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The effects of heavy subdominantly coupled (HSC) neutrino mixing, without and with the in-
clusion of right-handed currents (RHC's), on I+ polarization in Ki3 decays are investigated. The
changes in average polarization components due to the HSC neutrino mass (( 125 MeV) and the
RHC factor ((0.2) are less than one percent for p+ and about 0.01% for e+. A large uncertainty
in the experimental value of g' renders it difficult to discern HSC neutrino mixing effects or RHC
contributions in p+ polarization measurements. Electron polarization, if measured, could be de-
cisive in ascertaining the RHC admixture even if a few percent of HSC neutrino mixing is present.

In the past few years there has been a good deal of ac-
tivity investigating the effects of neutrino masses and
mixing in the decays of leptons' and mesons, ' among
several other processes. In this paper we investigate the
effects of heavy subdominantly coupled (HSC) neutrino
mixing on the 1+ (1=p,e) polarization in KL~rr 1+vi
decays with a view to ascertain whether these effects
could be discernible in present-day experiments. In par-
ticular, we obtain the expression for the Cabibbo-

I

Maksymowicz polarization vector with the inclusion of
neutrino mass mixing' and right-handed currents '

(RHC's), and estimate the effects of HSC neutrino mixing
on longitudinal, perpendicular, and normal components of
the I+ polarization without and with the admixture of
RHC's.

The matrix element for the decay with the inclusion of
neutrino mixing and RHC is given by

[(psc+p ) f+(q') +(ptc —p ) f (q')] [& y~(1 —ys)1+Cttv;yt(1+y )1],

where

G —2 ~g 2/8M

CR =gR ML Vus UIi ~gL MR Vus UIi
2 2 R RP 2 2 L

gL and gR denote, respectively, the field strengths for
left-handed (LH) and right-handed (RH) gauge fields in
the non-left-right-symmetric SU(2)L XSU(2)R XU(1)
model; ML and MR are the masses of WL and O'R gauge

bosons; Vu, and Vu, are the Kobayashi-Maskawa mixings
for LH and RH quarks UI; and UI; are the LH and RH
neutrino mixing elements and CR denotes the RHC-
contribution parameter. "

The expression for the Cabibbo-Maksymowicz polariza-
tion vector P= A/

l
A l, with the inclusion of neutrino

mixing and RHC's, is derived by using the matrix element
(1). The vector A, in the rest frame of the kaon, is given
by

m; mx Reb(q )
CR ) al(g)+

mI
Pr

[az(k) m
I
b {q )

l ] pt
mac E(p pt )(E—t m t)—

+mt' Imp(q')p Xp, I+C~' —2C~
foal g

(2)

where

ai(g)=2m+ [E„+Reb(q )(Wo E)]/mt, —

(ga)2=m +tc2Reb(q )mtrEt+
l
b(q )

l
mt

b(q')= —,
' [g(q') —ll, Wo=(mt' +m mt )/2mtc—,
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g(q )=f (q )/f+(q ), m;=m(v;) .

The form factors f+(q ) specify the behavior of the hadronic current. Time-reversal invariance requires f+ and f to
be relatively real, i.e., Imp=0. Consequently the last term in Eq. (2) representing the 1+ polarization component normal
to the decay plane vanishes. In general, to allow for the possibility of breakdown of time-reversal invariance, f+ and f
are taken to be complex (see, e.g. , Ref. 12, pp. 474—476). At present, measurements of the normal component of muon
polarization give an average value Imp= —0.020+0.022 (see Ref. 13). On retaining the term containing Imp Eq. (2)
reduces to the usual expression of Cabibbo and Maksymowicz for the case of zero neutrino masses, no mixing and zero
RHC admixture.

The longitudinal, perpendicular, and normal components of the / polarization are defined parallel to p~, perpendicu-
lar to p~ [in the decay plane along the direction p~ X (p X p~)] and normal to the decay plane along the direction p X p~,
respectively. ' The expression for the longitudinal polarization (PL ) is given by'

& —CR'
PL(E(,m, Cg ) = q FL (E(,m, Cg )PL (E(,0,0),

1+Cz'

where

(3)

P (E&,0,0) =PL (E,, m =O, C~ =0),
is the longitudinal polarization' for the case of vanishing neutrino masses and zero Cz, and

g IUu
I

fL(EI m

FL, (E(,m„, Cg ) =
[ h i (Et m ) —[C~ /(1+ CR ')]"2 (EI m )1' (4)

The complete expressions of the functions f~(E~, m; ) and h', z(E~, m; ) are lengthy and are given in the Appendix.
It may be emphasized that the neutrino-mixing contributions are congregated in the function Fq which attains a con-

stant value one for massless neutrinos. As such, in order to have an idea of neutrino mass contributions to this function,
we display the behavior of its constituents f~ (1 =p, e) and h q in Figs. 1 and 2, respectively. The nature (not shown here)
of the function h ', is almost identical to that of fL except for a slight difference in numerical values.

The expressions for perpendicular (P~) and normal (P~) components of the I polarization, with the inclusion of
neutrino mixing and RHC's, are given by'

and

Pp(E& m CR)=[(1—C~ )/(1+C~ )]F~(E( m, Cz)PP(Ei 0 0) (sa)

P~(E~,m„,Cq ) =F~(E~,m„, Cq )P~(E~,O, O),

where

g l
U„

l

'f,'x(E, , m, )

F E C I

X l
Ut

l
[h~(E~, m;) —[C~/(1+C~ )]hz(E~, m;)]

(Sb)

The functions fp~(E~, m; ) are given in the Appendix. The dependence of fg, fg, ff, and f~ on lepton energy and neu-
trino mass is almost identical to that of fg and fL shown in Fig. l.

In the present three-generation neutrino world (i =1,2, 3), the current experimental limits on neutrino masses are
20& m& &45 eV (Ref. 16), mz &250 keV (Ref. 17), and m3 & 125 MeV (Ref. 18). This holds if one assumes' that v, is
principally v&, v„ is mainly vz, and v is v3. In order to have an order-of-magnitude estimate of the effects of neutrino
mass mixing, we note that the relative contribution of neutrino mass m; depends on the ratio 6; =m;/m~. The present
mass limits give 5& (10,6z (10,and 63 (0.25. As such, we may take 6& ——6q ——0 for estimating the effects of HSC
neutrino v3 mixing. With the use of the unitarity condition

l
U~~

l
+

l
U~z

l

=1—
l

U~3 l, expression (3) becomes

PL(E(,m3, Cg )=[(1—C~ )/(1+Cg )]FL(E(,m3, Cg )PL(E),0,0), (6)

where

1 —
l

Ui3 l
'[. 1 fL«r m»]-

Fc«, ,m„C~) =
1 —

l
U(3

l
[1—h ~(E(,m3)-+[C~/(I+Ca )]hp(E/ m3)]

We plot in Fig. 3 the function Ff(E&,m3, C~ ) for m3 ——75
and 125 MeV, Cz ——0 and 0.2, for two different values of
neutrino mixing element. We note that the HSC neutri-
no mixing contributions to this function are small and

I

change slightly for finite ' C~(=0.2). At the kinematic
cutoff of E„, Fg approaches unity. The nature (not
shown here) of the other two functions Fg and Fg that
would occur in the corresponding expressions of Pg and
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FIG. 1. The variation of ~'(T m.~, m;) with lepton kinetic ener-

gy i ( =p+, e+). The solid curves are for fg(T, m) and the
dashed curves are for fr'(T m ). Th„m; . e single circle, double cir-
cle, triple circle, single cross and d bls, an ou e cross on the curves
represent m; =25, 50, 75, 100 and 125 M V,7 e, respectively.

Pg in the v dom'ominance limit is similar to that of Fg. We
give below the estimates of HSC neutrino mixing effects
o t e t ree components of p+ polarization for th f

e p3 I
& 0.059 (Ref. 22), without and

wit the inclusion of finite Cz.
We define
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FIG. 3.
dash

The variation of Fg(E m ) 'th E Thp 3 wi „. e solid and
as ed curves are for m3 ——75 and 125 MeV

sin le and d
3 — e, respectively. The

sing e an ouble arrow on the curves are for CR ——0 and 0.
and the sin le and

e r R — n .2,

2
curves are or

=0.01 and 0.059, respectively.

APEP~(E&,m3, 0)=
~
Pp(Et, m3, 0) P(Et, o, o—)

~
7

where R=L PP=, P, or N. Then, we find that (i) for Cq ——0

0.6

b Pg ~(E„,m3, 0)

Pg ~(Eq, o,o)
& 1.2%

(ii) for Cz ——0.2 (Ref. 21),

b Pfz(E&,m 3,0.2)

Pg, (E,0,0.2)

6P3v(E„,m 3,0.2)

Pg(E, 0,0.2)

where

and

PE,p(E„,O, Cg)=[(1—Cit')/(1+C ')]Pg (E 0 0

0.2

0.0
m~ 120

I

160 200 240
E (MeV)

FKs. 2. Th e nature of the function h "(E . ) Th
tion of th

„,m; . e descrip-
of the curves is identical to that of th
ig. . e unction h&(E„m;) (not shown here) is a roxi-

Pg(E„,O, Cg)=Pg(E„,O, O) .

The corresponding contributio t + l
'

ns o e po arization, for
m3 & 125 MeV,

I
U, 31 &0.044 (Ref. 23), and Cit &0.2

are

6Pl' (E„m3,0)
& 0.002%,

(9)
API (Ee,m 3,02).

PL (E„0,0.2)
&0.1% .

The experiments on le tonp on po arization measurements
report average values of
relevant es

polarization corn onents. The
re evant estimates for average values f Pes o I p~ with the
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inclusion of HSC neutrino v3 mixing and finite Cz are ob-
tained by averaging Eqs. (3) and (5) over the entire Dalitz
plot. We express average polarization components as

1.005—

z, p(m3 CR )) [( CR )~(1+CR )]

XGz p(m3 CR)(Pz p(0 0))

( PIv ( m 3, CR ) ) = G~ ( m 3, CR ) ( P~ ( 0,0 ) ),

(10) E
I .OOO

C9

where the variation of the functions Gg p( m 3, CR ) with
m 3, for K&3, is shown in Fig. 4. For m 3 & 125 MeV,

U&3 I
& 0.059 (Ref. 22), and CR & 0.2, we obtain

0 995—

0 25
I I

75
m~ (MeV )

I

)25

and

6(Pg p(m 3, CR ) ) l(Pf p(O, CR ) ) & 0.5% (12)

A(Pg(m3, CR ) ) l(Pg (0, CR ) ) & 1.0% . (13)

In the case of K, 3 decay the nature of the function
Gz(m3, CR ) is s™arto that of Gg(m3, CR ) shown in
Fig. 4. It is found that for m 3 & 125 MeV, Cz & 0.2,
and

I
U, 3 I

&0.044 (Ref. 23), Gz(m3, CR )= 1 within
0.01%. Therefore, for K, & decay, Eq. (10) becomes

( P (zm sC R)) =[( I —CR )l( I + CR )](Pz(0, 0) ) .(14)

This shows that any significant decrease in (Pz ) may be
attributed to RHC contributions even though large HSC
neutrino mixing ( U, 3 ——0.21) may be present.

It is well known that the value of p + polarization de-
pends significantly on the value of g. The uncertainty in
the presently known best-fit value' g(0) = —0. 1 1 +0.09
gives

( Pz (g= —0.2) ) —(Pz (S = —0.02) )
(P (g'= —0. 11))

6(PP(g) ) l(PP(g) ) =4.6% and b (PIv(g) ) l(PIv(g) )
=3.2%. As such, the uncertainty in g makes it almost
impossible to discern the effects of HSC neutrino mixing
or the RHC admixture from the present p + polarization
measurements. The situation could improve if g is
known with a much better precession.

The numerical results given here refer to Kz ~~ l +v
decays but the conclusions apply equally. well to
K +~n l +v. In Ref. 3, for K + decays, the longitudinal
component Pz (EI,m 3, CR ) of charged-lepton polarization
has been calculated. It is shown that, in principle, (i) a

FICx. 4. The variation of Gg p(17T3, CR ) with the HSC neutri-
no mass m3 (for U„3 I

'=0.059). The solid curves are for GP
and the dashed curves are for Gg. The single and double arrow
on the curves represent CR ——0 and 0.2, respectively. The nature
of the function Gg™3,CR ) (not shown here) is similar to that of
the Gg except for difference in numerical values.

study of the variation of muon polarization Pz with EI
could be a useful place to ascertain the RHC contributions
and v3 mixing effects, (ii) the existence of electron polari-
zation PL ( 1 would be indicative of the RHC admixture,
and (iii) any variation of Pz with electron energy E,
would be indicative of contributions of finite m 3 . Here,
we find that the presently known uncertainty in
[g(0)= —0.35+0.15 for K~+3 decay' ] would render it al-
most impossible to discern the effects of HSC neutrino
mixing or the RHC admixture in K&3 decay also. Fur-
ther, due to v3 mixing, the change expected in Pz, for any
value of kinematically allowed F„is less than about 0.1 %%uo

for Cz (0.2, m 3 ( 125 MeV and as such difficult to
detect. However, the average longitudinal polarization of
e+ is not sensitive to the value of g and the HSC neutrino
mixing contributions to (Pz ) are also insignificant (less
than 0.01%). Therefore, this measurement, if carried
out, and giving (Pz ) value different from unity could
be a positive signature of the RHC admixture even if a
few percent of HSC neutrino mixing exists.

APPENDIX

For brevity we use the notation pz P Iv to represent one
of the three functions fz, fp, or fIv. All relations are ex-I I

pressed in the kaon rest frame:

1fz,p, Iv (EI m I ) Xz,p, Iv ( EI E m ' )dE
l

P; b
~ 1,2(EI m ) = f Y1,2(EI E mI )dE f

I

1
b

Pz p Iv(EI, O) = Xz p Iv (EI,E~, m& =0)dE~

where

b

Xz p Iv (EI,E„,mI =0)dE„,

Y1 (EI,E,m, =0 )dE„,
bf Y1(EI,E„,m; =0)dE

m ) =mIIt I [at(g)+Reb (q )m; mR/mI]
I pI I

—[I22(k) —
I

b (q')
I

'm '][
I pI I

(mR —E )+
I p I

EI cose I]jmI I

Xp(EI E m ) = —mI~[I22(4') —
I
b (q )

I
m ] I p I

»no I
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Xtv(Et, E,m; ) = —mtmsc A[1 —2Cttm; /( I +Ctt )mt]
I pt I

& mPq')
I p. I

»n()-t

Y, (Et,E,m; ) =m~k[A +BRef(q &+ C
[

g'(q )
(

+m D —
I
b (q')

I

'm '/2mK]

Y2(Et,E,m; ) = —,m;mt~{ m~'
I

+Pq'&
I

'+ -'
I

p—q'&
I

'+ mK {. 14 q'
I ] l

A =mtc[2EtE —m~(Wo E—)]+mt (Wo E—)/4 —mt E„

B=mt [Ev, —(Wo .—E )/2] C =mt (Wo E~)/—4 ~

mK /2 + 2Et «b ( q
'

) + ( Wo —E + 3m t /2m ' )
I
b (q )

I

A, =(1+A,+q /m ) .

The integration limits a; =E;„and P; =E,„are obtained from the following kinematic limits on E

( i ) {[(mtc El) —
I pt I

'+m —m ](mtc Et)(—+)
I pt I

[(m~ Et—) —
I pt I

—(m m) ]'

&&[(mtc Et) ——
/ pt /

—(m +m;) ]' ] {2[(mac Et)' ——
I pt I

']]
The limits a =E;„and b =E,„are obtained by substituting m; =0 in Eq. (Al).
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