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A superspace variational formulation of supercurrents and their associated anomalies is presented,
with emphasis on showing its foundation on superconformal symmetry. Parameters of superconfor-
mal transformations are embedded in a spinor superfield, in terms of which local-superconformal
variations of superfields are defined. The one-loop supercurrent anomalies are calculated for the
Wess-Zumino model and supersymmetric QED by the path-integral method.

I. INTRODUCTION

Superconformal symmetry! —> plays an important role
in characterizing the space-time symmetry contents and
short-distance structures of supersymmetric theories. All
the superconformal currents are embedded in a single
superfield, called the supercurrent.°~® The supercurrent
possesses a quantum anomaly,’>~® which arranges the
anomalies of the R symmetry, special supersymmetry,
and dilation symmetry in a supermultiplet.

The original derivation of the supercurrent, by Ferrara
and Zumino,® made use of Noether’s variational pro-
cedure for component fields. The direct superspace ver-
sion of the Noether procedure, however, seems to be miss-
ing yet. As an alternative, super-Weyl field variations
have been used to define supercurrents via the supergravi-
ty versions of flat-superspace theories.® Standard (and
nonvariational) constructions”® of supercurrents employ
symmetry arguments based on the superconformal alge-
bra.>3

Fujikawa’s path-integral method'®!! is a useful means
of formulating anomalies in field theory; known
anomalies (chiral, conformal, and gravitational ones) are
identified with Jacobian factors in a systematic manner.
The knowledge of a superspace Noether theorem is needed
for its extension to supercurrent anomalies.

The purpose of this paper is to present a superspace
Noether theorem for supercurrents and to develop, by
means of it, the path-integral formulation of supercurrent
anomalies. Complementary to the super-Weyl approach’
is our flat-superspace approach, where the foundation of
supercurrents and superfield variations on superconformal
symmetry is made manifest.

We shall extract the necessary superfield variations out
of known supercurrents of some specific models and inter-
pret them in terms of superconformal symmetry. Param-
eters of superconformal transformations turn out to be
embedded in a spinor superfield, in terms of which (local)
superconformal field variations are defined. In gauge
models, these field variations are combined with gauge
transformations to form gauge-covariant superfield varia-
tions.

A superspace variational formulation of supercurrents
and their anomalies is developed in Sec. II. Local super-
conformal variations of chiral superfields and vector
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superfields are derived. Their interpretation in terms of
superconformal symmetry is studied in Sec. III. The
path-integral calculation of supercurrent anomalies is
given for the Wess-Zumino model and supersymmetric
quantum electrodynamics (SQED) in Sec. IV. Section V
is devoted to concluding remarks; in particular, a connec-
tion of R symmetry and chiral symmetry in supersym-
metric gauge models is discussed.

II. VARIATIONAL CHARACTERIZATION
OF SUPERCURRENTS

In this section, we look for Noether’s procedure for su-
percurrents. Let us first consider the Wess-Zumino
model,! describing self-coupled chiral (and antichiral)
superfields ®(z) and ®(z), with the action

S[0,3]= [ d*2 D0+

[ d%(tm®?— Lgd¥) +He. ] ,
2.1)

where d8%2=d*x d?0 d?0, d° =d*x d?0, etc.!> Only the
mass term breaks invariance under the (global) R
transformation, ®(x,0,0)—e ~"Pd(x,e'P0,e ~1PG) with a
real parameter f3, if we assign R weight n == to ®(z).

The supercurrent contains the R-symmetry current as
its lowest component.® Its variational formulation should
therefore make use of a suitable superfield generalization
of the local-R transformation. For the chiral superfield
®(z) (of R weight +) and its antichiral partner ®(z), such
field variations turn out to take the form

8®(z)=—+D Q%D ++(D?Q,)]P(2) ,

. . (2.2)
8®(z)=— 4D QD+ (D ,Q%]D(2),

where Q%z) is an arbitrary spinor superfield and 0 %z) its
Hermitian conjugate. The derivation of these formulas
will soon become clear. Here we simply remark that, with
Q, set equal to 16,028 (B is a real parameter), Eq. (2.2)

gives the correct R transformation laws of ® and ®.
In response to the field variations (2.2), the interaction
terms in the Wess-Zumino action change by total super-
space divergences 6®’=—+D?D%Q,P’) and &P°

1848 ©1987 The American Physical Society



35 SUPERCURRENTS AND SUPERCONFORMAL SYMMETRY 1849

=— %Dzﬁd((—l 4@®3). At the same time, the action under-
goes the change

85= [ d%[+(DQ4—D Q"R

aa

++m(Q°D,®*+ QD D], (2.3)
where R is the supercurrent®
R ;=(Dy®)(D ®)— 5[Dy,D ;) (D) . (2.4)
On the other hand, the variation 85 is represented as
5S= [ d°z(50)8S /50 + [ dZ(8®)8S /6B,  (2.5)
which we rearrange in the form
BS=fdsz[Q“(SS/SQ“)+ﬁd(85’/6§a.)] , (2.6

so that, e.g.,
55 /80%=(8/807) [ d°z(82)55 /5 .

Then, varying Eq. (2.3) with respect to Q% and Q¢ yields
the local conservation laws of the supercurrent:

DR, —5mD,(®?)=—255/80°,
- — (2.7)
D°R,,—3mD (®?)=285/507 .

The right-hand side of Egs. (2.7) may appear to vanish by
virtue of the equations of motion (8S /6P =0, etc.). This
is not always the case. In the path-integral treatment'® of
anomalies, it is these equation-of-motion terms that are
regularized to turn into (supercurrent) anomalies at the
quantum level.

Note that Egs. (2.3) and (2.7) are (operator) identities.
Accordingly, if R_;, is known, they serve to determine
85 /80% and 8S /809, which in turn fix the field varia-
tions 8® and 8®. This is in fact the way we have ob-
tained the superfield variations in Eq. (2.2).

We adopt the same strategy to derive the transforma-
tion law of the vector superfield. Let us consider super-
symmetric quantum chromodynamics (SQCD), with the
gauge-invariant action'?

S= [ d%(®@e"®+Xe V) +(8g2) " tr [ dzWeW,
2.8)

where ®(z) and X(z) are a pair of SU(N)-fundamental
matter chiral superfields of opposite color charge and
V(z) is the (color) vector superfield;
Wo=—+D?*e "Dye"). For simplicity, matter fields
are treated as massless. (Rescale V—2gV and W—2gW
to recover the coupling constant g.) The massless SQCD
action is invariant under global R transformations. Here,
we do not take explicit account of the gauge-fixing term
and the ghost sector, which are not needed in our present
analysis.

The SQCD supercurrent is a gauge-invariant object
(apart from the gauge-fixing complication). Correspond-
ingly, we replace the matter-field variations in Eq. (2.2) by
the gauge-covariant version:

Ad=—+D[QV,d++(DQ)P], (2.9)

AX=—+DYQ VX ++(DOX], (2.10)
where DQ=D®Q, and DQ=D Q% Here
Veo=e "Dye"=D,+7,
and
dee Vl_)a.e _V=5a- — f’d
are gauge-covariant spinor derivatives:
Yo=e V(Dge"), Y ,=(Y,) =D e",
and
(V) ==V, .
The A® is given by the Hermitian conjugate of Eq. (2.9):
AD=— 1D O UVixD)++(DOD], (2.11)
where Vix®=D9®+DY
—XY, for AX.

For the vector superfield V(z), we try the simplest
gauge-covariant field variation

AeV=—e"QW,—Q W%",

similarly V,xX=D,X

(2.12)

where W,=—+D?Y, and W, =—¢D*Y,. With Q,
set equal to 16,028, Eq. (2.12) is seen to give the correct
R-transformation laws of the component fields in the
Wess-Zumino gauge:'? 8A,= —iBA, and 8A,=iBA, for
the gluino field and 8v, =0 for the gluon field.

Applying these field varations to the SQCD action, one
obtains the gauge-invariant supercurrent

RSP = _(V, xB)e"(V,D)+(V xX)e ~M(V X)

aa
—5[Dg, D )(Pe"®+xe~"X)
—(2gH) tr(Wae "W .e") ,

a

(2.13)

and the conservation laws in Egs. (2.3) and (2.7) with m
set equal to zero. From this supercurrent RZSCD, known

in Ref. 8, one can derive the field transformation laws
(2.9)—(2.12) in the reversed line of argument as given ear-
lier. In the SQCD case, Eq. (2.5) reads

85=tr [ d%2(Ae")8S /8e¥ + [ d°z2(AD)SS /6D + - -+ .
The A® and 8P differ by the gauge variation
86P=—+(D2Q%Y,)P . (2.14)

Accordingly, we may subtract from Ae" the correspond-
ing gauge variation

dgeV=e"1(D20°%Y,)++(D'Q, Y %)e” (2.15)
to define the new variation
SeV=Ae"—8ge”
=f®Dge”+f D% —e"+(D%Q*D,Y,
—5(DQND,Y)e”, (2.16)

where f®= —+D?Q%and f,=—7DQ,.
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It is instructive to look into the Abelian (SQED) case,
where Egs. (2.12) and (2.16) are simplified to

AV=—Q°W,-Q W%, (2.17)
8V=,°DoV+f,DV—+(D%*D D,V
—3(D*Q)D,D,V . (2.18)

It is these 8P, Se”, arid 8V that admit of a natural in-
terpretation in terms of superconformal symmetry, as
shown in Sec. III. Hence, the gauge-invariant super-
current (2.13) of SQCD (and SQED) is characterized by
the combined field variations of superconformal symme-
try and the gauge symmetry. The combined transforma-
tions may be regarded as the superconformal analogue of
covariant conformal transformations.!?

III. SUPERCONFORMAL TRANSFORMATIONS

We shall now explore the physical meaning of the
superfield variations derived in Sec. I. Let us first survey
superconformal symmetry, whose algebra’>~* consists of
the conformal algebra [with generators (P,,M,,,D, K,)]
combined with supertranslation Qa,Q , specxal super-
symmetry (Sa,ga-) and R symmetry (R). We use the su-
perspace  notation z4=(6%0,x") and d,=09/0z"

=(04,0%0,). The exterior derivative d=dzd,, when
rewritten as d—e”DA in terms of the covariant deriva-

tives D, —-(Da,D ,0,), defines the supertranslation-
invariant basis {e“} of differentials:'?

e?=d0°% e,=d0,,
and (3.1

et =dx*+idOot0+idOc"e .

Followmg the standard treatment of conformal symme-
try,!> we shall set up the superconformal Killing equa-
tions. Consider the (infinitesimal) general coordinate
transformations

245z =244 fA(z) (3.2)

that scale the invariant length ds? =e'e, locally so that

e“e =c(z)e*e,. This condition amounts to the follow-

ing set of constraints on f4(z —(f"(z),fd(z),f"(z))
D °h, +2i(5,f)*=0, (3.3)
Dyhy,+2i(0,f)e=0, (3.4)
Auhy+3,h, =5(3";)g,, (3.5)
where
hy(2)=f,(2)+if(2)0,0+if (2)5,6 . (3.6)

Of these only Eqgs. (3.3) and (3.4) are mdependent and Eq.
(3.5) follows from them. The spin-5 _parts of Egs. (3.3)
and (3.4) imply the relation D*h,=D *h,=0, which is
equivalent to the chirality constramt on f, and f

D,fu=D,f;=0. 3.7)

It is a simple exercise to show that Egs. (3.3)—(3.7) (the
superconformal Killing equations'*'®) combine to define
uniquely the (infinitesimal) superconformal coordinate
transformations of 15 + 4 + 4 4+ 1=24 real parameters;
see Appendix A. In particular,

fal2)=f4(x,0,0)=f,(x —i608,6,0)

and
fa2)=F;(x,6,6)=F ,(x +i608,0,8)

have the parametrizations

fa(x,0,0)=F +(iB+ 534120,
- 8f‘°’ (0#570)y—i5 6*@Bf O, ,
. (3.8)
f xoe f(O)a 1B+Lap ’(LO))ea

sf(O)(a”o"B)" i76%@ ),

where f'ov) zauf%,m——avf,‘,m and 9=0"3,. Here FOx

f ;O)(x , and fu 2(x) denote the lowest components of
falz f » and f,(z), respectively. The f(o’ ) is noth-
ing but the usual conformal Killing vector of 15 parame-
ters. Supertranslation and special sugersymmetry are
parametrized by the Killing spinors!' f a’ (x) and f el
which are most linear in x,; ie, f(O) =&, +xH (aﬂg
A real constant [ parametrizes the R transformatlon
The f,(z) is expressed as a sum of a chiral vector super-
field and its conjugate; see Appendix A.

For the combmatlon pD+pBR of dilation and R
transformation, f®=(5p+iB)6%, f,=(1p—iB)8, and
f¥=px#. Consider a real scalar superfield ®(z) of mass
dimension d and R weight n. The superconformal field
variation, which takes correct account of the dilation and
R-transformation properties, is written as

§(2)=[f13,++d(d%f4)++n(Df —Df)]d(2)

where Df =D°f, and Df =
S04 =fa+[ 8%+ f*8,=f"Dy+f,DI+h*3,

A chiral superfield ®(z) must satisfy the relation d =<n
because of the chirality constraint D&/® =0,

The Killing equations (3.3)—(3.7) characterize (global)
superconformal transformations. The Noether currents,
on the other hand, are constructed by use of local-
symmetry transformations. Accordingly, the Killing
equations have to be relaxed to admit suitable local
transformations. To this end, we replace Egs. (3.3) and
(3.4) by

D%, +2i(5,f)¥=0,

D 7¢

(3.10

Dok, +2i(0,f)g=
Here k,(z) is a complexification of hy(z) such that
hu(z)= 5[k, (2)+k,(2)]; ku(z)=[k,(2)]". From Egs.
(3.10) and (3.11) follows again the chirality constraint
(3.7), which is satisfied by setting

(3.11)
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fa=—1D0, and F,=—1D70,, 6.12

P
where Q,(z) and its conjugate ﬁd(z) are unconstrained
spinor superfields. With Q, and Q_ Egs. (3.10) and
(3.11) can be solved for k, and k,:

k,=—iD7,Q , (3.13)

k,=—iDo,Q . (3.14)

Conversely, Eqgs. (3.12)—(3.14) combine to fix Q, in
terms of f,, and k,,:

Qu(2)=1o(y)—i5F*p,00(0,0),+0%fo(z),  (3.15)

where
Yu=x,—i600,0
and
F,(y,0)=k,(2)+2i05,f(z) .

The chiral component ¥,(y) of Q,(z) is a kind of gauge
degree of freedom. The chiral vector superfield F,(y,6)
may be regarded as a complexification of f,,(z) since

fuD=3[F,(»,0)+F,»",0)]

holds
Global superconformal transformations correspond to
the parametrization [see Eq. (A4) in Appendix A]

Fu(y,0)=f (9)—2i60,f O(p) (3.16)

and (fa(z),_fd(z)) given in Eq. (3.8). In this way, Q,(z),
when properly constrained, embodies the superconformal
Killing vector and spinors.

Let us turn to field transformation laws. For a chiral
superfield of R weight n (and d =3n), Eq. (3.9) reads

5 D(z)=[fDy+h*d,+ $n(d*h, + D )]1d(z) , (3.17)

where we have rewritten the R-weight term using the rela-
tion

Df+Df=—-3%f4=—35d"h, , (3.18)

which follows from the Killing equations. We generalize
Eq. (3.17) by substituting k#(z) for h*(z) so that the new
field variation is induced by Q,(z). The result is cast in
the compact form

8®(z)=— +D[Q°D, + +n(D%Q,)]®(2) , (3.19)
which is the local-superconformal field variation quoted
in Eq. (2.2). In the same way, the superconformal varia-
tion of the antichiral superfield is promoted to the field
variation [in Eq. (2.2)] generated by Q.

A real scalar superfield has n=d =0, with the global-

superconformal transformation law

8V(z)=(f*Do+f D +h"3,)V(z) . (3.20)

The photon and the Yang-Mills superfields (and e” as
well) obey this rule. Note that the substitution

h#3, = —ih*(Do,D+D5,D)
— —3i(k*D&,D+k*Do,D)

immediately converts Eq. (3.20) into the local-
superconformal variation (2.18) of the photon superfield.
Likewise, on setting k#=k#=h"*, the generalized
transformation law (2.16) of the Yang-Mills superfield is
reduced to the above global one. [Actually, Egs. (2.16)
and (2.18) differ only by nonlinear terms proportional to
ky—k,.]

Varying the actions with respect to unconstrained ,
and ﬁa., we have obtained the supercurrents [Egs. (2.4)
and (2.13)] and the associated conservation laws [Eq.
(2.7)]; the latter may be called the generalized trace identi-
ties in view of their component structures.” Suppose now
that we restrict €2, by setting

Qu(2)=iD,E(z) (Q,;=—iDE),

where Z(z) is a real scalar superfield. Then the variation
of the action, Eq. (2.3), with respect to =(z) gives rise to
the divergence of the supercurrent

8S=—2 [ d*2E[3"R, +i;m(D*®*—D*®?)],
(3.21)

where RFE%(E”)d“Rad. This variation, of course, car-
ries less information than the original one.!® Its physical
content is made clear by comparing the component struc-
ture of iD,E with the (global) superconformal case [Egs.
(3.8), (3.15), and (3.16)]: It contains only translation (P, ),
supertranslation (Q,,Q;) and R transformation (R) of
the superconformal algebra. Their respective parameters
(a,,8q6,4,P) are arranged in the form of an x-independent
superfield:

E— —560"0a, —i0%05+i60°0 E++69%B. (3.22)
A consequence of this structure is that, when the super-
current is conserved 3R, =0, |d 3xR, becomes a con-
stant superfield representing the conserved charges’

(Py,Q4,0,,R):

[ d*xRo=R —i6Q +i6Q —260*8P, . (3.23)

IV. SUPERCURRENT ANOMALIES

In this section we study the anomalies of supercurrents.
We avoid using Pauli-Villars regulator fields, use of which
is sometimes problematic in supersymmetric calculations.
Here we follow the algorithm of the path-integral ap-
proach'® and regularize the variations 8S5/8{, and
85 /8Q, in Egs. (2.7) to derive the anomalies. The basic
program for the calculation is analogous to that of con-
formal anomalies.!” It has been noted, in particular, that
the algorithm of the path-integral derivation of anomalies
has natural foundation within {-function regularization'®
of quantum theories.

We begin with the Wess-Zumino model. Egs. (2.3),
(2.5), and (2.7), being operator identities, are also valid as
the Green’s functions. The source term can be included
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into them by the replacement
S—S'=S+ [dzi0+ [dZTD .
Then Eq. (2.3) is equivalent to the Ward-Takahashi iden-
tity of the Green’s-function form
(85+ [d*zJ0+ [dZTD—/)=0.

Here 6S stands for the right-hand side of Eq. (2.3) while
&/ denotes the equation-of-motion representation of 8S”:

o= [ d250(857/6®)+ [ dZ5B(8S7/6B) . (4.3)

(4.1)

4.2)

It is this .o/ that turns into the anomaly.

The quantum structure of the Wess-Zumino action (2.1)
is extracted by use of the classical (¢) and quantum (77)
splitting of the superfield ®(z)=¢(z)+n(z). In particu-
lar, the one-loop structure of the theory is described by
the quadratic quantum action, written in the matrix form

(m—g¢)l_ 1_1,

Ul
=1(n7 _
Salésnl=~(n,7) L (m—gd, ||7 4.4)

=3X"T[4,6]-X, (4.5)
where X =(7,%)" and I'[¢,$] are matrices in the chiral
and antichiral sectors of superspace. The dot implies a
summation over superspace coordinate labels of approprl-
ate chirality using d°z or 2. The operators 1_ = — —D
and 1, =—4D? combine with the chiral measures to
serve as  functions;'>"Y e.g., 1_-1_=1_and 1_-¢=4.
The variation & (on @), being a linear operation, acts on
¢ and 7 separately. Let us extract from .o/ terms qua-
dratic in the quantum fields n and 7. They, when suit-
ably regularized, determine the one-loop anomaly. As a
matter of fact, in the path-integral approach their effect is
expressed as the Jacobian associated with the change of
field variables X —»X'=X+6X with 6X =(87,61)". We
shall evaluate this Jacobian. It is convenient to write 8X
in the matrix form 86X =B-X, where B is the diagonal ma-
trix in the chiral sectors of superspace:
B=diag(1_[QD+~(DQ)]1_,
1,[QD++(DW)]1,) (4.6)

Then the Jacobian is given by exp(TrB) and the anomaly
(&) is written as

(A )=i(TrB) . 4.7)

This Jacobian needs short-distance regularization, which
may be carried out by setting

TrB*t=Tr(B-eT¢%’) (r0,), 4.8)

where a Wick rogation to Euclidean space has been as-
sumed. Here e, with I'?=T"T, is defined in terms of
the dot product:

T 1424 22122 -

with 1=diag(1_,1,). As noted in Ref. 17, the above
choice of regularization corresponds to {-function regular-
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ization'® of the propagator {X(z;)X(z,)) using the heat
kernel (z,|e™ |zz) the regularized equation-of-motion
term agrees with the regularized Jacobian. The regular-
ized Jacobian is calculated in Appendix B. We quote the
result for (8S/80%) =6(.«7 )/8Q%:

(85 /60%)

4.9

For (85 /60 )", replace D,D?* by DYD% In Eq. (4.9)
one may replace (¢,4) by (®,P) to obtain the oparator
form of the anomaly at the one-loop level.

Equation (4.9) introduces anomalies to both the general-
ized trace D “R «q and the divergence d*R,. However, it
is possible to redefine the supercurrent so that its diver-
gence becomes anomaly-free. Indeed, if we define the new
supercurrent

5 i
RadzRaa'_ 9677 2 G

where N(x)=g2x?—4mgx, it obeys the conservation law

)oOulN(®)—N(®)],  (4.10)

D4R ;=+mD,®*—(g2/1927*)D,D X(B®) ; (4.11)

likewise, D°R i has the anomaly
—(g%/1927*)D ;DA ®®). It is easy to verify that 3R,
possesses no anomaly. This form of the anomaly agrees
with the one obtained by a different method in Ref. 9.
(An adjustment of notations is needed for comparison.)

The form of the anomaly [such as Eq. (4.9)] depends on
the way one regularizes the quantum theory. However,
once the current is redefined so that, eg., 9*R, is
anomaly-free, the anomaly of B“Rad is uniquely deter-
mined. This phenomenon, the trading of anomalies, has
also been encountered in the path-integral formulation of
conformal anomalies. 17

The a"R has no (one-loop) anomaly Consequently,
among the symmetrles associated with R , only R sym-
metry is broken by the mass term while translatlon (P,)
and supertranslation (Q,,0 .) ;) symmetries are kept exact
as seen from Eq. (3. 21) Similarly, it can be shown that,
with the supercurrent R , the super-Poincaré part of su-
perconformal symmetry becomes anomaly-free. This, in
fact, is a general feature of expressing the generalized
trace (D © R ;) in terms of a chiral superfield. 7

Let us next examine the SQED case. We shall here
concentrate on the anomaly coming from the matter sec-
tor; then the analysis almost parallels that of the Wess-
Zumino model. It is important, on physics grounds, to
regularize the matter sector so that vector-gauge covari-
ance is preserved. The matter sector of the SQED action
can be written in the matrix form

_ 0 1_e "1, ] [
Smatter:(qu)) 1+€V1_ 0 )? (4.12)
=X*T[VlXx, 4.13)

where V is now treated as an Abelian external superfield.
Let us write the variation AX=(A®,AX)" as AX=C-X
with
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C=diag(1_[QV++(DQ)]1_,

1, [QV+5(DW]L,) (4.14)
where QV=0°V, and QV=0,V¢ Analogously, the

variation AX* =(AX,A®) is written as AX* =X*-C’ with
C'=diag(—1_[QV+3(DQ)]1_,

—1,[QV+3DMW)]1,) . (4.15)

The Jacobian associated with the change of variables
X—>X+AX and X*—>X*+AX* is given by
exp[Tr(C +C’)], which we regularize in such a way that

TH(C+C')E=Tr[(C+C")-e T (r—0,). (4.16)

with T[V]*=T[V]-T[V]. Substituting the explict forms
of I'[V], C, and C’ yields the following representation for
the anomaly .o =i Tr(C + C')"8:

o =—it fdgz[(DQ)(z |eT1"e_Vl+eV1_ |z)

eV1_e—

+(DO)z e "1, 12)]. @17

The evaluation of the matrix elements is standard, with
the result

nn% (z|exp(rcD 2%~ "D%")1_|z)=(i/64r>)W°W .
T—>

(4.18)

Consequently, the supercurrent obeys the anomalous con-
servation law (in the one-loop approximation):

Da 2 2
D9R_,=(1/96m*)D,W?, (4.19)

D°R,,=(1/967%)/D,W? . (4.20)
This result for the anomalies confirms that obtained by
different methods.®?® It will be clear that vector gauge
covariance is manifest in each step of our treatment.

V. CONCLUDING REMARKS

In Secs. II and III, we have presented a variational for-
mulation of supercurrents and their associated anomalies
in such a manner that their foundation on superconformal
symmetry becomes explicit.

In connection with the supercurrent anomalies calculat-
ed in Sec. IV, some remarks on R symmetry and chiral
symmetry in gauge models will be useful. Chiral super-
fields have R weight n:%, as implied by the chirality
constraint n=+d which follows from the suprconformal
algebra. This R-weight value is easily read from the
Wess-Zumino action. On the other hand, the situation is
less obvious in gauge models. The massless SQED
(SQCD) action is chiral invariant as well as superconfor-
mal invariant. The chiral rotation of matter fields
(d,X)—e*(®,X) is contained in the chiral phase
transformation (®,X)—e?(®,X), where A(z) is a chiral
superfield. Because of the (global) chiral U(1) invariance
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of the action, the R weights of matter superfields may ap-
pear undetermined. Indeed, the R weight 5+ of ®(z) in
Eq. (2.9) can formally be changed to n if we add the
chiral variation of ®(z) with

A=(sn—+)N—1)D2D°Q, .

As verified easily, the one-loop anomalies in Egs. (4.19)
and (4.20) are multiplied by 3(1— n) if we assign R weight
n to the chiral superfields. Correspondingly, the super-
conformal transformation of ® (of n =) combines with
the chiral rotation of ® with A= — 5 D 2DQ,, to become
anomaly-free at the one-loop level. This, in particular,
implies that the one-loop chiral anomaly is characterized
by the same W? (or W?) as the supercurrent anomaly.
The combined transformation, of course, is not the super-
conformal transformation any more.

Even the free-field action dictates the R weight n to be
% for chiral superfields: The current R ”=%(5ﬂ)‘mRad
derived from the free-field action f d®2®d by the varia-
tional procedure is Hermitian only for n=3. Hence
n=£% spoils the superconformal algebra; this, of course, is
because ®(z) has d =1.
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APPENDIX A

In this appendix we solve the superconformal Killing
equations (3.3)—(3.7).

It is convenient to use the chiral coordinate
(yp=x,—160,0,6,0) in solving Eq. (3.3) for h,(z), with
the result

h,(x,6,0)=h,(y,6,0)—2i05,f(z) . (A1)
Equation (3.4) implies the Hermitian conjugate of (A1):
h,(x,0,0)=h,(y",0,6)—2i60,f(z), (A2)

where ylsxﬂ—kieaﬂé. Take an average of Egs. (A1) and
(A2), recalling Eq. (3.6). The result is

fuD=3[h,(y,6,00+h,(»",0,0)] .

Let us next equate (A1) with (A2) for each power of 6
and 6. The O(0) term fixes the structure of 4,(y,6,0):

hu(y,6,0)=1."(y)—2i60,7 Oy), (A4)

which is quoted as F,(y,6) in Eq. (3.16). Comparing fur-
ther powers of 6 and 6 leads to the parametrizations of
fal(2) and f ;(2) quoted in Eq. (3.8).

(A3)

APPENDIX B

In this appendix we evaluate the regularized Jacobian in
Eq. (4.8).
In the usual notation, Eq. (4.8) reads

TrB™ = [ d%(z | 1_[Q@D+ T (DQ)]1_-Iy; | 2)
+fd62(z| 1,[QD+ (D)1, Iy |z) , (B
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where I;; and I,, stand for the diagonal elements of the
22 matrix I=e™". Since I, is chiral, 1_-I,,=I,,.
Note that the first 1_ in the matrix element is combined
with d° to form d®. Hence we get

TrBrcg:fd32<z [[QD++(DQ)],, |z) +(Q part) .
(B2)

Now observe that I; is symmetric: I, =1};; see Eq. (B5)
below. This implies that (2| Q%D I, |2)
=+9°D,{(z|I,;|z). Consequently, Eq. (B2) gets fur-
ther simplified:

TrB“t=—3 [ d%[(D°0)(z |11y |2)

To calculate {z|I;;|z), let us divide I?=T"T into
two parts T?=Hy+H:

M?*1_
1,L1_

p31_ 0
0 pi,

1_L1,

Ho= M, |’

» Hy= (B4)

where M=m—¢, M=m—¢, and L=2m —d—¢; we
have used the relations’*! 1_1,1_=p?l_ and
1,1_1,=p?1,, where p =i0,.

We expand (z |} | zg in powers of H;. The first-
order term, which is proportional to M?1_, vanishes since
(z|1_|z)=0. The M* term in second order is vanishing
for the same reason. Only the L? term survives the 7—0

+(D 0%z [I]2z)]. (B3 limit:
J
(z|In IZ>=f0Tds fosdu(z|e("")P21_L1+e<s—qu2Ll_eupZ|z> B5)
=—3D; fofds fosdu<z leT=sP L1, el s P L1 e’ |z) . (B6)

Recall'>?! that one needs at least two D’s and two D’s to obtain a nonvanishing matrix element diagonal in 6 and 6; in
particular, (z|1,1_|z)=(x|1|x). Hence, in the 7—0 limit,

(z|I|2)=—+4D ¥+ (x |e™|x)L?)
1
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This leads to the expression for the anomaly in Eq. (4.9).

=—i DL*.

(B7)
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