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Mixing of quark flavors
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A specific framework to describe the weak-interaction mixing of an arbitrary number of quark
generations is investigated. In particular the mixing matrices for four and five flavors are studied.
In the case of three flavors a mixing matrix results which differs in a crucial way from the standard
Kobayashi-Maskawa form.

The mixing of quark flavors in the interaction of 4 d VoV V
quarks and W bosons is a yet-unexplained feature of the ud "us T ub
weak interactions, which must be related to the mecha- s"1=Vis|, V=|VaVe Ve (1)
nism of mass generation for the quarks. If all quark b’ b Vi Vis Vi

masses were zero, the phenomenon of weak-interaction
mixing would not exist. Thus the mixing parameters can
be viewed as elements of the quark mass matrix. In case
of three generations of quarks the weak-interaction eigen-
states d’, s’, and b’ are related to the mass eigenstates
d, s, and b by the 3 X 3 unitary mixing matrix V (Ref. 1):

Taking into account the experimental constraints and
the constraints imposed by unitarity, one finds for the ab-
solute values of the mixing elements (see Ref. 2, for a re-
vision of the V,, matrix element see, e.g., Ref. 3):

| Vua | =0.9723—0.9737,
| Vg | =0.228—0.234,
| Vig | =0.005—0.015,

| Vs | =0.228—0.234,
| V,s | =0.974—0.9727,
| Vs | =0.038—0.050,

| Vs | =0.000—0.008 ,
|V, | =0.039—0.051 ,
| Vip | =0.9987—0.9993 .

()

Thus nature seems to prefer the mixing of nearest neighbors; e.g., a particular flavor is predominantly mixed with the
quarks close by in the mass spectrum. This suggests possible relationships between quark masses and mixing angles, e.g.,
those discussed in Refs. 4 and 5.

It is not excluded that the mixing element V,, is zero. However the unitarity constraints require V,; to be nonzero.
In the limit V,, =0 the phases of the complex matrix elements of V can be rotated away, and one is left with a real rota-
tion matrix which can be parametrized by two angles. A third angle and a complex phase can be introduced as a slight
perturbation. As a result one obtains the following representation of ¥V discussed in Ref. 6:

1 0 0 Cp 0 Spje? Cn S22 0
V=10 Cy S»n o 1 o0 —S;, C;, O
0 —Sy Cyp||—Spe® 0 Cj 0 0 1
CnCis S12C13 Syze ™ 1 Sy,  Spe'®
= |—Cp;S1—C1SyuSe®  C1pCr—51,5,3813e® C138y |~ —S1 1 Sn (3)
S12523—C12C238 136 —C 13823 —C38 18136 C13Cs —81,5;3—S3e®  —Sy3 1

f

Here S and C denote sinf and cos6, respectively, where
6,; is the mixing angle describing the mixing of generation
i with j. The Cabibbo angle O¢ is given by 6,.

In this paper we should like to discuss a simple general-
ization of the representation (3) for an arbitrary number
of generations. Especially it is our aim to parametrize
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each nondiagonal matrix element V;;(i%j) by a special
angle ;. A very simple generalization of Eq. (3) is found
which in retrospect supports the claim made in Ref. 6
that the representation (3) is the most suitable one to
parametrize the experimental data.

The mixing among n generations is described by an
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n X n unitary matrix V as

qi Vi Voo = Vi | |¢1
q3 Vi Voo =0 V| |42
=0 : Sl (4)
q;, an Vn2 e Vnn qn
where g is the quark-mass eigenstate, g’ the weak-

interaction eigenstate, (¢,,9,,93, ... )=(d,s,b, ... ).

In order to arrive at a simple parametrization of V we
suppose, in accordance with observation in the case of
three generations, that the mixing elements can be ex-
panded in a small parameter . The diagonal elements
are of order 1 (¥; =1), the elements next to the main di-
agonal are of order u (Vj; =c;u, |i —j | =1, ¢;; are con-
stants of order 1), etc. In case of three flavors such an ex-
pansion is similar to the one discussed by Wolfenstein.’

The structure of the mixing matrix which results is

(Vij)=(cyp!t=71)

1 ~u ~p? ~p"
~u 1 ~p o ~ptt
2 Ce. n-—2

0
0
0 cij 0
0
0 PN —sijeis‘j 0
0

First we shall use such rotation matrices with §;;=0, in
which case the ~ symbol is left out: R;;=R;;. The ma-
trix Vis given by the (real) product

V=R, _1,nRy_2n_1"""RnRy . (8)

In this case the mixing of flavors proceeds sequentially.
First one has a mixing between d and s, followed by a
mixing between s and b, etc. Only nearest neighbors mix.
No phases are present.

We observe that the number of zeros above the main di-
agonal is equal to +(n —1)(n —2), i.e., it corresponds ex-
actly to the number of independent phases. This suggests,

(the symbol ~ denotes the constants c;;, which we have
omitted).

The mixing of n generations is described in general by
the n? parameters of V. We can adjust the 2n —1 relative
phases of the 2n quark fields such that 2n — 1 elements of
V can be made real, for example, all diagonal elements V;;
and all elements above and next to the main diagonal
Viiy1 (altogether 2n —1 elements). The remaining
(n—1)> parameters are +n(n—1) angles and
%(n —1)(n —2) phases (for a general parametrization see
Ref. 8).

In zeroth order of u the mixing matrix is the unit ma-
trix. Next we treat the first order of u and consider the
case where all elements V; ,, are different from zero, but
all elements above the latter vanish:

1 6, 0 ~--- 0
1 923 0
(Vij)~ : . (6)
en—l,n
1

The exact form of the matrix can be easily obtained if
we introduce the (complex) rotation matrices R;; as

j .
1
0 sije "‘5,'1‘ 0 1
0 . (7
1 0
0 Cij 0 J
1
1 n

[
analogous to Eq. (6), the following parametrization (in
lowest order of the angles):

1 6, 613 61 -+ By,
1 6y 6 -+ By
1 63y -+ 6y,
(Vij) = . : . (9)
6n—l,n
1

~ —id .
Here 8,; denotes 03¢ ', etc. Thus each matrix ele-

ment V;; (j>i) is described by one angle 6;; and one
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phase §;;. In the special case j=i +1 no phase appears,
i.e., phases appear only if the two quarks involved in the
mixing are not nearest neighbors.

An exact parametrization of the mixing matrix, which

in lowest order of (5) leads to Eq. (9), can be constructed
analogous to Eq. (8). One finds

V:Rn—l,an—Z,n T Rl,an,n T Rk—l,kRk —2,k

X - RyxRyg - RuRpi3Ry; (10)

The matrix V is a product of (complex) rotation ma-
trices. The order of these matrices given in Eq. (10) is not
unique, due to the fact that two matrices ﬁ,-j and ﬁ;d
commute if ik, js£I. For example, in case n =4 there
is, besides the order given in Eq. (10), one additional pos-
sibility, while for » =5 eleven other possibilities exist.

The pattern of the rotation sequences given in Eq. (10)
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If we are only interested in the matrix ¥ up to the

. . ()
second order in u, one has in lowest order of 6 :

1 6, 635 0O
1 623 é~24
1 0
(V)= Co : : (12)
1 64 201 On_2n
1 O —1,n
1

The exact form of the mixing matrix is

. : V=R, _12R, _2,Rs_2n_1 " RyuRyR;3Rp . (13)
is denoted by the arrows in the scheme mo LR mSRTR TSR
~ - The quark mixing matrix given in Eq. (10) is
P q ) g X 8 q
16, 13 014 6 parametrized in terms of n(n—1) angles 6;; and
l/ | £ 3 5(n—1)(n —2) phases &; (j>i+2) and represents a
1 623 624 T O2n very simple way to describe the phenomenon of weak-
1 } ! interaction mixing for the case of an arbitrary number of
1 634 generations. Each matrix element V;;(j>i) is described
1 ! (11) by one angle 6,; and one phase §;;. We believe that this is
1 the most suitable generalization of the Cabibbo rotation
g matrix. Below we consider specific cases.
n—2n (a) n=2: The matrix V reduces to the real rotation
! matrix R, (Cabibbo rotation).
6, _1.n (b) n =3: One arrives at the matrix Eq. (3), given in
} Ref. 6.
1 (c) n =4: The mixing matrix Vis given by
J
(Vij)=R34R 2R 14R;3R 3R,
—i8y3 —ibyy
C12C13C14 C13C1S12 CiaSize Sqe
83 83 —iby4
—C33C3S12— C12C24S 13523 C12C33C4—C24 512513523 C13C24Cy3 C14S24e
i(8,4—8,,) i(8,,—8,,) —i(8)3+8,,—8,,)
—CpC13S14Spe ¢ —C1381,51454e * —51351aSue
is is
—C13C53C3S e P +C34S13S23 — C13C34823—Co3CaS S 3e C13Cp3Cay C14Cr4S34
s " is
= —C13C13CS 453 — C13Cy38 5 Sye 2 ~C13553524S34e 2 50 . (14)
s is _ 81,83
+C13512524534€ # ‘C13C24S12514534e' 14 CauS13514534e
i(8,5+8,,) i(8,3+8,,)
+C12S51352354S e +58125135235245 34 0
is is
—~C13C13C34C3yS e —C13C3C34524¢ 2+ C13503S 3 —C13C3S34 C14Cy4C4
s s s
+C,2C23513S34e' 13 — C13C24C34S1,S a8 1 —C13C34533S e 2
5, s, LSS o P18
+C3C345 1250 2 —S12823534 +C23512513534¢ 4T3 13714
i8,,+8,,) i3,,+8,,)
+C13C348135238 e P +C345128135238e 22
(d) n =5: One finds
V=R4sR35R35R15sR34R24R14R3R13R ;5 . (15)

The full expression will not be given here. If we keep only the terms up to second order in i, we obtain
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V=R4sR;3sR34R 4R 3R 3R,

1735

—idyy
CiCis Ci3S12 Size 0 0
i85 i8); —ibyq
~(=813—C1351383¢ ) C13C3C24—C1451251353¢ C13C4823 Sye 0
i8y3 i8y3 ~ibys
— | ~(=C2S3e +51252) ~(=C3533—S1S13e C13C23C34Css C24C35834 S3se
i8. id
—C12524534€l ) 'C13(735523324534‘?l 2 - (16)
P13 24 —CppSpe 2 (=S54 —SpSpe 2t CpeCasC CysS
~(C3S13834e " +SpSue ) ~( 12924€ +523534) 34 23924€ 24C34C 45 35945
i8 i5
—53554521 ) —C24534535545‘=‘l 3
i(6,,+8,¢) i8. i8 i8 i
"'((312513535‘?I 13773 ~((31252454591 24+C125235353 ) ~(534S45—535‘?' 3) ~(—S45—S53453s5€ 3%) C35Cys

(In the elements below the main diagonal we have neglect-
ed all terms of the third or higher order in Sj;.)

In this paper we have presented a simple way to
describe the mixing of quark flavors. A general pattern of
the n X n mixing matrix was discussed. In the case n =3
this pattern reduces to the mixing matrix given in Eq. (3).
This supports the idea that in the case of three flavors this
matrix should be used in analyzing the experimental data,
and all other proposals, including the one introduced in
Ref. 1 should be abandoned. If nature should provide us
with more than three generations of quarks, the matrices
given in Eq. (14), Eq. (15), or, in general, in Eq. (10),

—

should be used to describe the weak-interaction mixing.
In case of four flavors our parametrization is very similar
to the one discussed by Gronau, Johnson, and Schechter,’
and coincides with the one used by Botella and Ling-Lie
Chau'® in their analysis of CP violation.
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tober 1985. After completion of this paper we were in-
formed of a similar work of H. Harari and M. Leurer,!'!
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