PHYSICAL REVIEW D

VOLUME 35, NUMBER 7

1 APRIL 1987

Proposed experiment addressing CP and CPT violation in the K°K° system

Isard Dunietz, Jay Hauser, and Jonathan L. Rosner
The Enrico Fermi Institute and Department of Physics, University of Chicago, Chicago, Illinois 60637
(Received 24 November 1986)

An experiment utilizing the decay ¢ —KsK; is proposed for measuring the ratio €' /e of CP-
violating parameters in the kaon system. It appears one can probe values of €' /e down to 10~* with
10° ¢’s. An asymmetry measurement of the relative times of 7*7~ and 7°7° decays is capable of
testing the phase difference ¢, _ —¢o to £1.6° (30), with 10'° ¢’s. Far fewer ¢’s (perhaps 10°) can
be useful in constraining some parameters of the kaon system associated with CPT violations.

I. INTRODUCTION

Since the important discovery of CP violation,' no sig-

nificant new discoveries on discrete symmetry breakings
have been wrested from elusive nature. As yet, the K%K °
system has proved itself to be the only one delicate enough
to display CP violation.?

The kaon system so far has not provided one very im-
portant piece of information. All CP violation at present
can be described in terms of a single parameter € which
serves to express the mass eigenstates Kg and K; in terms
of CP eigenstates K| and K;:

Ks=K, +eK,+0(€?),

(1)
K; =K, +€K, +0(€?) .

If € were the only source of CP violation, the manifesta-
tions of this violation in two-pion decays of the K; would
be the same for charged and neutral pion pairs. A param-
eter € describes possible differences in 7*7~ and 7°7°
amplitudes. Specifically,

(m*tm~ | K) id
== _|le "t =€e+€, (2a)
N+ <7T+7T— le) |77+ I
(7% | K.) idoo
== e P=e—2¢€. (2b)
Moo <7TO7TO|K5) f"?oo)

[Here we have expressed the amplitude ratios 7, _ and
Moo, Characterizable by four real parameters, in terms of
two complex numbers € and €’; we do not introduce
(I=2|Kgs)/{I=0|Ks) amplitude ratios, in contrast
with (e.g.) the first three references of Ref. 2.] If €' were
zero, 1o and 1, _ would be equal. The search for a ratio
| noo/M 4 — | differing from unity has been of great experi-
mental interest recently.>~> These searches have mainly
concentrated on comparisons between K; and Kg pro-
duced in high-energy accelerator beams at Fermilab,’
Brookhaven,* and CERN.®> There are also studies being
planned in low-energy antiproton annihilations.®

In this work we study a different process for producing
kaons: the decay §—KsK;. The ¢ can be produced very
cleanly in e"e™ annihilations. Its quantum numbers
JPC=1—" ensure, as we shall see, that only KsK; is
formed in the final state, even in the presence of CP or
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CPT violation in the kaon system. There are interesting
time-dependent correlations in the final states when both
K and K| decay to two pions.” ! The possibility of a ¢
factory for studying CP violation in the kaon system is, in
fact, receiving intense scrutiny by experimenters at
present.!!— 14

Our specific results, ignoring detector inefficiencies, are
as follows (similar results have been found in Refs. 13 and
14).

(1) We find that with about 10%¢’s, one can perform a
useful measurement of €’ /e down to a level of 107,

(2) We expect that the phase difference ¢, _ —d¢gy can
be tested to +1.6° (30) with such an experiment, with
101%s.

(3) We find that such experiments are particularly suit-
ed to tests for large imaginary values of € /€. These are
not expected if CPT is valid, but have not yet been exclud-
ed by experiments. Indeed, questions have been raised re-
peatedly over the years about CPT invariance.!”> Such
tests can be helpful with far fewer ¢’s than discussed
above; one can begin to make a useful contribution with
about 10® ¢’s. We review in Sec. II, the definition and
present experimental status of €' /€.

In Sec. III we introduce the ¢ —KgK; process as an in-
teresting €'/e probe. From e*e™ machines it may be
feasible to expect as many as 4 10'° ¢’s (Ref. 16) in the
process e te "—(y)—¢. The C-even KK background is
found to be negligible in e e~ annihilations.

Section IV presents the general formalism for interfer-
ence in ¢ decays. We will be mainly interested in the de-
cay ¢—KsK; — (w7, 7%0).

We relate, in Sec. V, complex values of €' /€ to asym-
metries of the rates ¢—KsK; — (7=, 7%7°) at various
time slices, and discuss the required number of ¢’s to ob-
serve those asymmetries.

In Sec. VI we quote the times which minimize the num-
ber of ¢’s required for any given €'/e. We shall discuss
two classes of experiments.

(a) For Re(€'/e)=0(| € /€| ), the quantities of interest
are the number of (w7 ,7°7°) decays when the w7~
decay occurs before 7°m°, compared to the number ob-
tained when 7+ 7~ decay occurs after 7°7°. We require
2% 10° ¢ for € /e=1073 (to 30 accuracy).

(b) For essentially imaginary €'/€ and |€'/e| <0.05,
we find that a finite-time comparison minimizes the re-
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quired number of ¢’s. Specifically, we compare the num-
ber of (7t 7, 7°7°) decays occurring at

2.57'52At:t00—t+_20 3)
to the number of decays occurring at
0>At=typ—t,_>—2.575 . (4)

With 10'° ¢’s we probe |Im(€’/€)| <1072 (assuming Re
€'/€=0), corresponding to |¢,_—doo| <1.6° (30 accu-
racy).

Section VII shows the utility of time-dependent intensi-
ty curves, when the |7, _/7| experiments and our
asymmetry measurement fail to measure an €' /€.

A comparison of experimental methods is given in Sec.
VIII. There it is found that the |9, _ /7| experiments
practically map out the same allowed €'/e regions as
time-asymmetry experiments of class (a), mentioned
above. However, for testing the ¢, _ —¢y phase differ-
ence our method (b) probes a very different region of the
parameter space.

In Sec. IX we exhibit the possibility of measuring rare
K decays, due to the wildly disparate lifetime of the ac-
companying K;. This can be utilized to address the ques-
tion of CP violation in the Kg system, as of yet unob-
served. In the superweak model 10° ¢’s suffice to observe
CP violation in Kg—37° and Kg semileptonic asym-
metry. Section X is a summary of our main findings.

II. REVIEW OF PRESENT STATUS

The two experimental groups>* which have measured

| 74— /700 ]| actually quote their results as if Im(€’/€) =0,
in which case they find the following.

Chicago-Saclay group (Ref. 3):

’

% = —0.0046+0.0053+0.0024 ;  (5a)

BNL-Yale group (Ref. 4):

% =0.0017%0.0072+0.0043 .  (5b)

The average of these two values is

’

%: —0.0025+0.0047 . (6)
This translates to a value of
2
111; =0.985+0.028 , @)
| Moo

which we shall sometimes use in what follows.

The neglect of Im(€’/€) is motivated by constraints of
CPT invariance, which imply that the phases of € and €’
are approximately equal.!” However, independent tests of
CPT invariance are always welcome. Would the subtle
K°-K° system be a good place to harbor tiny CPT viola-
tions as well? Indeed Christenson et al.'® reported

by _—doo=(—12.6+6.2)°, (8)

a 20 violation of CPT invariance. If the nonzero differ-
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FIG. 1. Contours of |7, _/7Mew|? and ¢, _ —dg on the com-
plex €'/€ plane. The experimental limit (lo) is the unshaded
area. Note the large |€'/e| values still unprobed.

ence could be taken seriously, large values of |€'/€| are
compatible with |7, _ /70| =1, as shown in Fig. 1. One
cannot overemphasize the importance of measuring the
phases of 7, _ and 7¢ accurately.

Experiments are indeed contemplated to measure
&, _ — oo more accurately. Refinements and extensions'’
of a Fermilab experiment® will measure this difference to
better than +5° (10) within two years, and to +1° (1) ul-
timately (by the early 1990s). The LEAR experiment
mentioned earlier® hopes to achieve an accuracy of +2°
(1o) in this figure.

Just as an example, take |7, _ | = | 1¢o| (Refs. 3 and
4) and ¢ _ —doo= —10° (Ref. 18). We obtain

£ ~5.8%x107 2270 9)
€

a value which is imaginary and an order of magnitude
larger in magnitude than the experimental results quoted
in Refs. 3 and 4. This would indicate CPT violation.
Limits on CPT from existing data can be found in Ref.
20. A phase difference | ¢, _ —¢g| < 1% can be accom-
modated with CP violation alone.

Clearly we need an experiment which measures
M4 _—ne=23€ directly. Here we present an outline of
such an experiment.

III. ¢ -KsK; LABORATORY
In the process
e e~ —(virtual photon)—¢ , (10)

when ¢ decays to K°K °, we shall show that the final state
is always K¢K;, even if CP or CPT is violated in kaon
decays. The basic idea of the experiment is then to ob-
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serve both Kg—27m and the CP-violating process
KL —21r.

When both kaons decay to w*7~ or to 7°7°, Bose
statistics requires the amplitude to vanish when both di-
pion systems are emitted at equal times after kaon pro-
duction. However, when one kaon decays to 7*7~ and
the other to 7%7°% the amplitude at equal decay times is

then proportional to®—1°

+ o

7]+_——7]00:36'. (1n

Thus a ¢ factory will “sense” directly the complex num-
ber €'. Creating ¢’s (from e te ~ annihilation) has the ad-
vantage that the branching ratio to KgK; is large,
B(¢—KsK;)=(34.31+0.9)% (Ref. 22). In this paper we
shall discuss the practical implementation of this idea, via
studies of asymmetries in the distributions of time differ-
ences At between emission of the 77~ and 7%7° systems.

We first concentrate on ¢ production in the process
(10). The optimal luminosity on top of the ¢ resonance
could be as high as 10’ ecm™2%s~! (Ref. 16), “pushing”
present capabilities. Since o4~4ub, an experiment could
obtain 4% 10 ¢’s and 1.4X10°%¢—KK; decays in a
run of 10’ s. A 1987 upgrade of the Novosibirsk e e~
machine is expected to result in a luminosity greater than
10%! cm_2 —1 at the ¢ meson.!? Thus “interesting” num-
bers of produced ¢’s range from about 5 10 to more
than 10'!. We shall find that to observe a three-standard-
deviation effect of nonzero €', we need to produce 4 10%
#’s when €'/e=(+ ’270, and 2Xx10° ¢’s when
€/e=10"3. The dlstnbutions with respect to Az will be
quite different in the two cases, however.

We now discuss the quantum numbers of the K°K°
system formed in e Ye ~ annihilations. When CPT is bro-
ken, the eigenvectors of the mass matrix are arbitrary:

|Ks)=p'|K°)+¢'|K°) , (12a)
| K )=p|K°)—q|K°), (12b)
where we take |p'|%*+4 |q'|%’= |p}2+]q12—1 (Re-

quiring CPT invariance we get p’=p and q'=gq.)

Assuming C is conserved in strong and _electromagnetic
interactions we observe that the initial KK state immedi-
ately after ¢ decay is

|i)=|K°K%C =o0dd))

1 ~\T ~ T ~ o
=51 |KA2)K%(—2))— | K°2K%—-2))], (13)
where we choose the Z axis as the direction of the momen-
ta of the kaons in the c.m. system; (2) means that the par-
ticle moves in the positive z direction and (—2) means
that the particle moves in the negative z direction. The

time evolution can be readily read off when we substitute
Egs. (12) into | i) [Eq. (13)]:

1

= Viran

[ | KL (2)Ks(—%))

— | Ks(Z)K (—2))] . (14)
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Note that CPT invariance in kaon decay has not been as-
sumed in deriving this equation. The critical minus
sign®~1% in Eq. (14) is just the reflection of the fact that ¢
is a C-odd particle and conserves C while decaying. In
similar fashion we obtain the K°K° C-even background.

It is easily proven to be a linear combination of KgKg and
10

K;K;, and relinquishing CPT invariance'® also of
KSKL +KL KS:
|b)=|K°K°C =even))
‘/_[1K° %—2)+ | K%2)K%—2))].  (15)
We demonstrate that the C-even background produced via
ete”—>2y>K°K° (16)
can be neglected. Using unitarity bounds,?* one finds

olete" KK 0 JP=0")

2 2

> ol 2+In— | olyy—K°K %JF=0") .
s m,
(17
With the experimental data?* near threshold
o(yy—K°K°J"=0%)=~16+6 nb , (18)
we obtain the ratio
gle’e KK J'=0") >3.6x10-10 (19)

olete™—¢p—KsK;)

We expect the inequality to be saturated within an order
of magnitude in analogy?® with the K —/*I~ decay
analyses. Another background, of the same order in per-
turbation theory but even less important, comes from
ete”—ete K°K° (with the final ete~ undetected).
Since we are discussing experiments with at most about
10'! detected ¢ decays, we neglect the K°K © even charge-
parity background in what follows.

IV. INTERFERENCE IN ¢ DECAYS

Choose any two final states f, (.e., 7*7~, 7°° 379,
etc.) and f; (i.e, #*7~, 7lv,...) and observe the decay
amplitude

(f1(t1,2), (15, —2) | i)
1

=m—[<f1 1) | K Y f2(ty) | Kg)

—{[1) | Ks ) falta) | KD T,

(20)

where f,(t,,—2) indicates that the kaon moving in the
—Z direction decays at time ¢, into the f, final state.
One observes the possibility of interference, which is the
crux of this paper.

The “complex masses™ of the K ; are

i
Asp=mg — 57’5,1_ . (21)
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Define also )
A)LEAL—AszAm——éAy ,

Am=m; —mg , (22)

Ay=yL—7s >

,,E_Zfzri _ (23)
For the kaons we have Am >0, Ay=y; —ys~—7vs<0,

and Ay/2Am = —1. (More precise experimental values
are given in Appendix A.) A Ky evolves in time, being
an eigenvector of the mass matrix, as

(f1(t1,Z),f2(t2,—z)i| Y= \/i(qp’-}.

(m1—m2)cos A
m—"2 2

where
At=t,—1t,, (27a)
t=(t;+1,) . (27b)

An illustrative example is in order. For equal times
At =0 we have a vanishing amplitude for identical final
states of the two kaons fi=f,=f (., f=n 7",
1r°1r°,... ). However, at equal times for fﬁ&fz, eg.,
fi=7m 7", f,=u"7° we have an amplitude®~'° propor-
tional to 7, _ —7g=3€. One could judiciously choose
time slices to maximize signal to background and statis-
tics, comparing {rt 7,7 7~} to {wt 7, 7°7°].

A more direct approach is to compare the decays
{w+7~,7%7°} to themselves at suitably chosen times. In
this paper we mainly concentrate on the latter, more

J

( (t ,2), 2([2,—2) l) =
| fl 1 f | | 2|qpl

cos
2

—2Im (771+7]2)(T]?

Note that in general AA is a complex number and so we
deal with hyperbolic functions as well as trigonometric
ones. We will develop this formalism in general for any
f1 and f; and A, s, and so our results will be applicable
to analogous resonances [e.g., ¥"'—D°D %, Y(4S)—B,B,].
However, having foremost €' /€ in mind, we choose

fi=atn~, fr= (29)

and this will be our choice until noted otherwise. We in-
tegrate over all “accessible” times t =t; +¢, keeping the
temporal distance At =t,—t; a constant. This we then

=770

—{f11Ks){f2|Ks)e
'p)

t . .
]+t(n,+n2)sml

[ m2—m
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_”‘S,L’

| Ksp(1))=e | Ks(t=0)) . (24)

For convenience we suppress the time argument of
| K5, (t=0)) in subsequent discussions, and write only
|KS,L(t =0)>E IKS,L )

We generalize Eqgs. (2) to read for any final state f;:

(fx IKL

rETTE (25)
<f i | KS )

Note that this will be the inverse of the conventional nota-
tion for the 37 modes. We obtain

—i(Ap +Ag)t/2

ALA:
2 b
[

direct approach. This same approach is being studied in-
dependently in Ref. 14. We have by no means exhausted
all the possibilities; we will merely be able to quote some
“good choices.” Our conclusion, mentioned earlier, is
that to observe a 30 effect for € /e=—5e'?’" one needs
41089, and for € /e=10"2 real one requires 2X 10%.
In the two cases, one chooses different time slices, howev-
er.

(26)

V. REQUIRED NUMBER OF ¢’s
AS A FUNCTION OF €' /e

Here we outline one way to calculate the required num-
ber of ¢’s (Ny4) to observe a given complex value of €' /e.
The rate corresponding to Eq. (26) is

' |2 |{f11Ks) || {f2|Ks)|%"

2
. AAAt
|24 |sin 1 |42 12
—m3)sin AAAL e AMAL (28)
2 2
[
denote as our “intensity” I (At)
IAD=1 [ dt| (f1(1,2),f20t,—2) i) |2. (30)

|Ar]

Here the factor of 3 is the Jacobian for the transforma-
tion from (z,,¢,) to (¢,At). Note that ¢;,, >0 and so the
integration begins at | At | >0. In Fig. 2 we display the
time-dependent intensity plots. We note that for €' /e=0
[Fig. 2(a)] the plot is symmetric with respect to At reflec-
tion (At— —Atf). Asymmetries arise for €'/es£0; to
dramatize them we have shown in Figs. 2(b)—2(d) and 2(f)
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cases that are ruled out experimentally. The intensities where
are roughly constant over 10 <At /75 <100, a fact easily
understood in terms of the disparate lifetimes of a Kg and
K;. (The lifetimes of a Kg and K; from ¢ decay at rest Ne=Re[(n,+1)(n] —93)1,
translate to mean decay paths22 of 0.6 cm and 3.4 m,
respectively.) We define an intensity asymmetry for any . .
given At as im=Im[(n;+m2)(n7 —n3)],
_I(A)—I(—Ar) (32)
A(AD= I(At)+I(—A1) ne=|m+m|?,
. AyAr
2 | msinh 5 NimSINAm At n_= -1 2
N AyAt ’
(n_+m4)cosh 2 +(n_—n4)cosAm At In the case we are interested in [Eq. (29)], 7,
(31) ="4_, M2="00, We obtain
(a) I(At) 1(At)
a 1 (d) 1
0.5 0.5
F + + + $ : + + | :4 } T -
-0 -102 /N1 102 o -10*  -10° 02 10t
=107 107" At(Ts) 10" At(Ts)
(e)
I(At)
(b) 1
Pt t |
-4 -2 2
05 -10% 10 10> 10t
10
<t + +—>—A At(Ts)
0% 102 -1/ N1 102 10f
SRR
-10" 107 At(Ts) (f)
0.5
-0t -i02 -1/ 1 102 1o
-0 10" At(T.
1(At) At(Ts)
(c) 1 I(At)
(g) 1
05 0.5
'r4 f 12 + t —+ + {2 + 54 l / . \_0 l , ‘
-10* -0 -1/ N1 102 10 B/ N | N
\ -0t -0z -1/ N\ 108 10t

-10" 107" At(Ts)

-10" 10" At(T)

FIG. 2. The time-dependent intensity plot [Eq. (30)] in arbitrary units as a function of At, for various €' /€. Note that cases (a) and
(b) exhibit no interference; cases (b)—(d) and (f) are ruled out experimentally. Also, since the At axis (horizontal) is logarithmic, the
apparent discontinuity arises because of the comparison between Ar=10"" and At = —10~'. (a) For €'/e=0 (or equivalently 1, =1,
so also for w7 ~,m+7~). (b) For € /e=2 (or equivalently 17, _= —1q). (c) For € /e=1e*". (d) € /e=1. (e) € /e=0.05¢7". (f)

€'/€=0.05¢'". (g) € /€=0.05¢"".
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2
=le|?|4—4ReS+ | = | |,
Ni=|€| Ce+ p
, 2
—le|?|o|&
n_=|€| . l
(33)
’ ’ 2
€ €
nre=|e|2 6RC?—3 _6- ’
6,
Nim= |El2 —6Im l—e—]} .
Then
’ ’ 2
3[—2Re%+‘%
Jim 4,(An= -~ . (34)
t— o0 ’ '
2_2ReE 455
€ €

Nature tells us that |€'/e| <0.05 is tiny (see discussion
in Sec. II). Therefore, for Re(e'/€)=0, it is more power-
ful to limit At to only a finite range where the asymmetry
is appreciable [Fig. 3(a)]. For Re(€'/e)=O0(|€/€]),
however, it is statistically more powerful to include all
events At €[0, o ) [see Figs. 3(b) and 3(c)].

Define the rate for the decay into f; and f, to occur
anywhere between 7, > At > —7; as

I[r,—7]= f_zrld(At)I(At) . (35)

Appendix A contains the explicit formula for this func-
tion. The total decay rate is
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|a;(at)]

At(Ts)
Af(At)
1 ——————
f (c)
_|62_
10 ! 3 =5 z 4
0> 10" 10 10> 10 1 102 10
AH(TS) AHTs)

FIG. 3. The intensity asymmetry [Eq. (31)] plotted as a func-
tion of At (in Kgs-lifetime units), for various €'/e. (a)
€ /€=0.05¢'*"". For At < 6.0 the asymmetry is negative, while
for At >6.0 it is positive. We plot the absolute value of the
asymmetry. The maximal asymmetry —0.67 occurs at
At =0.22; A;(At=o0)=3.7%x1073. (b) €/€=0.05. The
maximal asymmetry —0.72 occurs at Atp,,=0.22;
A(0)=—0.15. (c) €/€=10"3. The maximal asymmetry
—0.72 occurs at Aty =4.5%X10"3 A;(0)=—3%x10"3. (d)
€'/€=0.05¢"", The maximal asymmetry + 0.71 occurs at
0.22; Af(0)=3.7X1073.

INew,—w]= fowdtl
X [, dnl (i@ fon,—2) 1) |2

(36)
We define a rate asymmetry
I'[7,0]-TI[0,—7]
I'[7,0]+T[0,—7] ~

Defining z=Am /y, y =Ay /2y, we obtain the limiting
case of T— o (see Appendix A)

AF[T’O] =

(37)

2
6 2Refe—— £l lya+z9+ lZIm% z(1—y?)
Ar[r=,0]= e : — , (38a)
915 | 2+z2—p)+ 4—4Re%+ ’% ‘ (z24+y?)
T
which simplifies to the rate asymmetry [Eqgs. (38)] we find the 7, terms
Ap[7= o0,0] suppressed by O(y; /vs) relative to the 7. term.
r ’ Given any €' /€ (complex number) we are now in a posi-
3y(1422) € € 4y €' tion to quote the number of required ¢’s (Ny4) to observe
~ 2Re——|—| |=——=Im— |  this ¢'/e to N h lect events with
2z2+4p?) € € vs € is €'/€ to No accuracy, when we select events wi
7> At >0. This number is
(38b)
under the assumptions that |€'/€¢| <<l and that I' w,— o]
zZ=~—y=1. Only on a time scale of the first few K life- Ny(1)=2220X I'[7,0]

times does the 7;, ~2 Ime’ /€ term contribute appreciably
to the intensity asymmetry [Eq. (31) and Fig. 3]. At later
times we observe that 7,.~2Re(e'/€)—|€ /e|? dom-
inates, as seen in Eq. (34). Therefore we anticipate that in

(1—Ap?)
—A—Zr . (39)

2
X max I,N—(1+Ar)
2 r
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We now explain the factors in this relation.
The factor 2220 is the inverse of the branching ratio of
o7t +707%

B(¢—>mtr +7%7°)=B(¢—KsK;)
XB[KsK;(C=o0dd)—>7t7~ +7°7°]

1

= - (40)

One might naively expect that
B[KsK;(C =o0dd)—m* 7~ +7°7°]
= B(Kg—7t7")B(K; —>m’r°)
+B(K; >7t7 )B(Ksg—n°7%) , 41

which in fact happens to be the correct answer. For the
correct quantum-mechanical treatment we refer the reader
to Appendix B. The ratio

IN o, — ]
I'[7,0]

is the ratio of the total number of 77~ + 7% events to
the number of 717~ + 7°7° events under the constraint

T>At(=tpp—1t,_)>0. (42)

Finally, we require to know the number? of 7+ 7~ 4 7%7°

events under the constraint of Eq. (42) to observe an No
effect of the asymmetry Ar in Eq. (37). Since we demand
at least one such event we take the maximum in Eq. (39).

VI. MINIMIZING THE NUMBER OF REQUIRED ¢

In experiments utilizing the rate asymmetry (37), one
wants to find the 7 for any given €'/e¢ which minimizes
the required number of ¢’s, Ny. As expected [see the dis-
cussion after Eq. (34)] for €' /€ small in magnitude and
imaginary, we obtain a global 7,;,~2.57¢ [Figs. 4(b) and
4(e)]. (A local minimum will be present at 7~2.575 for
phases near 90°, 270°.) For Re(€'/e)=0(|€' /€| ) it is sta-
tistically more powerful to take 7=« [Figs. 4(a), 4(c),
4(d), and 4(f)—4(3)].

Denote a as the phase of €' /e:

€
€

i' — ia
< e, (43)

In Table I we display for various €' /e the rate asym-
metries [Eq. (37)] and the number of ¢’s required for a 3o
asymmetry [Eq. (39)] for time slices 7= o0 > At >0. We
read off Table I that for a fixed magnitude of €' /e all
phases (a) with a sizable real part of ¢'® require essential-
ly the same Ny (up to factors of 3). A remarkable in-
crease of N, is predicted for imaginary € /€ in agreement
with the discussion after Eq. (34). We note that for
86°<a<92° and 268°<a <274° the local minimum of
Ny(7) at 7~2.575 is a global one (see Table II); for those
phases it is most powerful to restrict oneself to finite time
slices 7~2.57, > At >0. It is perhaps worthwhile pointing
out that there are some special cases [e.g.,
| € /€] =0.05¢"*,a=(85,86,268,270)°], such that the rate
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FIG. 4. Number of ¢’s, Ny [Eq. (31)], plotted as a function
of 7 [in Ks-lifetime units (7> At >0)]. (a) €' /e=0.05X "2,
Ng (Tiocat min=1.4)=6.12X10°, Ny(r=4.0)=c0, Ny(0)=3.5

X10°% (b)) €/€=0.05Xe?".  Ny(rpmin=2.5)=0.38x10°,
Ny(r=87)=c0, Nylec)=2.0X10°. (c) €' /e=0.05xe"
Nygl0)=3.8x10°% (d) €/€=0.05%e"". Ny(Tiocal min=1.6)
=3.8X10°, N4yr=4.5)=c, Nylr=00)=3.9%10° (o)
€/6=0.05¢"". Ny(Tpin=2.6)=0.33X10°, Ny(Tioc max=87.1)
=2.6X10°, Nyr=0)=1.1X10°. (f) €/e=0.05xe'"?,

Ny(r=00)=3.4X10°% (g) €/€=0.05. Ny(r=o0)=8.4X10°.

(h) €/e=10"7 Nylr=00)=2.2X10°. (i) € /e=10"2".
No(Tia min=1.4)=1.1x 10",  Ny(r=4.3)=w, Nylr=0c0)
=9.1x10°.

asymmetry, Eq. (37), flips sign (see Table II). In fact, this
explains why Ny(7= ) for the @ =270° case is larger, at
times by an order of magnitude, than for a=90° (see
Table I). A remnant of this sign flip is the functional
dependence on €' /€ as found in Eq. (38).

VII. A PEDAGOGICAL CASE

We saw that comparing 7+ 7~ +7°7° decays to them-
selves at different time slices leads to detectable effects.
However, there are cases when neither the method out-
lined in Secs. V and VI or the approach relying entirely on
the magnitudes of |7, _| and |7y | will work. For a
pedagogical example choose |7, _|=|n0| and
¢, _ —doo=180° (which appears to be ruled out experi-
mentally). The resulting intensity graph [see Fig. 2(b)]
shows no asymmetry in the sense of Eq. (31), since indeed
no interference occurs [in Eq. (26) 7 _ —70+#0,
N4 _+7M00=0]. So our method of Sec. V is not applicable
here. The time-dependent intensity plot is a function of
the complex cosine. Contrast this situation with €'/e=0
(e, 74 _—no0=0,m,_+7070). Here also no asym-
metry results, and the time-dependent intensity plot [Fig.
2(a)] is drastically different from Fig. 2(b), dictated now
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by the complex sine. Therefore, looking at the time- e 1 ¢ 2 1 N4_ 2
dependent intensity curve of (7*7~,7%°) [Eq. (30)] we Re =~ Im—— | —— |1 , (45a)
gain additional insight about the relative phases of 7, _ Too
and M00- ' ’ ’ 2
Ime?z-;—sin(¢+_—¢oo) 1——2Re% +0 % .
VIII. COMPARISON OF EXPERIMENTAL METHODS
(45b)
We display the contours of constant number of ¢’s, . . o
Nf(fz ), and asymmetries Ar[7= w,0] for the decays These were just the relations plotted in Fig. 1.
7%~ later than 7°7° vs ¥ 7~ earlier than #%7°, in Fig. To obtain Fig. 5 we neglect
5. We call to the attention of the reader that comparison 2 ¢
with Fig. 1 shows that indeed the use of ¢’s in the limit —| <1, |[Re— |1 (46)
T=oco measures essentially the same as the |1, _/7uy| €

experim_ents. That is readily understood, as follows. and we use the known lifetimes and mass difference of the
Neglecting KK © system, Eq. (A2), to obtain
) 2
€ € € 2vL. € 1 € 1
Re&- Re< | (44) € Yo, € 1| €| 1, .
e | <Re_ ReENYS Im€+2 3A1—[7' ©,0] .
we obtain (47)

TABLE I. The rate asymmetries [Eq. (38) and the number of ¢’s required (Ny4), Eq. (39)] with 7= oo (7> At >0), for various
€ /€= | € /€| e'®. The values with asterisks (%) are excluded experimentally.

@) Ar[r=,0]
a (degrees) £ |=0.05 5—(:0.01 £ =0.005 £ =103
€

0 —0.15* —3.0x 102 —1.5x 102 —30x10-3

30 —0.13* —2.6X 102 —1.3x102 —2.6x1073

60 —0.072* —1.5%x1072 —7.4x1073 —1.5%1073

90 +42x10~? 2.5% 104 8.9% 10~ 1.2%x10°°

120 7.7%10~2* 1.5% 102 7.6% 103 1.5% 1073

150 0.13* 2.6x1072 1.3% 1072 2.6% 1073

180 0.15* 3.0x 1072 1.5x 102 3.0x10°3

210 0.13* 2.6x1072 1.3x 1072 2.6% 1073
*

240 7.6x10~2 1.5 1072 7.5%103 1.5%x 1073

270 3.2x1073 4.7x10-° —1.4%10-3 —8.8x10-6
*

300 —7.3%1072 —1.5% 102 —7.5x103* —1.5%1073

330 —0.13* —2.6x102 —1.3x10"2 —2.6x1073

®) Nylr=o0)

€ |_ € | _1n-2 € -3 € -3

a (degrees) ’— =0.05 -E—I_IO 1— =5%10 — =10

0 8.4x10%" 22x107 9.0x 107 22%10°
*

30 1.2 10° 3.0x107 1.2 10 3.0%10°
*

60 3.9 10° 9.2 107 3.7x 108 9.1x10°

90 1.1 10° 3.2x 10" 2.6% 1012 1.4 10
*

120 3.4x10° 8.8 107 3.5% 10 8.9% 10°
*

150 1.2x10° 3.0x 107 1.2 108 3.0x10°
*

180 9.4x10°7 2.3%x107 9.0% 107 2.3%10°

210 1.2 10° 3.0x 107 1.2 108 3.0x10°
*

240 3.5% 106 9.0% 107 3.6% 108 9.1%10°

270 2.0%10° 9.2% 10" 1.0x 10 2.6% 1014

300 3.8x 10" 9.0% 107 3.6 108 8.9% 10°
*

330 1.2 10° 3.0% 107 1.2 108 3.0x 10°
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FIG. 5. Contours of constant N4(7= o), and the corre-
sponding asymmetry Ar[r=c,0]. Dashed curve, Ny=co,
Ar=0; solid curve, Ny=10", 4r=+1.4X10-3; dotted curve,
Ng=10°, Ar=14.5x10"% dashed-dotted curve, Nyz=10%,
Ar==%1.4X1072 Here the three right-hand-most contours
have negative asymmetries; all others are positive.

From Eqgs. (46) and (A2) we have

T[o0,— 0] -2
2l o) o Ap[r=,0]<1072. (48)
[ .0] rlt7=,0]<

If in addition we assume |e|=2.28x1077 which is

necessary to obtain B(¢—7+ 7~ +7°7°) ~ 2220, we find

172

Re—e—z Im— +
€ €

2yr €' 1 [ €'
—_ Im_
Vs € 2

2
+ 2220
N¢(T= o)

(49)

As a result of the small ratio y; /¥, the contour of con-
stant |7, _/ne| [Eq. (45a)] is to a good approximation
also a Ny(7=co) contour [Eq. (49)]. Thus Ny(7= o) ex-
periments probe essentially the same contours as conven-
tional |7, _ /74| experiments.

Another experiment, the one we advocate as being par-
ticularly suited to the measurement of Im(¢€’ /e), is to ob-
serve final states with a finite cut on 7. The correspond-
ing asymmetries Ar[7,0] for 7=2.5r, are shown in Fig.
6(a). The contours of the numbers of ¢’s needed to ob-
serve these asymmetries are shown in Fig. 6(b). In fact
for many cases one can optimize the minimum number of
@’s required by choosing a slightly different Tmin» With a
benefit of as much as a factor of 2. An example is shown
in Table II for €' /e=10"3/5"", We see that these experi-
ments are primarily sensitive to the phase difference
&4+ _—¢oo. For example, 10'°%’s would permit the mea-
surement of |Im(€'/€)| to <1072 [for Re(€’ /€) ~0] cor-
responding to (¢ _—@o | <1.6°. The experiment would
require a vacuum pipe at the interaction region with an
inner radius of perhaps 10—20 K2 lifetimes (6—12 cm) in
order to prevent regeneration. Tracking, calorimeters, and
photon conversion layers would be necessary to identify
both final states 7+ 7~ and #°#° and find their decay ver-
tices.

TABLE II. The local minimum of N,(7) [Eq. (39)] and the minimizing 7, compared with N4(7= o) for various phases (a) of
€' /€= | €' /€| e™. The values in part (b) with a dagger () do not correspond to a local minimum of N,.

(a) |€'/e|=0.05

a (degrees) 7(min) N 4(Tmin) Ar[Tmin 0] Nylr=c0) Ar[7= ,0]
85 2.4 4.2x108 0.17 2.6 108 —8.8x10°3

86 2.4 4.0x 108 0.17 5.3x 108 —6.2Xx107?

90 2.6 3.3x 108 0.18 1.1x10° 42x107?

92 2.6 3.0x 108 0.18 2.3x 108 9.4% 1073

268 24 4.2x108 —0.17 2.9 108 8.4x1073
270 2.5 3.8x 108 —0.17 2.0x10° 3.2x1073
274 2.6 3.1x108 —0.18 3.9x 108 —7.2x1073
275 2.6 3.0x 108 —0.18 2.1x 108 —9.8x107?

(b) |€/e| =103

a (degrees) Tmin Ny Ar[Tmin, 0] Ny(r=c0) Ar[T= ,0]
60 1.4 1.1x 10" 2% 103 9.1x10° —1.5x10"3

60 2.5t 1.7x 108" 8.2x 104 9.1x10° —1.5%10-3

86 2.4 1.1x 102 3.5% 1073 5.2 10" —2.0x10"*

87 2.4 1.0x 10" 3.5x 103 9.6 10" —1.5x10"*

90 2.5 8.7 x 10! 3.6 1073 1.4x 10" 1.2x 1073

93 2.7 7.7x 10" 3.6x 1073 7.1x 10" 1.7x 1074

267 2.4 1.0x 102 —3.5x1073 9.2 10" 1.5x107*
270 2.5 8.7 10" —3.6x107? 2.6 10" —8.8%107°
273 2.7 7.7 10" —3.6x1073 7.4x 10! —1.7x10~*
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It appears experimentally feasible to obtain a limit on
the phase difference better than +1.6°, corresponding to a
rate asymmetry Ap[7=2.5,0]=+%3.4%. For example, a
systematic error in At of 0.017g (corresponding to a 60
pm shift in decay length) would induce an error in
Ar[r=2.5,0] of only 0.9% (for €' /e=0).
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FIG. 6. Contours of constant (a) Ar[7=2.575,0]; (b)
Nyg(7=2.575) (the Ny= o curve is omitted). The experimental
limit (10) is the unshaded area.
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IX. THE Ks: RARE DECAYS AND CP VIOLATION

A Kg decays close to the interaction region, whereas
the K; decays typically hundreds of Kg lifetimes away.
This idea can be utilized to measure rare decays of Kg. If
the K; decay has in fact been observed far enough down-
stream in § —>KsK; , we can in fact be sure the other par-
ticleis a K.

Using this idea, we can begin to address CP violation in
K decays with about 10 ¢’s. At present only upper
limits exist.”® The decay Kg—37° is a distinctive signal
of CP violation, whereas Kg— 77~ 7° could happen via
a CP-conserving amplitude with higher partial angular
momenta.

In the superweak ansatz?’ one predicts

B(Ks—31°)~1.96x10"° . (50)

Hence, utilizing the branching ratio®?> B(¢—KsK;)
~34.3% we observe that 1.5X 10° ¢’s are required to see
one Kg—37° decay. The typical geometry is highly
favorable. For Kg—m+7~7° one could utilize carefully
chosen times and decay modes for interference effects®2°
to be seen. This is a viable alternative to the Kg— 37° de-
cay also.

Another CP test based on K—37 decays studies
partial-rate asymmetries between such processes as
Kt —>rtgtg~ and K~—7" 7 7*. (See, e.g., Lee and
Wu, Ref. 2.) Such tests are especially suited to a ¢ facto-
ry, where there are equal numbers of K+ and K .

X. SUMMARY

Here we have outlined some methods for measuring
N4 _—mnoo- In the event that CPT does not hold, these
methods promise to be especially advantageous (since we
already know that |9, _ | = |700])-

For most phases of €' /€ considered here, it is statistical-
ly more feasible to integrate the intensity in Eq. (30) out
from At =0 to At = « and compare it to that for — o to
0. One requires 2 10° ¢’s to observe €' /e=10"3 or
€' /€=0.05¢'?"" to 30 accuracy, for full detection efficien-
cies.

However, for a small island of +3° around a=90°,270°
[see Eq. (43)], integrating the intensity out to only a finite
time O0<Af<7T~2.57g, where At=t o o,—1? , _, and
comparing with —2.575 < At <0 appears to be preferable
over the first approach. There are also cases (Sec. VII)
where no asymmetry will be found. One has the option of
comparing the time-dependent curves of (7+7~ 47°7°)
to (w*7~ +7+7~) [Figs. 2(a) and 2(b)].

We also addressed briefly the possibilities of measuring
as yet unobserved CP violation in Kg decays. For the su-
perweak ansatz one requires 1.5X 10° ¢’s to observe one
Kg—37° a clear signal of CP violation. Rare decays of
the K can also be probed to excellent accuracy. All this
is due to the fact that a Kg and K; are so easily dis-
tinguished because of their wildly disparate lifetimes.

Note added in proof. Results from a test run of an ex-
periment at Fermilab,'® when combined with previous
data,>* now yield a world average® |7, _/7me|?
=1.009+0.017. The corresponding allowed regions in
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Figs. 1 and 6 are smaller, but values of

| Im(e/€) | >>Re(e'/€) | still are not excluded.
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APPENDIX A

After some lengthy, albeit straightforward algebra, we obtain

| (f11Ks) |2|{f2|Ks)|?

O, —71]= P { |m—n2 |k _ (1) +5s () +h_(1)+5(13)+2a]
16| (gp'+4q'p) |
+‘7]1+’Y]2|Z[h-(Tl)—S(Tl)+h_(T2)—S(7'2)+2b]
+Re[(n1+12)(nF —m3)12[A (1) —h L (1))]
+Im[(n;+7,)(n] —n2)][o(m)—a(r)]} (AD
where
—_ o —¥, T -7
hi(r)s—l—e Ts iLe T s(T)E—zze——z—(zsinAmr—cosAmT),
Y7s YYL yi(l1+4+2z%)
—yr 2.2 2,2
a(T)E—f—e—T(zcosAmT+sinAm7’), a52(2+z 7/2), b= 2z 4y )2 s ZEA—m, yEAL.
yi(1+2z°) YryYs(14+z%) YrYs(14+2z°) Y 2y
For the kaon system we use??
%S—zsso, a=1.17x10% b=1.16X10% z=0.953, y=—0.997. (A2)
L
For the total rate into f,f, we obtain
Dleo,—ool= [ "dt; [~ dty | f1(t1,2),f2(02,—2) 1) |2
(f11Ks) |2 {f2|Ks)|?
LA TR 1K) ] (m—mn2l%a+ | m+n2]|%) . (A3)

8lgp'+4q'p|*

We display the rate asymmetry [Eq. (37)] for the limiting
case 7—» o

2[ ey (14+2%) —im 2 (1—y?)]
N_(242z2—y?)4n (2 +y?)

Ap[r=o0,0]= (A4)

APPENDIX B

The branching ratio of a C =odd KK, configuration
[Eq. (14)] into w7~ 4+ 7°7° is

_ R (+ —,00)
B[KsK (C=odd)—>mtr +7'7]=— .
[KsKe S R(f.f2)
fpfz
only once
(B1)
Here we use a shorthand notation for 77~ (+ —) and

for 7°7%00). R(f,,f.) denotes the total rate into the
normalized (f;,f,) final state, which is proportional to
I'[ w0, — oo ] [Eq. (A3)]. The summation therefore extends

[

over every pair chosen only once. The summation in
Eq. (Bl) is simplified, when it is realized that
B(Ks—+—)+B(Ks—00)=~100% and B(K;—3m)
+B(K; —7*1¥v)~100%. To obtain a good estimate we
need only to sum the set

{+—,00,3m,mlv} . (B2)
Indeed we obtain, utilizing Eq. (A3),
R(4+—,00) |(+—|Ks)|*[(00|Ks) |2

XMy~ —moo|%a~+ | m4_+n00|%b)

(B3a)
and
> R(f1,f2)« |(all|Kg) |?|(all| K. ) |%a +b) .
iy
only once
(B3b)

Equation (B3b) requires some explanation. We will show
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what approximation is involved. Take a typical term
when we sum over the set [Eq. (B2)] fi=+ —, f,=3m;
then

R(+—,3m e |{(+—|Ks)|?| (37 |Ks)|?
Xy —3n %@+ (04— +73.|%b) .
(B4)

Now it is an experimental fact?>2® that
|

2177

|1731r|’ Inﬂ'lv[ >>17721rl .

We caution the reader that we adhere to our definition
[Eq. 5] nm=(miv|K.)/{milv|Ks) and 7,
=(37|K.)/{3m|Ks) the last being the inverse of the
usual convention.?? We get R(+ —,37)
o | {+—|Ks)|?| (37| K.)|*a+b). Furthermore for
any f€ {4 —,00,37,mlv} it is easy to convince oneself
that R(f,f) <<R(+ —,3w) and so we obtain [Eq. (B3b)].
Thus

(Une——noola+ [1n,_+n0|) vs

~ N4 +n0

The first approximation in Eq. (B5) utilizes the excellent
approximate equality of the generalized mixing parame-
ters ax~b [Eq. (A2)], and the assumption that
|€'| << |€]; the last approximation utilizes once more
|€'| << |€| and uses |€|~2.28%x1073. It is obvious
from the first approximation in Eq. (BS) how we obtain
Eq. (41). We just utilize b/(a+b)=~3 and

2’4y® s

2 2 -3
B(K —)B(Ks—00)=~1.3x10~3 .
a2 7, B s s

—B(Kg— + —)B(Ks—00)
YL

(BS)

[M4—+700|2=2(|n4_|%+ | 700 |?) and we see that Eq.
(41) is indeed a lucky accident. It follows whenever one
has highly disparate decay rates y; <<¥s, in which case
both a and b are approximately 2/(y; ¥s). In such an in-
stance, interference effects can be neglected, allowing one
to derive Eq. (41) in two lines. For general y;,ys the
more complete treatment given here is needed.
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