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Faddeev’s method for calculating in perturbation theory the fixed-time commutator anomaly of a
non-Abelian chiral gauge theory is investigated for both 1+ 1 and 1+ 3 dimensions. We show that
this method gives results in agreement with the Bjorken-Johnson-Low (BJL) procedure in 141 di-
mensions, while in 1+ 3 dimensions it fails to give a well-defined answer. We also present a simpli-
fied version of our BJL calculation of the commutator anomaly. The result explicitly shows how the
latter is related to the anomalous divergence in the same theory.

I. INTRODUCTION

The relation between the index theorem and non-
Abelian anomalies has been discussed by many authors.'
The anomaly in the divergence of the fermion source
current in a (14 n)-dimensional non-Abelian chiral gauge
theory is related to the Chern-Pontryagin density defined
in 34+ n dimensions. It is the infinitesimal form of the 1-
cocycle obtained from the Chern-Pontryagin density by a
well-known mathematical procedure, a dimensional de-
scent by two units effected by the coboundary operator.
Naturally, it can be suggested that the infinitesimal 2-
cocycle, coming from the same Chern-Pontryagin density
by a further descent by one unit, hence defined in » di-
mensions, gives an anomalous term S, (X,y) in the com-
mutator of gauge group generators G,(x) in the same
anomalous gauge theory.>? Thus, one is led to the follow-
ing, cohomologically based conjecture for the commuta-
tor:

i[Gy(x),Gp(Y)]=Ff1pc G O(x—y)+ Sy (X,y) (1.1a)
with

Sab(x’,y’):ﬁtr{T“,T"}S’(x’—y‘) (1.1b)

in 1 4+ 1 dimensions and

i
Sap(X,y)=—
ab' %Y 2472

eif"trgT“,bea,»A,-akS(X*y) (1.1c)

in 1 4+ 3 dimensions. Here the T are anti-Hermitian rep-
resentation matrices of the group:

[T%T ) =fuT¢ and A*=ALT® .
The generator G,(x) is composed of two parts:

G, (x)=0,(x)+p,(x), (1.2)

where §,(x) generates a gauge transformation on the
gauge fields and p,(x) is the fermionic charge density
which generates a gauge transformation on the fermionic
degrees of freedom. Formally,

84(x)=—(D-E),(x) ,
iy’
pa(x)z—iw(x)T“l—ziw(x) ) (1.4)

where
y3=iy%" in 1+1 dimensions
=7%1y2y* in 143 dimensions .

E! is the non-Abelian electric gauge field F.° and D; is
the gauge-covariant gradient. The vanishing of G, is a
constraint required by gauge invariance. The additional
anomalous term in the commutator S,, raises difficulties
with implementing the constraint, since S;, need not van-
ish with G,. Thus, the anomalous commutator shows
that imposing gauge invariance in an anomalous gauge
theory is problematical.

The cohomological conjecture has been verified both in
1 + 1 dimensions and 1+ 3 dimensions by the Bjorken-
Johnson-Low* (BJL) computation of the equal-time com-
mutator.”~" In the literature,® there also appear deriva-
tions of the anomalous commutator from a fixed-time
Hamiltonian formalism where chiral fermions, moving in
a prescribed external gauge field, are canonically quan-
tized. [I. Frenkel and I. Singer who are also cited did not
complete the derivation of the commutator anomaly
(private communication).] It has been claimed that this
method also verifies the cohomological conjecture.

At first it appears unlikely that a fixed-time derivation
of an anomalous commutator can produce the correct re-
sult. Research of two decades ago,9 when anomalous
commutators were extensively calculated in perturbation
theory, indicates that the fixed-time approach does not
yield sensible results and only the BJL procedure is reli-
able. The conclusion of that research is that the anomaly
in the space-time theory should be calculated by a space-
time method such as the BJL limit, rather than by canoni-
cal fixed-time procedures. However, the old experience is
solely with fermion bilinears, whereas now we are interest-
ed in fermion bilinears supplemented by gauge field con-
tributions 8§, above. One might therefore hope that the
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commutator of the total generator, which is group-
theoretically significant, when computed at fixed time
essentially agrees with the BJL result.

It is the purpose of this paper to examine carefully the
fixed-time calculation in view of the above remarks. We
conclude that the fixed-time procedure, as developed thus
far, does not verify the cohomological conjecture, con-
trary to published assertions. A twofold difficulty ap-
pears. First, a computational oversight changes the re-
sults of Ref. 8. (This was communicated privately to the
author by L. Faddeev through R. Jackiw.) Second, there
is an ambiguity in the handling of products of distribu-
tions, which gives rise to an arbitrariness in the final re-
sult. (Also, we remember that in our first investigation of
this problem,’ we showed that for an external, nondynam-
ical gauge field, even the BJL derivation fails.)

In Sec. II we review the method of Ref. 8. In Sec. III
we apply the procedure to (1 + 1)-dimensional space-time,
and obtain agreement with the BJL procedure. In Sec. IV
the (1 + 3)-dimensional model, already discussed in Ref.
8, is reexamined. We confirm the existence of a further
term, which was overlooked, and we point out the pres-
ence of the above-mentioned ambiguity. Finally, in Sec.
V, we review our BIL calculation,>® now presenting it in
a compact fashion which quickly yields the desired result.
The conclusion is that, thus far at least, the BJL method
is the only way to verify the cohomological conjecture.

II. GENERALIZED POINT-SPLITTING METHOD

In order to define in a physical Hilbert space % an
operator # (f) which is formally given by

-5
Sfl=—i [ d™ ¢*<x>f<x)1—_2’L¢(x>, 2.1)

we introduce a family of smooth kernels F(x,y) which are
matrices in the internal-symmetry space and have the lo-
cal limit f(x)6(x—y). For each such F(x,y), define

S (F) by
|

T )+ F e F), T (@) + g GV =T (Lf,8]) + F reg([F,GD +a (F,G) ,
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v s
FRI=—i [ dwdy ' oFay =gy )

For later use we also define F(p,q) and f(p) as the
Fourier transformations of F(x,y) and f(x), respectively:

(2.3)

F(p,q)= f d"x dnyeip-(x+y)/26iq~(x—y)F(x’y) ,
7(p)=fd"x e’Prf(x) .

The local limit of F(p,q) is f(p). The above £ (F) is well
defined in 2 and satisfies

(2.4)

i[f(F), 7(G)]=F([FG], (2.5)

where
[F.Gl(x,y)= [ d"2[F(x,2)G (2,y)—G(x,2)F(z,y)] .
(2.6)

The vacuum expectation value (VEV) of #(F) can be ex-
pressed as

(FF) = [ d™ d"y trP(x,y)F (y,x)=trFP , (2.7)

where

1—iy®
P(x,y):z———~2’7 (Wxply) (2.8)
is the fixed-time VEV. In the local limit, we need P(x,y)
only for x~y, which, however, diverges at x=y. We ex-
tract P™(x,y) so that P — pi"f possesses a local limit, and
define 7 (f) by

S (f)=local limit 7 ,(F) , (2.9)

where /,eg(F)zf(F)—trFPi"f. Although the local limit
of #(F) does not exist, after the subtraction such a limit
may be taken. We also define T'(f) by

T(N)= [ d"x f,(x)8,(x)

a(F,G)=i[T(f), f g G i F e F), T (g)]+ F([F,G])— 7 ([ F,G])

—— [ax (Dyf)a—>—(rGP™) —(Dyg),

5Ai(x) (SA,-G(X)

and the local limit of a (F,G) is claimed to be the anomaly
a(f,g). Note that P™(x,y) is ambiguous up to finite
terms which leave the anomaly ambiguous. But such an
ambiguity is not important, since it corresponds to a trivi-
al 2-cocycle. A more serious ambiguity exists: we shall
see that in (1 + 1)-dimensional theory a(F,G) is well de-
fined in the local limit, but in the (1 + 3)-dimensional
theory such a limit does not exist, and no unique value
can be given.

We first derive the general form of P(x,y). From Eq.
(2.8), one obtains

3}
=—i | d"x(D;f)g——— . (2.10)
f if)a 8Af(x)
With the definition given above, one obtains
(2.11a)
(trFP™) | 4 tr[F,G]P™ | (2.11b)
I
. 1—iy? 0
P(x,y)= lim [Sx»Iy° |, (2.12)
Yo—%—07F 2
where iS (x,y) is the fermion propagator satisfying
1 —1.7/5 1+n
8+A—2— S(x,py)=86T"(x —y) . (2.13)

The fermion propagator iS(x,y) can be expanded in
powers of 4,
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n+1 1 _'.75
S(x, ) =Sp(x,y)— [ d"*+'z Sp(x,2)A(2) S Se(zy)
5 a5
+fa"'+l d"*'z,8p(x,z A(Zl)—Ll 21 Sk 21,22)/‘(22)1 21 Sr(z2,p)+ ) (2.14)
1 0 .
where SFXP) | xy=y, = _Z—Wf dp G(p)elpfxl—yl) , (3.1
dn+lp —ip-(x —y) i o
Sp(x,y)= f(—i;r_)n—ﬁe piic 215 Ghere
We only consider the parity-odd portion as we did in the (p)— 1 ifp>0,
BJL limit procedure.>° Sr=1_4 if p <0.
IL (1 + 1)-DIMENSIONAL CASE Substituting this into Eq. (2.14) we obtain
In the (1 + 1)-dimensipnal case the first term Sg(x,y) is Pix!yh= i dp e(ple™®! xl—ph (3.2)
the only term which diverges as x approaches y. The 2 Y~ 27

second term appears to diverge logarithmically, but the
parity-odd part converges to a finite value as x ap-
proaches y. After a little algebra one gets

|

_ gyt [© 9P ip(x!—yh) 1 1,1 1,1 1 1,1
a(F,G)=—tr [ax'dy' [© ZZepre?' D [[dz'[F(y',2)G (2, x =Gyl hF(zhx ]

o 277

In momentum space, this becomes

dqdp = ~
elp)tr |F G
Qm2 P T |

a(F,G)=> f

.4
P=5

q

—p— 5

Once Pi"f(xl,yl) is found, the calculation of a(F,G) in
Eq. (2.12b) is straightforward:

4 \F

-G |g,—p— 5 (3.4)

g —p_14
=P

If we take the local limit of a (F,G) at this stage, we get an indefinite expression: infinity minus infinity. In fact, we can
transform Eq. (3.4) so that the local limit may be safely taken. After changing the integration variable p into —k —q/2,

and using the trace property, we obtain

i rdqdk
(F,G)=—
N 2 f (277)26

q ~

2

—k |[tr[F(q,k)G(—q,k)—

—q,k)G(g,k)] . (3.5)

Finally, changing the integration variable g to — g for the second term gives

__ i dq dk 9| _ lp_9
a(F,G)= f R R L
__:(4q 9% dk = S
——if LS tF(g kG (—g.k)
which yields in the local limit
a(f,g)=——— [ 4 uFiqg—q)
2T 2
._____1_. 1 1y, 1
== [ dx'trf(x g (xh) . (3.7)
Also, we have
(TN, (®]=[T(g),F(]=0, (3.8)

because P™(x' y!) is independent of the gauge potential.
In summary,

i[8,(x1),85(p

D1=fapedc(x—p 1), (3.9a)

]trﬁ(q,k)@(—q,k)

(3.6)
-
i[84(x 1,05 (»1)]1=0, (3.9b)
l[pa apb ] fabcpeS(-x -y )
LTty x =yt . (3.90)
2

The results in Egs. (3.92)—(3.9¢) agree with the BJL limit
calculation.® They all combine to give Eq. (1.1b) which
was constructed from a cohomological consideration.
Note that we use no special property of F(x!,y!) in order
to get the anomaly except that its local limit is
fF(xH8(x'—y'). However, as we show in the next sec-
tion, this nice feature does not occur in the (1 + 3)-
dimensional case.
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IV. (1 4+ 3)-DIMENSIONAL CASE

In 1 4 3 dimensions, the terms which diverge at x =y in Eq. (2.14) are linear in A4 and quadratic in 4. The first term
Sr(x,y) vanishes when the trace is taken with y°. The term linear in 4 can be expressed in momentum space as

4 4 ‘ A
S (x,y)(linear in 4)= f (; 1;4 (;]fq)‘te"‘"("*y’e_’q x
T T

_fdp a’4

—ip~(x —y)e —ig-x
Qm* m)?*

The first term of Eq. (4.1

P+4q
I U

), after substitution into Eq. (2.12) contributes zero to P(X,y) because try’papy

~ 1
AL

'y
~ 1
LRI S i (PSR @.1)
2 T e a7

9=0. The third

term of Eq. (4.1) which seemingly diverges logarithmically around x =y actually converges to a finite value as x ap-
proaches y. Therefore, it is enough to consider the second term only:

4 . _ 4
Stepinar in )= — [ Lo 7 [ L0
m

2m)*

—ip-(x —y

)iy“iy"p% +terms finite at x =y . 4.2)

Py

The term quadratic in 4 in Eq. (2.14) can be expressed in momentum space as

d'q; d*qy  _ig 4qyx d’p 1 ~ 1~ ;
S(x,p)(quadratic in 4 term)=—i | —— e 1T Algy) Alg,)—e Px=Y
YR Q) (2m) S o a2 G A4
d* q1 d* 92 —ilg,+q,)x~ ~ d4p 1 1 1 ip-(x —
=—i —e P A,q)4,(q,) —yk—yY e TPX Y
J ot wan A [ o
+terms finite at x =y . (4.3)
Substituting Eqs. (4.2) and (4.3) into Eq. (2.12) we get
. ; —ip-(x —y)
P"(x,y)= lim -4 f dp e” try gy ey pyY(8, 4, + A, 4,)(X) . (4.4)
yo—x0—>0+ 2 (277')

Using py*p =2p*p —p*y* and

fdpe ip-(x y :l7fdp tp-lx—yb
yo"xo+0+ ’p!
or
_ o=t (4.5)
|x—y|?
P"(x,y) can be written as
Pirt(x,y)= — —— X piy) (4.6a)
| x—y|
Bi=— €740 A+ A;4x) . (4.6b)

Furthermore, we can change the argument of B from x to
(x+y)/2. So we get

Prixy)=— 5 TZ’? ‘&), 4.7)
where £=(x+y)/2, n=x—y. The contribution to B
from A?in Eq. (4.7) was overlooked in Ref. 8. The regu-
larized fermion charge / ,(F) is

i i
T F)= 7 (F)+ —— [ dx d®y—L—trBU&)F(y,x) .
S P=F P+ g [ dxdy— s B OF(y x

(4.8)

Now it is straightforward to get a(F,G) through Eq.
(2.11b) with the above P‘“f(x,y). It can be shown that

x d3y

(LT, el O] = In\z

Xtr[ B, f1(E)G(y,x) (4.9)

For simplicity, we choose the intermediate kernel G (x,y)
to be Lie-algebra valued,

G(x,y)=G,(x,y)T?, (4.10)
and symmetric under the change of x and y:

G, (x,y)=G,(y,x) . (4.11a)
In momentum space,

Gip,g)=G(p,—q) (4.11b)

and similarly for F(x,y).
example of G (x,y):

For later use we give here one

X+y 1 —(x—y)2/4
G, (xy)=g|———" |—=;5¢ o (4.12a)
p XY/ =817 (4 )
or in momentum space
G,(p,q)=g(ple 19" . (4.12b)

The local limit is achieved by letting p approach zero.
With this choice, Eq. (4.9) vanishes because the integrand
is antisymmetric under the change of x and y. Now
a (F,G) can be expressed in momentum space as
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3
a(F,G)=—+ [ 24 _pig) _p__P_L

—(FG)
(27)° 277 2n) -

(4.13)

’ —p—ap+2

In order to get the anomaly, we have to take the local limit of Eq. (4.13). Unfortunately, this cannot be done. In order to
show this, let us define

X(F,G;p,q)= (7&" Flpp+3+ 4‘;— —p—ap+2 (4.14)
We expand F and G as
, )V
Flp’ p~l-—CL B— =F(p,p)+ %& —a-a*]‘F(p p)+ - , (4.15a)
/4
G|-p—ap+E |=Gi—p—ap+ |5 %’G”( —p'—ap)+ . (4.15b)
Substituting these into Eq. (4.14), we obtain
. dp p|= ~ 8 = _
X{F,G;p',q)= F(p',p)G(—p’'—q,p)+ —[F(p’,p)G(—p'—q,p)
p.q f(277)3p3 PP P'—a.p > ap,[ PP P'—q.p)]
Ny N
+ -qz— 3—7F(p’,p) G(—p'—q,p)+higher-order derivative terms | . 4.16)
P
The first term is zero by Eq. (4.11b), and the nth-order derivative term looks like
n—m m
[ a 1’-3» FI2| g=rm. (4.17)
P |3 op

As we have seen in the example of Eq. (4.12b) the p dependence of F(p’,p) appears coupled to some damping factor V.
By changing the integration variable from p to s =V/up, we obtain

I"=0u'" 177, (4.18)

Therefore for n>2, I" vanishes under the local limit, which is implemented by u—0. Neglecting these higher-
derivative terms, we get

J
i ’ d’p d d 1 |x =~ _L ~
X(F,G;phq= & | [2L |2 %~ |Fp,p)G(—p —q,p)+ dp F(p',p) |G(—p'—a,p) .
Pa= 15 I(Zﬂ')388P e L m? p’ ap PP poap
(4.19)
Using the symmetry property, the first integral becomes
X\(F,G;p',q)=— (p"VF(p’,00G(—p'—q,0) . 4.20)

122

Here one can safely take the local limit. But the second integral in Eq. (4.19) does not allow a well-defined local limit.
This can be shown explicitly by using the regulator of the above example, Eq. (4.12b):

- - ol — a2
F, (p@)=Fple ", G, (p.a)=g(ple " .

Then the troublesome part of X' is

j ‘
. d3p p’ a _ ~
‘F) 5 ,) = {5 i ,’ -p'— >
X5(F,G;p',q) 5 f(277)3 o apfF”f(p p) |G, (—p'—q,p)
Hr q
e d g(— ). (4.21)
g 127 = f(pg(—p'—q

The local limit of this depends on how p s and u, approach zero. With this ambiguity, the final result for a(f,g) looks
like
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i

W=

The only sensible choice of the undetermined coefficients
Krg/(ps+ig) is 5 because a(f,g) should be antisym-
metric when f and g are interchanged while their sum
must be 1.

Note that (4.22) violates the Jacobi identity, which is
equivalent to the 2-cocycle condition. In fact, the Jacobi
identity for three operators Jiep(F),J eg(G),J eq(H) holds
before the local limit is taken. The situation here is simi-
lar to that of Ref. 10, where an ambiguity in double com-
mutators of currents with spacelike point splitting is
demonstrated. Nevertheless, there the Jacobi identity was
shown to hold true. In our case the ambiguity appears in
a single commutator. The existence of the ambiguity in
Eq. (4.22) is required so that the Jacobi identity holds be-
fore the local limit is taken. This means that if we take
the Jacobian of three operators, each commutator will

J

Sap(X,¥) = — —— €*rTd,(4; T 4,)8(x—y)

i iik b !
pTEL [ 7% T71(8; 4; Ax + 4;0; 4, )8(x—y) — 4872

€ [ dx tr (3,4 +A;4;)(3;fg —3;8f ) +0;(4; A) fa— ef

Ky Heg

(4.22)

Bptig Kp+Hg

contain its own ambiguous term arising from the local
limit. Nevertheless in the sum making up the Jacobian
they all cancel. The approach dependence in Eq. (4.22) is
specific to the intermediate kernel of Eq. (4.12). A dif-
ferent ansatz may give rise to a different approach depen-
dence. Therefore a(f,g) cannot be well defined. This is
to be contrasted with the unambiguous and path-
independent situation in 1 + 1 dimensions.

V. REEXAMINING THE BJL LIMIT

In our previous paper we derived with the BJL

limit method various commutators [p,(x),p,(y)],
[pa(x),85(y)],  [8,(x),8,(y)], [E (x),E{(y)], and
[E;(x),pp(y)]. From these we obtained the anomaly

S,p(X,y) in 1 + 3 dimensions:

€Mr[ T, T 4;4; 4, 8(x—y) . 5.1

[This differs from Eq. (1.1c) by a trivial infinitesimal 2-cocycle.] However, if we are interested in only S,,(x,y), rather
than in the separate commutators, the BJL limit can be simplified. The BJL limit reads

f d"x e TP a|S,(x,0)|B)= lim fd"“xe"”"‘(a|T((—
Pp— >

"fabc'(a | ((_DE) (

E)y(x)+pa (x))((—D-E),(0)+p,(0)) | B).

)+p(0) ]| B) . (5.2)

We add the subscript ¢ because only the connected diagrams contribute. Therefore, contractions should occur so that
G,(x) and G,(0) are connected to each other. One way is a direct contract of E'and 4;:

lim p [ d"*'xe?*(a|(D-E),(x)(D-E);(0)+(D-E),(x)(D-E),(0)

Po—

This is canceled by the boson part of the last term in Eq. (5.2).

Here we shall be content with fermion one-loop graphs.

N|B)=—fape{a| (D-E).(0)|B) . (5.3)

All the other connected diagrams involve fermion loops.

In this case E’is always contracted with the A which is cou-

pled to j’ in the perturbative expansion of the Gell-Mann—Low formula. That is,

J d"t'xe?XDE),(x) = —i [d"*xe?XD-E)(x) [ d*z 4,(2)j*2) . (5.4)
1 loop
Using the free-gauge-boson propagator
AY (x,9)=(TALX)A{(»)) F
dn+l [Sij .
—zq~(x—y)
= + gauge-dependent terms . (5.5)
=J G e gauge-dep
The above becomes, under the limit py— o,
lim f d"tlx e?*D-E),(x) = lim ~l~f d"*lx e?*(D-j),(x)+terms which do not contribute to S, (x,0)
Po— @ 1loop py—w | Po
(5.6)

Therefore, for D-E(x) we can substitute — (i /py)D-j(x), and likewise D-E(0) can be substituted by (i /py)D-j(0). [We
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found an anomalous, Jacobi identity violating, commutator for E. and Ef (Ref. 6); now we see that it is related to
anomalies in commutators of the j’s.] This is the only occasion when the bosonic propagator appears in the fermion
one-loop diagrams. Therefore, after these substitutions we can regard the gauge potential as an external field, and we

only take the vacuum expectation value of two j’s in the background gauge field 4,(x). So we have

S, (x,0)= lim pofdtei"°’<T IDx) oy || =iPIO) o >—f,,bc<j§’(0>>5(x>
Po— Po a Po b
— lim ﬁ—ﬁ;"'mﬁ YOI TjE(x)j3(0)) — fape (je(0))8(x) , (5.7)
Po—>x Lo
where
D(x) =D (x) = f agrar A8 (x)8,0 (5.8)
In fact, we can substitute D for 13, because
lim (7Tj%")=0. (5.9)
Pop— x>
Using
(Tj2(x)jE(0)) OiSar (5.10)
S T 54 (x)645(0) '
D (T2 (x)jE(0)) =i par— S o N, O oo
’ g = 7 v 7 e a 'a'T X
v Vet Yo4b(0) | saT o) | T s ()
8X,(x)
=i —if e {JE (X)), (5.11)
ISAZ (0) lfb J
where
X=D,j* . (5.12)
With this
. 1 ipot. .~ bb' o) . 1 ipot .~ bb' - .0
S (x,0)= lim — | dt D2(0)—F—X,(x)— lim — [ dte" ° foaiDy” (O {jH(0))8(x)]— fape (e ) 8(x) .
»(x,0) plim [ dire®iD}; 547 (0) piim f SavaiDy” (0)[{) b

After the limit is taken the second term is exactly can-
celed by the third, and finally we have

L iPot b’
S,(x,00= lim — | dte °D)’ (0)——
ab Po— PO f 7

(5.14)

In order to get S,;,(x,0) in 1 + 3 dimensions, we substi-
tute X, (x),
i
X, (x)=—
N 247?

TrTe P13,(A,0p4, + A AgA,) ,

(5.15)

and obtain S,;(x,0) given in Eq. (5.1). Equation (5.14)
gives the correct anomaly for the (1 + 1)-dimensional case
as well. The result in Eq. (5.14) explicitly shows how the
commutator anomaly is related to the divergence anomaly
of a non-Abelian chiral gauge theory in even-dimensional
space-time.

(5.13)

VI. SUMMARY

Even though Faddeev’s method looks promising, it
turns out that in the (1 + 3)-dimensional case it does not
give the correct anomaly. A possible remedy might be an
additional regularization of the boson part. From the BJL
limit calculation we have already observed that the com-
mutator of E’ fields is not canonical;® it even violates the
Jacobi identity. This result has also been derived from
purely mathematical considerations.!! Thus, it seems that
in 1 + 3 dimensions, the regularization of the boson part
is necessary for a fixed-time calculation and may intro-
duce those terms which cancel the ambiguous and
unwanted terms.

On the other hand, the above simplified BJL procedure
for the commutator anomaly actually resembles the coho-
mological construction of the infinitesimal 2-cocycle out
of the infinitesimal 1-cocycle responsible for the diver-
gence anomaly. Therefore, we conclude that the BJL lim-
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it is, at least so far, the only method for deriving the com-
mutator anomaly in general.

Note added. Recently there appeared a paper by S.
Hosono (Nagoya University Report No. DPNU-86-44).
There he regularized the fermion current by normal order-
ing and obtained an expression for the anomalous term in
the equal-time commutator of fermion charge densities.

a(6,@)=TrP_(3,g ~'g)P, (3,87 'g)—(6<>¢). (NI

This is equivalent to Faddeev’s expression, which is repro-
duced in my Eq. (2.11b):

a(F,G)= -+ +tr[F,G]P™ . (N2)

Here - - denotes terms measuring the gauge dependence
of the regularized fermion charge density, but these van-
ish as was shown in my calculations. The equivalence can
be seen by writing P, =1—P_ in (N1). The term linear
in P_ reproduced Faddeev’s formula (N2) and the term
quadratic in P_ vanishes by the cyclicity of the trace.
We expect therefore that Hosono’s result, just as
Faddeev’s, does not in general reproduce the cohomologi-
cal expression for the commutator anomaly.

In 1+ 1 dimensions Hosono evaluates his expression
exactly and nonperturbatively for the case that the back-
ground is a pure gauge. His result agrees with my Eq.
(3.7), which makes no reference to the nature of the back-

ground gauge. Thus in 1 + 1 dimensions all is well and
the cohomological result is verified.

However, when Hosono’s formula is taken in 1 + 3 di-
mensions and evaluated with a pure gauge background,
the result disagrees with the cohomological conjecture.®!!
One finds zero, whereas the cohomological formula, being
gauge noninvariant, would give my Egs. (1.1c) or (5.1).
For the Hamiltonian with a pure background
H=—io-(V+gVg™!) the positive- and negative-energy
projection operators P,,P_ are given by P
=1g(1+0-V/|V|)g~'. Therefore, Hosono’s anomaly
vanishes because of the tracelessness of the Pauli matrices.
Note further that a vanishing answer is consistent with
my corrected rederivation of the commutator by
Faddeev’s method. This is because, for a pure gauge field,
F;;=0 and eijkai(AjAk): »eijka,-ajAk:O. The anomaly
a(f,g) in my Eq. (4.22) is zero without any ambiguities in
this case.
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