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Quark exchange between nucleons bound in a nucleus can cause a shift in the momentum distri-
bution of quarks relative to free nucleons. This is true even if nucleon properties, including size,
remain unchanged in the nuclear environment. This shift in momentum leads to a contribution to
the matrix elements of single-quark operators which is nonadditive, and therefore cannot be incor-
porated into a convolution model. For A =3 nuclei investigated here, such exchange contributions
were found to be important, perhaps even dominant, in calculating the deviation from unity of the
ratio of the nuclear structure function to that of the free nucleon (European Muon Collaboration ra-
tio).

INTRODUCTION

It is intuitively appealing to regard deep-inelastic lepton
scattering from nuclei as a two-step process. First, the
nuclear wave function is decomposed into some basis of
constituents, nucleons in the first instance, nucleons and
pions in more elaborate schemes, and later perhaps includ-
ing more exotic objects such as 6's, multiquark
conglomerates, and so on. Then the structure functions of
the constituents are added incoherently to give the struc-
ture function of the whole nucleus. This is the "convolu-
tion model" often used in analyses of the European Muon
Collaboration (EMC) effect. ' A detailed discussion of
the assumptions, and possible flaws, of the model are
given in Ref. 4.

In addition to the incoherent processes with which the
convolution model deals, there could exist coherent ones
arising, for instance, from quark exchange between nu-
cleons. Coherent processes are not suppressed by powers
or even logarithms of Q . Their importance is a dynami-
cal issue, which has yet to be seriously addressed. Quark-
exchange contributions to the nuclear structure function
arise because quarks in different nucleons must be an-
tisymmetrized. This has been explicitly demonstrated in a
simple, solvable one-dimensional model, the essence of
which will be repeated later for clarity. In Ref. 5 it was
shown that the scale of these effects is set by the ratio of
the nucleon size to the typical internucleon separation in
nuclei. Furthermore, the effect of quark exchange be-
tween nucleons is to soften the quark momentum distribu-
tion in nuclei (it increases the correlation length), which is
the major component of the EMC effect. Of course, one
cannot conclude anything quantitative from a toy one-
dimensional model. In this paper we perform a realistic
calculation in three dimensions with actual nuclear wave
functions. We choose the 3= 3 system ( He, H) for
several reasons. First, for 2=2,3 nuclei one has presum-
ably the most reliable nuclear wave functions, since the

nonrelativistic two- or three-nucleon problem with
phenom enologically determined nucleon-nucleon poten-
tials can be solved exactly. This is an important con-
sideration since one expects quark exchange (somewhat
like heavy-meson exchange) to be a short-range process
depending rather strongly on nucleon-nucleon correla-
tions. Second, the smaller 3 is, the more tractable the
calculation. Finally, we discard the deuteron because it is
anomalously diffuse. Quark-exchange effects can be ex-
pected to grow with nuclear density. Since He and H
have densities not far removed from heavy matter they
can be expected to manifest EMC-type effects which can
be extrapolated smoothly to arbitrary A.

We do not claim that quark exchange between nucleons
is the only coherent effect which must be added to the
convolution approach. Final-state interactions, vertex
corrections, and many other effects may also be impor-
tant. In addition there are other, independent, difficulties
with the convolution model discussed in Ref. 4.
Nevertheless, quark-exchange effects must be present, and
it comes as a surprise that they are of the same magnitude
and shape as the EMC effect.

With a view towards presenting the essential physics
with maximum clarity, the one-dimensional model first
presented in Ref. 5 is repeated with only minor modifica-
tions in Sec. I. Subsequently, in Secs. II and III the for-
malism is developed for calculating the quark momentum
distribution in 3=3 nuclei. The distribution is a sum of
direct and exchange parts. Section IV is concerned with
the relation between the deep-inelastic structure function
and this momentum distribution, and with the expected
EMC effect in the unpolarized isoscalar 2 = 3 system. Fi-
nally, a discussion in Sec. V of the results and approxima-
tions used concludes the paper.

I. A TOY MODEL (Ref. 5)

Instead of proceeding straightaway with the actual nu-
clear calculation, the essential physics will be elucidated
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here by means of a simple toy model. Consider a one-
dimensional "nucleus" made of two "pions, " each of
which in turn is made of a quark and antiquark. The
quarks are spinless fermions (this being one dimension)
b (k) [d (k)] creates a quark [antiquark] with momen-
tum k. The relation between the quark momentum and
its energy will be left unspecified since there is no ade-
quate treatment of the relativistic bound state. This is not
a problem: Fermi statistics, not the kinematics, are the
essence of the physics. The pion state is

~

vr(P)) = f dkP (k)b (P/2+k)d (P/2 —k)
~

0) . (1.1)

The normalization (7r(P)
~

n(P') ) =5(P P') —fixes

f dk
~ P (k)

~

=1. Now let us construct the "nucleus"
from two pions:

~

rr~(K)&= f dPr, (P)
~

WK/2+P)~(K/2 P) & . —1

2!

(1.2)

This state is a composite constructed from elementary
constituents obeying definite statistics and is, in this sense,
similar to a nucleus comprised of quarks. The "nuclear"
state is not normalized to unity. Instead, choosing

f dP
~
X (P)

~

=1, a straightforward calculation yields
an expression for the normalization in terms of the "pion"

wave function P and the "nuclear" wave function g„:

(1.4)

~

vr(P) ) =At(P)
~

0)
with

At(P)= f dk (P (k)b (P/2+k)d (P/2 k) . —(1.7)

Naively one might think that A (P) obeys the usual
commutation relation for bosons. This is indeed correct
for point pions; however, an easy calculation shows that

(7r7r(K)
~

7777(K') ) =(1—E)5(K —K'), (1.3)

E= f dy IO(y) I',
P(y)= f dzX* (z)P„(z+y/2)P ( —z+y/2), (1.5)

and P are coordinate-space wave functions, the
Fourier transforms of X and P . A little thought will
convince the reader that E measures the probability for a
quark in one pion to be on top of a quark in the other. It
vanishes as the nuclear density goes to zero, but is certain-
ly present at finite density.

It is useful to look at the origin of the exchange correc-
tion from yet another angle. The pion states from which
the nuclear state is constructed do not form an orthogonal
basis. To see this, define A (P) to be the creation opera-
tor for a pion with momentum P.

[A (P),A (P')] =5(P P') —C(P—,P'),

C(P,P') = f dk dk'P'(k')P(k)[5(P'/2 P/2+k' ——k)d (P/2 k)d (P'/2 —k')—
+5(P'/2 P /2 k'+.—k)b t(P—/2+ k)b (P'/2+ k')] . (1.9)

Notice that C(P,P') is zero only when the pion wave
functions do not overlap. The fact that composites do not
always obey simple Bose or Fermi statististics was, of
course, recognized in the early days of quantum mechan-
ics and is the subject of the well-known Ehrenfest-
Oppenheimer theorem.

To proceed with the simple model defined in Eqs. (1.1)
and (1.2), the momentum distribution of quarks in the nu-
clear rest frame can be calculated:

p(k) = (n7r(K =0)
~

b (k)b(k)
~

vrw(K =0) )
(sr~(K =0)

~

~m(K =0) )

pd;, (k) —p,„,h(k)

1 —E (1.10)

where the direct and exchange terms are

pd;, (k)= f dk'dP5(k k' P/2) ~g (P)
~ p (—k') ~—

p,„,h(k) = f dk'dk "dP 5(k —k' P/2)—
XX' (P)X „(Q)P*(q —Q/2)

X P*(q +Q/2)P„(q +P/2)P (q —P/2),

(1.12)

where Q =k' —k" and q =(k'+k")/2. The direct term
above is a convolution of the motion of a quark in a pion
with that of the overall motion of the pion in the nucleus
("Fermi motion"). The exchange term cannot be written
as a convolution. It originates from the fact that
C(P,P')&0 in Eq. (1.9). One may verify that

dkp k =2, (1.13)

as required by quark-number conservation
The structure function of deep-inelastic electron

scattering measures the distribution of quarks as a func-
tion of k+ =(k +k)/V 2 in the nucleus' rest frame. The
k+ distribution cannot be calculated from p(k) without
making some assumptions about the Hamiltonian which
binds the quarks in "pions" and the "pions" in the "nu-
cleus. " This subject is deferred until Sec. IV. Here it is
sufficient to note that the exchange part of p(k) will gen-
erate a corresponding exchange contribution to the deep-
inelastic structure function. While it is true that this
should vanish as the nuclear density goes to zero, so do
the EMC effect and other density-dependent phenomena.

II. NOTATION AND FORMULATION

The trinucleon system considered in this section in-
volves many more degrees of freedom than the one-
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dimensional model considered earlier. It is therefore con-
venient to introduce an abbreviated notation. We shall
designate the coordinates of a nucleon collectively by the
symbols a or P (with subscripts i = 1,2,3):

avoid confusion we will use superscripts for nucleon coor-
dinates and subscripts for quarks. With the convention
that a repeated index means a summation over all values
of the coordinates (integration over momenta), a single-
nucleon state comprised of three quarks is

a,P= Ip, M+, MT I, (2.1)
fa)=C /0)

p, ,v,p, o = Ik, m„m„cj, (2.2)

k, m„m„c denote the quark momentum, third com-
ponents of spin and isospin, and color, respectively. To

p is the nucleon's momentum, and M&,MT are the third
components of its spin and isospin. The coordinates of a
quark are collectively designated by p, v, p, or cr (also
with subscripts i = 1,2,3):

(2.3)

With the standard assumption of SU(6) symmetry [actual-
ly SU(4) symmetry since there are no strange quarks
here], the totally antisymmetric nucleon wave function

C„„~ is expressible in terms of SU(2) Clebsch-Cxordan

coefficients:

C„„~——~ e...,,, ~ g C~ ~ M Cm ~ ~ C~ ~ M C~ ~ m J dk)dk2dk35(k, +k~+k3 —p)p(k„k~, k3, p) .
s =t=0, 1

(2.4)

The normalization of P is chosen so that

( pMqMT
i
p'MsMT ) =5(p —p')5, 6 (2.5)

The spin-isospin part and P are completely symmetric,
and overall antisymmetry is provided by the color factor
( 1 /U 3!)e...,,,

In parallel with Eq. (1.8), let us calculate the anticom-
mutator of the composite operators C and C by mak-
ing use of the basic relation I q„,q „I=6„:

(2.6)

with,

C =3C „„C„„~5„(5„q„q ——,q„q„q q ) .

(2.7)

Other anticommutators remain unchanged I C,C~
I=[C,C@I=O. Again, we remark that this is a well-

known situation in the atomic physics of quantum
plasmas- -only in the zero-density limit does a composite
(e.g., atom or nucleon) obey simple (anti)commutation
rules even though its constituents (electrons or quarks) are
elementary fermions.

Having dealt with the nucleon state, let us now turn to
a model for the A =3 nuclear state with spin= —,

' and iso-

spin= —, . In analogy with Eq. (1.2) this is

I

state is completely antisymmetric under the exchange of
any two sets of quark coordinates. What is 7? A very
reasonable Ansatz is to take this to be the conventional nu-
clear wave function. In other words, the center-of-mass
motion of the three quark clusters is assumed to be given
by solution of the Schrodinger equation (or, equivalently,
the Faddeev equations) for three nucleons moving under
the influence of a phenomenologically determined two-
body potential (such as the Reid potential). Conventional-
ly in nuclear physics, of course, the operators are regarded
as elementary rather than composite, and quark exchange
is ignored by setting C ~—:0 in Eq. (2.6).

A few additional comments about the form of Eq. (2.8)
are in order. First, we note that antisymmetry at the
quark level is certainly present in calculations purporting
to derive the nucleon-nucleon force from phenornenologi-
cal QCD-inspired Hamiltonians. Indeed, one could re-
gard Eq. (2.8) as a truncated form of the Ansatz used in
resonating-group calculations. It is not apparent that one
would get a wave function closer to reality by such a cal-
culation, given the uncertainties in the phenomenological
Hamiltonian. Finally, a complete microscopic (i.e., quark)
calculation for three-nucleon systems appears to be a vir-
tual impossibility at present.

Even with the simple Ansatz Eq. (2.8), a full calculation
of exchange effects is very tedious if all three nucleons are
allowed to overlap simultaneously. However, if the nu-
clear density is sufficiently low, or, equivalently, if the nu-
cleon size is sufficiently small, then it should be adequate
to discard simultaneous quark exchange among all three
nucleons. To be precise, it is assumed that terms such as

23C 1C2C3 (2.8) a, a2a3 I 2 a3 ~, P P P P P
~&~

Q I Q2Q3The nuclear wave function 7 ' ' ' is completely antisym-
metric in the nuclear coordinates, and the overall nuclear

in the normalization [see Eq. (2.9) below] can be dropped.
Using the antisymmetry of g ' ' ' and C& & under
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exchange of their respective superscripts and subscripts,
and discarding three-nucleon terms as discussed above, a
straightforward calculation yields the nuclear normaliza-
tion:

pipzp3X Cp p~ Cp~~ (2.8b)

i
c4 & =X X &~

i
~ &exch (2.8a)

Next, the expectation of the one quark operator qpqp is
calculated with respect to the nuclear ground state:

t
~ g & 9 f 2 3( U 1 2 3 1 2 3 P 1 2 3 1 2 3 )g 1 2 3 (2.9)

There is no summation on p. The direct ( U) and exchange ( V) terms are

pp pC72CT3 pO'pC73 (2.10a)

P]P2P3 l Pl P P2 3 3 a, p, aq p2 a, p3
p p p p2p p+3P P P2P P2P p p p2p p2pp P P2P P2P p

~z+66 Cp p~ Cp~~Cpp~ Cp~ p e (2.10b)

From Eqs. (2.8)—(2.10) it immediately follows that

y &~
~
q„'q„~ ~ & =9&~

~

~ &, (2.1 1)

as required by quark-number conservation. Each of the
terms in Eq. (2.10) has a graphical representation, shown
in Fig. 1. It is clear that all terms must be retained if
charge, baryon number, etc. , are to be conserved. An ex-
ample of omitted (three-nucleon) terms is shown in Fig. 2.

III. EVALUATION OF DIAGRAMS

I

spin. The latter implies that we are dealing with an unpo-
larized isoscalar (equal mixture of He and H) target.
The color sums are trivial: each of the diagrams 1(b), 1(c),
1(d) is multiplied by a factor —,'. The momentum and
spin-isospin sums will be separately considered in this sec-
tion.

A. Momentum sums

It is useful to define Jacobi coordinates in both momen-
tum and coordinate space for the A =3 system:

We now turn to the technical matter of performing the
sums implied in Eqs. (2.8)—(2.10), the diagrammatic rep-
resentations of which are shown in Figs. 1(a)—1(d). The
desired quantity is the distribution in momentum of
quarks with a specified flavor summed over both quark
spin directions, and averaged over nuclear spin and iso-

p=(p, —p, )/2, x=R2 —R3

q=(p2+p3)/3 —2p, /3, y=(R, +R, )/2 —R, ,

a'=p~+pq+p3) 9P =(R)+R2+R3)/3 .

(3.1)

~j& )

~J

(b)
In the above, p; and R; are the momentum and position
vectors of the nucleon center of mass. The nuclear wave
function X separates into a wave function (plane wave) for
the motion of the nuclear center of mass and an internal
wave function X(p, q) normalized so that

(c)

FIG. 1. Graphical representation for the quark one-body
operator in a three-nucleon system according to Eq. (1.8) of text.
The heavy black dot represents the act of creating or destroying
a quark.

FIG. 2. An example of an omitted three-nucleon correlation
term.
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dpdq 7 p, q (3.2)
(t'(kl k2 k3 P) =

3/2
+k +k ]/2+& p /6

~2

p(p, q)= f dxdye ' '*e ' '"X(x,y) .
(2~)

(3.3)

It is easy to see that all of the operators of interest to us
commute with q (and, of course, ~), so the initial and fi-
nal nuclear states are characterized by q and by p~ and
p, respectively.

Although it is easy to write down the multidimensional
momentum-space integ rais corresponding to Eqs.
(2.8)—(2.10), their evaluation for an arbitrary nucleon
wave function P(k&, k2, k&, p) would be extremely compli-
cated. We shall, instead, resort to a Gaussian approxima-
tion. This has the virtue of allowing separation of the nu-
cleon c.m. motion from the motion of its constituents.
For a nucleon with momentum p,

X(p, q) is related by a Fourier transform to the
coordinate-space wave function X(x,y), which is the result
of solving the Faddeev equations in coordinate space:

(3.4)
where p =k

~ +k2+ k3. The parameter b is essentially the
nucleon rms radius. As we shall see in Sec. IV, for
b =0.8—0.9 fm it is possible to obtain a reasonable
description of the nucleon structure function, at least at
intermediate x, from a Gaussian distribution of quarks.

Using the Gaussian wave function, all momentum in-
tegrals can be expressed rather simply. The operators U
and V of Eq. (2.10) may be regarded as acting in the space

Q)02c)of the nuclear wave functions 7 ' ' '. Here we evaluate
the momentum dependence of these operators, which fac-
tors out from their spin-isospin dependence because we as-
sume totally symmetric spatial wave functions both for
the nucleon and the nucleus (see below). We denote the
operator U by A(k) and the three terms in V by B(k),
C(k), and D(k), respectively. The operator which ap-
pears in the normalization integral, Eq. (2.8b), is denoted
by E(k). 2 Dcorrespo—nd directly to the diagrams of
Fig. 1(a)—1(d):

3/2

A(k)=5(p —
p& )5(p —p& )5(p —

p& ) exp[ —, b (k+—q/3) ],3b 3 2 2 (3.5a)

4 3/2

B(k)=95,
8m.

exp[ ——,b (k+q/3) ]exp( —b u /3)exp( bv /3), — (3.5b)

4 3/2

C(k) = 125,
7~2

exp[ ——,b (k —q/6 —u/2) ]exp( —b u /3)exp( bv /3)—, (3.5c)

D(k) =66,

3b
4~

3/2
9b
4~

3/2

exp( —b u /3)exp( —b2v~/3) .

exp[ —3b (k —q/6+v/2) ]exp( bu /3)exp—( b~v~/3), — (3.5d)

(3.5e)

The quantities u, v, 6 are

u=(p +pp)/2,

v=(pp —p ),
~=5(P, —

Pp, »(P.,+P., —I I,—Pp, ) .

It is easy to see that —,
' f dkB(k) = —,', f dk C(k) = —,

' f dkD(k) =E.
We now calculate the quark momentum distribution in the nucleus' rest frame:

p(k) = (Q(z=o)
~ q (k)q(k)

~

Q(&=0))
(~(~=0) ~~(~=0))

(3.6a)

(3.6b)

(3.6c)

(3.7)

f dxdyd5e ' "'sp*(x,y+5/2)e ~ ~ p(x, y —5/2), (3.8a)A(k)=

This requires taking the expectation of the operators A —E in the nuclear ground state. Using the connection between
the momentum- and coordinate-space wave functions given in Eq. (2.3) and generalizing the notation in an obvious way:

3
3

35B(k)=9
26~3b 2

3/2

f dx

dydee

d5 e
—i3k sy (p+&/2, y+5/2)e s f b e

—3d l e
—x I b

(3.8b)



118 PERVEZ HOODBHOY AND R. L. JAFFE 35

35
C(k) =12

2~b

3/2

f dxdyded5e' X'"(x+e/2, y+5/2)

&& e ' / exp[ —3(e—35) /4b ]e " X(x—e/2y —5/2), (3.8c)

35
D(k) =6

2"m b

3/2

f dxdyd~d5e' " X*(x+e/2, y+5/2)

Xe / e exp[ —3(x+35) l4b ]X(x e/—2, y 51—2), (3.8d)

3/2
33

24~b2 f dxdy deX" (x+e/2, y)e ' / e " X(x e/2, y)—. (3.8e)

X(x+e/2, y+5/2) =X(x,y)+ (3.9)

These integrals are rather difficult (although not impos-
sible) to evaluate as they stand. Fortunately, it will be
adequate for our purpose to make the leading-order ex-
pansion

C(k)=
3/2

27b I (12/7)b 2k2

7'

3/2

g ( k) Ie —(3/2)b k

8m
(3.10b)

(3.10c)

(3.10a)

TABLE I. Comparison of the approximated exchange in-

tegral I [Eq. (2.12)] with the "exact" (Monte Carlo) value for
different values of nucleon rms radius.

b (fm)

0.7
0.8
0.9
1.0

Iapprox

0.0355
0.0530
0.0736
0.0966

Iexact

0.0346
0.0504
0.0686
0.0864

which ignores the variation in the nuclear wave function
over distances characteristic of the nucleon size (b). This
may be viewed equivalently as a low-density or small nu-
cleon radius expansion. In momentum space, it amounts
to discarding the nuclear Fermi motion. The approxima-
tion must ultimately fail as the nucleon size increases and
its validity must be checked. We evaluated E [Eq. (3.8e)]
directly using a Monte Carlo integration method and
compared it to the approximated expression in Eq. (3.10e)
below. The results are displayed in Table I. Evidently the
approximation is adequate for b (1 fm. The same level
of accuracy is expected for the other integrals. Also, the
calculation simplifies greatly if only the dominant s chan-
nel in the He- H wave function is kept. This should be
valid at the few percent level for two reasons. First, the s
channel accounts for about 90% of the probability, the
rest being taken up by the mixed symmetry s' channel
(1—2%) and d channels (5—9%). The d-channel contri-
bution should be very small because the associated centri-
fugal barrier tends to reduce nucleon overlap in excess of
the nucleon-nucleon short-range repulsion. With the as-
sumption of pure s channel, instead of X =X(x,y) we have
the much simpler form X=X(x,y, p), where p is the cosine
of the angle between the two Jacobi vectors x and y. The
simplified integrals are

3/2

g (k) e
—(3/2)b k

2&

D(k)=
3/2

27b IIe
4m

(3.10d)

E=(2) I,
where,

I —8~ ~ d~ y dy

(3.10e)

x f dlU, e "'/ 'lX(x,y, p) l

(3.1 1)

The strength of the exchange terms B through E is set by
the single overlap integral I whose value for various
values of b are shown in Table I.

B. Spin-isospin sums

The complete H- H s-channel wave function is the
product of the symmetric spatial wave function P with a
completely antisymmetric wave function g, where

1
I 4 &.~,.~,= ~ I Xone

Xeno�

&~, ~, — (3.12)

with 70 and g1 being singlet- and triplet-spin wave func-
tions,

l
Xs & //J=CMi M A' CM2 M3M l

M1M.. 2~3 & .1/2S 1/2 1/21/2S (3.13)

The isospin wave functions go and g1 are similarly de-
fined. We shall later perform a sum over azimuthal quan-
tum numbers, so it is best to leave the Clebsch-Gordan
(CG) coefficients unevaluated for now.

Consider now the spin sum implied on Eq. (2.8b) which
involves a sum of products of 12 CG coefficients, of
which four come from the two X's [see Eq. (3.13)] and
eight from the four C„& wave functions. The product of
12 CG coefficients has many pairs of m quantum num-
bers, and the sum over these pairs can be performed using
standard identities to give



35 QUARK EXCHANGE IN NUCLEI AND THE EUROPEAN MUON. . . 119

(g E g) =+$E ($i,$2,$3,$ i,$2,$3)Xs

=4ss 5s
1
s

1 s2s 2 s3s 3

( —1) ' ' (2W+ I) W( —, —,—, —,;$2&)W( —, —,
'

—,
'

—,';$3,&)IV( —,
'

—,
'

—,—,;SW) .
W=O, 1

(3.14)

In the above, all S's take values 0 and 1 only. S and S'
are the intermediate nuclear spins [see Eq. (3.13)] while $;
and $ are the intermediate nucleon spins [see Eq. (2.4)].
The result for the isospin sum has a form identical to that
in (3.14), and the combined spin-isospin contribution to
the normalization is

y (at~spin~ ) ( t~isospin~ )

where the summation is over all intermediate nucleon
spins and isospins [note: SU(4) invariance in Eq. (2.4) re-

I

quires $; = t; and $ = t ]. Finally we note that for the
spin-averaged and isospin-averaged system considered
here all spin-isospin sums in (2.10b) are identical to those
considered above.

C. Combined sum

We are now in a position to put together the combined
result for space-spin-isospin color. For the unpolarized
isoscalar 3=3 system considered, the final result for the
quark momentum density (either flavor, and summed over
quark spin and color only) is

' 3/2
9 3b

pd;, (k) =-
27T

b 2k2/2e (3.15)

pexch(k) = 27 (3/2]b2k2 ~8& 2 s3/2 —(12/7)b2k2 9 —3b2k2+~e
3/2

3b
2' (3.16)

The total momentum density is

pd;, (k ) +p,„,h(k)
p(k) =

1+—,I (3.17)

ly sensitive to this prescription for reasons which will be
outlined below. "

The structure function Fz(x) is related to the quark
probability distribution by

It can be readily verified that

dkp(k) = —, (3.18)

which is a check on the calculation and on the consistency
of the approximations we have made.

IV. STRUCTURE FUNCTION

The inclusive scattering of leptons from hadrons is usu-
ally described by the hadron structure function F2(x, Q ).
While the Q dependence can be understood in terms of
perturbative QCD, the x dependence at fixed Q lies in
the rather poorly understood nonperturbative domain.
This x dependence measures the bound-state motion of
the hadron's charged constituents. One therefore expects
that the quark momentum distribution and hadron struc-
ture function will be very closely related. In fact, the
structure function measures the distribution of quarks as
a function of &+=I/v2(k +k ) in the target rest
frame, which is equivalent to longitudinal momentum in
an infinite-momentum frame. Obtaining the structure
function from p(k) is therefore equivalent to boosting the
nucleus to an infinite-momentum frame. To do this prop-
erly we require a knowledge of the Hamiltonian which
binds the quarks, as well as a relativistic description of the
bound state, ' neither of which we have. Below we sug-
gest a more or less ad hoc prescription for k as a func-
tion of

~

k
~

. We do not believe our results are particular-

F2 (x)=xr g Qn fn/T(xT» (4.1)

where Q, is the quark charge and f,&T(x)=dP, &T/dxr is
the probability of removing a quark of flavor a from tar-
get T with k+=xTPT leaving a physical final state. xT
is a scaling variable related to Bjorken's x by
xT ——(M/MT )x (0 & xT & 1). f,&T(xT ) can be expressed as
an integral over the four-momentum of the struck quark:

+f.gT(xT)= f (4.2)
(2vr)

k —xz. g, &T(k,P) .
PT

It is clear from its definition that

f dx,f.„(x,) =X.„, (4.3)

where X,/T is the number of quarks of flavor a in target
T. On general grounds f,&T(xT) =0 except for 0 & xT & 1.
We will replace the function g, &T(k,P) by p rr(k):

k+f,&T(xT)= f d k5 xr — p(k) .p+ (4.4)

This is not entirely correct because the treatment of the
spectators in our construction of P, rT(k) differs from the
prescription required for g, (zT, k)P(Ref. 4). As evidence
of this, f,qT(xT) no longer vanishes for xT & 1 or xT &0.
This is a small effect in practice and only important near
the end points, xT ——0 or 1, where we do not trust our cal-
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culation for other reasons (see below).
Finally we must specify k as a function of k. We

choose

ko
I
(k2+m 2)]1/2 (4.5)

The target structure function F2 (x), expressed in terms
of x =Q /2Mv, where M=nucleon mass, is

F2(x)=x g Qg fg/r(xT) .~r .=„,d
(4.8)

With the relation between quark momentum distribu-
tion and structure function now completely defined, we
first apply Eqs. (4.6)—(4.8) to the case of an isoscalar
(isospin-averaged) nucleon with

3/2
3 3b (3/p)b 2/2

pu/x(k) =pd/x(k) = e
2 2' (4.9)

The corresponding structure function is now fitted to the

.25—

where m is the quark mass and eo is its binding energy
(eo & 0). We regard both as parameters to be fit to the nu-
cleon structure function. The rationale for Eq. (4.5) is
self-evident: it describes relativistic quarks bound with an
energy defect. Other possibilities are ko=(k2+m2)'/~
("on mass shell" ) or k =eo ("on energy shell" ). Although
these give rise to different maps from p(k) to f (xT), once
the parameters of any of these Ansatze are adjusted to fit
the nucleon structure function, the effect of quark ex-
change on the H- He structure function will be quite
similar. The Ansatz provides for a useful parametrization.
For a spherical distribution in momentum space, the an-
gular integrals in Eq. (3.1) can be performed easily to give

f, /T(xT ) =2~MT f„kdk pg/T(k), (4.6)
min

(x TMT +eo) —m
(4.7)

valence-quark contribution to Fz(x). For the latter we
use the parametrization of Duke and Owens. ' For
0.75 & b &0.9 fm one can find values of m and eo which
give a tolerable fit for 0.25 &x &0.85. A typical fit is ex-
hibited in Fig. 3. Both for x~0 and x~1 the model
fails because it does not have the correct limiting
behaviors. Regge behavior near x =0 requires long-range
contributions to the quark correlation function in coordi-
nate space, ' which are not present in our simple Gaussian
model. Near x = 1, the structure function probes quarks
very far from their mass shell in conflict with our Ansatz,
Eq. (4.5). Fortunately, it is the mid range of x which is
the most interesting from the point of view of nuclear
physics. We have limited ourselves to isospin-averaged
targets because our simple SU(6) wave function cannot ac-
count for the difference between the large-x behaviors of
the proton and neutron structure functions.

With the parameters m and eo now determined for each
b value, we now proceed to the final step. The exchange
integral I is determined from trinucleon Faddeev wave
functions calculated by the Los Alamos group (Table I),
then the momentum density in Eqs. (3.15)—(3.17) is used
in Eqs. (4.6)—(4.8). Since each term in p is a Gaussian,
the integrations are trivial and we may calculate the
"EMC ratio" R:

Fz (x)R= (4.10)
F2 (x)

T is, of course, the A=3 target averaged over nuclear
spin and isospin and T* is a hypothetical target with ex-
actly the same quantum numbers but in which the nu-
cleons are sufficiently far removed from each other. The
effects of nuclear Fermi motion are excluded from both T
and T*. Here it is purely the exchange of quarks between
static nucleons which accounts for the deviation of R from
unity.

Figure 4 shows the central result of this paper. The ra-
tio R is plotted over a range of x for two plausible values
of nucleon size and for two different nuclear wave func-

.20—
10 ———

F2

.15—

.10—
R

.98—
= 0.8fm

.05—
.96—

b=0.9fm

escaling

0 I

0 0.2 0.4 0.6 0.8
I

1.0
94 I I I I I I I I I I I I 1 I I I I I I I
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FICs. 3. A comparison of the valence contribution to the iso-
scalar nucleon structure function (solid curve) against the model
result obtained in the text.

X

FICz. 4. The EMC ratio R for an 3=3 isoscalar target, plot-
ted for two different nucleon radii ( b) and two different
nucleon-nucleon forces. Fermi motion is excluded. For com-
parison, the rescaling prediction (Ref. 11) is also drawn.
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tions. Unfortunately, there is no data on deep-inelastic
scattering from He, much less H. However, the
dependence of the EMC ratio R has been very successful-
ly predicted by the rescaling model' for a wide range of
nuclei. One can therefore expect that, within rather small
errors, the rescaling prediction plotted in Fig. 4 provides a
good approximation to the actual data.

V. DISCUSSION

Our results for the quark-exchange contribution to the
EMC ratio R, plotted in Fig. 4, are quite startling. While
there is a strong dependence on nucleon size, it appears
quite possible that much of the EMC effect may be attri-
buted to quark exchange between nucleons. There is no
question that if nucleons are extended objects comprised
of quarks then such exchanges must occur and give
nonadditive contributions to the nuclear structure func-
tions. However, prior to drawing quantitative conclusions
it is useful to recapitulate the various assumptions and ap-
proximations used in this paper.

(1) We employ an ad hoc prescription to go from the
rest-frame momentum distribution p(k) to the structure
function. While one can successfully parametrize the ex-
perimentally determined structure function (see Fig. 3) for
intermediate x values, this by itself says nothing about the
validity of our Ansatz. On the other hand, we are only in-
terested in the ratio of the nuclear structure function to
that of the free nucleons. If one fits the nucleon structure
function well, one can expect to estimate the small correc-
tions due to quark exchange reliably. Even if one fails to
fit the nucleon structure function, our results for the shape
of R(x) remain much the same This is b. orne out by the
insensitivity of R to the parameters m and eo. As
remarked earlier, the overall magnitude of 8 (x) is strong-
ly dependent on the nucleon's spatial size, but this is pre-
cisely what one would have expected.

(2) Assumption of pure nucleon basis. When two nu-
cleons approach each other, 6 and hidden-color degrees of
freedom can be excited. We have ignored such excita-
tions, expecting that the X-X channel is dominant. A
more elaborate calculation, such as with resonating

groups, could check this assumption.
(3) Limitation of two nucleon correlations. Referring to

Figs. 1(a)—1(d), it can be seen that quarks are exchanged
only between pairs of nucleons. There are also terms in
which simultaneous exchanges occur among three corre-
lated nucleons (see Fig. 2). But give the smallness of the
two-body exchange term, it should be an excellent approx-
imation to drop such terms.

(4) Neglect of Fermi motion in the exchange terms. In
Eqs. (3.8), the complexity of evaluating the multidimen-
sional integrals made it convenient to expand in the pa-
rameter b/A. , where A, is the scale of the nuclear wave
function. By means of a Monte Carlo integration, it was
verified that this should be reasonably accurate for b (1
fm (see Table I).

(5) Limitation to dominant s channels in the trinucleon
wave function. Both smallness of the remaining channel
(probability (10%) and the centrifugal repulsion associ-
ated with D states (which reduces nucleon overlap) should
make this a good approximation.

(6) Finally, many other potentially important coherent
effects have been ignored in our calculation. Among these
are final-state interaction, vertex corrections, and interfer-
ence between the debris of the struck nucleon and specta-
tors in the nucleus.

Given the importance of exchange effects in the rela-
tively dilute 3=3 nuclei discussed here, it is certain that
for heavier nuclei these will be even more pronounced.
Quite possibly a good fraction of the EMC effect may be
explainable by the quark-exchange mechanism.
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