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Observational limits on the time evolution of extra spatial dimensions
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Limits are imposed upon the possible rate of change of extra spatial dimensions in Kaluza-Klein
and superstring theories by considering the consequences of such changes for primordial nucleosyn-
thesis and the positioning of nuclear resonance levels in samarium, carbon, and oxygen. Previous
limits from nucleosynthesis had not included strong-interaction effects. The strongest limits con-

strain the present rate of change of the mean radius of any additional spatial dimensions to be less

than about 10 ' yr

One of the most interesting features of particle-physics
theories of the Kaluza-Klein and superstring variety is
that the extra spatial dimensions required may have ob-
servable consequences within the three spatial dimensions
in which our observations are made. These higher-
dimensional theories typically possess a space-time of the
form M )&C where M is four-dimensional space-time,
C is a D-dimensional compact space whose isometry
group generates a low-energy quantum field theory of the
Yang-Mills type. In the prototype of Kaluza-Klein
theory, C was S' and the associated isometry group is
the U(1) of electromagnetism. ' If there exist 4+ D
space-time dimensions then the gauge coupling constants
of the associated Yang-Mills theories in four dimensions
will be inversely proportiona1 to the size of the compact
D-dimensional space. The true bare constants of nature
would be defined in 4+ D dimensions. Any cosmological
evolution of the extra D spatial dimensions would result
in the usual "constants" of nature defined in the observed
three-dimensional space possessing a variation in time
(and/or space) determined by the geometric mean scale
factor R(t, x) of the cosmological evolution of the addi-
tional D spatial dimensions.

In Kaluza-Klein theories, the fine (a =e ), weak
(a~ =GF m ), and strong (a, =g, ) gauge coupling "con-
stants" observed in our four-dimensional space-time
would evolve as

CX ~ Q~ ct: Qs c(- R (1)
The Newtonian gravitational "constant'* would be ob-
served to vary as the volume of D-dimensional space:

G ccR

In the currently popular ten-dimensional superstring
theories it is predicted that

ao:u~ ~ct, ~G ~R —6

Kolb, Perry, and Walker have attempted to place lim-
its on the extent to which extra spatial dimensions could
have undergone cosmological time evolution in these types
of theory by investigating the effects on the primordial
nucleosynthesis of He of varying the electroweak and
gravitational coupling constants. This enables limits to be

placed upon the amount by which the geometric-mean
scale factor of the extra dimensions could have changed
between the epoch of nucleosynthesis, t„„and the present
time to-(15+2)X10 yr.

Cosmological nucleosynthesis is the earliest event in the
evolution of the Universe about which we have decisive
observational evidence and detailed theoretical predic-
tions. There is some chance that residual effects from
compactification at very high energies ( —10' CseV)

might still persist at the epoch when nucleosynthesis
occurs. This evolution might take the form of damped
oscillations about the compactified state.

Current observations indicate that there is precise
agreement between the predictions of the standard hot
big-bang theory and the observational data with respect to
the abundances of He, He, deuterium, and Li. He is a
good diagnostic of possible aberrations to the standard
big-bang model of the early Universe because its abun-
dance is predicted to be exponentially sensitive to devia-
tions from expansion isotropy, uncertainties in the neu-
tron half-life and the presence of additional fermion
species or gravitational waves. Kolb, Perry, and Walker,
examined the limits that could be imposed on the evolu-
tion of extra dimensions by determining the constraints
imposed upon time variation in the electromagnetic, weak,
and gravitational interaction strengths between the period
of neutron-proton "freeze-out" (t„—1 sec) and the
present. In what follows we would like to point out that
the effects of a small change in the strength of the strong
interaction can be more important than those considered
in Ref. 5. Furthermore, the strong-interaction effects
work in the opposite sense to those produced by variations
in the strength of the other interactions. Also, we point
out some additional effects of changing the electroweak
couplings at the epoch of nucleosynthesis.

Kolb, Perry, and Walker, identify three important ef-
fects on He nucleosynthesis which arise from any differ-
ence in the value of the three-dimensional "constants" a,
a~, or G between the time of nucleosynthesis and the
present.

(a) A small increase in the Newtonian gravitational cou-
pling G alters the temperature-time evolution of the
universal expansion and increases the temperature T, at
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which the neutron-proton fraction is frozen out of weak
interaction equilibrium. This increases the resulting
neutron-proton ratio and the final He abundance.

(b) A small increase in the weak-interaction strength de-
creases the freeze-out temperature T, and thereby the fi-
nal He abundance.

(c) An increase in the electromagnetic interaction
strength alters the electromagnetic contribution to the
neutron-proton mass difference. This decreases the
neutron-proton fraction frozen out of equilibrium and
thereby lowers the final He abundance.

The dependence of the frozen-out neutron-proton num-
ber ratio ( n /p) „on the Fermi coupling constant GF, 6,
and the neutron-proton mass difference hm =rn„—mz is
( n /p), =exp( —b,m /T„), where

MeV. It exists only in the ground state; no excited states
are known. The strength and range of the nuclear binding
force are well defined when we specify a model potential ~

In order to get a reasonable estimate of how large a
change in the strong-interaction strength would be neces-
sary to unbind the deuteron we use the simple square-well
potential of constant depth V &0 and radius r. This is
justified by the fact that the deuteron has a very small
quadrupole moment -2.74& 10 cm . We are neglect-
ing the nonspherically symmetric contributions to the
two-nucleon interaction arising from spin-spin interac-
tions and the tensor potential contributions. These non-
spherical factors contribute only about 4% to the
ground-state wave function. A textbook calculation'
gives the energy E of the bound state as the solution of

(4) tan[V'q (1 —P)]=—
There is an exponential sensitivity to each of the varia-
tions (a), (b), and (c). They give constraints on the change
of additional dimensions between t ( T, ) —1 sec and the
present.

We wish to consider the additional effects of the varia-
tion of the strong coupling constant a, according to either
(1) or (3). Specifically, the following effects will result
from its variation.

(d) A slight decrease in the strong coupling will tend to
unbind the deuteron which is the most weakly bound nu-

cleus with a binding energy per nucleon of only —1 MeV.
(e) A slight increase in the strong coupling can allow

the dineutron and diproton to exist.
(f) The rate of the proton capture p + n ~ H + y, a key

step in the synthesis of neutrons and protons into He,
will be altered by any change in the strong-coupling
strength.

There is also a dramatic consequence in addition to (c)
if the electromagnetic coupling is changed by enough to
alter the electromagnetic contribution to the neutron-
proton mass difference so that the following occurs.

(g) The neutron-proton mass difference falls to a value
less than the electron mass -0.511 MeV. If this occurs
the P decay of the neutron is no longer energetically possi-
ble and is replaced by the inverse radioactive decay of pro-
tons into neutrons via p+e ~p+~, .

The easiest new effect to evaluate is (d). If the strong
coupling is weak enough to prevent the existence of the
deuteron at the time of nucleosynthesis ( t& —100 sec) then
all the neutrons frozen-out of weak equilibrium will P de-

cay before many-body nuclear reactions can fuse them
into He. Deuterium is the first step in the chain of reac-
tions that make He fusion possible. If deuterium cannot
exist when the temperature is high enough to overcome
Coulomb barriers then the final primordial He fraction
will be essentially zero no matter how high the prior
neutron-proton ratio is fixed by changes in the elec-
troweak and gravitational coupling constants. The pri-
mordial deuterium abundance will be zero by definition in
such circumstances and the abundances of He and I.i
will also be observationally indistinguishable from zero to-
day. All these eventualities would be in conflict with ob-
servation.

The binding energy of the deuteron is E = —2.226

where M is the reduced mass of the two-nucleon system.
For the triplet S state, using the known binding energy
E = —2.226 MeV with r =2.02 fm, the well depth is
given by V= —36.2 MeV. (The singlet S state just fails
to be bound. ) Now, keeping r fixed, the binding energy
will be reduced to zero in (4) with V= —25. 1 MeV. Thus
a 31%%uo reduction in the strength of the strong coupling V
will suffice to unbind the deuteron according to this
modeI potential.

If Ro is the present mean radius of the extra dimen-
sions and R„, their mean radius at the epoch of nu-

cleosynthesis then in order to avoid unbinding the deute-
ron at the epoch of nucleosynthesis we require that
R /R o ( 1.20 in Kaluza-Klein theories and R „,/R o

& 1.06 in superstring theories.
Next we consider the effects (e) and (f) resulting from

an increase in the strong-coupling strength at the time of
nucleosynthesis compared with the present value. The
most peculiar effect would appear to be (e). The dineu-
tron and the diproton (He ) only fail to exist as bound
states by -72 keV. In the pp system the Coulomb repul-
sion prevents nuclear binding (although the exclusion
principle would enter to prevent the existence of the
diproton even if this were not the case). The pp and nn

interactions differ from those in the deuteron because the
exclusion principle stops identical nucleons residing in the
same triplet S states. Therefore the forces acting in the S
state of the pp and nn systems should be compared with
those in the singlet S state of the deuteron which does not
produce a bound state in the pn system. Using the
square-well model introduced above with r =2.59 fm to
fit the low-energy scattering data, Eq. (5) requires
V= —14.0 MeV. An increase of just 9'7o to V= —15.3
MeV would be required to bind the dineutron. An in-
crease of about 13% would be required to overcome the
additional Coulomb repulsion of about 0.56 MeV and
bind the diproton.

To avoid binding the diproton during nucleosynthesis
we require R„,/R o & 0.94 in Kaluza-Klein and R „,
/Ro &0.98 with superstring theories. To avoid binding
the dineutron the respective limits are R„,/Ro & 0.96 and

R„,/Ro )0.99.
The effects on He nucleosynthesis of binding the pp
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and nn systems are accompanied by an increased binding
of the deuteron and a speed-up of the crucial
p +n ~ H+ y capture. The latter precedes the rapid syn-
thesis of He by reactions whose rates are too fast relative
to the cosmological expansion rate to be much influenced
by small changes in the strong-coupling strength. The
creation of new nn and pp bound states increases the effi-
ciency with which protons and neutrons are fused into
He by providing more reaction pathways for two-body

captures" and decays such as p +p ~ He+ y and2

He~ H+e++v, . The increased rate of p+n capture
has the same qualitative effect. The effects of binding en-
ergy changes on He itself are of lower order than those
on the pn system because He is so tightly bound with a
binding energy per nucleon -7 MeV. The principal ef-
fect of these rate changes on the He fraction result from
the increased rate of p+n capture. The inverse photodis-
sociation of deuterium stops earlier than usual so there
has been less time available for the /3 decay of the frozen
neutron-proton ratio. In the standard scenario the n/p
fraction falls from about —, to —, during the period from
freeze-out at T, to the temperature TN -0.1 MeV when

p +n capture reactions proceed faster than their inverse
dissociations. This temperature is determined by the con-
dition that the relative number of photons in the Wien tail
of the radiation sea with energies exceeding the deuteron
binding energy fall below unity; that is roughly by the
condition

'=exp(EDIT~), (6)

~ G
—1/2~ 2G 2

Q~ F
7

pg

(8)

where g-10 ' is the number of baryons per photon in
the Universe and ED is the deuteron binding energy. An
increase in ED is equivalent to an increase in in(21 ) and
produces a logarithmic increase in the final abundance of
He. The n /p ratio at the temperature of nucleosynthesis,
TN, is related to that at freeze-out T, roughly by

T

n n tN
exp (7)

&n

where ~„~GF is the neutron half-life and
tN ~ G '

TN is' the time at which the Friedmann
model has cooled to the temperature TN. Thus, the lower
the value of T~ the smaller the value of (n Ip)~ that sur-
vives from the P decay of the frozen-out neutrons. The
dependence on coupling constants of the P-decay term in
(7) is, as ED ~ a„

n =exp
N

—gm Rns tN R09 3

R0 +n Rns
(10)

while in D-dimensional Kaluza-Klein theories we have

n

N

=exp
(20—D) /6 t R D/2—APl ns X 0

T R (20—D)/6 ~ R D/2
0 ns

In (10) and (11) the quantities Am, T, T~, and r„
(=1().6 min) are the standard values which obtain in the
three-dimensional universe model when the extra dimen-
sions do not evolve (R„,=RO). Substituting the standard
values in (10) and (11) we can calculate the maximum de-
viation of Rn, /R0 from unity that is compatible with the
observed value ' of Y=0.24+0.01. If we write

Rns =1+@,
R0

then we find that observation requires

i
e

i
„&0.002

in superstring theories,

I

&
I
K2&0 007

in D =2 Kaluza-Klein theories, and

~

e
~
xi&0.011

(12)

(13)

(14)

in D =7 Kaluza-Klein theories. In each case an increase
of Rn, /R0 above unity produces a lower He abundance
than is predicted by the standard big-bang model with no
varying constants. Conversely a decrease of R „,/R0
below unity raises the He abundance. We have assumed
here that T~ & TN. If this is not true then the neutron-
proton ratio which undergoes nucleosynthesis is
exp( —hm/T~) and not exp( b,mIT, ). Thus, using —(6),
we expect

=exp[ —bmED 'ln(g ')] =gbm /ED . (16)
N

Now Am/ED-a/a, will be constant under changes in
the extra dimensions of the form (1)—(3) as long as b,m
does not fall below m, -0.511 MeV. This ensures that
the n/p ratio is independent of the changing constants in
the case T, ~ TN. The invariant hm/ED ——0.581 and
2) —10 ' in the observed Universe so (n/p)z —10 ' =0.
Therefore, when T, & TN the nucleosynthesis will result
in essentially 100% hydrogen. Since

The final He mass fraction Y can be estimated accurately
from the value of ( n /p)z as

2(n Ip)z
1+(n/p)~

and

TN

R 1/6(20 —D) (17)

(18)

If we combine (1)—(7) we can determine the total effect
on (n/p)&, and hence on Y via (8), of simultaneous varia-
tions in the strong, weak, electromagnetic, and gravita-
tional couplings. In superstring theories,

and T, —10TN —1 MeV in the standard model
(R„,=Ro), R would have to decrease by more than
10' —1.29 in superstring theories to produce this situa-
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tion and changes by factors of 2.15 and 2.89 would be
necessary in two- and seven-dimensional Kaluza-Klein
theories, respectively. Note that a decrease in R„,/Ro
produces a decrease in the He abundance, as found by
Kolb, Perry, and Walker, but the effect of this decrease
on the strong interaction is to increase the He abundance.
The consequences of these changes for the synthesis of
deuterium, He, and Li are difficult to estimate accurate-
ly without the use of a numerical code. ' However, we
note that the existence of stable pp and nn states would
lead to a decrease in neutrons and protons being incor-
porated into nuclei heavier than hydrogen at the epoch of
nucleosynthesis. Subsequently the strong coupling must
weaken in order to be consistent with its currently ob-
served value and so the diproton and dineutron states
would unbind following nucleosynthesis and, following P
decay of the neutrons, show up as an augmentation of the
hydrogen abundance today: that is, as a decrease in the
mass fraction of light elements heavier than hydrogen.

The effect (g) listed above would result in only neutrons
emerging from the nucleosynthesis process. Subsequently,
the increase in a that would have to occur in order for the
observed value of hm to be obtained today would result in
the P decay of all these primordial neutrons when hm cc a
rises to exceed m, . The result would be no primordial nu-

clei heavier than hydrogen. This situation is avoided if
(R„,/Ro )«& 1.59 and (R„,/Ro )„&1.17.

Prior to the consideration of higher-dimensional
theories there existed no way of considering the observa-
tional effects of varying all "constants" in a self-
consistent way. There existed theories' for the self-
consistent variation of the gravitational coupling constant
but these did not admit the variation of any other cou-
pling constants. Because of this problem the limits on the
allowed variations of constants, which are derived on the
assumption that only one "constant" of nature varies,
have no real basis. A good example of this problem is
provided by the strongest limits cited claimed to limit the
possible time variation of the strong, weak, and elec-
tromagnetic coupling constants. These limits arise from a

detailed study of the events which took place 1.8& 10 yr
ago on the current site of an open-pit uranium mine at
Oklo in the West African Republic of Gabon. ' This site
gave rise to a natural nuclear reactor when it went critical
for a period about 1.8&&10 yr ago. In order to preserve
the fine-tuning of resonances in the neutron absorption
cross sections necessary for this sequence of events Shy-
lakhter' has argued that the strong, weak, and elec-
tromagnetic contributions to the nuclear binding energy of
samarium and europium must not have altered by more
than about 0.05 eV during the past 1.8& 10 yr. It is not
possible to calculate the position of the neutron absorption
resonances exactly in terms of the fundamental coupling
constants but if one models the potential of these heavy
(A —150) nuclei to a first approximation by a square well

of a depth of about 50 MeV and uses estimates of the
weak and electromagnetic contributions to the binding
then the following limits are obtained' by considering the
effects of varying one of the coupling constants a, a„,a„
while the other two are left constant:

as —19 —1(5 ~ 10—19 yr
—1 ( 10—17

as a

aw (2&(10 ' yr
au

(19)

However, if the three coupling constants vary simultane-
ously [as required by the higher-dimensional cosmological
models (1) and (3)] then a linear weighting of the strong,
weak, and electromagnetic contributions to the nuclear
binding energy (and hence the resonance levels) of the
form implicitly assumed by Shylakhter allows no indivi-
dual limit to be placed upon the possible variation of any
of the individual couplings. Using (1) and (3) we find that
in Kaluza-Klein and superstring theories the mean scale
factor of the additional dimensions is only limited signifi-
cantly by the strong and electromagnetic contributions.
The Oklo samples constrain its rate of change to satisfy
the limits

TABLE I. Summary of the limits derived in the text upon allowed changes in the geometric mean ra-
dius R of additional spatial dimensions between the epoch of primordial nucleosynthesis (ns) and the
present (0). Also tabulated are the limits on the maximum rate of change imposed by the presence of
particular nuclear resonance levels in samarium within the Oklo natural reactor and in carbon and oxy-

gen nuclei.

Constraint R„,/R o ——1+e

2H bound
He unbound

2n unbound
Y =0.24+0.01
No weak p decay

Oklo reactor

Superstring D =10

E &0.06
e) —0.02
e ) —0.01

f
e

/
(0.002

a&0. 17

& 8.8 )& 10 yr
R

Kaluza-Klein D =2 D = 7

@&0.20
e) —0.06
g) —0.04

@&0.59
4

& 1.9&& 10 ' yr
R

Q & 8.3& 10 ' yr
R

& 1.9&& 10 ' yr
R
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( 1.9)& 10 ' yr

8 8 g 10 20 yr 1

R

(20)

tion in the mean scale factor of additional spatial dimen-
sions is constrained over a period roughly equal to that of
the oldest stars ( —15X 10 yr) by

((1.1+0.8) )& 10 ' yr
These are considerably stronger limits than those imposed
by primordial nucleosynthesis.

There is one further site where the positioning of nu-
clear resonance levels is known to have played a crucial
role in the past. Hoyle' first pointed out that the ex-
istence of carbon in the products of stellar nucleosynthesis
was the consequence of a twofold natural "coincidence. "
The fact that the 7.6549-MeV level in the C' nucleus lies
just below the energy of Be plus He at the temperature
in stellar interiors allows resonance to occur in the
beryllium-catalyzed carbon-producing reaction
3He ~Be +He ~C' +2@. Furthermore, the O' nu-
cleus has an energy level at 7.1187 MeV which lies just
above the total energy of C' +He (=7.1616 MeV).
Thus, the burning of carbon to oxygen via C' +He ~O'
just fails to be resonant. The presence and absence of the
carbon and oxygen levels in positions which admit a reso-
nance, respectively, is probably a necessary factor for our
own existence. It is certainly necessary to explain the ex-
istence of carbon in the Universe at the observed levels. If
we assume that the position of these levels is dominated
by the strong coupling and is linearly dependent upon it
with a square-well potential of the sort used to model the
samarium and europium resonance shifts, any time varia-

((4.6+3.7) X 10 ' yr
R

(21)

I would like to thank P. Evans, B. Pagel, R. J. Tayler,
and especially J. P. Elliott for helpful discussions

In conclusion, we have determined the constraints that
can be placed upon the cosmological evolution of addi-
tional spatial dimensions by considering the effects upon
the process of primordial nucleosynthesis. This analysis
extends previous work by including the strong-interaction
effects and additional electromagnetic effects as well as
providing accurate analytic determinations of the He
abundance. Although the limits obtained from nucleosyn-
thesis are impressively strong and limit the maximum rate
of change of extra dimensional scale factors to less than
about 5% of the current Hubble rate, they are dramatical-
ly superseded by those obtained by considering resonance
levels in the Oklo natural reactor and in stellar nucleosyn-
thesis of carbon and oxygen. These constraints are sum-
marized in Table I.
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