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CP-violating Fritzseh mass matrices
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The phase-invariant measure J of CP violation defined by Jarlskog is applied to the Fritzsch

mass matrices. Given the hierarchy of masses it is shown that the phases in the matrices do not

maximize J. Two recent suggestions for maximal CP violation using the Fritzsch form are com-

pared.

A number of recent papers' have discussed maximum
CP violation starting with the Fritzsch form of mass ma-
trix. Writing the normalized Fritzsch mass matrices in

Hermitian form

From Eqs. (1), (2), and (4) we obtain
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the normalization consists of dividing
factors A„Bb determined from the

given approximately by
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where the approximation corresponds to those indicated in
Eqs. (2), (4b), and (4c), and the terms omitted in Eq. (5)
are definitely smaller given the known quark masses. The
order of magnitude of terms may be found using the
mnemonic of Ref. 2:
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F„=(M, M„)(M, —M„)(—M, —M„)/M, =M, /M, ,

Fd =(Mb —M, )(Mb —Md)(M, Md)/Mb = M, /M— b,

J =Im(V() V2pV*, 2V2, ) . (4d)

The quantity J is invariant with respect to any phase
transformations allo~ed for the KM matrix; further, all
CP-violating intensities contain this factor.

Since it is possible to change the relative phases of dif-
ferently flavored quark doublets, the only significant
phases are

u=u„—ud, p=p„—pd .

A given choice of these phases determines the Kobayashi-
Maskawa (KM) matrix elements VJ as functions of the
quark masses. A discussion of the phenomenology follow-

ing from different choices of u and P has been given by
Shin.

Here we want to analyze the CP violation using the
method of Jarlskog. She considers the determinant of the
commutator of the mass matrices

det(M„,Md) = —2iF„FdJ,
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As has been noted in many papers, it is necessary that the
two terms in Eq. (9) approximately cancel in order to
agree with Eq. (8). This has two consequences: (I) the
first term in Eq. (5) is of order k sinu; (2) p~ A, . It fol-
lows that both terms in Eq. (5) are at most of order A, . As
a consequence e-X .5

In Refs. 2-4 the condition of maximal CP violation is

Md'. M 'M =k X '1

where A, = 0.22 is the sine of the Cabibbo angle, and it is
assumed that M, is of order 40 GeV. It appears at first
that

J-(sinu)as+(sinP)zb .

Indeed, if u and p are chosen to maximize J, we find
J-X5. This would give a value of the CP-violating param-
eter a-A, . If we accept the Fritzsch form and the empiri-
cal mass hierarchy, this choice may be called maximal CP
violation. However, as discussed in the next paragraph,
this maximal CP violation is ruled out by the empirical
value «

I v,b I.
Experiments on the lifetime of 8 mesons can be summa-

rized by

I v,b I
=~X',

with A approximately equal to unity. From the Fritzsch
form,
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Ãa= —p=o2' (lo)

This is an equally good definition of CP violation since
D =Md —M„has maximum CP-violating phases. From
Eqs. (5) and (9) we then find

' I/2 ' ' 1/2
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In contrast, Gronau, Johnson, and Schechter' (GJS), fol-
lowing Stech, ' write the Fritzsch matrices as

Md M„+D, (12)

a= —~X, P +k.K

2
(14)

with M„symmetric and CP conserving, while D is an-
tisymmetric and CP violating. It then follows using (2)
and (6) that
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The term in D proportional to A, is required by Eq. (9) in

order to agree with Eq. (8). From Eq. (13) we see that
GJS have

' 1/2' ' 1/2 1/2 t
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Choosing the plus sign gives roughly twice the value of J
given in Eq. (11).

It should be emphasized that the use of an expansion in
powers of k is very crude, both because Eq. (6) is very ap-
proximate and because X is not very small. However, we
believe it is useful in obtaining a qualitative picture of CP
violation for the Fritzsch mass matrix. In conclusion, we
have found that given the mass hierarchy of Eq. (6) the
CP-violation measure J is at most of order X (s-X, ).
When the empirical constraint on V,b given by Eq. (8) is
also considered it follows that J is at most of order
k (s-X ). Two definitions of maximal CP violation (Ref.
1 and Refs. 2-4) which are designed to meet this empiri-
cal constraint have been compared.
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