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We obtain exact solutions for the continuum limit of the lattice Schwinger model, using the La-
grangian formulations of the Wilson, “naive,” Kogut-Susskind, and Drell-Weinstein-Yankielowicz
(DWY) lattice fermion derivatives. We examine the mass gap, the anomaly, and the chiral order pa-
rameter {(1/). As expected, our results for the Wilson formulation are consistent with those of the
continuum theory and our results for the “naive” formulation exhibit spectrum doubling. In the
Kogut-Susskind case, the U(1) anomaly is doubled, but () vanishes. In solving the DWY version
of the model, we make use of a proposal for resumming perturbation theory due to Rabin. The La-
grangian formulation of the DWY Schwinger model displays spectrum doubling and a mass gap
that is V2 times the continuum one. The U(1) anomaly graph is nonvanishing and noncovariant in
the continuum limit, but has a vanishing divergence. The chiral order parameter (¢¥) also van-

ishes.

I. INTRODUCTION

The formulation of a Lagrangian for spin-5 fields on a
lattice has long been a problematical topic in quantum
field theory. Difficulties arise in the attempt to define a
lattice Lagrangian that mimics the properties of the clas-
sical (unregulated) continuum Lagrangian. In particular,
inconsistencies occur when one attempts to construct a
lattice action that is (1) chirally symmetric, (2) contains
the correct number of fermionic degrees of freedom in the
continuum limit, and (3) correctly reproduces the continu-
um chiral anomaly. As we shall see later, these properties
are not independent. Most attempts to define a lattice
theory of fermions sacrifice one or more of these proper-
ties: ‘“naive” fermions arise from a chirally symmetric
Lagrangian, but they lead to spectrum doubling and, as a
consequence, a vanishing anomaly in the continuum limit;
the Lagrangian for Wilson' fermions contains the correct
number of fermionic degrees of freedom, but explicitly
breaks chiral symmetry; the Kogut-Susskind? formulation
preserves only a remnant of the complete chiral symmetry
and results in spectrum doubling, though with only half
the number of species of the “naive” theory. Moreover,
there exist ‘“no-go” theorems,’~° which state, with certain
caveats, that it is impossible to introduce any field theory
regulator, lattice or otherwise, that satisfies all three of
the above properties.

Perhaps the most controversial lattice fermion formula-
tion is that due to Drell, Weinstein, and Yankielowicz
(DWY). This formulation has been discussed extensively
in the literature,® and recently some variations on the
basic idea have been proposed.” In the DWY fermion
prescription, the lattice Dirac operator in momentum
space is identical to the continuum operator within the
Brillouin zone. However, owing to the lattice periodicity,
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the operator is singular on the zone boundary. As a
consequence, the DWY Dirac operator is nonlocal in con-
figuration space, and so evades some of the no-go
theorems. Originally, the DWY derivative was proposed
for use in a Hamiltonian setting.” In this paper, we inves-
tigate instead an extension of the DWY proposal to the
Lagrangian case, which has been discussed by Rabin.'® It
has been claimed!'® that the DWY Lagrangian satisfies
properties (1)—(3), but in general the applicability of the
no-go theorem of Ninomiya and Tan is still a matter of
controversy.” One-loop calculations using the DWY for-
mulation in four dimensions indicate that it does not
satisfy property (3) above!! and that its singularities lead
to nonlocal expressions and nonrenormalizable diver-
gences in the vacuum polarization.lz However, Rabin!®
has suggested that these difficulties in weak-coupling per-
turbation theory are the result of a spurious finite-order
expansion in powers of the coupling constant. He pro-
poses a partial resummation of the perturbation series,
with the aim of regulating the DWY singularities and ob-
taining a well-defined expansion with the properties
(D—(3).

Our strategy in this paper is to examine the behavior of

various lattice formulations for spin-+ particles in the

2
context of a completely soluble model. In particular, we
study electrodynamics in 1 + 1 dimensions (the Schwinger
model'?), which is well known to be exactly soluble in the
continuum.’3~1!®  We find that the lattice Schwinger
models are also exactly soluble in the continuum limit to
all orders in perturbation theory. In the case of the DWY
version of the model, we find that it is most convenient to
make use of the resummation procedure of Rabin to ob-
tain the solution. For each lattice version of the Dirac
operator, we calculate the mass gap (mass of the lowest-
lying vector particle in the spectrum), the chiral anomaly,
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and the vacuum expectation value of the chiral order pa-
rameter {Yy). For the naive, Wilson, and Kogut-
Susskind Lagrangians, our results are consistent with the
behavior expected on the basis of perturbation theory—in
all cases in which this behavior was previously known. In
the case of the DWY derivative, we find spectrum dou-
bling, a vanishing anomaly, a vanishing vacuum expecta-
tion value for (Y1), and a noncovariant axial-vector
current.

The remainder of this paper is organized as follows.
Section II is in the nature of a review in which we intro-
duce the rudiments of chiral symmetry and spectrum dou-
bling on the lattice, the no-go theorems, the DWY formu-
lation together with Rabin’s resummation prescription,
and the solution of the continuum Schwinger model in
all-orders perturbation theory; in Sec. III we present the
solutions of the lattice Schwinger model for the Wilson,
naive, and Kogut-Susskind cases and also discuss the solu-
tion for a generic form of the Dirac operator on a lattice;
in Sec. IV we carry out Rabin’s resummation procedure
and use it to obtain the solution of the DWY version of
the Schwinger model; finally, in Sec. V we discuss the in-
terpretation of our results and their implications with re-
gard to the no-go theorems and possible formulations of
the lattice fermionic action.

II. REVIEW
A. Lattice derivatives and chiral symmetry

It is well known that the straightforward transcription
of the Dirac operator to the lattice, which entails the re-
placement of derivatives with finite differences, leads to
the phenomenon of spectrum doubling. That is, in d
space-time dimensions, the continuum limit of the lattice
theory describes 2? fermion species instead of just one.
The occurrence of these extra species is easy to understand
in terms of the zeros of the derivative function in momen-
tum space. In general, the Fourier transform of the lattice
derivative operator D, (p) must have the following proper-
ties: (1) D,(p) must be a periodic function of p with
period 2m/a, where a is the lattice spacing; (2) D,(p)
must posess the correct continuum limit [D,(p)—p, as
a—O0 for fixed p,]. Property (1) follows from the nature
of the discrete Fourier transform. Property (2) guarantees
that the lattice dispersion relation for a fermion of mass
m,

EzzztDuz(pH—m2 for p, <m/a , 2.1
u

has the correct continuum limit. If a further restriction
of continuity in p is also imposed, then periodicity implies
the presence of at least one additional zero in D, (p) for
some p,50. Assuming that D,(p) is analytic, then near
each zero of D,(p) Eq. (2.1) becomes the continuum
dispersion relation, E2=p2+m?. Hence, these additional
zeros are seen to correspond to extra species in the fer-
mion spectrum.

The simplest transcription of the continuum derivative
to the lattice is the so-called “naive derivative,” which, in
momentum space, is given by

D,’Y(p)z %sinp#a . (2.2)

In Eq. (2.2) note the presence of the additional zero cross-
ing, which occurs at p, = +7/a. Consequently, in two di-
mensions Eq. (2.1) has four minima at (py,p,)=1(0,0),
(0,7m/a), (7 /a,0), and (7 /a,7/a). The chiral symmetry of
this theory is manifest at the classical level and remains
unbroken at the quantum level because the chiralities of
these extra species are such that the anomaly vanishes.

The Wilson derivative escapes the doubling problem en-
tirely by decoupling the extra species in the continuum
limit. This is achieved by introducing an extra
momentum-dependent ‘“mass” term proportional to
(l/a)sinz(p#a /2) which vanishes in the continuum limit
for any finite p, but gives the extra species at p,=m/a a
mass proportional to 1/a. Unfortunately, this solution of
the doubling problem leads to a Lagrangian that is not
chirally symmetric. This may seem to contrast with the
continuum theory, in which the Lagrangian is manifestly
chirally symmetric. Bear in mind, however, that, in order
to obtain a well-defined continuum theory, one must in-
troduce a regulator. The usual choices of regulators break
the chiral symmetry.

The Kogut-Susskind derivative reduces the degree of
doubling by thinning the fermionic degrees of freedom so
that only one component of the Dirac spinor lives at each
lattice site. It turns out that this is equivalent to associat-
ing the extra species with a flavor degree of freedom and
amounts to adding a mass term that is proportional to a
flavor matrix. The remaining spectrum doubling now
occurs in flavor space. There is a corresponding remnant
of chiral symmetry involving chiral rotations about one of
the flavor axes. It guarantees the vanishing of the flavor-
nonsinglet axial anomaly, but does not rule out a flavor-
singlet [U(1)] anomaly.

Another alternative is to choose D,(p) to be equal to
the continuum derivative within the first Brillouin zone.
Such an approach was taken by Drell, Weinstein, and
Yankielowicz’ (DWY), who proposed the following lattice
derivative:

D™ (p)=p, forp,<m/a . (2.3)

Since D, (p) must be periodic with period 27 /a, the DWY
derivative necessarily has discontinuities at p,, =t /a, as
shown in Fig. 1. Furthermore, owing to the presence of
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FIG. 1. The DWY derivative function in momentum space.
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these discontinuities, the derivative is highly nonlocal in
position space. The lattice action that results from the
DWY derivative is formally chirally invariant.

The approach to the continuum limit in the DWY lat-
tice theory has been a topic of some controversy. In par-
ticular, the mass spectrum and the value of the chiral
anomaly have been discussed extensively in the literature
for both the Hamiltonian® and the Lagrangian'® versions
of the theory. The results of Karsten and Smit in weak-
coupling perturbation theory have also contributed to this
discussion. Their calculations of the one-loop vacuum po-
larization'? and the triangle anomaly!! for lattice QED
with DWY fermions showed that these graphs are nonlo-
cal, not Lorentz covariant, infrared (IR) singular, and
contain extra, nonrenormalizable ultraviolet (UV) diver-
gences. Subsequently, Rabin'® suggested that these prob-
lems did not represent an inherent difficulty with the
DWY formulation, but rather, a failure of the perturba-
tive expansion. He argued that a selective resummation of
the perturbation series would render the graphs well
behaved in both the IR and UV regions. In effect, the
theory would provide its own cutoff, and the singularities
in the DWY derivative would be smoothed out. Rabin
conjectured that this procedure would be sufficient to en-
sure a well-behaved expansion to all orders in perturbation
theory and would lead to the correct fermion spectrum
and the correct anomaly in the continuum limit.

The quest for a chirally symmetric lattice theory with
an undoubled spectrum and the correct anomaly has led
to a number of no-go theorems.’~¢ It is well known for
continuum field theories'’ that it is impossible to main-
tain both the gauge and chiral invariances in the presence
of a regulator. A similar result for lattice theories was ob-
tained by Nielsen and Ninomiya.’ Their result states that
it is impossible to construct a regularized chiral fermion
theory with the following properties: (1) global gauge in-
variance; (2) different numbers of right- and left-handed
species; (3) the correct anomaly; (4) local interactions; and
(5) an action bilinear in the fermion fields. Karsten and
Smit® reached similar conclusions within the context of
weak-coupling perturbation theory. Finally, Ninomiya
and Tan® have given very general topological arguments
which do not rely on assumptions about the form of the
lattice action. They also conclude that a lattice theory
with a continuous chiral symmetry and a correct anomaly
is impossible. All of the results extant in the literature for
the naive, Wilson, and Kogut-Susskind lattice formula-
tions are consistent with the above theorems. Owing to
the nonlocality of the DWY derivative, that lattice formu-
lation evades some of the earlier no-go theorems. Howev-
er, the theorem of Ninomiya and Tan would seen to ap-
ply, and, indeed, the results of this paper support their
conclusions.

B. The continuum Schwinger model

The exact solution of the continuum Schwinger model
has been known for many years and has been discussed
extensively in the literature.!>~!%!® We review here the
main features of the perturbative method for obtaining
the exact solution, with particular emphasis on the mass
gap, the anomaly, and the expectation value of the chiral-

symmetry order parameter (#). Note that throughout
this paper we indicate all sums over indices explicitly.
That is, we do not make use of a summation convention.
We also choose to work in the Euclidean metric in order
to be consistent with the lattice calculations that will be
presented in Secs. IIT and IV.

1. The Ward identities

In order to facilitate the discussion, we introduce the
vector and the chiral Ward identities. Consider the
fermion—gauge-boson vertex ¥, (p,l), where p and I
denote the incoming fermion and gauge-boson momenta,
respectively, and m denotes the fermion mass, which will
eventually be set to zero. By rewriting 7 as
(p+¥+m)—(p+m), we obtain the well-known Feynman
identity

S[.(p +1) 2 l,u V#(p,l)Sp(p)
n

1

1
= stltm (—e)(p+t+m)—(p+m)]——

P+m
=(—e)[Sp(p)—Sr(p +D], (2.4)
where
1
S =
r(p) ptm (2.5)

is the Feynman propagator for the fermion field. Hence,
the contraction z# 1,Vu(p,D) can be rewritten as the
difference of two scalar vertices with the fermion propa-
gators canceled on the left- and right-hand sides, respec-
tively. This is shown graphically in Fig. 2, where the ar-
rowhead on the incoming gauge boson denotes the
momentum contraction, the open circles denote scalar in-
teractions, and the slashes on the fermion lines denote the
cancellation of the propagators. A similar result can be
derived for the axial-vector vertex VZ(p,l ), which we ob-
tain by making the replacement

Yu—VuYVs

in the corresponding vector vertex. Throughout this pa-
per we use the convention that y5 appears on the right-
hand side (RHS) of a vertex with the fermion momentum
flowing from right to left. We use a 5 to denote the axial
vertices in Feynman diagrams and algebraic expressions.
The Feynman identity for the axial-vector vertex is ob-
tained by rewriting /ys as

p+i P

FIG. 2. Graphical representation of the vector Ward identity
for the lepton-photon vertex. As explained in the text, the ar-
row indicates the contraction of the photon momentum into the
Lorentz index of the vertex, the open circle indicates a scalar
vertex (—ey,— —e), and the hash marks on a propagator indi-
cate that the propagator is canceled.
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1 1
Sk(p +1)§ I, VZ(P,I)SF(IJ)= m(—e)[(p+l’+m)y5+y5(ﬂ+m)—2m7/5]IH_m

Equation (2.6) is depicted in graphical form in Fig. 3.

2. The mass gap

The mass gap for the case m=0 is easy to calculate
once it is realized that all graphs which contain fermion
loops with more than two photon vertices vanish. The
most general proof of this result relies on the vector and
axial-vector Ward identities established above. Let
LCp o oopyli, ..., Iy) denote the graph shown in Fig. 4

with N incoming photons carrying moments /,...,Iy.
The photons are labeled in a clockwise fashion around the
loop. Similarly, le"'w(ll’ ...,1ly) denotes the analo-
gous quantity with an additional 35 coupling at the
M1y, vertex. For N>2, each of the graphs
Ty ooouy s oo dy)or Tp oy (L, .., Iy) is absolutely
convergent and hence requires no regulator. The complete
set of Feynman graphs in a given order consists of a sum
over all distinct permutations of the photon connections.
This set of graphs can be decomposed into disjoint subsets
labeled according to the relative positions of photons 2
through N. All of the graphs in a given subset are ob-
tained by summing over all connections of photon 1. Let
us consider one such subset

L,...= 3 T,..

Hy
connections

= Fl‘ll‘z BN

T PR SUREE o X )

The same rearrangement may also be performed on the
corresponding axial graph I‘Zl o= conmections | D
Now we contract these sums over connections with the
external momentum /;. Provided that one can make a fi-
nite shift of the loop momentum, it can be shown by re-
peated application of Egs. (2.4) and (2.6) that

> )y Ly =0, (2.8a)
!

S ()T, ... =0. (2.8b)
[

p+lf 5 p 5 5 5

R S A

FIG. 3. Graphical representation of the axial-vector Ward
identity for the fermion-axial photon vertex. As explained in
the text, our convention is that the ys appears on the side of the
vertex into which the fermion momentum flows. The remaining
diagrammatic symbols have the same meaning as in Fig. 2.

These finite shifts of loop momentum are valid for N> 2,
since the individual terms obtained from the application
of Egs. (2.4) and (2.6) are, at worst, logarithmically diver-
gent. Note that Eq. (2.8b) holds only in the case of mass-
less fermions. In two dimensions the y matrices satisfy
the additional useful relationship

Yu¥s=— 2 €l > (2.9)
v
where we have used the conventions {y,,7,}=—28,,,
Ys=vYoY1, and €5;=1. Hence,
.. =—3e,.l,..., (2.10)
and Egs. (2.8a) and (2.8b) become
(11)01‘0..4-‘}-([1)11‘1..‘:0, (2.11a)
(ll)orl...—(ll)lrou.zo. (211b)

Since the momentum [/, is arbitrary, the only solution to
Egs. (2.11a) and (2.11b) is

r,. . =0.

- (2.12)

That is, since the divergence and curl of I‘#].‘. vanish,

[, ... itself must vanish. This completes the proof.

Note that it is possible to join up two or more of the in-
coming photons and dress them up in any desired way
without altering the above conclusions. The only graph
which evades the preceding analysis is the vacuum-
polarization graph I1,,(/) depicted in Fig. 5(a). Since this
graph has only two external legs and no internal photon
lines, the loop integral is superficially logarithmically
divergent. The separate terms resulting from Egs. (2.4)
and (2.6) are then linearly divergent, so that a shift of the
loop momentum changes the value of the integral. The
introduction of a regulator that renders the graph finite

FIG. 4. A fermion loop with N attached photons. The u; are
the Lorentz indices of the vector vertices, the /; are the external
photon momenta, and k is the loop momentum.
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necessarily breaks either gauge invariance or chiral invari-
ance.!” Hence, either Eq. (2.8a) or (2.8b) is no longer true
and the proof fails.

In order to evaluate I1,,(/) we must, therefore, select a
scheme for regulating the loop integral. We choose the

Pauli-Villars method because the resulting expressions are

J

d?k 1 1
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very similar to the ones that ultimately arise in the lattice
calculations presented in Secs. IIT and IV. This method
entails subtracting from the original integrand a quantity
obtained by replacing the fermion mass m with a regula-
tor mass M [see Fig. 5(b)]. Eventually, we take M — 0.
Then, the regulated vacuum polarization is given by

1 1

I (,m)= lim (—e?) |

M— o

where the notation follows that of Fig. 5. Note that since
M is assumed to be large, we may neglect / in the denomi-
nator of the second term of Eq. (2.13). Combining
denominators by using Feynman parameters and discard-
ing terms that are odd in k, or k|, we obtain an expres-
sion that is finite in the M — o limit. In fact, the expres-
sion is independent of M. As usual, the constraint of
gauge invariance has resulted in the cancellation of the
most divergent terms in the amplitude. Thus, the
Schwinger model requires no renormalization. The
remaining expression consists of elementary integrals,
which we evaluate for m =0 to obtain

Y,0=— < |s _luly
pyviHVI= T Oy 12
2
e
=—~;G,W (2.14)

We can obtain the complete photon propagator with
external legs amputated (the current-current correlation
function J,,) by summing to all orders the series of
graphs shown in Fig. 6:

—e? 21 G
e —e uv
= GI“’+ ' 12
2 2
e /
=—G,, 5 . (2.15)
T M rel/n

Hence, we have recovered the famous result that the
Schwinger model with a single massless fermion contains

k+42 k+4

V] [ ) N Niw@mw
k m k M
(a) (b)

FIG. 5. (a) The Feynman graph that gives the vacuum-
polarization contribution in the continuum Schwinger model
and (b) the corresponding Pauli-Villars subtraction.

(27)? r k+V+m Vu k+m Vv

Yv > (2.13)

Tkt M M

I

a massive vector particle with a mass e /V/7.

The N; flavor model has also been studied extensive-
ly."* In general, the particle spectrum is more complicat-
ed and, in the case where the fermions are allowed to have
masses, no solution of the model exists for any value of
Ny. Restricting the fermions to zero mass, one can clear-
ly form N fz massless scalar states. Because each flavor
can contribute equally to the vacuum polarization, the
vector mass is \/—I—V—fe /Vr. In general, if the vacuum po-
larization is of the form

ez lylv
N, (D=Ny | —— |8, — 2 , (2.16)
then the mass gap is given by
u:\/“Nn% . (2.17)
T

3. The anomaly

The anomaly is the divergence of the amplitude
A,,(1,0) that one obtains by making the replacement
Yu—YuVs in I1,,(,0). As in the case of the vacuum po-
larization, A4,,(I,m) is not defined until it is regulated.
Again we choose a Pauli-Villars scheme. The regulated
quantity is represented by Fig. 5, except that ys’s are to be
inserted, as previously described, to the right of the yu's at
the vertices with index p. The details of the computation
are almost identical to those given in Sec. II B2 for I,
Taking m =0, we obtain

ATV (0=
v (4, = | B (2.18)

Bt

The anomaly is then

S LAY L= Le,, . (2.19)
u u

s O+ s+ Ol O O -

FIG. 6. The geometric series of vacuum-polarization bubbles
that gives the current-current correlation function J,,,.
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O+ s + s @Do o (o + -+

FIG. 7. The expansion of G (x,0) according to the number of
complete photon propagators. The dots on the wavy line indi-
cate the complete propagator K ,.

4. ()

The expectation value of the chiral order parameter
() has been calculated both directly, in the fermionic
version of the model,'® and indirectly, in the bosonized
version.!* Note that i1/ has zero expectation value in the
perturbative vacuum. However, it is possible to compute
perturbatively the expectation value of ¥ in the nonper-
turbative vacuum by considering the four-point function
G (x,0) defined by

G (x,0)={0| %(x)(x)h(0)h(0) | 0) ,

where |0) denotes the perturbative vacuum. At large x,

G (x,0) can be related to the expectation value of ¥ in

the nonperturbative vacuum:
lim G (x,0)=+ | () |*.

X —> o0

(2.20a)

(2.20b)

The details leading to Eq. (2.20b) are given in the Appen-
dix.

We now present the perturbative calculation of G (x,0).
The lowest-order diagrams which contribute to G (x,0)
are shown in Fig. 7. The vector interactions at the photon
vertices may be rewritten as pseudoscalar interactions by
making use of some special properties of two-dimensional
gauge theories. Consider the case of a complete photon
propagator K, (/) connecting two fermion lines, as shown
in Fig. 8. By using the two-dimensional expression for
the transversality projector,

11, —€ualalpep,
S,y B C% 2 , (2.21)

we can rewrite K, (/) in the Landau gauge as

K(2£)

5

FIG. 8. Graphical representation of Eq. (2.24), which gives
an equivalent expression—valid in two dimensions—for the
complete photon propagator in the Landau gauge.

where

1

— (2.23)
IX(1*+p?)

K=

Including the vector interactions at the vertices and mak-
ing use of the y-matrix rearrangement of Eq. (2.9), we
find that

2 7’y®7/vav(l): - E Yueya1a®lﬁeﬁv7’vK(l)
uw,v

mv,a,B

=X Lyuys®Ly,ysK() . (2.24)
n,v

Hence, each photon propagator and its accompanying ver-
tices may be replaced with a modified photon propagator,
whose momentum dependence is K (/), and accompanying
axial-vector vertices, whose Lorentz indices are contracted
with the photon momentum indices. This is illustrated
graphically in Fig. 8. The minus sign on the RHS of the
figure arises because the photon momentum ! flows into
one vertex and out of the other vertex. The point in per-
forming these manipulations is that we can now simplify
the calculation by applying the axial-vector Ward identity,

K, ()= — Lty 1 Eq. (2.6) to the diagrams of Fig. 7. The result is shown in
K " 12 | P4pu? Fig. 9. Note that in these diagrams the momentum
1 dependence of the photon propagator with momentum k
=— €ualal Bepvm is given by K (k) and the vertices are now scalar vertices,
@B K the ¥ matrices having been removed by the Ward identity
=— 3 €ualalpep K (D), (2.22) rearrangement. Evaluating the diagrams in coordinate
a,B space we obtain
|
G (x,0)=Tr[Sp(x)]*{1+4e}[K(0)—K(x)]+ - - - }
~ dlk Il_eik‘xlz 1
=Tr[Sp(x)]? [142e? =——[14+P(x)---
r(x] f 2m)? kX k*+4u?) 2mx? [1+P(x) 1. (2.25)
where the tildes denote Fourier transforms. The series exponentiates and hence G (x,0) is given by
G ( O) _ 1 P(x) 1 2e 2 1
x,0)= PR e = PN exp “77,11,2 [Ye+In(ux)+Kolux)] |, (2.26)
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K(k) K(k)
K(k)

FIG. 9. The result of applying the axial-vector Ward identity
of Fig. 3 to the series of Fig. 7.

where yg is Euler’s constant and K, is the modified
Bessel function. Evaluating Eq. (2.26) at large x and re-
calling that u?>=Npe?/m, we obtain

1 2,2 2627’15
G (x,0) — Z—ﬂlx—z(%#xﬂe /T exp - 3
X — 0 ‘u
1, 2/Ng Q/Np—2 2vg
=—(3u) x ex (2.27a)
272 H Ny
2,
L TE for Np=1,
e d 877'2
x— o0 (2.27b)

0 for Np>1.

We see from Eq. (2.27b) that {(31) develops a vacuum ex-
pectation value only for the case of one flavor. In all oth-
er cases () remains zero:

2
_ B HE for Np=1
() = | 47 e
0 for Np>1.

(2.28)

III. THE SCHWINGER MODEL ON A LATTICE

In this section we discuss the solution of the Schwinger
model for the cases of the Wilson, naive, and Kogut-
Susskind fermionic actions on a Euclidean lattice. The
procedures involved are somewhat simpler technically for
these cases than for the DWY action. However, many of
the techniques that we develop here will be useful in dis-
cussing the DWY version of the model. For the naive and
Wilson actions we can test our results against the lore that
is based on finite-order weak-coupling perturbation
theory. In the case of the Kogut-Susskind action, we
derive some results that have not been described elsewhere
in the literature.

A. Propagators and vertices

In the following equations, a denotes the lattice spac-
ing, a, denotes a unit lattice vector in the p direction, m
denotes the fermion mass (which we will eventually set to
zero), and the y,, are the Euclidean versions of the Dirac

matrices:
—28 (3.1a)

(3.1b)

{y;uyv} =
Ys=%YoY1 -

The fermionic parts of the various Euclidean lattice ac-
tions for the Wilson! and naive!© cases are, respectively,

ny >
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Y=—a*y J(x)%yyz—la[tp(x +a,)—lx —a,)]
x,p
DS Jmi[wx Fa) e —a,)—2(x)]
X,

—a’?3 my(x)vix) (3.2a)

and

IN=—a’3 ;‘b(x)l_‘}/,li[d/(x +a,)—d(x —a,)]
oy i 2a

—a? 3 mylx)vix) . (3.2b)
In the Kogut-Susskind® case the original Lagrangian can
be manipulated into the form'°

1

- 1
JKS— _az§1¢(x)7yyz[w(x +a,)—dlx —a,)]

1

—_— 2 0 p— —_—
a X%d;(x)m( T#)za

X [W(x +a,)+P(x —a,)—2¢(x)]

—a’ ¥ mi(x)(x) . (3.2¢)

In this case ¥ is a vector in the two-dimensional flavor

space as well as in the Dirac matrix space; the 7, are the

first and second generators of the SU(2)-flavor group in
the fundamental representation (T‘uzz 1). The correspond-
ing momentum-space Feynman-Dirac propagators Sr(p)
are easily obtained by Fourier transforming the fermionic
actions. These are
—1

SPp=13 %(nlsinp#a +2sin’5p,a)+m ] (3.3a)
u

for the Wilson case,

-1
S;\f(p): > %(y#sinp#a)—}—m ] (3.3b)

"

for the naive case, and

—1

1 . .
S}(S(p)z 2 ;(y#smp#a —ZTﬂ‘y5s1nz%p“a)+m
u

(3.3¢)

for the Kogut-Susskind case. We write these propagators
generically as

Sp(p)= [EVp(pH—m ]—'
I
- [ [zy#Du(p) J+M#(p)+m - (3.4)
I

where D, (p) and M, (p) denote the fermion derivative
function and the momentum-dependent “mass terms,”
respectively.

Interactions with the photon field can be introduced in



35 LATTICE FERMIONS IN THE SCHWINGER MODEL 3205

a gauge-invariant manner by implementing the lattice ver-
sion of minimal substitution:

Y(x*ta,)—P(x ta,)exp[ tiead,(x)], (3.5)

where A4, (x) is the gauge field and e is the gauge coupling
constant. An expansion of the action in powers of the
coupling constant then leads to the set of interaction ver-
tices shown in Fig. 10. Note that there is an infinite set of
seagull-type interactions. The Feynman rules for the one-
and two-photon vertices are, respectively,

VLI)W(p,l):_. —e[y,cosp, + %lﬂ Ja +sin(p,, + %lu )a] ,
(3.6a)

Via¥ (p,)=ae?8,,[y,sin(p, + 1,)a —cos(p, + 71,)a]

(3.6b)
for the Wilson case,
ViV (p,l)=—ey coslp,+31,)a , (3.6¢)
V2N (p,)=ae?8,,y,sin(p, + 31,)a (3.6d)
for the naive case, and
VL”KS(p,l): —e[yucos(p, + %I# )a
—7,Yssin(p, + 711# )al , (3.6¢)
VAKS(p,)=ae?8,[v,sin(p, + 71,)a
+THySCos(pH+%I# )a] (3.6f)

for the Kogut-Susskind case. The lattice momentum is
given by

(n
VI-L (p, £)

(2)

Vour (P2, 4,)

(3)
Viua (), £, 1)

p+f|+ﬂ‘2+f3 ;
(c)

FIG. 10. The lattice vertices Vi'(p,l), V{2 (p,1;,l;), and
Vion(p,11,01,,13). The labels u,v,A denote the Lorentz indices of
the vertices, p is the fermion momentum, and the /; are the pho-
ton momenta.

These lattice Ward identities are analogous to the Feyn-
man identity in the continuum and are a consequence of
gauge invariance. They are shown in Fig. 11.

An alternative procedure is to derive the Feynman rules
for the vertices by starting with a given lattice propagator
and demanding that the vertices satisfy the graphical
Ward identities. For the generic propagator given in Eq.
(3.4), the Ward identity of Fig. 11(a) gives

du(p)E(Z/a)sin%pﬂa , (3.7)
V.p+D—V,(p)
which is equal to the momentum p, in the continuum Vil ip,h=—e—~ a0 £ (3.8a)
limit @ —0. By contracting the lattice momentum into S
one index of a vertex VL".). ., we can obtain an expression
involving only lower-order vertices and propagators. and the Ward identity of Fig. 11(b) gives
|
Vup +L+0L)=V,(p+1)—V,(p+1)+V,(p)
V2 (p,1,,l,)=—e?8,,—~ = & Bes (3.8b)
wo (P lla)==e70, d, (1), (1)
In general we have the relation between the n-photon and the (n + 1)-photon vertex [Fig. 11(c)]:
vim L, )=V (pdy, )
(n+1) _ B Mg ntbis o in popg Pl in (3.8)
Vl‘l"'l‘n+1(P’ll"'"1"+1)_e§“n"”n+l dﬂn+1(ln+1) ’
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m m

N

(a)

§ ++ § - % H# g + ﬁ? = 0
(b)
— —_—— N
n PHOTONS n PHOTONS n PHOTONS

(¢)
FIG. 11. The lattice vector Ward identities for (a) one pho-
ton, (b) two photons, and (c) n + 1 photons. The open circle in-
dicates a scalar vertex (V' — —e).

One can also define an axial-vector current on the lat-
tice and derive Ward identities for the resulting vertices.
Here, we find it convenient to define the axial-vector ver-
tices so that they are obtained by making the replacement

Yu=VuVs

in the corresponding vector vertices. (Note that this is not
the only possible definition for the lattice chiral current.
See, for example, Ref. 8.) The graphical Ward identities
for the axial-vector vertices are shown in Fig. 12.

B. General procedure for the solution
of the lattice models

Let us now discuss the procedure for solving the lattice
versions of the Schwinger model. Our discussion will be
couched in terms of the generic fermion propagator of Eq.

R

g 08 . 00 B
M 3 _ I
rmgT_.;\lS n\P_H\O/T_0;S n PHOTONS
(b)

FIG. 12. The lattice axial-vector Ward identities for (a) one
photon and (b) » 4+ 1 photons. The open circle indicates a scalar
vertex (V' — —e).

(3.4). In this section we will assume that V,(p) is an ana-
lytic function of p,a for all fixed @ and in the limit a —0.
This is the case for the naive, Wilson, and Kogut-
Susskind derivatives. For the DWY derivative, we will
need a somewhat more elaborate procedure than the one
to be presented in this section.

The various propagators of Eq. (3.3) all tend to the con-
tinuum propagator in the limit @ —0. Of course, one can-
not simply take the limit a —0 in the propagators when
they are a part of an expression involving an integration
over loop momenta. Since the loop momenta range from
—m/a to 7/a, p,a in the arguments of the propagators
can become of ~1, so that a simple expansion in the ex-
plicit powers of a is not valid. Instead, one must work
out the power counting for the complete integral. As we
shall see, in the limit a—0, the leading contributions
from loop integrals come from the regions near the poles
in the propagators. All of the lattice propagators have a
pole near p, =0, by virtue of the fact that they go over to
the continuum propagator in the limit a —0. In addition,
the naive propagator [Eq. (3.3b)] has a pole at p, = *7/a.
Near the poles at p, =0, the propagators and vertices are
approximately equal to the continuum ones; near the pole
at p, =tm/a, the naive propagators and vertices are (up
to a shift in momentum of 7/a) equal to the continuum
ones with y;— —v,;. We give the name linear regions to
these regions near the propagator poles in which the linear
approximation is good. Within the linear regions, the
higher-order terms in the Taylor-series expansions of the
propagators and vertices are suppressed relative to the
linear terms in the limit @ —0. The degree of suppression
depends on the particular graph and on the form of the
lattice derivative. We expect to obtain a contribution pro-
portional to the continuum contribution from each of the
linear regions. In the case of the naive derivative, the ex-
tra contributions from the linear regions near p,=m/a
produce the doubling phenomenon.

1. Higher-order loops

Let us work out the contribution of a single fermion
loop with N external photons in the limit a—0. We
analyze the situation for internal photons later. Consider
first the case for which the power-counting arguments are
simplest, namely, N>2. The corresponding continuum
graphs lead to integrals that are absolutely convergent;
i.e., they need no regulators. Thus, we expect the lattice
expressions to go over to continuum ones in the limit
a—0. In order to demonstrate this, we estimate the order
of magnitude of the Feynman integral. Our aim is to
show that only the linear regions contribute as a—O0.
Since we wish to focus on the a dependence of the ampli-
tudes, here, and in all succeeding discussions of orders of
magnitude, we omit factors of e and drop the external
momenta in the propagators and vertices. The external
momenta provide infrared cutoffs for the integrals, but
our concern is with the ultraviolet behavior. As a conse-
quence of these simplifications, some expressions may not
appear to be dimensionally correct. In more complete ex-
pressions, the missing dimensions would, of course, be
made up by powers of e and the external momenta.
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Consider first the situation in which none of the photon
attachments is a seagull (Fig. 4). Each of the fermion
propagators (Eq. 3.4) gives a factor whose magnitude is

1 1
> [ Vuk) |2

"

a
T (3.9)

Note that the dimensionless quantity aV(k) is ~1 except
near the poles in the fermion propagators. Each of the
vertices supplies a factor V1. The range of integration is
—r/a to 1 /a for each of the integration variables k, and
ki, so the range contributes an overall factor a =% to the
order of magnitude. Thus, the upper bound on the contri-
bution to the graph from any interval in k can be obtained
by considering the quantity

alV-2
l V( 1) I N .

[aV(k)Y

We approximate | ' | by its maximum, which is ~1.

Then, the condition for the loop to contribute in the limit

a—0is

(3.10)

aN—Z
———>1 (3.11a)
[aV(K)]Y ~
That is,
|aV | <aVN -2/, (3.11b)

For N>2, the RHS of Eq. (3.11b) goes to zero as a —0;
therefore, the LHS must also go to zero if Eq. (3.11b) is to
be satisfied. This happens only for k,a near O or .
Specifically, we must have

|k“a I sa(N—Z)/N

or (3.11¢)

|k#a | _ﬂ.sd(N-Z)/N .

In these regions the higher-order terms in the Taylor-
series expansions of the propagators and vertices are
suppressed by fractional powers of a. That is, the linear
approximation holds, and we can approximate the propa-
gators and vertices in the integrand by the continuumlike
expressions corresponding to the various linear regions.
Hence, for the ith linear region, we substitute in the lat-
tice propagators

Vulk)=cinyuky,—kiy) , (3.12a)
where
cip=D,(k)| k=F, (3.12b)

is the slope of D, (k) at its zero, k;, in the ith linear re-
gion. The c¢;’s for the naive, Wilson, and Kogut-
Susskind derivatives are displayed in Table I. The contin-
uumlike integrals that result from this linearization are
UV convergent, so we can extend the range of integration
to * co, making an error that vanishes in the limit a —0.
Then, for the linear region near k,=0 the contribution is
exactly equal to the continuum contribution. Thus, it
vanishes by virtue of the constraints imposed by the vec-
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TABLE 1. The slopes c;, of the “naive” derivative function
D,’,V(k) at its various zeros k;a. The first row, corresponding to
k:a=(0,0), also gives the slope at the zero of the Wilson deriva-
tiv]fsfunction D:’(k) or the Kogut-Susskind derivative function
D, (k).

Eia =(kio,k i1a Cio Cil
(0,00 1 1
(0,m) 1 —1
(1,0) —1 1
(7,7) —1 —1

tor and axial-vector Ward identities as given in Egs.
(2.11a) and (2.11b). For the naive derivative, there are ad-
ditional linear regions that contribute when a component
of the loop momentum, say k,, is near *7/a. These
yield expressions that are equal to the continuum one, ex-
cept that y, is replaced by —y, in the propagators and
vertices. Since any nonzero trace involves an even number
of y¢’s and y’s, the minus signs always pair up, and the
integrand is equal to the continuum one. Again, we can
extend the range of integration to *+ « with negligible er-
ror. The conclusion is that the contributions from these
additional linear regions are also equal to the continuum
contribution; that is, they also vanish.

Note that we could not have reached the conclusion
that the higher-order loops give a vanishing contribution
without first linearizing the Feynman integrals. Although
the exact lattice expressions satisfy the vector and axial-
vector Ward identities, the explicit momentum-dependent
mass terms in the Wilson and Kogut-Susskind formula-
tions break the chiral invariance, so that Eq. (2.8b) does
not become valid until we take the limit ¢ —0. That is,
chiral symmetry is restored for the UV finite graphs, but
only in the continuum limit. Furthermore, the connection
between the vector and axial-vector vertices [Eq. (2.10)]
holds only for the linearized vertices.

Next let us discuss the case (still for N>2) in which
some of the external photons attach to the fermion loop
through seagull vertices. The seagull graphs have no ana-
log in the continuum theory. They are a part of the lat-
tice scheme for regulating the continuum-type graphs.
Since the continuum graphs are absolutely convergent for
N> 2, they require no regulator, and we expect the corre-
sponding seagulls to vanish in the limit a—0. We can
demonstrate this vanishing of the seagulls by an explicit
power-counting argument. A loop to which N photons
are connected by M vertices (some of which are seagulls)
contains M fermion propagators. Note that N >M.
From Egs. (3.6) and (3.8), it is easy to see that the max-
imum magnitude of a V' vertex is a’ ~!. Replacing each
of the vertices by its maximum magnitude, we obtain a
factor a¥ ~M. Thus, if a loop involving seagulls is to con-
tribute in the limit @ —0, the following condition must be
satisfied:

aN—Z

-4
[aV(k)M z

This condition can be satisfied only in the linear regions.
In fact, the seagull graphs do not contribute even in the

(3.13)
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linear regions as a—0. In Eq. (3.13) we have overes-
timated the range of integration. We can obtain a better
estimate of the integral by retaining the upper bounds for
the vertices and using Eq. (3.12) to approximate the prop-
agators with the continuumlike expressions that are valid
in the linear regions. This linearization of the propagators
is justified by the condition Eq. (3.13). An upper bound
on the order of magnitude of the seagull loop integral is
then given by

2-N
5 1 from the upper limit ,
le/adkaN_AM a
= kM (3.14)
12=MgN =M from the lower limit .

From the RHS of Eq. (3.14), we conclude that for N> 2
the seagull graphs are negligible.

So far we have considered fermion loops with attached
external photons. The conclusions are unchanged if one
considers photons that are part of some internal momen-
tum loop. This is a consequence of the fact that, in the
continuum theory in two dimensions, any loop containing
a photon is UV convergent. Thus, in the lattice theory in
the limit a —0, the integral for such a loop contributes
only in the linear regions. This conclusion can easily be
verified by power-counting arguments of the sort given
above. (The exceptional case of a photon that begins and
ends at the same seagull vertex leads to a contribution that
vanishes in the continuum limit.) Since the lattice photon
propagator has only one linear region, i.e., the one near
k=0, the momentum flowing through the photon is never
O(1/a). Consequently, in analyzing the fermion loops,
we may regard the photon as having a fixed momentum.

2. Vacuum- polarization

Now let us consider the case of a fermion loop with two
attached photon lines. (Per our preceding argument, these
photons can be considered to be external or to be a part of
some other graphical loop.) The relevant lattice graphs
are shown in Fig. 13. We denote the amplitude associated

J

m/a  d’k 1
—m/a (2m)2 >, Volk +D+m

M,,()=— v, (kD

1
>, Volk)+

k+12

k
(a) (b)

FIG. 13. The Feynman graphs that give the vacuum-
polarization contribution in the lattice Schwinger model, (a) the
nonseagull graph, (b) the seagull graph.

with the sum of these vacuum-polarization graphs by I,
As we discussed in Sec. II, in the continuum theory, fer-
mion loops with two photon attachments are superficially
logarithmically divergent; they are well defined only after
application of a UV regulator. Thus, we expect that the
lattice regulator will play a crucial role in this case.
Indeed, the power-counting expressions developed in Sec.
IIIB 1 indicate that the case N=2 is special, in that the
loop integrals receive contributions from k, in the entire
range from —w/a to w/a. Thus, we cannot justify a
linearization of the lattice propagators and vertices about
the propagator poles. That is, a simple expansion in the
explicit powers of a would not be valid.

The continuum expressions for the vacuum-polarization
amplitudes are, of course, much simpler than the corre-
sponding lattice expressions. We would like to take ad-
vantage of this simplicity by manipulating the lattice ex-
pressions so as to obtain quantities for which we can ap-
proximate lattice propagators and vertices by their linear-
ized forms. The essential trick is to render the linearized
integral UV convergent by subtracting from IT,,(0) its
value at zero external momentum IT,,(0). As we shall see,
a consequence of the gauge-invariant form of the vertices
is that I1,,(0)=0. Thus, the subtraction does not affect
the value of II,,(/).

Let us now demonstrate the vanishing of I1,,(0). The
expression for the vacuum polarization in terms of generic
lattice propagators and vertices is

ViV (k +1,—D+ ! Via(k,l,—D |,
m m

S Vo (k)+

(3.15)

where the first term in large parentheses comes from the graph of Fig. 13(a) and the second term from the graph of Fig.
13(b). From Eg. (3.8) we immediately obtain the expressions for the vertices at zero photon momentum:

V' (p,0)=—eV,(p),
V,2(p,0,0)=—e28,,V.(p) ,

(n) _ n -
Vit 1, (P05 oo, 0)=—e"8, 8, 1. iy Vi,

-8 V(nl(p) ,

(3.16a)

(3.16b)

(3.16¢)

where the primes indicate differentiation with respect to p. The form of Egs. (3.16) is a consequence of the gauge invari-
ance of the theory. Using Eqgs. (3.16), we see that the vacuum polarization at zero external momentum is
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m/a dzk 1
M (0)=—e* [~

(2m)? 20

where, in order to protect I,
mion mass § in I1,,
equal to zero in the Schwinger model.

1 1

AL 20

(0) from IR divergences, we have retained a fermion mass & in the propagators. The fer-
(0) plays the role of a regulator mass and is distinct from the fermion mass m in I,
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Vi (k)+ 8, Viu(k) |, (3.17)

>, Volk)+8

A1), which we set

Next we make use of a well-known identity for the total derivative of a fermion

(3.18)

Inserting Eq. (3.18) into Eq. (3.17), we see that the integrand for the vacuum polarization at zero momentum is a perfect

propagator:
d 1 . 1 v (k) 1
dk, 3,V k)+8 XV (k)+8 * 3 (k)
derivative:
n/a 42k 4 1
=—e? T Wk
f_m rP dk, SV, 058

Since V,(k) is a periodic function of k, with period
27 /a, the surface terms in the k, integral cancel. Thus,
we reach the conclusion that I1,,(0) vanishes.

Now we can discuss the power counting for the vacuum
polarization. For the unsubtracted expression II,,,(/), the
power-counting condition that determines whether the
graphs contribute can be obtained by substituting N=2 in
Egs. (3.11a) and (3.13). The result is

1

—2>1 (3.20a)
[aV(K)}* ~
for the graphs with no seagull vertices and
L >1 (3.20b)

avV(k) ~

for the seagull graph. Clearly the conditions of Egs.
(3.20) are satisfied for k outside the linear regions. How-
ever, as we shall now demonstrate, the subtraction I1,,,(0)
improves the convergence of the loop integral by remov-
ing the first term in the double Taylor expansion of I1,,,(/)
in powers of [/ and m. (The expansion with respect to m
arises because the IR regulator mass § that appears in the
subtraction term is different from m. Eventually we set
m=0; we shall see that our results are independent of &.)
After we make the subtraction, the leading term in the ex-
pression is the derivative of the original loop integral with
respect to [ or m. Therefore, there are contributions that
arise from differentiating a vertex or differentiating a
propagator. As can be seen from Egs. (3.16), the deriva-
tive of a V' vertex is a ¥/ 1 vertex and the derivative
of a propagator is the square of the propagator times ei-
ther a V' vertex or —1, depending on whether the dif-
ferentiation is with respect to / or m. Then, replacing all
quantities except V(k) by the upper bounds on their or-

IIM,,(I)erM(l)—H,W(O)
1

(3.19)

I

ders of magnitude, we obtain the following conditions
that must be satisfied if the subtracted vacuum polariza-
tion is to contribute in the continuum limit:

a

———>1 (3.21
[aV(K)]Z) = Y
for the nonseagull graph and
a
—>1 (3.21b
[aV(k)]12 ~ )

for the seagull graph, where the first set of exponents cor-
responds to the terms that come from differentiating the
vertex factors and the second set of exponents corresponds
to the terms that come from differentiating the propaga-
tor factors. The conditions of Eq. (3.21) are satisfied only
if k is in one of the linear regions. Consequently, as in
the case of the higher-order graphs, we can obtain a k-
independent bound on the order of magnitude of the
seagull graph by using Eq. (3.12) to linearize the propaga-
tors and restoring the integration over the loop momen-
tum. The resulting upper bound on the order of magni-
tude of the seagull graph is

~1/ 2
- k‘fh’;a“;“, (3.22)

which is negligible.

Now it is a simple matter to work out the nonseagull
contribution to I1,,(/) —I1,,(0) that comes from the linear
regions by taking the linearized approximations for the
lattice propagators and vertices. The linearized vertices
may be computed easily by substituting the linearized lat-
tice derivative of Eq. (3.12) into Eq. (3.16a). We obtain
the following expression for the naive, Wilson, and
Kogut-Susskind cases:

=— Zeszf

Eg ioaVolk +Do+
1

1
C- Ciy
IMYH 20 Cia'}/aka +m ¥y

- 97 Civlv | »
Zaciayoka +8 1;17’/1 ZUciayaka +8 ¥

(3.23)
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where Ny is the number of fermion flavors (N,=1 for the Wilson and naive derivatives and N;=2 for the Kogut-
Susskind derivative). Next we rescale the variables of integration to obtain

d’k 1 1 1 1
M,()=— 3 e’N ¢ CivVv— c; CivYy
wtD 7 ¢ ff Qm)? |cocii| | K+ ZycioVolo+m Vi o ST s VR s T

(3.24)

We recognize Eq. (3.24) as the Pauli-Villars regulated expression for the vacuum polarization with external momentum
Ciuly [compare with Eq. (2.13)]. In the second term in large parentheses, the external momenta do not appear, so § plays
the same role as a large Pauli-Villars regulator mass, even though it was originally introduced as an IR regulator. We
can easily work out the expression in Eq. (3.24) by standard techniques; we find that it is independent of 8. Setting

m =0, we obtain

—e? 1

HWU):NfE T |ciocin]

i

1 1l.c: 2. 2
o= |
o Ciolo

Substituting for the ¢;,’s and carrying out the sum over
linear regions, we obtain an expression that is proportional
to the continuum one:

and the quantity in square brackets is just the Euclidean
continuum result. In the Wilson and Kogut-Susskind
cases, only the linear region near k=(0,0) contributes; in
the Wilson case one obtains the continuum result, while in
the Kogut-Susskind case an extra factor of 2 arises from
Ny. In the naive case, the four linear regions each give a
contribution equal to the continuum one. The minus
signs from the c;,’s always pair up because in Eq. (3.23)

92 Iplv
-77..- (S 12

)

(3.26)
Nl =1, N8S=2, and N} =4,

A D= A, (D) — 4,,(0)
1

(3.25)

f

each ¢;, is associated with a y, and any nonzero trace
must contain an even number of y¢’s and y’s.

C. The anomaly

Now let us discuss the anomaly Eu 1,4,,(I), where
A, (D) is the amplitude that arises from the graphs of Fig.
13 with a y; inserted (as usual) to the right of the y, in
vertices with index p. A4,,(/) is easily computed using the
techniques of the previous section. Once again we sub-
tract the amplitude at zero external momentum, introduc-
ing a regulator fermion mass & in the subtraction term.
The integrand in 4,,,(0) is a perfect differential, so 4,,,(0)
vanishes and the subtraction does not affect the value of
the amplitude. For the subtracted amplitude, only the
linear regions contribute in the limit a —0 and we obtain
an expression that has the form of the Pauli-Villars regu-
lated result:

1

1
_—C —*—*c v
EUCiOYOka+6 tp7/u7/5 Egciayaka+6 WJ/

This can be evaluated by standard techniques and yields

20 e,ualalvciv2
€Eiv T T w— 5
# 3, (ciply)?
(3.28)

Substituting the values of the ¢;,’s and summing over the
linear regions, we obtain

Zeoplr |

6’V
(o 12

e’  CioCii

A, (=N T EE——
K f? T | cioCin |

2

e
T

(3.29)
NY¥=1, N¥=2, and NY=0,

and the quantity in square brackets is the Euclidean con-

d* 1
2

=— Y e°N Tr C; CivVv
- ff(zm2 D oCioVolk +Do+m uYul's S Ciovokgtm Y

(3.27)

tinuum expression. In contrast with the vacuum-
polarization graph, in the anomaly graph the contribu-
tions to the naive derivative expression cancel rather than
add. This cancellation occurs because a nonvanishing
contribution to the trace must contain an even number of
Yo’s and an even number of y’s. Then, excluding the fac-
tor ys=v,Y1, we find that the remaining factors in the
trace in Eq. (3.27) must contain an odd number of yg’s
and an odd number of y;’s. Thus the minus signs from
the c;,’s are paired if k;a=1(0,0) or (,7) and unpaired if

ip
k;a =(0,7) or (O,77).

D. Results

Having evaluated II,,(]) and established that the
higher-order fermion loops vanish, it is a simple matter
for us to compute the mass gap and (Y¥). The mass
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gaps can be obtained from Eq. (2.17). The chiral-
symmetry order parameters can be obtained from Eq.
(2.28). These results along with our results for the anoma-
ly graph are shown in the first three rows of Table II,
where all numbers are relative to the continuum result.

TABLE II. The values of II,,, the mass gap, the anomaly,
and the chiral order parameter 1) obtained from the continu-
um limits of the various lattice versions of the Schwinger model.
The numbers presented are the values relative to the continuum
results.

Derivative I,, Mass gap Anomaly ()
Wilson 1 1 1 1
IV. THE DWY DERIVATIVE Naive 4 2 0 0
) Kogut-Susskind 2 V2 2 0
Now we wish to apply the techniques developed in Sec. DWY 2 v2 0 0
IIT to the lattice Lagrangian based on the DWY deriva-
tive. A necessary condition for the applicability of these
techniques is that the lattice derivative be a smooth func- A. Propagator and vertices
tion in momentum space—that is, it must have a Taylor- . ..
series expansion. Clearly, this is not the case for the The fermionic part of the DWY action is
DWY derivative. However, Rat’)in10 pointed oqt that one JDWY __ _ 4 2 J(x)i_yﬂﬁy(x )
can perform a partial resummation of perturbation theory o 1
to obtain an effective lattice derivative that does have a _
Taylor-series expansion (at least for finite lattice space a). —a* ¥ m(x)P(x) (4.1a)
Our strategy, then, will be to apply the methods of Sec. _ x
III to the resummed theory. where D, (x) is the DWY derivative operator:
fﬂ/a ik eik~x
—m/a 217- ”
(—1 )l)clu /a)
——— if only the uth component of x is nonzero ,
= a‘x, (4.1b)

0 otherwise .

The corresponding Feynman-Dirac propagator is

—1
SDWY EVDWY (p)+m
—1
zy”DDWY p)+m] , (4.2a)
where
DDWY(p)zp for —w/a<p,<w/a (4.2b)
w ©

and is a periodic function of p with period 27 /a. Interac-
tions with the photon field can be introduced in a gauge-
invariant manner by making the minimal substitution

(4.3)

y
iea ¥ A,(w)

w=x

Y(y)—U(ylexp

in Eq. (4.1a). Expansion of the Lagrangian in powers of
the coupling e leads to the Feynman rules for the vertices
that are given by Eq. (3.8). These vertices satisfy the usu-
al graphical Ward identities shown in Fig. 11 and, as we
have noted previously, can be derived from them. The
axial-vector vertices that one obtains by making the sub-
stitution

Yu—=>Vu¥s
satisfy the graphical Ward identities shown in Fig. 12.

B. Rabin’s procedure

The essential point of Rabin’s resummation procedure
is that an expansion of the DWY Lagrangian in powers of

LA

(a)

#:
%

+
(
FIG. 14. Tadpole series for (a) the fermion propagator, (b)

the fermion—one-photon vertex, and (c) the fermion—two-
photon vertex.

)

Gk
ik
:
G
e
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the coupling constant e leads to spurious infrared singu-
larities. These singularities manifest themselves through
discontinuities in the perturbative propagators and ver-
tices. Such singularities in momentum space, of course,
correspond to long-range interactions in coordinate space.
Rabin suggests that by summing to all orders in e certain
graphs, called the ‘“‘tadpole” graphs, one can eliminate
these spurious singularities. There is a set of tadpole
graphs associated with each basic vertex or with the prop-

; 2
ik, x
e MH—1

d,, (k)

~ 7/a 2k
_ o2
S ux)=exp | — f_ﬂ/a )]

Here we have made a slight generalization of Rabin’s pro-
cedure by using the complete photon propagator K,, in
constructing the sets of resummed graphs and, conse-
quently, in Eq. (4.4). We call the function .”,(x) the
“smearing function.” It has the effect of making the
DWY derivative sufficiently local in coordinate space so
that it is “smeared” into a smooth function in momentum
space.

Although we need the complete photon propagator in
order to compute f“(x), we do not know it until we have
solved the theory. However, we can arrive at an ansatz
for the complete lattice photon propagator by requiring

KW(k)] :
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agator, which consists of the basic vertex or propagator
and all graphs obtained by attaching both ends of one or
more photons to the vertex or to a common point on the
propagator. (See Fig. 14.) Rabin finds that the effect of
summing over such a set is to make the following replace-
ment in the basic vertex or propagator:

D,(x)—D,(x).7 (x)=TD ,(x) (4.42)
where

(4.4b)

1 d,(k)d, (k)

Kylk)= o |5, —

g Sod k) |3, d,S
1 kuk,

ajO k2+lu2 uv kz (45)

Here we have taken the ansatz that is appropriate to Lan-
dau gauge. It turns out that only the behavior of the com-
plete propagator in the limit @ —O0 is relevant to the com-
putation of .**,(x). We can display the a dependence in
& u(x) explicitly by rewriting Eq. (4.4) in terms of the di-
mensionless variables

that it take the form of the continuum propagator in the ky=kya and n,=x,/a (4.6)
limit a —0: to obtain
> 1, o7 d% ., STk, 1 sin
S ulx)=exp _ﬁezf 2 va’ 21 21 i 1- : g 4.7
2 -7 (277) sinf5k, >, sin’ Tk, + uta’ >, sin‘k,

We need the leading behavior of (?#(x) in the limit @ —0. This comes from the region of integration in which the pho-

ton propagator is peaked: namely,

|k | ~pa .

In this region, we can approximate the integrand factors by the linear terms in their Taylor-series expansions to obtain

f”#(x)a:»() exp

l 2 - de 2 2 1
3¢ f_v (zﬂ.)za"# 2, 2.2

K +ua

e expl[( —e2/87r)(an“)2ln( 1/uall .

Here we have dropped some constant terms in the exponent, which affect only the normalization of f’ (x).

(4.8a)

(4.8b)

As can be

seen from Egs. (4.4a) and (4.8), fﬂ( x) makes D (x) local by providing a Gaussian damping.
In order to work out the diagrammatic solutlon of the Schwinger model, we need the Fourier transform of the smeared

derivative

Z,p=73, aeip"x“g#(x) .
"y
This is given by the convolution

2,p)= [

—m/a 2

w/a dp;l

D, p—p)Lup")

(4.9)

(4.10a)
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where

L up') = zaeip;‘x".?#(x) .

"
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(4.10b)

In the limit a —0, we can replace .?”(x) in Eq. (4.10b) by the expression (4.8b). Then, the sum in Eq. (4.10) can be ap-

proximated by an integral:

Zup") — fdxpeip”‘x“exp[—(e2/87r)1n(1/ya)x#2]=

Thus, in the convolution Eq. (4.10a), the DWY derivative
is “smeared” by a Gaussian of width

o=eIn'*(1/pa)/(2V'7) .

The width of the smearing function .,(p) grows as
a—0, but not as fast as the Brillouin zone, which grows
like 1/a. The effect of the smearing on the DWY deriva-
tive is shown in Fig. 15. As can be seen, the smearing
smooths the singularity at p, =*w/a. It is easy to verify
that the Gaussian smearing function guarantees that
Z ,(p) posseses a Taylor-series expansion about p, =7/a.
Note, however, that the slope of & ,(p) at p, =m/a tends
to infinity in the limit @ —0. As we shall see, this feature
of the smeared DWY derivative necessitates a slightly
more sophisticated treatment of the continuum limit than
the one given in Sec. III. For future reference, we com-
pute the slope of & ,(p) explicitly. This is easily accom-
plished by differentiating Eq. (4.10a) with respect to p,,:
G (p)=—" (4.12)
I p ap#

The leading values in the limit a—0 of the slopes at
pp=0and p,=m/a are given in Table IIL

gy(mzl_%f#( | —m/a) .

C. The Schwinger model

Now let us work out the power counting for the various
Schwinger model graphs for the DWY derivative. We
will make the arguments along the lines of Sec. III. How-
ever, in the case of the smeared DWY derivative, an addi-
tional refinement is necessary. Because the slope of the
% ,(p) at p,=m/a tends to infinity as a —0, it is impor-
tant to treat the zero of Z,(p) at p,=m/a separately

-m/a

FIG. 15. The ‘“smeared” DWY derivative function in
momentum space. The numerals I and II indicate regions of the
Brillouin zone, as discussed in the text.

e?In(1/ua)

2 172
217 ”2

ezln(l/,ua)p”

8

exp (4.1

from the zero at p,=0. To this end, we split the Bril-
louin zone into two regions: region I, the region that in-
cludes p, =0 and extends to within O(eIn'"*(1/ua)) of
P, = *m/a; region II, the region within O(e In'%(1/ua))
of p,=xtm/a. These regions of the Brillouin zone are
shown in Fig. 15. Note that in Region I the characteristic
momentum scale of the DWY derivative function is 1/a,
whereas in Region II it is e In!/%( 1/pa). That is, in Re-
gion I the DWY derivative function varies significantly
only for momentum changes of O(1/a), but in Region II
it varies significantly for momentum changes of
O(eIn'/?(1/ua)). Given this demarcation of the Bril-
louin zone, there are four possibilities to consider with re-
gard to a graphical loop momentum k: (i) kg and k, in
Region I; (ii) ko in Region I and k; in Region II; (iii) %
in Region II and k; in Region I; (iv) k¢ in Region II and
ki in Region II.

1. Higher-order loops

In this subsection we analyze the contributions involv-
ing a fermion loop with N attached photons for the case
N> 2. Our aim is to show that these contributions vanish
in the continuum limit. The analysis follows essentially
along the lines of the procedure given in Sec. III. Howev-
er, for the smeared DWY derivative, it turns out that the
power-counting arguments are dependent on the choice of
Lorentz components of the amplitude. Our strategy is to
use the constraints imposed by the vector Ward identity
of Fig. 11 to express some of the Lorentz components of
the amplitude in terms of other Lorentz components that
are more convenient to analyze. Suppose that an attached
photon is external and carries momentum /; and Lorentz
index . If one sums over all connections of that photon
to the loop, including seagull connections, then the vector
Ward identity leads to the constraint of Eq. (2.8a), which

TABLE III. The slopes c;, of the DWY derivative function
DRYY (k) at its various zeros k;a.

ka =(ko,k,)a Cio ci
(0,0) 1 1
(0,7) 1 i
ea In'*(1/pa)
(,0) _ﬂﬁ 1
ea In'/*(1/ua)
V87 V8
(ar,7)

ea In'/%(1/pa) ea In'"*(1/pa)
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relates the components with Lorentz index u;=0 to the
components with Lorentz index p,=1. For an internal
photon, the Rabin resummation procedure complicates
this analysis. We defer the discussion of that case until
the end of the subsection. For reasons that will become
apparent later, it is most convenient to carry out the
analysis for the components of the loop amplitude in
which one of the Lorentz indices is O and another of the
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dices unspecified.

We now exhibit the power counting for the loops with
N external photons for N>2. We treat the seagull and
nonseagull graphs together. As usual, each of the fermion
propagators contributes a factor whose magnitude is given
by Eq. (3.9). Each of the vertices supplies a factor V'‘".
Substituting . ,,(p) into Egs. (3.8), we obtain the follow-
ing upper bounds for the orders of magnitude of the ver-

indices is 1. For the moment, we leave all the other in- tices:

J

a'~! for k, in region I,

[V k0~ 1 ! 4.13)

m for k,, in region II .

a

One can arrive at the orders of magnitude in Eq. (4.13) by considering either the characteristic momentum scales of
@”(p) in each region or, more explicitly, by making use of Eq. (4.12) and its derivatives. [As can be seen from Eq.
(4.12), for i> 1 the leading power of a in VL” actually vanishes in region I.] In the loop graph, the order of magnitude
of the factor that comes from the vertices depends on the values of the Lorentz indices that remain unspecified. In order
to obtain an upper bound on the vertex factor, we shall suppose that these unspecified indices take on the values that give
the largest orders of magnitude. From Eq. (4.13) we see that this occurs if the Lorentz index of the vertex is the same as
the Lorentz index of a component of the loop momentum that is in region II. Thus, we arrive at the following assign-
ments of indices: in case (ii) we take all of the unspecified Lorentz indices in the loop vertices to be 1 and all of the
seagulls’ Lorentz indices to be 1; in case (iii) we take the opposite assignment of indices. Then, the upper bounds on the
orders of magnitude of the factor from the loop vertices are

a¥ =M for case (i),

{ N-—1
— ST a™¥ =M for cases (ii) and (iii) ,
ae In'*(1/pa)

N
1

—————— | a¥ M for case (iv) ,
ae In'?(1/ua)

where we are using our previous notation that M is the
number of vertices. The range of integration is O (1/a) in
region I and O(e In'/*(1/ua)) in region II. Thus, we find
the following conditions that must be satisfied if the loop
amplitudes are to contribute in the continuum limit:

GN_2
WZl for case (1),
avikl Ns 4.15)

1 1
eIn'%(1/ua) [aV(k)]

7> 1 for cases (ii)—(iv) .

The conditions of Eq. (4.15) imply that aV(k) vanishes
as a—0. In case (i), aV(k) vanishes like a fractional
power of a: namely, a'¥ =M, in cases (i)—(iv), aV(k)
vanishes like a fractional power of 1/elIn!/%(1/ua):

namely,
[l/e 1n1/2(1/”a)](N——2)/1|/! .

In either case, aV(k) is much less than ~ 1, which implies
that the loop momentum k is in one of the linear regions
of the smeared DWY propagator, that is, near k,=0 or
k,=m/a. It follows that for case (i) the quadratic and
higher-order terms in the Taylor-series expansions for the

(4.14)

f

propagators and vertices are suppressed by fractional
powers of a relative to the linear ones. However, for cases
(ii)—(iv), the higher-order terms are suppressed only by
fractional powers of 1/e In'/%(1/ua) relative to the linear
ones. In this respect, the smeared DWY derivative differs
from the ones discussed in Sec. III.

Now we can use the linear approximation Eq. (3.12) in
the propagators and vertices in the various Feynman in-
tegrals that contribute to the loop amplitude. In the
DWY case, the c;, are given in Table III. The nonseagull
graphs give contributions from each linear region whose
integrands are proportional to the continuum ones. We
can extend the ranges of integration to * «, making an
error of O(a) in case (i) and of O(1/eIn'/*(1/ua)) in
cases (ii)—(iv). The resulting contributions then have the
following properties: (1) they satisfy the vector Ward
identity (Fig. 11); (2) the expression that one obtains by
making the replacement y,—y,¥s in any of the vertices
satisfies the axial-vector Ward identity (Fig. 12); (3) the
expressions with ys’s are related to the one without ¥s’s
through the completely antisymmetric tensor [see Eq.
(2.9)]. Thus, by the arguments of Sec. II, we see that the
contribution of the nonseagull amplitude vanishes in the
continuum limit. For the seagull graphs, we linearize
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only the propagators, replacing the vertices with their
upper bounds. Then the upper bounds on the orders of
magnitude of the seagull graphs are given by

~1/ 2
f~1 ai—AI;aN_M for case (i) ,
~eln'/2(1/;w) dzig 1 MM
~1 M | eln'?(1/ua)
for cases (ii) and (iii) , (4.16a)
~en'2(1/ua) d2k 1 N_Mf (iv)
or case (iv) ,
~1 kM | eln'?(1/ua)
where
~ ae ln‘/z(l/,ua)k# for k,in region I,

k,= ) ) (4.16b)
k, for k, in region II .

These expressions are all negligible in the continuum limit
for N >M and N > 2.

Suppose that we had not specified that at least one of
the Lorentz indices in the loop be one and at least one of
the Lorentz indices be zero. Then we would have ob-
tained an extra factor of 1/[aeIn'/*(1/ua)] on the LHS
of Egs. (4.14) and (4.15) in cases (ii) and (iii). This would
make it appear that there could be a contribution from
outside the linear region. That is, the explicit factor of
1/a in the power counting might lead one to expect that
the linearized integrals would exhibit a UV divergence.
However, the vector Ward identity fixes the value of the
apparently divergent Lorentz components of the loop in
terms of the Lorentz components that we have examined
already. Furthermore, it guarantees that the UV diver-
gent pieces of the linearized integrals cancel if one actual-
ly carries out an explicit calculation.

Finally, let us discuss the case, still for N > 2, in which
some of the photons attached to the fermion loop are
internal. If a complete photon propagator connects one
fermion loop to another, then we may regard the photon
momentum as fixed, and our preceding analysis applies.
If a complete photon propagator begins and ends on the
same fermion loop, then there is a difficulty in using the
vector Ward identity in order to constrain the Lorentz
components of the amplitude. The problem is that, in any
order of perturbation theory, some of the seagull graphs
that are required for gauge invariance have already been
incorporated into the smeared DWY propagators and ver-
tices through the Rabin resummation procedure. These
seagull graphs are the ones in which a complete photon
propagator begins and ends at the same seagull vertex. By
following the Rabin procedure, we selectively resum this
gauge-noninvariant class of graphs, and thereby destroy
the manifest gauge invariance at each order in a loop ex-
pansion. Thus, vector-current conservation does not hold
for every Lorentz index of the fermion-loop amplitude.
However, at least two of the Lorentz indices do not in-
volve complete photon propagators that begin and end on
the same fermion loop—otherwise we would have a
disconnected graph. For these two Lorentz indices, the
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loop amplitude satisfies vector-current conservation, so we
are free to specify these two indices as above. Then, fol-
lowing our preceding arguments, we conclude that all fer-
mion loops with N >2 are negligible in the continuum
limit.

2. Vacuum polarization

Now we consider the case of a fermion loop with two
attached photons (Fig. 13)—the vacuum polarization II,,,.
As in the previous subsection, we can use vector-current
conservation to express all the components of II,, in
terms of just one of the components. Again, we choose to
analyze the component that has one Lorentz index with
the value O and one Lorentz index with the value 1:
namely, Il;,. This component is chosen because, superfi-
cially, it appears to have the most convergent UV
behavior. Note that there is no seagull contribution to
ITp;. Reference to Eq. (4.15) with N=2 indicates that the
vacuum polarization receives contributions from loop mo-
menta outside the linear region. However, following the
procedure of Sec. III B2, we subtract the vacuum polari-
zation at zero momentum. The subtraction I1;(0) re-
moves the first term in the double Taylor expansion of
Iy;(7) in powers of / and m. The leading term in the sub-
tracted expression is obtained by differentiating the origi-
nal amplitude with respect to the mass m, which we even-
tually set equal to zero, or with respect to the external
momentum /. As explained in Sec. III, the effect of dif-
ferentiating a V'” vertex is to replace it with a P+ ver-
tex, and the effect of differentiating a propagator is to
square the propagator and to multiply it either by V! or
by —1, depending on whether the differentiation is with
respect to / or m We retain the factor V'V, since it al-
ways gives the larger estimate. In cases (ii) and (iii), where
the order of magnitude depends on vertex or propagator
term that is differentiated, we retain the term that pro-
duces the largest order of magnitude. Then, replacing all
quantities except V(k) with the upper bounds on their or-
ders of magnitude, we obtain the following conditions
that must be satisfied if I1y(/)—I1;(0) is to contribute in
the continuum limit:

__a
[av(k)](Z;J)
1 1
eln'’?(1/ua) [aV(k)]'*>

>1 for case (i),

(4.17)
>1 for cases (ii)—(iv) ,

where the first set of exponents corresponds to the terms
that arise from differentiating the vertices and the second
set of exponents corresponds to the terms that arise from
differentiating the propagators. The conditions of Eq.
(4.17) are satisfied only for k in one of the linear regions
of the smeared DWY derivative. Thus, we can approxi-
mate the propagators and vertices by the linear term in
their Taylor expansions. As can be seen from Eq. (4.17),
the quadratic and higher-order terms are suppressed by
fractional powers of a in case (i) and by fractional powers
of 1/eIn'/*(1/pa) in cases (ii)—(iv).

Having justified a linear approximation for the ampli-
tude, we can follow the procedure of Sec. III, making use
of Egs. (3.12), to obtain a linearized expression for Il;.
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The values for the other Lorentz components of the vacu-
um polarization can be inferred from the vector Ward
identity. Just as for the lattice derivatives examined in
Sec. III, the DWY derivative leads to the result of Eq.
(3.25). However, in the DWY case, the ¢;,’s are given in
Table III.

Next we substitute the ¢;,’s into Eq. (3.25) and take the
limit a@—0. The linear regions near k=(0,0) and
k =(m/a,m/a) each give a contribution equal to the con-
tinuum one; the linear regions near k =(0,7/a) and
k =(m/a,0) do not contribute in the limit @ —0. [For the
components II;; and Ily, the linear regions near
k =(0,7/a) and k =(m/a,0), respectively, give divergent
contributions to each of the two terms in large
parentheses in Eq. (3.25). However, these divergent con-
tributions and the finite remainder cancel between the two
terms. The cancellation of the divergent contributions is a
consequence of the vector Ward identity, which guaran-
tees that no component of I, can have a greater order of
magnitude than ITy;—even though simple power counting
would admit the possibility.] Altogether, we obtain a re-
sult that is just twice the continuum one. That is, in Eq.
(3.26),

NREWY > | (4.18)

D. The anomaly

Now let us discuss the anomaly for the smeared DWY
derivative. As usual, we define A4,,(/) as the amplitude
obtained by making the replacement y,—v,¥s in the ver-
tex of index p in II,,(/). The computation of A,,(])
proceeds exactly as in the case of the vacuum polariza-
tion. For the components A, and A4y, we subtract the
amplitude at zero external momentum. The subtracted
amplitude receives contributions only from the linear re-
gions. Taking the linear approximations for propagators
and vertices, we obtain explicit expressions for Ay, and
A1o. The other components can be inferred from these by
using the fact that the index v of 4,, satisfies vector-
current conservation which implies that /,4,,(/)=0. The
result is Eq. (3.28), with the ¢;,’s given by Table III. Sub-
stituting the ¢;,’s into Eq. (3.28) and taking the limit
a—0, we obtain

> e €ualaly

(244 12

. 2o Cualaly
w 21,2

A" DWY _ 2e?
T

2
2e (4.19)

The first term in Eq. (4.19) is twice the continuum result
and comes equally from the linear regions near k=(0,0)
and k =(m/a,mw/a). The second term is noncovariant and
comes from the linear regions near k =(0,7/a) and
k =(m/a,0). The noncovariance arises from the fact that
the velocity of light is infinite or infinitesimal in these last
two linear regions. Unlike the Wilson and Kogut-
Susskind derivatives, the DWY derivative does not yield
an A,, that is proportional to the continuum one. In
fact, even though 4 uv 18 nONZero, it is easy to see that the

anomaly vanishes:

21 APVY(1)=0 .

p Ay (4.20)

E. Gauge invariance

In the preceding discussion of the Schwinger model
with the DWY derivative, we have made a particular
choice of gauge: namely, the Landau gauge. Of course
we expect the final results to be independent of gauge.
Thus, it is worthwhile to discuss the form that our
analysis would take for another choice of gauge. Then, in
the continuum limit the complete photon propagator
would have the form

8uv—1u 0, /1% 1,1,/17
K‘uv(l): 12+M2 +a 12 ’

(4.21)

where a is a parameter that specifies the gauge. In gen-
eral, there would be a pole at /=0 in addition to the pole
at I?=p% In the expression for the smearing function
Eq. (4.4b), this additional pole would produce a logarith-
mic infrared divergence. We could regulate this diver-
gence by introducing a photon mass A, which we would
ultimately take to zero (or, equivalently, we could give the
lattice a finite spatial extent, which we would ultimately
take to infinity). The order of the limits a—0 and A—0
would then affect the procedure crucially. If we were to
take a —0 first, then A would play a role similar to that
of u in the smearing function. The analysis would go
through as before. If we were to take A—0 first, then, in
general, higher-order graphs involving photon loops
would exhibit spurious infrared divergences involving
powers of eln(Aa). These divergences would overcome
the usual suppression due to the fractional powers of a
and 1/Ina that accompany the higher-order graphs. As a
result, our procedure for solving the model would break
down. Presumably, these spurious infrared divergences
could be resummed by making use of one of the all-orders
procedures for treating the infrared problem in QED (for
example, the Grammer-Yennie formalism?°). This would
merely be a cumbersome way to recover the Landau-gauge
starting point.

F. Results

Having computed the vacuum polarization and estab-
lished that the higher-order loops vanish, it is a simple
matter for us to compute the mass gap. The geometric
series involving I, and the Landau-gauge photon propa-
gator is easily summed as in Sec. II. We obtain the com-
plete photon propagator of Eq. (4.5), thus verifying our
ansatz. Since I1,,, is twice the continuum result, the mass
gap u is V'2 times the continuum one. By substituting
Np=2 into Eq. (2.28), we find that ({y) vanishes. As
we have seen, the anomaly vanishes, as expected from the
manifest chiral invariance of the DWY Lagrangian.
These results are summarized in the last row of Table II.
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V. SUMMARY AND DISCUSSION

We now discuss the results that we have obtained from
the exact solutions in the continuum limit of the various
versions of the lattice Schwinger model. These are sum-
marized in Table II.

As expected, the Wilson derivative reproduces the con-
tinuum results. There is no species doubling, so the mass
gap takes on the continuum value. The chiral symmetry
that appears in the unregulated continuum Lagrangian is
broken by the Wilson lattice regularization. This
phenomenon is similar to the chiral-symmetry breaking
that occurs in the continuum theory when one introduces
a gauge-invariant UV regulator. Hence, the anomaly and
() can acquire nonzero values. The lack of doubling
in the continuum limit of the Wilson theory leads to the
result that the values they acquire are the continuum ones.

The naive derivative exhibits spectrum doubling, which
leads to a quadrupling of the vacuum polarization and a
doubling of the mass gap. The naive lattice-regulated La-
grangian contains an explicit chiral symmetry, so we ex-
pect the anomaly in the divergence of the axial-vector
current to vanish. In fact—owing to the doubling
phenomenon—the graph that would lead to the anomaly
vanishes identically in the continuum limit. Since it is
impossible to break a continuous symmetry spontaneously
in two dimensions,?! the vacuum state in the “naive”
theory must be chirally invariant, and, hence, we expect
() to vanish. This expectation is born out by our cal-
culation. There, the vanishing is a direct consequence of
the presence of more than one fermion species, which is,
of course, related to the chiral symmetry of the Lagrang-
ian.

In the case of the Kogut-Susskind derivative, there are
two explicit flavors in the Lagrangian and no additional
doubling occurs in the continuum limit. The two flavors
lead to a doubling of the vacuum polarization and the
anomaly and increase the mass gap by V2. There is a
continuous remnant of chiral symmetry under which the
Kogut-Susskind Lagrangian, and, hence, the vacuum,
must be invariant—namely, rotations in the 73 direction in
flavor space. Since ¥4 is not invariant under even this
remnant of chiral symmetry, it vanishes. At first sight,
this result is somewhat surprising, since the anomaly is
nonzero in the Kogut-Susskind case. Note, however, that
the current corresponding to the remnant of the continu-
ous chiral symmetry is the r; flavor axial-vector current,
not the U(1) axial-vector current. It is easy to see that this
flavor current has a vanishing anomaly.

Finally, let us discuss the DWY Lagrangian version of
the lattice Schwinger model. Initially, it was hoped that
the DWY formulation would allow one to define a chiral-
ly symmetric lattice theory without species doubling. The
basic idea was that one could eliminate the extra zeros of
the lattice derivative function, and their attendant extra
species, by introducing singularities at the Brillouin zone
boundaries. Since the original no-go theorems>*® were
predicated on the basis of a smooth derivative function,
they did not rule out this possibility.

However, it became apparent, through the work of Kar-
sten and Smit,'"!? that the singularity in the DWY
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derivative function leads to pathologies at the one-loop
level. Rabin' suggested that these problems are artifacts
of the perturbation expansion and that they can be over-
come through a partial resummation of the perturbation
series. We have adopted Rabin’s procedure in this work
and have found that the Rabin resummation does, indeed,
remove the singularities in the DWY derivative function
for finite lattice spacing. In the limit @ —0, however, the
slope at p, =m/a becomes infinite once again. Although
the Rabin resummation smooths the singularities in the
derivative function, in the process it reintroduces the extra
zeros and, thus, the possibility of doubling.

By using Rabin’s procedure to reorganize the perturba-
tion series, we were able to obtain the exact solution of the
DWY Lagrangian version of the lattice Schwinger model
in the continuum limit, to all orders in perturbation
theory. We found that extra fermion species do contri-
bute. The two species from p=(0,0) and p =(7/a,7/a)
lead to a doubling of the continuum result for the vacuum
polarization. The species at p =(0,77/a) and p =(7/a,0)
do not contribute to the vacuum polarization in the con-
tinuum limit. Hence, the mass gap is increased by a fac-
tor V"2 relative to the continuum value. In the case of the
anomaly graph, all four species contribute. The two at
p=(0,0) and p =(m/a,7/a) just double the continuum re-
sult and the two at p =(0,7/a) and p =(m/a,0) give a
contribution that is noncovariant in the continuum limit.
The noncovariant contributions correspond to species
whose velocities are either infinite or infinitesimal. When
one takes the divergence of the axial-vector current, the
noncovariant contribution cancels the covariant one. This
phenomenon of anomaly cancellation in the DWY lattice
Lagrangian theory due to infinite velocity species was not-
ed by Ninomiya and Tan.’ Our results confirm their con-
clusions. Of course, the vanishing of the anomaly is no
surprise, since axial-vector-current conservation is mani-
fest at each stage of the calculation. Similarly, from the
chiral symmetry of the DWY Lagrangian, we expect
() to vanish. Indeed it does—through the mechanism
of doubling of the vacuum polarization.

Based on these results, we conclude that the DWY lat-
tice Lagrangian formulation does not evade the no-go
theorem of Ninomiya and Tan. Furthermore, it does not
reproduce the continuum Schwinger model and is, there-
fore, not a satisfactory lattice transcription.

We can understand intuitively the failure of the DWY
Lagrangian approach in terms of the constraints imposed
by gauge invariance in the interacting theory. In the
DWY formulation, one attempts to avoid the problem of
species doubling by squeezing the regions surrounding the
extra zeros in the lattice derivative function into vanish-
ingly small intervals in the Brillouin zone. The problem
with this approach is that gauge invariance requires a cor-
responding increase in the strength of the vertices describ-
ing the interaction of the fermions with the gauge field.
As we have seen, the Ward identities dictate that the cou-
plings to the gauge field grow like the slope of the deriva-
tive function. Consequently, one cannot neglect the con-
tributions from the extra zero crossings, even if these zero
crossings are discontinuous.

There are several caveats that should be mentioned with
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regard to our result. First, our all-orders perturbative
analysis is not sensitive to essential singularities in the
coupling constant. However, such essential singularities
play no role in the continuum Schwinger model, so we
would not expect them to appear in a satisfactory lattice
transcription. Furthermore, one can conclude solely on
the basis of those parts of the Green’s functions that are
analytic in the coupling that the DWY theory does not
reproduce the continuum results. A second caveat is that
our result applies only to a two-dimensional Lagrangian
theory. In the case of the Wilson, naive, and Kogut-
Susskind derivatives, our analysis of the doubling question
would be expected to generalize to higher dimensions.
For the DWY derivative, the form of the Rabin smearing
function depends critically on the dimensionality of space
time and on the details of the Lagrangian. However,
based on our two-dimensional analysis, we would expect
the behavior of the smearing function merely to determine
which of the diseases—doubling, noncovariance, or non-
renormalizable divergences—one will find in the continu-
um limit.
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APPENDIX

In this appendix we derive the relation [Eq. (2.20b)] be-
tween G(x,0) and (¢1). The vacuum in the Schwinger
model | 6) is parametrized by an angle 0 and satisfies the
orthonormality condition

(6]6'y=8(6—6") (A1)

(Ref. 14). Under a global chiral-symmetry transformation

¢~>e(i/2)(9_9)75¢ ’ (A2a)
the 6 vacuum obeys the transformation rule
|16)—|6") (A2b)

(Ref. 14). The perturbative vacuum |0) is the chirally
symmetric Fourier component of |0):

2
j0y= [""d6|0) . (A3)
Consider the quantity
lim G(x,0)= lim (0| ¥(x)P(0)|0) . (A4)

X —> 0 X —> o0

We insert a complete set of intermediate states between
Y(x) and ¥(0). In the limit x — o, only the zero-
energy intermediate states (vacuum states) survive—the
others being exponentially damped—so we have

2 — —
lim G (x,0)= lim fo do0| ga(x)| 66| w(0)|0)

X— 0 Py _ _
:fo d6,d0,do(6, | v |6)(0|dy¥|6,) ,
(A5)

where in the last line we have substituted Eq. (A3) and
made use of the translation invariance of the vacua to
drop the explicit x dependence. Now,

(0|9 6)=(dy)8(6—6")cosh ,

which is the definition of the constant of proportionality
(Y1) (Ref. 14). Substituting Eq. (A6) into Eq. (A5), we
obtain the desired result:

27 —
lim G (x,00= [ dfcos’0| (Fv) |

=5 [{(Py)|?.

This relation was also obtained by Marinari, Parisi, and
Rebbi.?? The result can be derived easily from the fer-
mionic formulation of the Schwinger model as well.??
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