contributions cannot
be neglected. In fact, the asymmetry reaches a constant
value at asymptotic high energies (v's »Mz ).

One of the interesting features of Figs. 7 and 8 is the
mass effect. Comparing these figures, we note that the

—i.o
80 90

i

F00
Js (GeV)

I IO

FIG. 8. Forward-backward asymmetry for inclusive T-

meson production.

form of the asymmetry of the T mesons around the Z
pole is quite different from that of D and B mesons. This
is basically due to the large t-quark mass compared to c
and b quarks, which causes the higher-twist mass effects
to be much more significant for T mesons than D or B
mesons. The same behavior can also be observed in the
angular distribution of B and T mesons (see Figs. 5 and
6).

V. CONCLUSIONS

In the preceding sections we analyzed the inclusive pro-
duction of pseudoscalar heavy mesons in e+e annihila-
tion based on a particular model. There are many sources
of power-law (1/Q ) corrections' to the leading-order
perturbative calculation. Our calculation includes one
class of such corrections by taking into account higher-
order r =4M /s terms (hig—her-twist mass effects). For D
and B meson production, the higher-twist mass effects
give 20—30% corrections at total c.m. energy of about 60
GeV. Even at v's —20 GeV, these corrections are still
less than 50%. On the other hand, for T-meson produc-
tion, these effects are quite significant within the energy
range we are considering and must be included in the
analysis.

Our predictions for the normalization of the cross sec-
tions depend on parameters which are not yet well deter-
mined. However, the predictions for fragmentation func-
tions and forward-backward asymmetry are relatively in-
dependent of uncertain input parameters. The analytic
expression (22) for the heavy-quark fragmentation func-
tion gives a reasonable agreement with the experimental
data for D and B mesons. The measurement of the
forward-backward asymmetry at energies slightly below
Z production will provide a good opportunity to test the
prediction of higher-twist mass effects in T-meson pro-
duction, as well as the interference between weak and elec-
tromagnetic currents.

Finally, as we mentioned in Sec. II, the underlying
mechanism for hadronization of quarks is one of the in-
teresting problems that will be studied at high-energy col-
liders using heavy-hadron systems. The one-gluon-
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exchange mechanism of Ref. 6 which we employed in
these calculations is one of the processes that can be tested
at those colliders. Once the data become available, then
we can see the contributions of higher-order diagrams, or
nonperturbative effects to the processes we considered in
this study.
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APPENDIX

A necessary condition for the factorization of the in-
variant amplitude given by Eq. (1) is that the exchanged

gluon momentum is much larger than the QCD scale pa-
rameter A-100 MeV. In the exclusive meson and an-

timeson production process, the momentum transfer is
fixed by (1—r)v s. However, in the inclusive process, it
is not fixed because of the phase-space integration. In this

Appendix, we give an estimate to the possible minimum
momentum carried by the gluon in Fig. 1.

The upper and lower limits of the phase-space integra-
tion are given by Eq. (15) in Sec. III. The momentum
transferred by the gluon is given by v'(1 —r)(1 —y)s and
the nonvanishing contribution comes from the upper limit
of y integration. Consequently, the momentum transfer
exchanged by the gluon depends on the z variable.

By differentiating the gluon momentum transfer with

respect to z, one can obtain the minimum momentum car-
ried by the gluon is given by 2(1 —r)M (M is the meson

mass) at z =1/(2 —r). This value becomes larger as the
meson mass becomes larger. In the case of D-meson pro-
duction, 2(1 —r)M-600 MeV which is still larger than
A-100 MeV.
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