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The technique of the quantum inverse spectral method is applied to an extended version of the
derivative nonlinear Schrodinger equation (DNLSE). The simple DNLSE does not permit a quanti-
zation in the R-matrix framework of Faddeev et al. due to its noncanonical and nonultralocal na-
ture. The extended DNLSE is canonical and we have explicitly obtained the R matrix, the commu-
tation rule for the scattering data, the excitation spectrum, and the integral equation for the eigen-
values. Some comments are also added about the equation satisfied by the scattering matrix.

I. INTRODUCTION

With the advent of the inverse spectral transform there
have been various attempts to formulate a quantum-
mechanical version of it. Recently, two important and
parallel methodologies have been advocated by Thacker,
Wilkinson, and co-workers' at Fermilab and by Faddeev
and his collaborators® in the U.S.S.R. That both ap-
proaches lead to the same result, at least in the cases of
the nonlinear Schrodinger equation (NLSE) and the mas-
sive Thirring model* (MTM), has been demonstrated. But
some restrictions do exist for the applicability of the latter
approach which is often referred to as the quantum R
matrix method. The first such restriction is that the
theory should be canonical and ultralocal. That is, the
basic commutation relation must not contain any deriva-
tive of 6 functions. Also a second and very severe restric-
tion is that the space part of the Lax equation, that is, the
L operator (¢, =L1), must contain canonically conjugate
variables. The equation in two space-time dimensions
which is very similar to the NLSE but differs in that the
nonlinear term is the derivative nonlinear Schrodinger
equation (DNLSE). Unfortunately the Kaup-Newell
spectral problem* which is the space part of the Lax pair
for the DNLSE leads to a noncanonical symplectic struc-
ture for the corresponding Hamiltonian flow. And so the
R-matrix approach was not applicable. But here we
demonstrate that an extended version® of DNLSE can be
interpreted as a usual canonical Hamiltonian flow and
hence can be quantized following the R-matrix formalism
in an elegant fashion. In Sec. II we discuss the equation
and its Hamiltonian structure very tersely. In Sec. III the
R matrix is obtained. In Sec. IV the commutation of the
scattering data is deduced and the diagonalization of the
Hamiltonian is performed. Lastly we deduce the integral
equations satisfied by the S matrix and eigenvalues of the
excitation spectrum.

II. FORMULATION AND BASIC HAMILTONIAN
STRUCTURE
The simplest DNLSE is written as
[qt+qxx+e( ‘q ‘zq)x:O- (D

The isospectral problem associated with this equation is
given as

iA? Ag

Agt —in|¥ @

x =

which is known as the Kaup-Newell spectral problem in
the literature. Then any member of the infinite number of
conservation laws can be used as the Hamiltonian. But it
is seen that the symplectic structure of (1) is

_ o oH
o ox 6q*

q: (3)
which leads to a noncanonical nonultralocal commutation
rule and the attempt to quantize such a theory within the
methodology of R-matrix formalism becomes a total
failure. But recently by starting from a 22 quadratic
bundle it has been shown by Gerdjikov et al.’ that it is
possible to generate a coupled set of generalized DNLSE
(which we will refer to as a generalized derivative non-
linear Schrodinger equation).
The quadratic bundle is

— . d
Ly= 103E+Q0+AQ1+"0—A2
with
0 g ) .
Q= b 0 i=0,1, ro=—35qp; . (4)

(p1,91), (Po,q0) are two sets of nonlinear fields. Then as-
suming

wz:Vw

and V taken to be a fourth-degree polynomial in the spec-
tral parameter A it is shown in Ref. 5 that the equations
generated are

i1+ q 1 +i€191°q 1+ V19, —2Vq0=0, (5)
iqor+Goxx —1€0917°q0x —2iV0q 1
+€elq)|*Voqi+Vigo=0, (6

where
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* * 2__ .2 *
Po=¢€qo, P1=€q1, € =€, € =€,
and

Vo=€19091 +€09196 » -
612 4 2
V1=7|‘11| —2€|q0|” .

For ¢g,=0 this system is reduced to the case of usual
NLSE and for gy =0 we get

2

; g 20 L S 4, _

G1et+qixx+1€191°9x + lg1]°q:1=0. (8)
If we now make the change of variables

g/ =g;e %%, p/=p;e’*
with ¢ given as

€ © 2

b=~ [ odviail?, (9a)
then we get

99+ +i€( g1 %g1), =0, (9b)

the derivative NLSE. It can then be deduced that the set
of Egs. (5) and (6) can be put into a Hamiltonian form via
the Poisson-brackets relations:

{€0g0 (x),q1(x")} =8(x —x') ,

(10
{€190(x),qT (x)}=—8(x —x') .
But these structures make a transition to the form
IR ’ ’ a ’
{q'{(x),q/(x")} 8(x —x") (11)

T ax

under the reductions noted in (9) and the theory becomes
nonultralocal and noncanonical. So we formulate the
quantum inverse scattering method (QISM) for the cou-
pled set (5) and (6) rather than for (9b).

1—‘;‘6143611"4?,:‘—/\2/3 AAqln+AQOn

L (A)=i
WA=E AAgh —eongl

We then construct the direct product of the matrices ’
L,(AN)=L,(A)®1,
. (19)
L;(A)=1®L,(A),
defined in accordance with the prescription given in (3).
Then the most important object to consider is

Li(A)XL) () (20)

1+ 5€1Ag1,g 1, +A%A

III. THE QUANTUM INVERSE PROBLEM

The quantum inverse problem is always formulated by
discretizing the space coordinate. To proceed with the
calculation we rewrite Eq. (4) as

ro—A*  Aqi+qo 12)

U —Ap1—po  A’—ro 4 4

If we solve Eq. (12) formally we can write®
11;=efL(x’A)dx¢/0 ’ (13)

under the assumption of asymptotically nonvanishing
nonlinear fields. Because in the formalism that we will be
following the system is assumed to be periodic over the
strip — L <x < L. If this length is divided into n equal
subdivisions of length A then nA=2L and we consider
then an infinitesimal version of (13), written as

ES

It is then customary to define the operator at the nth
point as

1+ [ LA fdo. (14)

L,(A)= [1+ I lL(x,A)dx] : (15)

If we define the average over the fields and their products
as
x

n xn
fxmqldX=Aq1n, fx"_IQOdXZAQOn >
x (16)

J.| @aidx=Aq1q1, .

then the commutation rules [obtained from the Poisson
brackets (10)] become

1
[e()q(')(nrqlm] = Ksnm ’

1 (17)
[61q0n7qrm]: A 6nm ’
and Eq. (15) can be explicitly written as
(18)
[
up to terms first order in A.
After an elaborate calculation we arrive at
L”,,(A,,ll,) L12n(A’.u')
L,(A)®L,(u)= Lon(A) Lyn(Ap) |° 21

where each L;;,(A,u) are 2 X2 matrices written as
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»

(22)

»

) l—elqlnqrnA_(“2+A2)A #qlnA+q0nA

L A,u)=

= Dgh A — i A 14+ (1= ADA
(A+5)g1,A+g0A 0

L, (A,u)=

12n0 1 (L+A)A (A—1)g1nA+gonld
‘elAanA—quanA O

Ly (Ap)= 0 —€1Ag T, A —€0gon A

) 1—(u*—AHA 1q 18 +qosA
Loy (Au)=
2T (=T )g A —€ogin A 14€141,q Tn A+ AU+ AY)

Similar calculation can also be done for L, (u)®L,(A).
Next an important object of our study is the quantum R
matrix which satisfies

RL,(A)QL,(u)=L,(u)®L,(A)R . (23)
We consider R of the form
a 00O
0 b c¢c O
R = 0de O (24)
00 f
Then Eq. (23) yields the solution
1 0 0O
0O a B O
R=10 g a 0" 25)
0 0 01
alp,A)= 142:2(_1\1\) :
a (26)
AN)=—"T"""".
Bl N =1 = A

We now obtain the commutation rules for the scattering
data via this R matrix through

RT(AM)®T(w)=T(uwRT(AR , 27)

where the scattering matrix T(A) is written as

a(A) —b(A)

b(A) +a(A) ]’ 28)

Evaluating (27) by (28) and (25) we arrive at
a(MNa(u)=a(ula(A),
b(A)b(u)=b(u)b(A) ,
a(A)ap)=a(p)a(A),

a(A)b(pw)=alu, Ab(w)a (A)+Bu,Aa (wb(A),  (29)

b(pwla(A)=alu,Aa(A)b(u)+B(u,A)b(Aa () .
()b (A)=alu, A)b(A)a(u)+Bu, A)a(A)bu) ,
b(Aau)=alu,AN)a(u)b(A)+Bu,A)alu)b(A) .

IV. CONSTRUCTION OF THE EIGENSTATES

The eigenstates of the quantized system can be con-
structed by starting with a postulated vacuum. Let us say
that we designate the vacuum by

g1, 10)x=40,10),=0. (30)

Then let us now observe how the L, (A) operator operates
on the vacuum so defined. At the nth lattice sites we
have

1—A%A AAgq;,+Aqo,
0 1+A%A

L,(A)|0), =i 10). (31

Let us now consider the effect of two consecutive L
operators on |[0),. Itis

Ly +1(AL,(A)]|0),

1—2A2A A (qln’q1n+1)

__ ()2
=) 0 14+2A2A

[0}, , (32)

where A is some polynomial g,,91, ;. This property of
L, when operating on the local vacuums is of utmost im-
portance. Because as we proceed from one end of the lat-
tice to the other, which is really a circle due to periodicity
condition assumed, the product L,(A)L, . (A) - Ly(A)
is nothing but the scattering matrix 7(A). Furthermore
due to Eq. (32) the product remains triangular. Hence,
since

a(A) —b(A)
a

TA)=TLLA= |, 00y Lz

n=1

, (33)

we can infer the effect of a,b,@,b on |0). Then in the
limit of large N such that NA=L"' is fixed where L’ is
the length of the lattice, the diagonal elements of (32) lead
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to the eigenvalues e ~A"Z" and e’ via the limit
N e
So finally we write
a(A) IO):e“AZL' [0),
a(A)]|0)=+e+AL|0) (34)
A)|0)=0,

and b(A) will create states from a vacuum. Let us now

]

consider a series of physical states of the form

Q(A)=b(Ay)]0),
Qy(A,A)=b(A)bB(A,)|0) (35)
Q3(A, A% A)=b(AbB(A,)b(A,)|0)

and so on. The important job is to ascertain the eigenmo-
menta and the eigenenergies of Q;, Q,, Q;. For that we
operate with a(u) and @(u) on Q,, Q,, Q; and utilize the
commutation rules to shift a (1) so as to operate on |0)
to get (we illustrate here the case of two-particle states)

27
e M L B(H,Az) —A2L
(WA pA) = ——————— (A Ay —————2 780 (A,
R R = G A, Ay 2 AR alw, A, Ay) C 2AAnp)
Blp,Ay) —ARL B, ADBALAY)  _azp
- Do, A2) 2T, 36
alu, Apa(A,Ay) ¢ A A A e Ay Ay € 2k, A (36)
Similarly,
ulL’ (A , ) 2,
te —B.__zyh_ AZ L QZ(A,#)

E(H)Qz(Al,Az)z QZ(AI’AZ)—

alAppalAg,u)

B(A,u)
— e
a(AI,,u)a(Az,A,)

Now TrT (A

a(A;,u)a(Az,#) ¢

(A)B(AAY) ApL

AL
Q,(uA
AnhA)+ al(Ajp)alAzAy) ¢

Qz(,LLA]) . (37)

) is nothing but the Hamiltonian so we demand Q,(A;A;) to be an eigenstate of a (u)+a(u) which leads to

the following equations, determining the eigenmomenta and energy eigenvalue of the two-particle state:

e ML’ eH’L’

_ Q AA —
[a(w)+a(uw)]Q(A1A,) alp,ApDalu,Ay)

along with the condition

acy_ 1AMz A) (39)
O —142A—Ay)

In general for the n particle configuration we have the
condition

242 1+2(A;—A;)
e S bkt A R

—1+2(A;—A;) 40

J#i
which is nothing but the algebraic Bethe ansatz.® In prac-
tice it is really very difficult to analyze an equation of the
form (40) so we now make a transition to the usual form
of a Fredholm-type integral equation from (40). Let us
rewrite (40) as

2A 2L
11"
ji
with
14+2(A;—A))
AA; —A;)=1 e —
(i) HL4+ﬂM—M)

Taking the logarithm of both sides we get

taApal A

Q(A1A) (38)
I
2AL'= 3 A(A;—Aj)+2mn; (41)
J#i

where n; are integers. Let us consider Eq. (41) with i re-

placed by i +1:
2A;4°L'= "3 A(
J#i

Subtracting (41) from (42) we obtain

A,~+1—Aj)—+—277n,-+1. (42)

AP —Al= 2L’ > AN 1—A)—AA;—A))
J#1
21
+2L,(n[+1—n,‘)- (43)

As L'— «, the A;’s become infinitesimally spaced so we
define

1

A)=——
P = R —AD

which is supposed to reach a finite limit in the continuous
limit. So we deduce from (43)

1 Ap
7p(A)++ f_AFK(A——A')p(A’)dA’=2A, (44)

where
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da__ 4

K == ——
(4) dA  1—4A%"°

(45)
where Af is determined by the condition of particle densi-
ty written as

AF N
S\ P = (46)
Equation (44) is of utmost importance for discussing the
thermodynamic spectrum of the model which is outside
the scope of the present communication. Lastly we may
add without derivation some comments about the scatter-
ing matrix between two pseudoparticles. Suppose in the
state of the system represented by Eq. (41) we introduce
an extra particle with momentum A’ which alters the mo-
menta of the ith excitation from A; to A;, then we may
write

2AL =3 AA; —Aj) +2m; +AA, —A') . (47)

i£j

If we now define as before

1—5€1Aq1,97, —A’A AAgy,+Aqy,

L,(A)=i
n(A)=i —€;AAgT, —€5Aq5,

The monodromy matrix 7 (A) for the interval [ — L,L]
is defined as

(50)

By the standard procedure in the quantum inverse scatter-
ing method one can show that the generating functional
7=(A +D) (the transfer matrix) of the integrals of the
motion have the property

[7(A),7(u)]=0. (51)

The spectrum of the operator 7(A) is calculated in the
limit A—0, N— «, AN =L =const. We shall show, in
this continuous limit, that the local integrals of the
motion can be obtained from the expansion of In7(A) in
reciprocal powers of A as A'— oo:

In[ 7 A)exp(A2L)] = i CxA™K. (52)
k=1
A—

[The factor exp(A2L) corresponds to ordinary canceling
of the plane wave.] To express the coefficients
C,,C,,Cs, ... in the limit A—0, L — o in terms of the
quantum particle number, the quantum momentum, and
the quantum Hamiltonian using the fields.

1 + %elAqlann +A2A

w(A)=(A;—A)L, F(A)=p(A)w(A;),
then proceeding as before we can deduce

20F(A)=— [ dA’F(A’)f/—\—A(A—A’H—A(K'—A) :

(48)

V. QUANTUM INTEGRALS OF MOTION
AND TRACE IDENTITIES

In the previous section we have used the trace of T(A)
as the Hamiltonian for the nonlinear system under con-
sideration and have constructed the eigenstates. The justi-
fication of taking the trace T(A) as the Hamiltonian lies
in the derivation of the quantum trace identities following
Ref. 9 which will yield the quantum integrals of motion
and hence also the Hamiltonian proper.

To proceed with the derivation we start from the
discrete transfer operator L,(A) written as

We transform the infinitesimal monodromy matrix L,
by means of a gauge transformation U,, requiring the
transformed monodromy matrix L, to be diagonal:

L,=U,"'L,U,_,, (53a)

where the 2X2 matrix U, is in the form of a formal
asymptotic series,

U, =TI+ 3 A K%oF, (53b)

(K)

n 7_(nk) 0

Although the matrix elements U, are operators, the in-
verse matrix U, ~! can be obtained by formal inversion of
the series, since it begins with the unit matrix I.

The condition of diagonality of the matrix L, leads to
the following equations for 3 and y:

BX+BX_\=BY, vK+vi_=GF. (54)

The quantities BX and GX can be expressed in terms of
B(,,I,) and 7/(,,’,) with [ <K, respectively, and the fields. We
give here only the expressions for G'1"»3*% for which we
require
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(1 * @, x
Gn =€141n> Gn =€oq90n >

1
Gr''= —3€°4 11 0 +VnGun¥n -1+ (Va —Yn 1),

1
G\H=— ';‘foelqgn‘hnqrn +7/LCI0n7’rlz—1+K(7’ﬁ —ve ), (55)

€

7%—7}.~1)q1nq?‘n—<7i—7i_1)] ,

€) 1
Gy =360 1nq1n9 1nq1nq 1n *—2_7711q1n7/rlt—IQIann +Vrqin¥a_1— N
€]
7(ri—ri_1>qmq?,.—(7‘1—71_0J -

€ 1
G,(f] = %eoflzqgnq”zqrbq 1nd 1n — '2_7’}:%"7’}1 —191n9 1n +7’31110n‘}’r21 —17 A

On 3 and y we impose the natural boundary conditions
yK =0, BX=0 forall K. (56)

This choice leads to a normally ordered form of 3 and y when Egs. (54) are solved and the solution for y is
N

rio=z(=1r~" 3 (=D'GK. (57

l=n+1

Using (55) we obtain, from this,

N N
Ya=(=D" e F (=Dl vi=(—1"*'e¢g 3 (—Dlgg,
Il=n+1 l=n+1
3 | ¥ [ 12« " 1 1 | !
Ya=(=D"*1 3 (-1 —-761(111q”qu+7’1411?’1_1+X(7'1—7/1«1) )
l=n+1
" (58)
4 n+1 il / 1 * * 1 1 1 2 2
Yn=(—1) S (=D —5e€gaguati+vigavi 1+ ——vi—vi_) |,
I=n+1 A
5 n+l S i 13 % * « €1 1 *
Ya=(—1) S (=D —5e’qigugnigudti— = viguvi—19uq
I=n+1 2
A — e =yl Daua i+ =i
19uvi—1—= 5 1-V9uqu+ Vi I—1) | >
. N
ya=(—1"*" 3 (—1D[Gr].
I=n+1
It is easy to express the elements of the matrices L, in terms of 3 and Y, e,
(Lon=i|1—7€0g1,gTn —A'A+Aq1, 3 AT Tyl 1+ 48g0, 3 A5y,
K=1 K=1
_A2 & A — = A —
~e MR- J€1Ag1,qT, + A, D ATK Y+ A0, 3 ARV, (59)
K=1 K=1
We have written down the last equation with allowance for A>~—>0. Similarly,
—_— 2 o0 00
(Ly)p=~e™™ |14+ 3619104 1n —A€rgT, 3 AT*HIBY_ —Aeogn 3 AKBE_, (60)
K=1 K=1
We next go back to the derivation of (52). It follows from (53a) that
TL(A)=Uy(A)TL (AU~ Y(A),
- (61)
T (A)=Ly(A)--- L(A) AtAr 9
L =Ly 1 = o Dyl

Using (59) and (60), we obtain, accurate up to order of A2,
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~ 2 N N © B N o B
A(N)=e~NE 1—%61A2q1nq7n+A2q1,. 2 A K+17/51<71+A2q0n > A K?’f—l
K=1

n=1 n=1 K=1 n=1
L 242 * * 1 2 * < K+1. K
L —K+
+3€°A 3D 10 qinGin 9 1Tn, — TEA DD q1nq1ng1n, 2 AT Ym0
nn; nin; K=1
i<j i<j
1 2 * * < K. K 1 2 et K+1,,K *
— 7€ Equnqln»qOVLqu. 2 ATn 1— 76l EE‘IM. 2 A Yn—191n.9 1n,
1 1 ] J i i j 'j
nn; K=1 nn; K=1
i<j i<j
1 2 < K, K * 2 < 2K +2, K K
= - 2 —2K +
—7€A Ez%ni E A yn,-»lqlnqunj_*'A zqun[ 2 A ‘Vnivlqlnjynj—l
nin; K=1 nin; K=1
i<j i<j
2 < 2K +1,K K 2 < 2K +1, K K
2K + _
+A EZQIni 2 A Vni—]qOIlerll-—1+A Equni 2 A yni—lq]annjfl
n;n; K=1 n.n; K=1
A 0
i<j i<j
2 < 2K, K K
+ A X gon, X AT 1Gon V1 | - (62)
nin; K=1
i<j

We obtain a similar expression for D(A) but, in the limit A— o0, D(A) is exponentially small. In expression (61) for
TL(A) in terms of B and y we ignore the boundary terms, which correspond to the transition L — 0, and we note that
conditions (56) lead to the equation 4(A)=A(A). Then, as L — «, we obtain

In[exp(A>L )T(A)]A:w In[exp(A2L)A(A)] . (63)
The expansion in inverse powers of A for exp(AzL)Z(A) is obtained from (59) and (61):
exp(AZL)A(A) =1+ 3 A~ la; (64)
I=1
where the first five terms of the expansion are
a1=83 qu¥n-1+23 qon¥n —1—%ﬂAZZEQMIQTW‘IM/.V%J.A
n n

nl-nj
i<j

2
- %elAz 22 qlniq)l'(n,-QOnerij— 1= %elAz 22 qlni‘}/ni—lqlnjq’lknj

n;n; nin;
1<y 1<J
— 1682 3 qonVn, Gin@in, A7 X dunVn, 1oV a1+ A2 X Gon, Va, 11 Vn,—1 5
i) i) <t
a= Aqun'yft—l"‘A2q0ny121—1_%EIAZEZQIniq?niQInij:jA]
n n :l,<'lj
_%ﬁAzqulniqrnqunﬂ/ij—l_%GIAZ >3 ‘hni?’ii—ﬂqurnj
" i
— 3682 3 Gon Va1 91n, @ Tn, +8° XX qun¥a1G1n ¥, 1+ A2 2 G0n, ¥+ 190,V n 1 5
" ) "
ay= AEanVi—l-f—AE‘Ioﬂ/fxﬂl—%ﬂAz ZEqm,.an,.qm,Vijq
n n :11<"j
_%GIAZ EE qlniqrnqunj‘}/ij—l‘%GIAzzz %nﬂ’t,_l‘hnﬂrnj
nn; nin;
i<j i<j
— 3682 3 Gon, V19100 Tn, + 87 S q1n, V190, Ve, 1+ 87 23 G0n, V1910, Vi1 > (65)
nn; nn; nin;

i<j i<j i<j
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as=A3 qi¥n 1 +AS qon¥n_1— 76073 41n,.q’1kn,.41nl.?’>5:j—1
n n

nn;
i<j

— 3607 3 qin @ indon, Vn 1= TED T q1n V1910, 41,

nn; nn;
i<j 1<J

— 3607 3 o Vn 191, 0 1n, + 87 ZZ G1n ¥ 1G1n, ¥, 1+ T Gon Vn, 1G0n, V1 »

n,-nj nin;
i<j i<j

nn;
i<j

as= A2‘]1n?"61—1+A2¢10n%5.—1—%51A2 >3 %nﬂ?nﬂlnﬂ’gj—l
n n

nn;
i<j

— 360 X qunqindon V1= TOA T G100 191, qTn,

nn; nn;
i<j i<j

—76A’ 3y qu,—Yfli~lq]nqunj +A’°3F Y qlniyfli—lquj?/ij—l+A2 23 qui?’ii—lqlnj')/ij—l .

nn; nn;
i<j i<j

n,-nj
i<j

Taking the logarithm of (64), the first five coefficients of the expansion (52) are seen to be

2
a, 1 3
c1=4a, C2—_—az—"2 , c3=a3—alaz+7a1 ,

2 1 2 1 4
C4=as—aa3+a,"a,—xa"—za; ,

2 3 2 1 5
Cs=das—a|as+a, (13——601 a,—ajasy+aza;+va; .

(66)

Now to make a transition to the continuous limit we consider as before A—0, N— «, AN =L =const, which then
yields that the above c;’s are the renormalized versions of the classical integrals of motion:

D(l)__:é f_de(elquT +€0‘]1qg) ’

4

i © €1
D‘2'+; f_wdx €09090 +5€°9191 " +i—(g1q1x—q191x)

D¥=_1 f_w dx (€009 1x—€1909 1x) »

i ® . i
Dm‘—‘g f_w dx |€197xq1x+1€0(9590x —q0q0x )+ (€19190 +€09091)* — 1 €1°9197 (4191x—q191x)

3i€1

H=71 f_w dx —(fo‘hxqu +€1q:‘xq0x)+~5h"

where

Vo=€19091 +€09190 >

612 4 2
V1="£‘]‘J1 | —2€0]g0° | -

VI. EXPLICIT FORM OF EXCITATION SPECTRUM

Similar to Eqgs. (38) and (39) we observe that the eigen-
value E(A;A;) corresponding to the multipseudoparticle
states is given by

AL’

E(AAj)=e , (68)

1
3 | vy
inj A AA))

|g1% | (6091290 — €190 7))+ VoVy®

>

(67)

>

4

’

where

Any AA=A)
SR 2 = A

To ascertain the naturezr of the eigenmomenta and energy,

we consider the ln[eA' t E(A;A;)] and expand in inverse
powers of A where the coefficient of A~* gives us the
eigenmomenta and the coefficient of A~> gives us the
eigenenergy. Thus, for a one-particle state,
A’
Pi=———3A’+5Ar,
At AP 3AP 1
El=———+ — .
2 2 8 160

(69)
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For a two-particle state

Pr=t(AP+A)— T (A2+AD) + (A +Ay),

(70)
Ey=5(Af+ AN — T(A P+ A+ T AP+ A — 55

VII. GROUND-STATE ENERGY

From Eq. (44) we observe that if p(K) is the density of
states then the number of particle is given by

KF N
S pKIK =1, (71)

where the ground-state energy is given as
1 %,
Eo=- f_KFK p(K)dK . (72)

It is interesting to note that our Eq. (44) is similar to that
of a usual nonlinear Schrodinger equation except that the
inhomogeneous term is proportional to A rather than a
constant. The explicit solution is rendered difficult by the
finite limits of integration in (72). Also there may be
some divergence difficulty due to the first-order lattice
(terms only up to A) approximation of the continuous

model. We hope to formulate the exact lattice equivalent
model in a future communication and then discuss the nu-
merical solution of the integral equation for the Fermi
momenta K and the density of states p(K). Only in that
situation is it possible to get an actual expression for p(K).

VIII. DISCUSSIONS

In our above computation we have presented the QISM
for the extended version of DNLSE. The original
DNLSE being nonultralocal, it cannot be treated in the
usual formalism and still no method exists to quantize it.
The analysis of Egs. (44) and (48) for the study of string
configuration is under way and will be the subject matter
of the next communication. At this point it is interesting
to note that there is no way to compare the reproduced
spectrum with the actual excitations in the derivative non-
linear Schrodinger system because even up till now there
is no method for quantizing nonlocal theories.
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