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Quantum-mechanical structures of the SU(2) Skyrme model are examined in the framework of
the collective-coordinate quantization. This nonlinear model gives us a simple example of quantum
mechanics on a curved space. According to the procedure adopted by Sugano, Kimura, and others,
we treat the Lagrangian quantum mechanically from the beginning. Some remarks are given on re-
lations between Hamilton and Lagrange formalisms. To the classical mass term, a new one is add-
ed, which may play a role to stabilize the rotating chiral soliton.

I. INTRODUCTION where Ur,=@,U)U" and (f)om~93 MeV. It is as-

sumed that the soliton solution o(x) of the hedgehog type

Some authors! % have investigated the quantization of
nonlinear theories in quantum mechanics. The obtained
results can be applied to the Skyrme model so as to treat exists, and the collective coordinate A (z) is introduced® by
it quantum mechanically from the beginning. The aim of

0(X)peg=exp[iF (r)7-X], X=x/r, r=|x| (1.2a)

N
the present paper is to investigate the quantum structures Ulx,t1)=A4()o(x)A4(1)" . (1.2b)
of the SU(2) Skyrme Lagrangian in the framework of t.he (ii) After some “classical” calculations, one derives
collective-coordinate formalism proposed by Adkins
et al® Lo®(U)= [ L(Upyx,t)dx
The usual way of treating the Skyrme model quantum alF] 3
mechanically, which is essentially the same as that adopt- =—— 3 wlw?-M_[F], (1.3a)
ed by Adkins et al.,} is as follows. 2 55
(i) Start with the Lagrangian® where
3 .
[l A*ﬂz > LwB‘rB , (1.3b)
L(Uppx,t)===Tr(Up,Up,) a 522
0 1 SZ
3 2 2.2 )
a =57f, drros® |1+ —+F
+ 32e. 2 Tr([ULP’ ULP]Z) [F1=57f fo eszfﬁz l r?
s
202 (1.3¢)
my " fn +
;. U+U=2), WD Gith s=sinF(r) and F'—dF /dr;
|
M Fl=2nf,2 [ " drr? 2% pey LS S? opa| o 210y | . c—cosF (1.3d)
JF1=2nf, o arr r2—+— +eslfn2r2 r2+ m,(1—c)|, c= . .
I
The function of F(r) is determined by making use of the AL ¢
minimization condition of M,[F] with respect to F(r). Pp= Y (1.4)
(iii) Define the momentum p, conjugate to ¢° [¢¥s 9
(b =1,2,3) are real parameters which are necessary to de- (iv) Finally, require the canonical commutation relation
fine an SU(2) matrix 4 (¢), e.g., three Euler angles]: between {g®} and {p,}, or replace the classical Poisson-
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brackets relation with the quantum one.'°

In the procedure described above there are some uncer-
tainties which have some connection with phenomenology
such as values of soliton masses and f,. When we consid-
er some current by introducing an interaction to (1.1), it is
not so clear what form of the current is correct quantum
mechanically. As far as currents with the first order of
A(=dA/dt) or w® are concerned, appropriate symmetri-
zation of “classical” expressions might lead to the correct
quantum-mechanical ones. As for the current of (w?)?
order, there is no definite procedure to get to the
quantum-mechanical form from the classical one. In or-
der to remove such uncertainties, we take the viewpoint
that the problem should be treated quantum mechanically
from the beginning. The quantization problem has an in-
timate connection with investigations!! of phenomenologi-
cal adequacy of the semiclassical approximation.® There
is a possibility that the first- and second-order A correc-
tions to this approximation have effects so large in some
kinds of matrix elements that phenomenologically favor-
able results®!2 obtained in this approximation are drasti-
cally changed.!""!3 So, for the sake of getting more reliable
results, it seems also necessary to examine the quantiza-
tion problem. The present work is confined to considera-
tions of quantum mechanics of the “free” Skyrmion
model, and the structures of the electromagnetic and weak
currents will be explained in a subsequent paper.

Before going into detail, it is worth noticing the follow-
ing two points. (a) The hedgehog form of o(x), (1.2a), is
consistent with the Euler-Lagrange equation for the semi-
classical Skyrme Lagrangian, the solution of which mini-
mizes the classical mass M [F], (1.3d) (Ref. 8). It is not
appropriate to take the hedgehog form of o(x) before
solving equations of motion derived from the quantum-
mechanical Lagrangian. Thus in the following considera-
tion we do not use any concrete expression of o(x), but as-
sume only the existence of a soliton solution and utilize its
general properties. (b) The second remark is concerned
with the form of 474, (1.3b). By using (ag,a) variables
introduced by Adkins et al.,! where 4 =ay+ia-T, 4 T4 is
expressed as

ATA :i(aodg—agdo)fg +i(a><é.)-7'+(aoa'0 +aBdB) .
(1.5)

(Here and hereafter we omit 2; _; and adopt the summa-
tion convention.) The last term (a¢ody+agadp) is equal to
zero “classically” because of the constraint

Atd=I=ayay+agay , (1.6)

but not equal to zero quantum mechanically. This means
that the expansion of A'4 in terms of only 75 such as
(1.3b) is not correct quantum mechanically.

The remaining part of the present paper is organized as
follows. In Sec. II the fundamental assumptions and use-
ful relations for exploring the quantum-mechanical struc-
ture of Skynpe Lagrangian are given. Using the quantum
form of ATA4, we give explicitly the quantum-mechanical
Lagrangian in terms of g variables. After defining the
momentum operator p, conjugate to g° we require the

canonical commutation relations between them. In Sec.
III various relations are given which are useful for consid-
ering the quantization problem on a curved space. By em-
ploying these relations, in Sec. IV a remark on the relation
of the present consideration with that done by Kimura* is
given, and the Hamiltonian form is discussed. In Sec. V
the Hamiltonian obtained in Sec. IV is proved anew to
lead really to Hamilton equations of motion for variables
(g% pp), and their connection with the Lagrange equation
is disussed. In Sec. VI, discussions and problems to be ex-
plored are given. Especially the physical effect of a new
mass term coming from the quantum-mechanical treat-
ment is remarked. In the Appendixes mathematical de-
tails are given.

II. FUNDAMENTAL ASSUMPTIONS
AND QUANTUM FORM OF SU(2)
SKYRME LAGRANGIAN

A. Fundamental assumptions

We start with the Lagrangian L (Up,;x,1), (1.1), of the
SU(2) Skyrme model. As already noted, 4 (¢)[ €SU(2)] is
specified by a set of real parameters {q%b=1,2,3}, and
since 47(34/9q%) belongs to the Lie algebra of SU(2), we
can write

o =2 75C(g)" . @.1

Hereafter d/3dq° is written simply as 8, when there is no
fear of confusion. We introduce the inverse of {C,?} as

CbECbDZSED’ CbECdEzsdb i (2.2)

From (2.1), it is easy to derive the useful relation

CbEabC“B—CbBabC“Ez —GEBFCGF (23)

with the totally antisymmetric tensor €ggp.
The basic assumption is that the commutation relation
between g% and dg®/dt =g is given by

[4%¢°1=—if"(q) ;
f?(q) is a function of only g’s, which is to be determined
after the quantization condition is imposed. f° is sym-

metric under the exchange a<>b owing to [¢%¢°]=0.
Here we newly define w? as

wP=1{G%,C,") @.5)

(2.4)

instead of its classical form w?=4¢ ‘C,%. Equation (2.5) is
the suitable quantum form of w®, which will be seen from
the consideration in the following subsection.

B. Quantum form of A'4
First we define the quantum form of A=dA/dt as
AQ=51{4%3,4()} . (2.6)

Then we have, from (2.1),
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Sraw’=3(4%4"0,4) =44 +7[4°4"13,4 ;

i.e.,

ATa= %TBwBJr éfBB , (2.7a)
where

fBPg)=C(q),BC(q),Pf () . (2.7b)
Here we have used

[¢9A]=—if*3,4 . (2.70)

It is easy to prove that 4 defined by (2.6) has the desired
properties:

. x " .t
A'A+A ' A=AA +AA =0. (2.8)

As remarked in Sec. I point (b), A'A4is not expressed as
(1.3b), but has an additional term of SU(2) singlet. We
can use, however, effectively

eff -

AT4 = %TBwB, 2.9)

when the time derivative of U(x,?) is included only in
special combinations

ULp(x)=[3,U(x)]U (x)f
and
U,(x)=U(x)'3,U (x) .

The reason is easily seen from the following relations:

UL4=71_A(A*A—0A*A0*)A*

=XppArpwia’, (2.10a)
Ups=—~A(o'dtdo—at )’
1
=—XppArpwBa’, (2.10b)

where we have utilized the fact that 74 —OTBU+ and
Tp —0 'Tgo can be expanded in terms of 7p’s:

(2.10c)
(2.10d)

T8 —O'TBO'TZZXBDTD ,
TB —O'TTBO':2X1’;DTD .

Properties of Xpp and Xpp are summarized in Appendix
C.

C. Canonical momentum p,

For the purpose of defining the canonical momentum
P. conjugate to g° we express Lagrangian (1.1) in terms
of ¢ and q © variables. First note

[w5 A]=FBP4 2

> (2.11)

Employing this relation and

[w? fEP1=—iCy B, fEP (2.12)
we can directly confirm the following to hold:
a(o;x)
L(UL,;;XJ)=——'2 £L wBwP +[(w?)°- order term] ,
(2.13a)
where
alo;x)pgp =f X (X)pp X (X)gp
1
+ 2 §(x)kF§(x)kHX(x)BD
4e;
XX(X)E(;EFDJEHGJ > (2.13b)
(%) )t = Lrpt(x)® . (2.13¢)

axk 2

[Because of go'=1, (30/3x%0" is expanded in terms of
only 75’s.] Nonappearance of (w?)!-order term in the
right-hand side (RHS) of (2.13a) is explicitly demonstrat-
ed in Appendix A. Similarly, the RHS of (2.13a) can be
written

L(Upy;x,t)= %q 98 (0;%) 54 °+ (¢ *)°- order term] ,

(2.14a)
where
g(o;x)gp =a(0;x)pp C,PCy P . (2.14b)
The proof is explicitly given in Appendix A.
Define
alo)dpp= f d’x a(o;X)pE - 2.15)
Then we have
Lo(U)= [ d’x L(Up;x,0)
_ a(za) wBw? 4+ [(wB)%order term] , (2.16a)
and further
0(20)waB__.%q'agab(q)q'b_U(q) . (2.16b)
Here, g,,(g) and v (q) are functions of only ¢’s:
ga(q)= f d3xg(a;x)ab
—a(0)C,%C,2 (2.16c¢)
0(g)= 57 *40,(C ¥, Cy)
29 rana, ¢, ) 0,C" 2.16d)

As already mentioned in Sec. I we do not utilize any expli-
cit form of o(x) such as the hedgehog one, (1.2a), but only
assume existence of the soliton solution.

From (2.16a) and (2.16b), we can define the canonical
momentum p, which is conjugate to g° as



35 SKYRME-MODEL LAGRANGIAN IN QUANTUM MECHANICS: ... 1899

3Lo(Up,)
3G °

'—:%{q‘b’gab} . (2.17)

Pa

D. Quantization conditions and a new mass term

We impose the canonical commutation relation

[Parg®1=—i8,". (2.18a)
Note that for the time being we do not require
[Pa:Ps]1=0, (2.18b)

and we derive, in this subsection, the Lagrangian L,(U_,)
expressed in terms of g variables; that is, the (w?®)%-order
term in (2.16a) is explicitly given.

In order to do this, first we get a condition imposed on
f° appearing in the starting assumption (2.4). From (2.4)
and (2.17), one obtains

[Pa>q°1= —if"(9)84a(q) ; (2.19a)
therefore,
f a0 =8,° (2.19b)

Hereafter we write °°(q) as g°%(q); then (2.4) and (2.19b)
are written as

[¢%¢%1=—ig® (2.20a)

gdbgda =8ab ’ (2.20b)
respectively. Furthermore we have

g%= 5C% , (2.20¢)

a(o)

d°=71(pr8"} . (2.20d)

From (2.7a) and (2.11), one easily obtains
. ] 3i
ATAd=Lrpw? : 2.2
2 TgW™ + 80(0’) ( 1)
T
[w? A]——-I—A—li. (2.22)

a(o)
By making use of these relations, one can obtain

alo)

Lo(Up,)= wBwB—[M (0)+AM(0)] . (2.23a)
Here M_ (o) is the “classical” mass term given by
M.(0)=— [ d*x L(Up;x,0) ; (2.23b)

L (Uypy;x,t) is defined by (Bl) in Appendix B. M_.(o)
reduces to M [F], (1.3d), when the hedgehog form o(x)peq
is substituted for o. AM(a') as well as a(o)w?w?/2 in
(2.23a) come from

_fa
L(Upgx,t)= TTI'(UL4UL4)

+ : T Tr([ ULk, UpLall ULk, UL sl (2.24)

16e;

when (2.22) is employed. With the help of the expression
for AM(o) given in Appendix B, we have

AM (0peq) =AM [ F] written as
AM[F]= drris?
[F.I2 f
52
X | fat+ 2F? 4 =
X r
(2.25)
with a [F]=a(0opeq), (1.30).

It is worthy to remark on the choice of the starting La-
grangian. Although L(Up;;x,0)=L (Ugy;x,t) is evident
in the classical theory, it is necessary to confirm whether
or not this equality holds quantum mechanically. We can
easily prove by direct calculations

L(Upx,0)=L (Ugpx,1) . (2.26)
Needless to say, the form of AM (o) is unique irrespective
of the starting SU(2) Lagrangians which are “classically”

equal to (1.1). Details are explained in Appendix D.

III. PROPERTIES OF {Cf}

In this section we summarize properties of C,®s and
C*°g’s for later use. In order to do this, it is convenient to
consider the relation of C,®s with the g-coordinate
transformation which induces some right SU(2) transfor-
mation of SU(2) group element A4(g). Because the func-
tional form of A is invariant under such ¢ transforma-
tions, we obtain the isometry condition'* on the “metric”
&a»(q), from which useful relations are derived.

A. Relation between {CF} and g-coordinate transformation

Let us consider an infinitesimal SU(2) right transforma-
tion of A4 (q):

A(q)+58:4(q)=A4(q) (3.1a)

i
1+ ETBé‘B

with an infinitesimal parameter £&. This transformation
is assumed to be induced by some g-coordinate transfor-
mation:

9°—q"°=q°"+E"p(q); , (3.1b)
ie.,

A(q)+8:4(q)=A(q°+55p(q)%) . (3.1¢)
We have

Pl9)53, 4 (g)=id(@) - , (3.22)
which leads to

p(q)°5C(q),P=857; (3.2b)
therefore,

p(q)¥p=C(q)° (3.2¢)

The invariance of functional form A under the relevant



1900 FUIJII, KOBUSHKIN, SATO, AND TOYOTA 35

g-coordinate transformations means the form invariance
of the “metric” (2.16¢)

8ar(q)=a(0)C(g),°C(g), " , (2.16¢)
leading to the isometry'*

gab(9")=8ap(q")= ggi gqq; gae(q) - (3.3)

The following relations are derived from (3.3):

84a95C 8 +85a04Cp +C“30a8ar =0, (3.42)

VyCo?+9,CP=0, (3.4b)
where

v,C,5=9,C,°—T4,C.7, (3.40)

T = 78°58da +9a8ab —348ba) - (3.4d)

[Needless to say, (3.4a) and (3.4b) can be directly derived
from (2.16¢).] From Cp%= —i Tr(4 Ta,,A Tg), one obtains

35 Ca®—0,CyP=€pgsC,°C. " . (3.5)
From (3.5) and (3.4b), one obtains
Vs Co®=5epppCy°C,E (3.6a)
or
VyCo=3,C% +T%,C%
=7epprCy’C% . (3.6b)

We define in accordance with Kimura* the spin connec-
tion A BD,b A8

VyCo=—AggsC% ; (3.7a)
therefore, in our case we have
Apep=—1€8pECs" . (3.7b)

B. Local Euclidean frame in g space

The Riemann-Christoffel curvature tensor R¢;,;, is de-
fined by

R4y =8,Ta —8, T+ T gy — T /gy . (3.8)

From the integrability condition!*

€dabbe +VaVp6a—VpV,6,=0 (3.9a)
with C%pg,. substituted for &,, or directly from
0,0,C°e=0,0,C°E , (3.9b)
one obtains
— R4ap =3, App,s — 5 App,a — ABE,a ADE,b
+Apg,sApE,a)CpCa®
— (o Eaad =85 (3.10a)

which leads to

(8,%8,%—8,%8,¢), (3.10b)

_1
4a (o)

R=R%",—— (3.10¢)

2a(o) ’

That R®;, is not identically zero means that SU(2)
Skyrme model belongs to the so-called “irreducible case”
as first stressed by Kimura.* Then we have to attach a lo-
cal Euclidean frame at each point in the g coordinate
space. We introduce the local coordinates {Q?®} for the
relevant Euclidean frame, and also the vielbeins {h°p}
(Ref. 14), which satisfy

h(g)rgh(q)’s=g"4q) ,

h(@).%h ()" =8ab(q) . .10
Here we introduce Py
Pp=17{pa:h’s) - (3.12)
Similarly, from
dQ®=1{dg%h,"} , (3.13a)
we have
Q5= m") . (3.13b)

All these quantities behave as three-vectors under the ro-
tations

h(@)pB—h'(q),BP=ABgh(q),~ (3.14)

with g-independent A%;. Note that, using (2.20d), we can
obtain

QB=p8 . (3.15)
As a special case, it is allowable to choose
1
h a—-——C )a ,
(g)g m&‘) (@)
(3.16)

h(g),2=Vva(o)C(g),5 .

In the next section we explain the difference between this
choice and Kimura’s, and investigate the quantization
condition and also what the “correct” form of the Hamil-
tonian is.

IV. REMARK ON COMMUTATOR [p,,ps]

As mentioned at the end of the last section, we will ex-
amine, the commutator [p,,p,] and the form of the Ham-
iltonian under the choice (3.16), and make a comment on
the difference between our and Kimura’s procedures of
quantization in the “irreducible” case.*

From (3.12), we have

[[PB’haD],th]———O R
[[P5,haP),[Pg,hyF1]=0

(4.1a)
(4.1b)

which are obtained without recourse to [p,,py]. By mak-
ing use only of them, we obtain

[PasPo 1= {Py,[Pp,hs21h, P —[Pp,h,P1h,P)
++({[Pg,Ppl,ha®hyP} +h, B[Py, Pph,”
+h, P[Py, Pplh.B) . (4.2)



35 SKYRME-MODEL LAGRANGIAN IN QUANTUM MECHANICS: ... 1901

From (3.6a), for h,% substituted for C,?, the first part in
the RHS of (4.2) becomes

i
2
Kimura’s assertion* concerning [p,,p,] is based on
0:[[Pa »Pb ]sf(q)]
:(ABE,ath_ABE,bhaE)thadf(q) (44)

{Pp,App ahy®— App ph,”} . 4.3)

for an arbitrary function satisfying 8,0,/=09,9,f. The
first equality is obtained from the Jacobi identity. Kimu-
ra* derived the second equality by using (4.3) under the ta-
cit assumption

[Pg,P;]=0 for any (B,D) . 4.5)

On the basis of (4.4), Kimura* asserted that, in order to be
safe to take [p,,p, ]1=0, one has to perform a suitable lo-
cal rotation of 4 (g),® around a point P[q],

h(@)pP—h'yB=A(q)peh (@), (4.62)
and the corresponding transformation
A(@pp,» =A(q)peA(@)er,s Alg)pp
—03pA(q)pe-Aq)pE » (4.6b)
so that
A(q)pp p=0 (4.6¢)

is realized in the very vicinity of the point P[q]; only in
this sense is one allowed to take [ p,,p,]=0. Note that the
derivatives of 4(q)pp,, do not necessarily vanish, because
€ iap does not always vanish in the “irreducible” case.
It is clear that Kimura’s assertion is based on the tacit
assumption of (4.5), while (4.5) is no longer correct when
we choose (3.16). We can take, however,

[Pa>Ps]1=0 4.7)

with no contradiction, as will be seen from the following
remark.
Here we use for convenience Ry instead of Pg:

Rp=—7{pa,C%] (4.82)
or
Pa=—751C.5Rp} . (4.8b)
We have
Rp=—Va(o)Py (4.9a)
and also
wh= \/%0) Q8= 0701) Ry . (4.9b)

With the help of (2.3), one obtains
[Rp,Rpl=—ieppeRE
+ 4 ({[PasPs1,C5C%p}
+C[pasPs1C°p +C®[Pasps 1C75)
(4.10a)

After using (4.7), we have

[Rp,Rp]=—i€ppeRE , (4.10b)

which is clearly different from (4.5). It is simply con-
firmed that the RHS of (4.2) with —Rg/Va(o) and
Va(o)C,P substituted for Py and h,® is equal to zero
when (4.10b) is utilized. Thus we can take (4.7) con-
sistently.

V. HAMILTONIAN AND EQUATIONS OF MOTION
A. Form of Hamiltonian
From (4.9b), the Lagrangian (2.23a) is written as
Ly=30%Q0"—[M,.(0)+AM(0)], (5.1)

which has the form just like the “standard” one. In the
present ““irreducible” case, Q 8 and Q D are not commut-
able when B>£D. The momentum Pg, which is conjugate
to Q8 introduced formally, may be defined by

oL,
Pp=—"7-—, (5.2a)
Tk
because the formal derivative with respect to Q 2 leads to
Py=058, (5.2b)

which is in accordance with (3.15). Thus, the Hamiltoni-’
an of the present model is possibly given by

%EPBQ.B—LO

1
= 20(0)R3R5+[Mc(0)+AM(0)] . (5.3)
Define H (g,p) as
H(gp)=% . (5.4)

Then H(q,p) can be regarded as a Hamiltonian in the
sense that we can prove Hamilton equations of motion

dH(q,p) —ge, — 0H(q,p) =p, , (5.52)
apa aqq
under the condition
RB =0. (5.5b)

Needless to say, this condition is consistent with H (g,p)
to be a Hamiltonian, because we have

[Rg,H (q,p)]=0 (5.6)

from the commutation relation (4.10b). Explicit deriva-
tions of (5.5a) will be given in the next subsection.

In the rest of this subsection, we mention the factor Z
introduced by Lin, Lin, and Sugano.2 For the sake of
avoiding confusion arising from various forms of Z, we
introduce V'(q) defined by

V(q)E%{Pa’qa} - RBRB 5 (573)

1
alo)
thus

H(g,p)=K —V(q), (5.7b)
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where

K=%{ps,4°}—Lo (5.7¢)
One can easily obtain

Vig)= (3,C%5)(3,C%) . (5.8)

4a( )

Utilizing (3.6b), we have

V(g)=Zy(g)—+R (5.9a)
with

Zo<q>E_TIF”adl‘“beg"e (5.9b)

while the first form of Z introduced by Lin, Lin, and
Sugano? is given by

Z(q)=—158"8 g/ (3,8c4)(3s8es)
—504(8%g pgeq) — 0,058 (5.10)

Employing

348%0=—T 38— T’s8 (5.11a)
one can show Z(q)=Z,(qg)—R /4, i.e.,

Vig)=2Z(q) (5.11b)
Therefore, we see

H(g,p)=7{pasd*} —Lo—Z(q) . (5.12)

It may be worthwhile to point out the following two
points about Z.
(1) With the help of (5.11a), Z,(q) is easily rewritten as

Zo(q)=—768"(3,8%)(3p8ac)

++8%(3,8%)(3485.) (5.13)

which is equal to the second expression of Z given by
Sugano.’

(2) By direct calculations we see the following identity
to hold:

1/2,ad

-9 °)8' %8 -l

—1/4¢

%g {gde7qe}g

1
alo)

where g =det[g,,]. Thus our Hamiltonian is written as

:%{pa,q'"}_zz RBRB > (514)

H(g,p)=58 "p.g"*¢%ppg ~'"*
+M.(o)+AM(0) . (5.15)

B. Hamilton and Lagrange equations

In the ‘“‘irreducible” case, % (5.3) is the Hamiltonian
and we can derive (5.5a) from the Hamilton equations for
(Q2,Pp), as was done by Lin, Lin, and Sugano.> As men-
tioned in Sec. V A we derive in the following the Hamil-
ton equations of motion (5.5a) under the condition (5.5b).
Instead of Ry, w?, CaB, and C%g, we use for convenience
Pg, OB h°, and h,®? given by (3.12), (3.13b), and (3.16).

In the following derivation we are allowed to use the com-
mutation relations

[Parq%]1=—i8,% others=0, (5.16)

and other equalities derived from (5.16).
step by step as follows.
(i) We adopt the notation

0H | (5.17)
%Pa |,

which means the differentiation of H with respect to p,
by keeping {g®} to be constant. Then, one obtains

We will explain

9H(g,p) 1 dPp
3 =217 5,
Pa q Da g
=+ {{po-h’s},h°}
=5{Ps8"}=4°, (5.18)

which is the first equation of (5.5a).
(ii) It is convenient to utilize the following five formu-
las derived from (5.16):

[Pg,F(q)]=—ih%gd,F(q) , (5.19a)
{q ,0phg }_[Q hbDab } , (5.19b)
because
LHS‘:%{gQ.D’hbD})abhaB}
={Q 2 h 3"} + 5 [h°,0 P13, "],

where the second term vanishes due to Q=P and
(5.19a);

[Pp,Pp]= (5.19¢)

i
—€ P,
Valo) PPETE

h?c0,hbs —h9d,h 0 = (5.19d)

—‘_1 € hb
/'—( ) EBF't F »
pa_i“B»“D)”bDab”a }} >

because

(5.19¢)

Il

Rl= N =
Q.‘Q__

pa {PB)h }

h,?} [due to (5.5b)]

{
%{PBriqbfabhaB}}

:%[PB’{PD?h Dab

s

21} [due to (5.19b)] .
(iii) Next we examine 0H /3q° | ,:

d0H(q,p)

Sl | = (PoLparPsl)

4

Py, ([P, P oY

+ {PB7{PD7[ha yPB]}} (5.20a)

i
4
Because of (5.19¢),
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—1 —1
first term of (5.ZOa)=4—‘/~=————€DBE{PB»{PE,haD} J= 8va

a(o)
_ =i D
- 4q [PD7ha ]

€ppe[[Pp,Pr1,h,"]

=—:aihbpa,,ha0 [due to (5.19a)] ; (5.20b)
second term of (5.20a)= —  {Pg, {Pp,h®33,h,"}} [due to (5.19a)]
=—4{Ps,{Pp:h’p3shs®}} — 4 [[P5,Pp),h 3,1, ]
. i
=—p, —Z‘/—EGBDE[PE,h”Babh‘,D] [due to (5.19¢) and (5.19¢)]
. 1
o €speh£84(h%53,h,P) [due to (5.19a)]
. 1
_Pa"meBDEabhaD'%(thadth_thadth)
=-p,,+ﬁhbpa,,h,,9 [due to (5.19d)] . (5.20¢)
Thus we obtain the second equation of (5.5a). 9H(a.p)
In the end of this section, we add a remark on the — D= __‘IazL
Lagrange equation, according to the procedure given by 9q P
Lin et al.? The Lagrangian (5.1) is written as 3 ., .
. . = {Ps,q°} —(Lo+2)]| , (5.22a)
Lo=16ud"—v(@)—[M.(0)+AM(0)]  (5.21) age |2 1Prd7} = Lot D)
with v(g) given by (2.16d). From we have
I
.1 3g°® 1 3 ,.p -4 3
—Pa=7 S - = ( )|+ (v—-2)
Pa 2 {Pb 3q° pJ 2 3g° q 8bdq i 3g° v
= —[ 78 %3486a)4 “+3a(—v +2Z)]— (3,873 /(g %D 18)
oLo+2)
- 0 __}(aagfb)a (gdeadgbe) , (5.22b)
aqa f

q

which leads to

d ALo+2Z) ALo+Z) | . o -
i age | ag° =5(9287")3,(g%Bagee) »
(5.22¢)
or
oL oL
d 9% °ZQZ_.F%(aagfb)af(gdeadgbe). (5.22d)

dt 3¢ 9q° 9dq°

VI. DISCUSSIONS AND FURTHER OUTLOOK

We have examined, on the basis of the collective-
coordinate formalism,® the SU(2) Skyrme Lagrangian,

which gives one of the simple examples of quantum-
mechanical systems on a curves space. We have treated
quantum mechanically the collective coordinate from the
beginning. The SU(2) Skyrme model amounts to one of
the “irreducible” cases as remarked by Kimura.* It was
pointed out that in our case the standard form of the La-
grangian Lo=Q%Q2%/2— W(Q) and Py=Q?2 are ob-
tained already at early stages, and that we can impose
consistently the commutation relation [p,,p,]=0. We
have shown that the last point is different from Kimura’s
assertion,* since his tacit assumption [Pg,Pp]=0 for any
(B,D) is not valid in our case.

As noted at the end of Sec. II, the “classical” mass term
M_ (o) is modified due to the appearance of AM(co) as a
quantum effect. For the hedgehog configuration
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o(X)=0(X)peqy, AM(0ped =AM[F] given by (2.25) is

rewritten as

AM[F]=

3 1 m ®© 4
— [ “drs*. (6.1)
4a [F] a[F)? e,? fo e

The eigenvalue of Hamiltonian (5.4) for I*=J%=1(/+1)
state is

H[F)=M,[F)+ M [F]+ HEED
2a[F]

We require the variational condition so as to minimize H;
with respect to F, and obtain

(6.2)

6M, 1

3
n drs*
PRl |8 alA e d
I(I+1) | ba[F] 1 47 3
— AT s,
2 SF a[F]z e 25 ¢ ’
6.3a)
where
aMC _ aMc d aMc
8F ~ dF(r) dr dF(r) (6.3b)

As in Ref. 15, we can linearize (6.3a) due to the boundary
condition F(r— o )—0, obtaining the following differen-
tial equation which determines the asymptotic behavior of
F with I:

r2F; +2rF] —2F, —p,*r*F;=0 , (6.4a)
where
1 8w 1 ©
2=m 2 — drs*
Hy . +a[F1]2 3,2 a[F] fo
_2AU+D I : (6.4b)
3
Since
Wy —o2(m,2—0)= L4 fwdrrzsz
a[FoP 3 o
X f,,erLzFé)2 ,
eS
(6.5a)

we see that, even for m, =0, the solution exists which

behaves asymptotically like Fo(r)~exp(—puor)/r. Fur-
ther we have
Bi=1,27(m,—0)= ;3 4 ——J[Fi2]  (6.5b)
alFi1 3fne’
with
J[Fl= fowdzzziz(l—i—l_?"z—iz/zz),
z=f,er, F(z)=F(r), $=sinF . (6.5c)

Therefore, as already pointed out in another paper,!¢ the
new mass term may play an important role in stabilizing

the rotating chiral soliton. For a reasonable trial form of
F, /,(r), one can confirm that J[F, /,] is positive.

We have shown that H(q,p), (5.4), can be regarded as
Hamiltonian in the sense that it leads to Hamilton equa-
tions. While, even when the starting Lagrangian is the
same classically, different Hamiltonians including a term
proportional to the curvature are proposed.*!” This prob-
lem will be discussed elsewhere.

In order to examine the static properties of the nucleon,
we have to introduce the electromagnetic and the weak
current as well as the baryon-number current, and to ex-
press them in terms of Rp’s and D A)gp’s, where
D*(A)pp is defined by

D A)pp=Tr(A r547p)/2 . (6.6)

There exist some problems: e.g., ambiguity of current
forms, the conservation law of the electromagnetic
current, and the existence of the hedgehog configuration
g (x)hed.

The extension of the present formalism to other cases,
especially to the SU(3) case, is worthy of examination.
Some trouble may arise due to the Wess-Zumino term.!®
In separate papers, we will investigate these problems.
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APPENDIX A: NONAPPEARANCE OF (w?)!-
AND (4 °)'-ORDER TERMS IN L (U,,;x,1)

Employing Xgg and &% defined by (2.10c) and (2.13c),
we rewrite L (Uj 4;x,12), (2.24), as

L(Up%,0)=(Y58 g7+ Y52 k) ) Tr( AwPwErgr,47)

(A1)

where
YiR k= Z XpkXgy » (A2)
YBE KI= &k F§k HXBDXEG €FDKE€HGJ - (A3)

16e,2

Substltutmg wBA —fBP47,/2 and ATwB—fBPrp A4t /2
for Aw? and w4 in (A2), we obtain

Tr(AwBrgr,wEat)
=2wBwE8x; —i (fPMwE + wi e p k.,
+ 3 BMFEN(Bpx 85 — Ba1s Sk +Opn k) 5
(A4)

from which we easily see that the (w?®)*-order term in
L (Uyp 4 x,t) is given by (2.13a) with (2.13b).
The (w?)-order term in L (Up 4;x,1) is
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( Yie s+ Yig gy N —D(fBMwE 4 wBfEM) EMKJ=—

1
2

Here we have utilized the symmetry property

YSE) KJ(X)__‘ Ygg,JK(x)y = 1’2

and (2.12). Thus, we see that no (w
after that quantization condition is imposed.

B)l

2 BEKJ
i=1

[wB,fEM]—[wE,fBM

Vemxs

(:)

Yiz ks |FPUCy P4 f M — CpEdy fPM)epsky - (AS5)

(A6)

-order terms appear in L (Up,;x,t). As will be seen in Appendix B, (A5) vanishes

Similarly, we can prove (2.16b) by utilizing the symmetry property

a(o;x)gg=a(o;X)gp - (A7)
We have
Ta(o;x)prwPwf=3a(o;x)pr |§°C,PC,5G 4+ 1 *%(d eCp®)(8,Cs")+ *[ —4°Cy2f%3,C4F + 73, CyP)Ca54 7]
r
(¢ ®)'-order terms EM(x) B= ﬂn—(}F—)SBﬁ {_E%zﬂ_’_zp 252,
a(o;x)pe[g % Cp B %3, C,F] (A8) ,
2s ~
reducing to a (¢ ®)%-order term. + =, €keBXE ; (B4)
APPENDIX B: FORMS OF MASS TERMS o Beth) 3 s2
IN Lo(Uy,) EM(x),PEM(x), B =4 r—zajk+ R, %%
First we give the “classical” mass M (o) coming from (BS)
2 . .
I
L(Upixt)= f;r TH UL Upy) t is easy to confirm
M (0pea) =M,[F] [Eq. (1.3d)] (B6)

1
——Tr([U;, U 1?)
+32e52 [ULj, ULkl

+4m AT U+ U —2) . (B1)

It is easy to derive

f 2
L(ULk;xat)=“‘T”§kB§kB

1
402 [(&;%,° —€,%6: %61, (B2)

M.(0)=— [ d* L(Up;x,0) . (B3)

If we define £7(x ), 2 as &% for the hedgehog configu-
ration o(X)yeq, we have

AM(a)*-

)2 fd x[( Y58 pe — Yo gp + Yo ee) +(Y'"  SY? )],

to hold.

Next we consider the new contribution AM (o) from
L (Up4;x,1), (2.24), to the mass term. As shown in Sec. I,
we can take

fo= gab——(‘;caach [Eq.(2.20c)] (B7)
after imposing the quantization condition (2.18a). Then,
from (2.7b) one gets

rrEe—Log,, . (B8)

alo)

We see, therefore, that (A5) vanishes and that the last
term on the RHS of (A4) is equal to

. S
2a(0)?

which leads to

(8px Oy — 0805k +0pESK)) (B9)

(B10)
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As already given in Ref. 16, AM[F] for the hedgehog
configuration becomes equal to (2.25).

APPENDIX C: PROPERTIES OF Xzp, Xip,
AND £, 8

(i) From the definitions (2.10¢) and (2.10d), we obtain
Xpp=~+Trl(rg—org0 )rpl=Xpp - (C1)
We can prove
XepXep =XppXpp =XppXpE » (C2)
by making use of (C1) and
Xpp=—+XpeTr(c rgorp) . (C3)

We can also derive

XppXgp=7Xpp +Xpp)=X57 , (C4)
wl(le)re X§) is the symmetric part of Xgp;
0 =(Xpp +X1)B )/2. From (C3) we have
Xpp=— 3 XppTrl{7g(rp —2Xpprp)]
=—Xpp+2XppXpg , (C5)

leading to (C4).

Of course, the above equality is satisfied
by Xyb (=

Xpp for the hedgehog o},.4);
X(B}b):sz(o-BD_iBiD)+SC/X\E6EBD . (C6)

(ii) Next we consider properties of &;2 defined by
(2.13¢) and £, defined by

do(x )
Axk

We may employ, if necessary,

ol(x)

B§ (C7)

o=mo+iTpTy
with

(mo)?+mpmg=1. (C8)
It is easy to confirm

£c°EP=E8) - (C9)

Furthermore, we have

EXpr =5 (&P — &)

=—EfXpp (C10)
This is because
s_ 1 +
Ex =7Tr(ako-o Tg)
=3Tr(orgo 156 = —2Xgp&F+ & . (C1D)

It is needless to mention that the hedgehog £,'"%, (B4),
satisfies the above equations.
We add some formulas for a later convenience:

ECECXpp = —EPEL X pp = E1 561X pp (C12)

ECE X ap Xip =EPE X D X i
=& 26 X pp Xip | (C13)
EXXppersp = —Ex Xppermp - (C14)

The last formula is easily proved when (C8) is utilized.

APPENDIX D: PROOF OF L(Up4;x,8)= L(Ug4;x,1)

We define
_fA
L(UR4;x,t)=—4—Tr[UR4, Ugrsl

1
+ ——=Tr[[Ugs,Ur4s)*] - (D1)
I6e.2 t[[Urk, Urs]"]

Then a(o,x)gg, which is the coefficient of wfw%/2 in
L(Ugg;x,t), is written, corresponding to (2.13b), as

, 2y , 1 Ko Hy,, ,
alo,X)pe=fx XBDXED+‘_4e 56k Ek" XppXEG€FDKEHGK -
s

(D2)

Because the last term is rewritten as

FerFyro ’ ’ ’ ’ ’
k 5% XpXEDp — &k Xpp &k XEF)

1
0.2 (&€ " XppXep — Ex "X pp € "X i)
s

we easily derive
a(o;x)gg=alo;X)pp - (D3)

Similarly, the contribution to the mass term from
L(Ugy;x,t), AM(0)', is proved to be equal to AM(o).
AM(o)' is written as

AM(o) = o2 fd3x[ Y5255 — Yo £p + Vb, £5)
+(Y Y200,
(D4)
where
Yp ko = f: XpxXEL S (D5)
YI(BZE) KL= ‘1—61;2‘5}:F§3<HX1’2DXEG€FDK€HGL . (D6)

Because of (C1) and (C2), the Y'!” contribution is equal to
Y'Y contribution to AM (o). The same situation holds
also for the Y?” contribution, because

(Y52 e — Yii gs + Y55 £ ) 166,
=E8EF Xpp Xiog (€rpp€HGE — €FDE€HGE)
+(EFEE X pp Xy — EPXppEX Xpp) 5 (D7)

all terms are equal to the corresponding ones without
primes.
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