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Electron magnetic moment from geonium spectra: Early experiments and background concepts

Robert S. Van Dyck, Jr., Paul B.Sch~inberg, and Hans G. 13ehmelt
Department ofPhysics, FM l5, -Uniuersity of Washington, Seattle, Washington 9gl95

(Received 21 May 1984; revised manuscript received 19 July 1985)

The magnetic moment of a free electron has been measured by observing both its low-energy spin

and cyclotron resonances (at v, =co, /2m and v, =~, /2m, respectively) by means of a sensitive

frequency-shift technique. Using radiation and tuned-circuit damping of a single electron, isolated in

a special anharmonicity-compensated Penning trap, also cooled to 4 K, the electron's motion is

brought nearly to rest, thus preparing it in a cold quasipermanent state of the geonium "atom. "
The magnetic-coupling scheme, described as a continuous Stern-Gerlach effect, is made possible

through a weak Lawrence magnetic bottle which causes the very narrow axial resonance, at

v, =~, /2m for the harmonically bound electron, to change in frequency by a small fixed amount 5
per unit change in magnetic quantum number. Spin flips are indirectly induced by a scheme which

weakly drives the axial motion at the v, =egg, /2m spin-cyclotron difference frequency within the in-

homogeneous magnetic field, thus yielding a measure of co, —=co, —cg, . The magnetic moment p, in

terms of the Bohr magneton p~ equals —, the spin s g factor, which in turn is described by co, and

g =2@,/p~ ——2~, /u, . In a Penning trap, however, these resonance frequencies are obtained
from the observed cyclotron frequency at m,'=co, —5, and the observed anomaly frequency at
ar,

' =a), —m,', which are related by the small electric shift 5, computed using the measured axial fre-

quency and 25,~,'=co, . This last expression, derived for a perfectly axially symmetric trap, hap-

pens to be practically invariant against small imperfections in the electric quadrupole field (error in

~, g 10 ' ). The magnetic-bottle-determined line shapes are analyzed and found to have sharp low-

frequency edge features which correspond to the electron being temporarily at the trap center and at
the bottom of the magnetic well. Relativistic shifts are considered and found to be g 10 ". Our re-

sult at the time of submission, g/2=1. 001159652200 t40), is the most accurately determined pa-
rameter of any elementary charged particle which in addition can be directly compared with theory.

I. INTRODUCTION

The first experiments to measure the magnetic moment
on free electrons were attempted by Dicke' at Princeton.
The first successful work was that of Louisell, Pidd, and
Crane who reported data accurate to 1% for the magnet-
ic moment of 420-keV electrons. The 1% accuracy
achieved did not yet yield an experimental free-electron
value for the anomalous part a of the g factor,
a = (g —2)/2 =0.001 19, previously measured on elec-
trons bound in atoms. On free electrons the anomaly was
first measured to 3% at the University of Washington by
Dehmelt. In this experiment, electrons stored in the field
of a positive-ion cloud diffusing in a dense inert gas were
po1arized by spin-exchange collisions with an optically po-
larized sodium vapor and depolarized by magnetic reso-
nance. By substituting a high-vacuum quadrupole trap
for the space-charge field and an atomic beam for the al-
kali vapor, Dehmelt and Major developed the ion-
storage-collision technique and demonstrated it in a mag-
netic resonance experiment on He+ ions. This ion-
storage col1ision technique was then adapted to electrons
in Mainz by Graff, Major, Roeder, and berth and by
Graff, Klempt, and Werth, who produced a measure-
ment ' of a. However, with an accuracy only 100 times
better than the Seattle optical-pumping experiment, the
Mainz group was never able to compete with the Michi-
gan workers, who earlier reported an error limit of only 2
parts in 10 in Q.

Ail these experiments owed a debt to the founding fa-
thers of magnetic resonance: Rabi, Bloch, and Purcell.
Since these beginnings, a number of other workers have
contributed much to the progress of the field as have pro-
posals put forth even earlier. Already in 1927 Brillouin
proposed measurements on free electrons by a type of axi-
al Stern-Gerlach effect. The spinning electron had been
introduced by Goudsrnit and Uhlenbeck only two years
before. This had occurred over the initial objections
which Wolfgang Pauli had raised in defense of his con-
cept of the "classically nondescribable two-valuedness of
the quantum-theoretical properties" of the electron.
Nevertheless, the final acceptance of the term "spin" for
the specifically atomic phenomenon in question must be
considered as not entirely satisfactory. The term spin
evokes the notion of a miniature golf ball rotating about
an axis through its center of mass and clashes with
Dirac's only slightly later concept of a point electron.
This point electron executes a spontaneous periodic
quasiorbital motion at the speed of light, ' the Zitter
beioegung" of Schrodinger, which moreover Huang
showed' to be circular and to be accompanied by the (or-
bital) angular momentum of fi/2 and the magnetic mo-
ment of one Bohr magneton now conventionally attribut-
ed to "spin. " The weakness of the spinning-golf-ball pic-
ture is also revealed by the vanishing of magnetic-
moment-related interaction effects in close e /e —high-
energy collisions. What remains is a soft quasiorbital
structure of radius about one Compton wavelength/2m

1986 The American Physical Society



ELECTRON INAGNETIC MOMENT FROM GEONIU14i SPECTRA: . . . 723

g =2co~ /co~ (1.2)

in the limit of low kinetic energy and magnetic field Bo.
Here co, is the spin precession frequency. Also, as
co, =(p, I—,

'
A')Bo and co, =(elmoc)BO hold,

p, = (co, ico, )pe (1.3)

follows for the magnetic moment in Bohr magnetons,
ps =—(eirt/2moc).

Previous to our work, the most precise g-factor data
came froin the Michigan group:

—,'g(e )=1.001159656700 (3500) .

That experiment was done on bunches of =10 energetic

formed by the circular Zitterbeioegurtg af the»rd point

electron of dimensions ~ 10 ' cm. It is this structure,
on which measurements of the intrinsic magnetism of the
electron provide information. While the above constitutes
a certain justification of Pauli's initial rejection of the
spinning-electron model as "Neue Irrlehre, " Pauli on the
other hand overshot the mark when he attempted to prove
that spin and magnetism of the free electron could not be
measured ' by a suitable variant of the Stern-Gerlach
experiment. In fact invention of the continuous Stern-
Gerlach effect' for a trapped electron or positron by
Dehmelt and Ekstrom has enabled the present researchers
to measure the g factors for e /e+ with error limits 2
and 4 orders of magnitude smaller, respectively, than the
best previous work.

The Zeeman effect has long been used in identifying
unknown atomic spectra and energy eigenstates. Thus,
the structure of an atomic state is reflected in its g factor,
i.e., the ratia of the precession frequencies for the state
under study, co~, to that of a suitable atomic reference
state in the same field, co&. As this standard precession
frequency co~, the natural choice was the Larmor preces-
sion associated with any purely orbital electron motion in
an atom. Because of difficulties in the experimental reali-
zation of co&, Gardner and Purcell substituted co, /2 for
co& which it should equal under certain conditions, where
co, is the electron cyclotron frequency. We wish to em-
phasize here that it is reasonable to define the g factor as
the ratio of two observable frequencies. This is in keeping
with our general philosophy of sticking closely to observ-
ables and to avoid emphasizing quantities such as mass,
charge, and magnetic field, which, each by themselves, are
less accurately known than the frequencies. The subject is
more fully reviewed in Refs. 6 and 15. For any rigid clas-
sical gyromagnetic body whose charge is strictly tied to
the mass and distributed in proportion to the mass density
it should also hold, as for atomic states of purely orbital
angular momentum,

g =2cop /co~ = 1

where u& and co, now are the precession and cyclotron
frequencies of the body. An empirical g factor &1 would
consequently imply a charge distribution not proportional
to the mass density in a classical gyromagnetic body, or
any nonclassical body. In accordance with the above, we
may define the g factor of the free electron as

—,'g(e )=co, /co, =1.001159652200 (40) . (1.5)

For this result, the frequencies v„v,ranged from 51—143
GHz, v, ranged from 60—166 MHz, and 5, /2ir ranged
from 35—10 kHz, with v, constant at 60 MHz. To reach
the accuracy quoted in (1.5), it was necessary to employ
an approximate analysis of the line shape as explained in
Sec. VI. This experimental result approximately agrees
(within the combined error limits of experiment and cal-
culations) with the present best theoretical g value

—,
' g(e )= 1.001 159652459 (135) (1.6)

calculated on the basis of QED from the experimental
Josephson-effect value for the fine-structure constant.
The status of these calculations is reviewed by Kinoshita
and Sapirstein. '

In another development, a proposal to continuously
trap via radiation damping small numbers of positrons
from a weak P+ source, sealed into the electron tube, has
been realized by Paul Schwirtberg in his doctoral thesis.
This has enabled us to study the positron in exactly the
same fashion as the electron, realizing essentially the same
error limits in the g factor. Our precision measurements
of the e+-g factors, which reached the 50 parts in a tril-
lion error level, provide the most stringent confirmations
of quantum electrodynamic theoretical calculations to
date. The identity of the g values found to this accuracy
is consistent with the mirror symmetry of this charged
particle —antiparticle pair demanded by the CI'T theorem
to the same accuracy, independent of experimental input
data determined elsewhere. The accuracy is only exceeded
in high-energy experiments of another nature on the neu-
tral K,E particle-antiparticle pair. ' General reviews of g
factors of leptons have been published by Tolhoek, ' Fara-
go, ' Crane, Rich, and by Field, Picasso, and Combley. '

Klempt' and Dehmelt have discussed progress in low-
energy free-electron work. Stored-ion-spectroscopy experi-
ments have been reviewed by Dehmelt, Schuessler, '

berth, VA'neland, and Wineland, Itano, and Van
Dyck. The development of high-resolution monoparti-
cle spectroscopy techniques at the University of
Washington25 has also been described by Dehmelt. Our
individual stored-electron (geonium) experiments on the g

(100 keV) electrons localized to about 20 cm for =6 ms in
a completely magnetic Lawrence trap formed by a slightly
inhomogeneous 0.1-T field. The electron spins were po-
larized and analyzed by Mott scattering. These wo'rkers
measured the spin-cyclotron-beat frequency co, —co,
directly by a free-precession techmque. However, for the
appropriate cu, data, they had to rely on other experiments
performed in other laboratories. By contrast, the
Washington experiment is carried out on the same indivi-
dual cold (=1 meV) electron quasipermanently confined
to & 100 pm in a Penning trap (electric quadrupole field
plus homgeneous 2—5 T magnetic field) where both
co, —co, and co, are measured an the same electron by rf
resonance techniques. The spin direction is analyzed by
the continuous Stern-Gerlach effect mentioned already.
In these experiments we collected data at 1.9, 3.2, and 5.1

T in 40 runs, and were able to quote
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factor have been reported more briefly before. Various
theoretical developments have been discussed by Lepage
and by Kinoshita and Lindquist.

The purpose of this paper is to describe in greater detail
the most salient features of our early geonium experi-
ments and to give some necessary background. In Sec. II
the basic concepts of the experiment are discussed with at-
tention to the axial harmonic oscillation and the
frequency-shift detection mechanism. Some early results
showing actual observations of spin flips are given as well.
In Sec. III the classical orbits of the cyclotron and mag-
netron motion are explored along with a discussion of the
symmetry of the trapping fields. Section IV deals with
the quantum mechanics of geonium. Transition frequen-
cies are investigated in this section in order to arrive at
the relativistic couplings between the various motions and
particular attention is given to the anomaly resonance and
its observable transition rate. Section V highlights the
magnetic bottle as producing a "continuous" Stern-
Gerlach effect for separating the magnetic quantum
states. In Sec. VI some general characteristics of the line
shapes associated with these magnetic resonances are dis-
cussed. Section VII is a brief summary of this paper.

It is also the intention of the authors to develop a sequel
to this paper in the near future with the following em-
phasis: Section I will discuss the actual electron tube with
particular attention to the refinement in anharmonicity
compensation, as well as the reliable all-metal vacuum en™
velope. Section II will expand on the detection of the axi-
al resonance (as introduced briefly in Sec. II of the present
paper) and describe the isolation of a single charge. Sec-
tion III will explain how the metastable magnetron
motion 1s cooled and discuss various methods of measur"
ing its frequency and radius. Section IV will deal with the
production of cyclotron resonances and will exhibit im-
provements in excitation and resolution of the low-
frequency edge. Section V will discuss the production of
the anomaly resonances and will highlight the exact line-
shape fitting according to a Brownian motion line-shape
theory. Finally in Sec. VI results of this work on elec-
trons will be summarized up to the present with a corn-
parison with theory. Also a discussion of the physical
limitations for future improvements will be given. It is
further planned that a separate paper will be written in or-
der to address the particular application of this geonium
experiment to a single positron and to compare corre-
sponding g factors and masses with the ele:tron.

the axial motion of the trapped charge like a simple
anharmonic oscillator and to use appropriately phased
synchronous detection methods since it is well known that
narrow-band mixing schemes have intrinsically a greater
signal-to-noise ratio than the previous wide-band noise-
detection methods useful in ion-cloud work. The ulti-
mate success of this early effort culminated in the first
ever detection of the axial motion of a single electron
trapped in a Penning trap which we subsequently re-
ferred to as the "monoelectron oscillator"' (see Fig. 1). At
this point, it is prudent to outline the basic features of the
Penmng trap which is used as an electromagnetic cage to
trap the electron and then describe the developments in
technique which eventually led to the most precise mea-
surement euer of the free electron's spin g factor.

NEGATIVE CHARGE
- Q/2

ON UPPER CAP

Z, BO

POSIT IVE CHARGE
+0 ON RING

A. Schematic of experiment

After the early work using a standard electromagnet
( =0.8 T) and liquid-nitrogen cooling, it was decided that
the chances for success were greater if we increased the
magnetic field by about an order of magnitude and like-
wise reduced the temperature of the trapping environment
to 4 K. As shown in Fig. 2, a superconducting solenoid,
capable of achieving =6 T was obtained and the Penning
trap, consisting essentially of two end caps and a ring
electrode (also shown in more detail in Fig. 1), was im-
mersed in a liquid-helium bath. In order to take advan-
tage of the quiet environment, the LC circuit, tuned to the
electron's driven axial motion, was also placed in the 4-K
bath, as close to the trap as possible along with the ap-
propriate preamplifier. The electron's Brownian (thermal)
axial motion along the axis of symmetry (at v, =60 MHz)
is quickly reduced to a minimum via its coupling to this
tuned circuit. Its cyclotron motion, at v, =51 GHz in a
Bo——1.8 T axial magnetic field, also quickly thermalizes
to 4 K by radiation damping and only the lowest Rabi-
Landau levels with associated microscopic orbits are ap-

II. CONCEPT OF THE EXPERIMENT

In the early part of the last decade, it became clear that
the best way to reach the goal of making ultrahigh-
precision measurements of the free-electron g factor was
to reduce the number of trapped electrons to its smallest
possible quantity, namely one. It was at this juncture that
much of our efforts were redirected toward developing
many of the techniques now used routinely by the various
mono-ion spectroscopy groups at the University of
Washington. Initially, our efforts were concentrated on
generating a scheme that would allow the continuous ob-
servation of a single electron. The solution was to drive

NEGATIVE CHARGE
—Q/2

ON LONER CAP—

EC TRON
RB IT

FIG. 1. Monoelectron oscillator mode of electron in Penning
trap, the geonium "atom. " The electron moves only parallel to
the magnetic field Bo and along the symmetric axis of the elec-
trode structure. Each time it gets too close to one of the nega-
tively charged caps, it is turned around and an oscillatory
motion results.
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FIG. 2. Geonium spectroscopy experiment (schematic). This
apparatus allows the measurement of the cyclotron frequency,
v„and the spin-cyclotron-beat (or anomaly) frequency,
v, =v, —v„on a single electron stored in a Penning trap at
=4 K ambient. Detection is via Rabi-Landau level-dependent

shifts in the continuously monitored axial resonance at frequen-

cy v„induced by a weak magnetic bottle.

preciably occupied. The diameter of the metastable mag-
netron (drift) motion at v =35 kHz is minimized by a
specially developed sideband cooling technique, which
resembles optical pumping. Also visible in Fig. 2 is the
nickel ring located in the midplane of the main-ring elec-
trode which produces the weak magnetic bottle, whose
function is described in. more detail in Sec. II C.

B. Axial harmonic oscillation

An approximate form for the potential near trap center
in a device which has even-order refiection and rotational
symmetry such as the Penning trap is given in cylindrical
coordinates r,z (through fourth order} by

FIG. 3. Hyperbolic electrode configuration employed in the
Penning trap. Application of dc voltage Uo to the ring, relative
to the end caps, creates an axial we11 of depth eUO/2 for the
choice Ro ——2Zo'.

P(r, z) r 2z S—z 24r z +—3r

4Z, ' '
16Z,' (2.1) eUp

co, '= e

mZp
(2.3)

I",= —k,z =e B((}(r,z)
Oz

(2.2)

where —e is the electron*s charge. For a harmonic oscil-
lator, k, =mco, , and using only the first term in (2.1), it
follows that the axial oscillation frequency is given by

where Uo is the applied ring-to-end-cap potential, 2ZII is
the minimum end-cap separation, and C4 is a coefficient
that depends on the geometry of the actual trap. In order
to enhance the first term which is proportional to the
second-order Legendre polynomial I'z, the electrodes are
machined (to tolerances of 0.0015 cm} as hyperbolas and
placed along the equipotentials associated with I'z (see
Fig. 3). Since the axial dependence defines a harmonic-
oscillation potential (when Uo is chosen with the proper
sign), the frequency of this axial motion is determined by
the electric spring constant k, associated with the linear
restoring force obtained from the gradient of the potential

In order to measure this frequency, a drive signal is ap-
plied to the end cap opposite to the one attached to the
detection tuned circuit and the image current induced by
the electron s motion in the I.C circuit is observed. How-
ever, early in the course of the experiment, it became clear
that one could not drive directly at the same frequency to
which the I.C circuit is tuned, since the strong drive sig-
nal would swamp the extremely weak, driven axial motion
signal ( (10 ' A). Thus, a sideband scheme was incor-
porated whereupon a 1-MHz drive is added to the
9.2-V dc ring potential, shown in Fig. 2, in order to modu-
late the we11 potential and create sidebands at v, +1 MHz
upon the axial motion. By driving one of these sidebands
and detecting the resulting motion on resonance (at v, ),
the feed-through problem was greatly reduced.

Now older 3-electrode Penning traps consisting of only
two end caps and a ring electrode as shown in Fig. 1,
could resolve the axial resonance defined by Eq. (2.3) only
to 1 part in 10, primarly due to the anharmonic contribu-



tlolis obtailied from the secolld term ill Eq. (2.1) (wlilch ls
proportional to the fourth-order I.egendre polynomial).
Thus, a major modification was attempted at this point
and two guard rings were included (placed between each
end cap and ring electrode) which allowed the net anhar-
monicity to be nulled out ' by applying an additional
compensation potential to the guards. The result was the
typical axial resonance shown in Fig. 4„in which the
linewidth was reduced a hundredfold, allowing a frequen-
cy resolution that approached 1 part in 10 .

C. Frequency-shift detector

8,=Bo+pz (2.4)

These well-resolved axial resonances now form the basis
of the apparatus as a frequency-shift detector. By adjust-
ing the phase of the drive signal we obtain the dispersion-
type response shown in Fig. 4, which is then used as an er-
ror signal to be integrated and fed back to the ring elec-
trode in order to keep the axial resonance locked to a very
precise and stable frequency synthesizer. The integrated
"correction" voltage 'now represents our frequency-shift
signal which may be continuously monitored in order to
record any changes in the very precise and stable axial res-
onance frequency.

However, we are primarily interested in magnetic tran-
sitions whose basic frequencies are in excess of 50 GHz.
Since these frequencies are too high to easily observe
directly, a technique was proposed' that uses a weak
magnetic bottle to generate the required magnetic cou-
pling into the exclusively electrical axial resonance. The
complete description of this bottle field is discussed in
Sec. V, but for present purposes, it suffices to note that
along the axis of symmetry, the magnetic field increases
quadratically such that

appears where p,, is now the z component of p, . The cor-
responding additional restoring force is given by

U'
=2p,gPz

Z
(2.6)

which must be added to the electric force in order to ar-
rive at the following expression:

mooiz =mooizo 2'—, z .2 (2.7)

Since the last term is a magnetic interaction, it is small
and the last equation simplifies to

g =~z o ppz ~m—ouzo (2.8)

which now illustrates that observing small frequency
shifts 5v, in the electric axial frequency will yield infor-
mation on the state of the axial component of the mag-
netic moment. This description then forms the basis of
the continuous axial Stern-Gerlach effect which is
described more fully in Sec. V.

D. Early results —observing spin flips

In this scheme, the first applied axial magnetic bottle
caused the axial frequencies v, associated with the two
spin states m =+—,

' to differ by =2.5 Hz. Historically,
the first spin flip documented by this technique is shown
in Fig. 5. The figure also shows very clearly why it was
absolutely necessary to lower the ambient temperature to
&4 K: The scheme detects the thermal random variations
in the cyclotron level n due to the associated changes in
the effective magnetic moment just as well as a spin flip.

where p defines the strength of this bottle and pz &&Bo.
Since the magnetic moment has a pseudopotential energy
in the strong axial magnetic field, U = —y, 8, it follows
that a small additional axial binding energy (for negative
p,, )

(2.5)

LPa
~~ 6-
4d

4

5 ~

O
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FIG. 4. Axial resonance signals at =60 MHz. The signal-
to-noise ratio of this =8 Hz wide line corresponds to a frequen-
cy resolution of 1 part in 10'. Both absorption and dispersion
modes are shown with the latter mode appropriate for the fre-
quency shift detection scheme employed in these geonium exper-
iments.

FIG. 5. First recorded spin flip seen in the monoelectron os-
cillator (geonium). Because of the random Auctuations in the
thermally excited cyclotron motion, the axial frequency shift
5v„associated with an earlier magnetic bottle, shows a corre-
sponding unsymmetric fluctuation which always stays above a
f'ixed Aoor for a given spin direction. This Aoor„however, sud-
denly changes by 2.5 Hz when the spin is Aipped, which occurs
occasionally near the axial resonance, v, —v, =2 kHz. No auxi-
liary v, drive was used. Three superimposed traces are seen,
and only the heavy one shows the spin Aip.
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Even at 4 K in fact, the asymmetric cyclotron energy
fluctuations (if one would not follow them fast enough)
tend to mask the spin flip. Nevertheless, by focusing on
the floor of the fluctuations corresponding to the level
n =0, which the electron preferentially occupies, one may
recognize the spin fiip.

While the ultimate goal of the experiment is a precise
measurement of the ratio ~, /~, with co, denoting the spin
resonance frequency, it would not be advisable to attempt
to induce spin flips (which we now know how to detect)
by irradiating the electron with a magnetic microwave
field at co, . The main reason for this is that co, /c0, may
conveniently be obtained in the form

cu /co:—[(co —co )/co ]+1, (2.9)

z =(z~+ziie'i )e (2.10)

then fluctuates in its magnitude
I
z

I
with a time constant

similar to the characteristic axial damping time of the
electron (r, =20 ms):

I
z

I
'=zg +2zezgcog+zs (2.11)

where the random phase P and (real) amplitude zii fluctu-
ate with characteristic time 2r, (Here z is .the complex

where, as in the Michigan experiments, ~, —co,
=—co -10 co, may be measured directly with a relative
precision comparable to that available for cu, and cu, . The
co, measurement is greatly facilitated by using another as-

pect of the magnetic bottle. Merely by exciting an auxili-
ary forced axial oscillation through the bottle field at c0,
with an amplitude much smaller than the thermal motion
at co„aviable microwave magnetic field at co, =co, +co,
may be produced as a combination "tone"+' with the free
thermal cyclotron motion at ~, .

The anomaly resonance produced in this fashion is
shown in Fig. 6. The large width is attributed to a modu-
lation of the 8 field by the random-amplitude thermal ax-
ial motion in the magnetic bottle, and may be qualitative-

ly understood as follows. The noise electric field from the
tuned circuit at the trap excites a (Brownian) co, motion of
the complex amplitude zowie'i' while the resonant detcx;tion
drive produces an excitation amplitude zq. The total
complex amplitude

coordinate with Re I z I =z. ) As an example, Iet
z~ =25(zs ),„andapproximate zs by (ze ),„;then one
sees that

I
z

I
fluctuates approximately between the

values

I
z I'= i5z~'+ 5z~' (2.12)

The magnetic bottle field increases ~z, and therefore the
bottle field, averaged over the cu, motion, is proportional
to

I
z

I
. Now our example shows that the average bottle

field seen by the driven electron fluctuates over a range
proportional to —', zq ——20(zs ),„,while purely thermal
excitation would only yield a fluctuation range ~ (ze ),„.
As the spin relaxation time is practically infinite, this has
important implications for how to reduce the unnecessari-
ly large width of the anomaly resonance: turn off the
detection drive while inducing the transition and look
later for shifts in the axial frequency that indicate spin
flips. Cyclotron and magnetron frequencies are measured
by resonant excitation at co, and cu and likewise detected
by the continuous Stern-Gerlach effect. The cu data then
provide an important check of the electric-field symmetry
assumed in the analysis of the data.

III. CLASSICAL ORBITS

e(u/c)80 —mo(co, /2)r=mou /r . (3.1)

by introducing the circular frequency cu: u/r and the—cy-
clotron frequency

co, =—e80/moc &&co, , (3.2)

it follows "that

The main principle of the Penning trap is the following.
The simplest motion of an electron in a homogeneous
magnetic field 80 is a trajectory along a field line parallel,
say, to the z axis, with constant velocity. If a weak elec-
tric quadrupole field axially symmetric around the z axis
of appropriate polarity is superimposed, the motion is still
along a straight line but, because of the parabolic electric
potential well of depth D, now present, it is sinusoidally
oscillatory at frequency co„asdescribed in Sec. II. The
motion in the xy plane is easily analyzed for the special
case of circular orbits (radius r) centered on the trap
center (the origin). Because of the validity of Laplace's
equation, the radial electric force I", must have the form
FI=mo(co, /2)r, with mu the electron mass. The force
F," opposes the centripetal magnetic force e(u/c)80 with
u the orbital velocity. Newton's second law then takes the
form for circular orbits,

2co( co~ —co }=co+ (3.3)

o
I l l ' l I I

59 4I 7 000 7500 8000 8 500 9000 9 500
FREQUENCY OF (AUXILIARY) FORCED AXIAL MOTION (Hz)

FIG. 6. Resonance at the spin-cyclotron-beat frequency v, in
geonium. The auxiliary axial v, -drive amplitude has been ad-
justed such, that spin flips occur no faster than l min ', and
can be conveniently counted in 20-min periods, during which the
auxiliary drive frequency is kept constant.

First we are primarily interested in the electric-field shift

5~ =—Q)~ —Q)~ (3.4)

which slightly changes the observed cyclotron frequency
from co, to co,'. lt should also be noted that the same elec-
tric field shift moves the observed anomaly frequency
from ~, to ~,'. We obtain the desired expression for 5, in
terms of the measured frequencies co, and co,

'
merely by

identifying cu with cu,
'

and rewriting Eq. (3.3) as



5q =cog /2coq (3.5)

is purely a property of a perfect trap. It is destroyed by
any slight asymmetry or misalignment of the electric
field.

The most general orbit may be obtained by superposing
all three previously described simple orbits, two of which
are shown in Fig. 7. The most amazing feature of the
perfect Penning trap is that all three frequencies co,', co„
co are constants of the trap; i.e., they do not depend on
the location of the ion or electron in the trap. For a single
electron with the parameter values v,'=5l GHz, v, =60
MHz, v =35 kHz and for the thermal (or Brownian
motion) excitation of cyclotron and axial motions at 4 K
(i.e., the temperature of liquid helium), the general orbit
consists of a very fast cyclotron motion of 2r, -600 A di-
ameter around a slower moving guiding center. This
guiding center in turn executes a fast axial oscillation of
less than O. l-mm peak-to-peak amplitude and a very slow
metastable circular motion around the origin. It has so
far not been possible to reduce its radius r below about
15 pm. The general equations of motion may be written

X Nq x—/2+cijqP =0,
y —co, y/2 —co,x =0,
z+co, z/2=0 .

(3.7)

Their linearity justifies the superposition of simple orbits.
One way to solve them is to use the complex notation
g=x+iy which then yields

iso, g —cog g/2—=0 . (3.8)

Setting g=e'"' gives again Eq. (3.3) and the general solu-
tion

I(=re '+r e (3.9)

where a complex phase factor for r has been suppressed
by adjusting the origin of the time scale appropriately.

As practical traps will always show a small misalign-
ment between electric and magnetic axes as well as small

/
/

eoe.
yg

0~ 6OOA ~

AMBIENT = 4.2 K

80 = l8.3 kG

Next wc scc by substltutlon that co=co~ —cd~ is tllc otllci'
root of the quadratic equation (3.3) for the frequency of
circular motions possible in the trap. This is the frequen-

cy of the slow drift or "magnetron" motion at co . How-
ever, the identity

(3.6)

deformations of the symmetric electric field gradient, it is
important to test the trap symmetry experimentally. For-
tunately, relation (3.5) is practically invariant to such im-
perfections while co is not. Thus the difference

~m ~z /2~v=~m —&e (3.10)

P„„=Pyy———P /2, (3.11)

where, for instance, ((t equals the second derivative, taken
along the z axis, of the unaveraged total electric potential
((t, whose principal axes may differ from x,y, z in general.

By contrast the slow magnetron or drift motion is in-
capable of averaging the general field gradient. Instead,
the magnetron motion becomes distorted following a non-
circular orbit, along which P, vanishes and which departs
from the xy plane. This explains why Eq. (3.6) loses its
exact validity and co —5, now functions as an indicator
of electric-field imperfections. The expected averaging of
the general field gradient is confirmed in classical and
quantum-mechanical first-order perturbation calculations
of co,'. The recent beautiful result of an exact solution of
the equations of motion for a general misaligned, distort-
ed electric-field gradient. ,

2 2 2~c +~z +~m =~a

may be expanded to yield

(3.12)

expressible in measurable electron frequencies only, be-
comes a sensitive indicator of trap imperfections, which
might require higher-order corrections to Eq. (3.5) for the
frequency shift 5, . One reason that we might expect any
corrections to Eq. (3.5) to be of higher order is that the ra-
dial electron motion is dominated by the interaction with
the large magnetic field along the z axis. Whatever dis-
tortions of the simple axially symmetric electric quadru-
pole potential the trap imperfections produce„ the saddle
point will remain very close to the geometrical center of
the trap. Near the saddle point, the potential will be dom-
inated by the quadrupole term, which in general will only
be approximately axially symmetric. Also, the approxi-
mate symmetry axis will make a small angle with the
direction of the magnetic field which coincides with the z
axis. According to mathematical techniques commonly
used in astronomy, an excellent approximation of the
problem may be obtained by averaging the potential
around the z axis before solving the problem. Stated in
other words, the fast cyclotron rotation around and the
fast axial oscillation along a magnetic field line average
out the effects of any small unsymmetric part of the elec-
tric field on the electron orbit such that the above analysis
of the perfectly symmetric trap retains its validity for co,

'

to first order. As can be seen, the averaged axially sym-
metric field gradient, valid for cyclotron and axial motion
only, has the principal axes x,y,z. Its components,

, are obviously related by

CYCLOTRON: THERMAL
(correction to 5, ) =(a) /co,')(tom —&, ) . (3.13)

FIG. 7. Geolum orbits under thermal excitation at =4 K,
showing xy motion only.

In our experiments, this correction corresponds to
g 2m & 10 Hz, a negligible value.
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IV. QUANTUM MECHANICS OF GEONIUM

coz+ U+ f= Wsg,
2@io 2

(4.1)

With

In geonium, quantum effects are important in the con-
tinuous Stern-Gerlach effect and in the calculation of
transition probabilities. Even relativistic quantum
mechanics is required to describe the relativistic couplings
between the various resonances, and the fine structure i '

of the cyclotron resonance itself. An experimental resolu-
tion as high as 1 part in 10", which is amply sufficient
for resolution of the splittings, is conceivable, and the ob-
servation of this fine structure may become a superior al-
ternative for the monitoring of the spin state.

In order to keep mathematical complexity at a
minimum, we adapt various results given in the literature
to our needs. Thus, good approximate energy eigenvalues
for relativistic geonium may be obtained, simply by sup-
plementing the published Schrodinger values with correc-
tion terms evaluated from a pubhshed exact closed solu-
tion of the zero-electric-field Dirac equation augmented
by an anomalous moment term. In order to make the dis-
cussion of the energy eigenvalues more manageable, we in-
troduce atomic units for Secs. IVA —IVD, but return to
cgs units in Sec. IV E to more clearly reflect dimensions.

A. Schrodmler equation

The Schrodinger equation may be written ( c =Pi= 1)
r

[ (n+ l,q [ x ~
n, q & [ '=(n+1)ro'/2 . (4.7)

The Pauli magnetic-moment —magnetic-field interaction
has been introduced in the usual fashion by adding a term
co,o, /2 to the Hamiltonian and the factor

~
m) to the

wave function. Allowance has not yet been made for the
anomalous magnetic moment.

B. Dirae equation

The most striking aspect of the relativistic spectrum of
an electron with an anomalous magnetic moment moving
only perpendicular to a homogeneous magnetic field Box
and unconfined in the axial direction is the exact indepen-
dence of the anomaly frequency co, —:co, —co, (or spin-
cyclotron beat frequency) on the excitation energy in the
cyclotron motion W„while spin and cyclotron frequen-
cies co, ( W, ) and co, ( W, ) of course show the familiar rela-
tivistic shift. This exact invariance of co, obviously calls
for stringent experimental tests at cyclotron excitation en-
ergies of 1 MeV and more in the future. This invariance
is clearly reflected in the relativistic energy eigenvalue (see
Fig. 8)

ED =(mo'+2)mo~, )'"+m~. ,

with

(4.8)

(4.6)

with kc = I/mo and k, = I/co, as Compton and cyclotron
wavelengths, respectively. The corresponding transition
matrix element is then given by

m=p+e A, (4.2) J=—m +n+7
where co, is the zero-velocity cyclotron frequency defmed
in Eq. (3.2); mo and —e are rest mass and charge of the
electron, and U is the electrostatic potential energy associ-
ated with the charge in a Penning trap having axial fre-
quency co, [see Eq. (2.3)]. Here, m denotes the kinetic
momentum, p= iV the—canonical momentum, A the
vector potential associated with the magnetic field
80——Box, and a, is the axial spin operator. Sokolov and
Pavlenko solved the problem in 1967, obtaining the fol-
lowing energy eigenvalue —modified for the spin by us:

Ws ——m co, + (n + —,
'

)co,'+ (k+ —, )co, —(q+ —,
'

)co

obtained for the special case of vanishing axial confine-
ment and energy, by an exact solution of the Dirac equa-
tion for zero electric field:3~

(a n+pimo+p'ice, cr, /2)/=ED/, (4.9)

where a and p3 are Dirac matrices. Here mo is the rest
mass and the term p&co, a, /2 takes the anomalous magnet-
ic moment into account. A straight-forward derivation of
Eq. (4.8) may be obtained by spelling out the four simul-
taneous differential equations equivalent to Eq. (4.9) and
proceeding in a fashion similar to that used by Rabi in

with m =+ —,, n =0, 1,2, 3, . . . , k =0, 1,2, 3, . . . , and

q =0, 1,2, 3, . . . , denoting spin, cyclotron, axial, and
magnetron motion quantum numbers, respectively.

In this equation, co,
'

and cu are the classical (shifted)
cyclotron frequency and the magnetron frequency
described in Sec. III. The eigenfunction may be factor-
1zed

m = —
I /2 m= + I /2

I

OI/, {A )C~ 0

{I-5R)a,

{I
-&R) I/C

n=O
ovc {

V//2Tr )

W~E-mo
o ~{g/2) —

I

R-~, /2m,

J
rrinkq ) =

(
m ) [ nq ) [

k ) . (4.4)

(nq
~
r,

~
nq) =(2n+ 1)ro',

(nq
~

r
~
nq) =(2q+ 1)ro',

where the quantity ro is defined by

(4.5)

For the state
~

nq ) the expectation values of the squares
of the cyclotron and magnetron orbit radii are

{I
—R) a'c

0—-".
n=0

I/2
E = mo + {2n+ I+ 2m)~cmo +morse

FIG. 8. Simplified energy level diagram for geonium
{schematic). The five lowest relativistic energy eigenvalues are
shown. Vanishing axial and magnetron frequencies and excita-
tions are assumed.
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1928. The result is a special case of the general exact
eigenvalue expression for nonvanishing axial motion

ED ——t[(mo +2jmoco, )'~ +mco, ] +n, ]'~

den vcd by Tefnov, Bagrow~ and Zhudovskl~ and
Tsai. i It is very useful to expand (4.10) retaining only
terms up through (kinetic energy) /ma:

(4.10)

=Jco& —j co~ /2mo+n'z /2m' —n'z /8mo

jco,—n; l2mo +mco, —mco, n, /2mo (4.11)

Here the first term gives the (ordinary) eigenvalues of cy-
clotron and Dirac spin motion energies while the second
yields the relativistic shifts in co„co,due to the kinetic en-

ergy in spin and cyclotron motion. The relativistic axial
kinetic energy is expressed in the third and fourth terms.
The sixth term is the anomalous magnetic moment contri-
bution. The fifth and seventh terms are cross terms show-
ing the relativistic decrease in spin, cyclotron, and anoma-
ly frequencies with increasing kinetic energy in the axial
motion.

eigenvalue fVp for Hp in the form

leap
——Ws+ (mjkq

~
H„~mjkq), (4.14)

——,
'
jco, (k + —,

'
)co, /mo . (4.15)

We obtain the final energy eigenvalue Wp which includes
the anomalous moment contribution 8'„byadding the
expectation value of the appropriate terms in (4.11) to
8'p,

wp ——wp+ w. , (4.16)

W', =mco, —mcoa(nz')/2mo'

where
~
mjkq ) is a Schrodinger eigenfunction. Even

simpler and quite sufficient for our purposes is to neglect
relativistic electric field effects completely and to approxi-
mate (H, ) by the expectation value of the appropriate
terms of the 8-field-only solution, Eq. (4.11)

(H, ) = —j'co, '/2mo —(n )/8mo' —jco, (n, ')/2mo'

q'—~, '/2m, ,',—(k—+,
' )'~—,'/m,

C. Pauli approximation
=mco, —mco, (k+ —,

'
)co, /2mp . (4.17)

Hp ——Hj+H„, (4.13)

where H, is a small relativistic correction term. In the
spin-orbit coupling term we have replaced the canonical
momentum p with the kinetic term e to get agreement
with the classical limit.

Treating H„as a small perturbation, we obtain the

An exact solution of the Dirac equation in the presence
of both magnetic and electric fields is not possible. How-
ever, when suitably modified for our purposes, Pauli's
two-component Hamiltonian provides a very good ap-
proximation to the Dirac equation:

Hp ——n /2mo+ U+co, o', /2 —(8's —U) /2mo

+(e/4mo )o"(EXn), (4.12)

where E is the electric field associated with electric poten-
tial P(r, z) such that U= —eP and eigenvalue
Wp= Ep —mo. R—ecognizing the first three terms as the
Schrodinger Hamiltonian Hs for a Dirac electron, we
have

In an alternate approach, we may add to Hq a term H,
taken from an expansion of Eq. (A15) of Mendlowitz and
Case,"

H, =cr,co, /2 —co, (cr.m)m;/4mo (4.18)

(H, ) =mco, —mco, (k+ —,
'

)co, /2mo (4.20)

in agreement with the term W, used above in (4.17). The
final expression for the energy eigenvalue is

to obtain Hp Hp+H, . Fo——r the final Pauli Hamiltonian
with anomalous magnetic moment contribution we may
now write

Hp ——n l2mo+ U+co, cr, /2 (Ws —U) /—2mo

+(e/4mp )cr (Ex@)+(co,/2)ag

co, (o"n )n;/—4mo

More complete expressions obtained on the basis of
Foldy-Wouthuysen transformations have been given in
the past by Griff, Klempt, and Werths and by Brown.

Taking the expectation value of H„wefind that

4, = W, + (H„)+(H.)
=jco, jco, /2m—o+(k+ —, )co, —,', (k+ —, ) co, /—mo jco,(k+ —, )c—o, /2mo+mco,

mco, (k+ —,
'

)co, /2m—o (q+ —, )co~ . — (4.21)

co&~' co, [1—(k+ —,
'

)co, /2m——o —(j+—,
'

)co, /mo] . (4.22)

D. Transition frequencies

For the cyclotron transition (j mkq)~j('mkq),
j'=j+ 1, one has from Eq. (4.21)

For k =0 and as co, &&~, this may be approximated by

cojj -co, [1—(j+—, )co, /mo] (4.23)

which puts into evidence the relativistic mass increase
proportional to the kinetic energy in cyclotron and spin
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b'coj'/t0, = —W, /2m o, (4.24)

where W, is the axial energy. The frequency of the most
important spin-cyclotron difference frequency transition

(j mkq)~(jm'kq), m = ——,', m'=+ —,',

co~~ =log[1 —(k + p )Cog/2mo], (4.25)

motions. For m = ——,, the quantum number

j =&+—, +m (n =0, 1,2, 3, . . . ) takes on the values

j =0, 1,2, 3, . . . , while for m =+—,', only j =1,2, 3, . . .
are possible. Consequently, the cyclotron spectrum con-
sisting of equally spaced components, separated by the ad-
ditional term, 2Rto, =t0, /mo, stretches to lower frequen-
cies beginning at co, (1—R) for m = ——,, but starting at

to, (1—38 ) for m = + —,', see Fig. 9. Provided one

manages to solve the problems of ultrahigh-resolution
cyclotron-resonance sptx:trosco~y, one gets the determina-
tion of the spin state for free.

The relativistic shift due to the kinetic energy in the ax-
ial motion takes the form

quency with r, taken in the»y-plane. (See Sec. V for
complete description of the bottle field). By simultan-
eously exciting an axial oscillation at ~, of amplitude z„
this rotating field is also made to oscillate in amplitude:

b, = Pr—,z,cos(to, t) . (4.27)

Decomposing the oscillating vmtor of amplitude 2b, into
two counter-rotating ones of magnitude

b, = P—z, r, /2, (4.28)

one component in the laboratory frame will now rotate at
to, +to, and cause spin flips with a Rabi frequency

&Ra PpBza rc IA (4.29)

In a frame rotating with the b, field, the expectation
value of the spin vector initially in the m =+ —, state will

precess away from the z axis, making an angle 8=tDR, t
with it after a time t. The corresponding growing frac-
tional population f in the m = ——,

'
level is related to 8:

shows only a relativistic shift due to the axial motion and
of the same relative magnitude as the shift in tojj,

f=8 /4=toR, t /4, 8((l . (4.30)

a't0 /to. = —W, /2mo . (4.26)

As a numerical example, if one has W, =to„
co, /2n. =1.4X10" Hz, then, with mo/2m =1.2)&10
Hz, the values to, z/mo 2' g 1——60 Hz and
b;c0JJ. ho, =h*t0 /to, = —5.8)&10 ' follow.

E. Anomaly resonance

We discuss this resonance only in the limit of vanishing
excitation and first for vanishing electrical trapping fields
(see Fig. 10). As the electron moves through the magnetic
bottle field along a cyclotron orbit centered on the axis, it
sees a magnetic field —pz, r, rotating at the cyclotron fre-

-P 520 Hz =

,
&nn

89 78 67 56 45 34 25 I 2 0 I ~ (nn'}

c ~ 4OGHz

C

x

m = + I/2

78 67 56 45 54 25 l 2 0 I

I
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i
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I

FIG. 9. Relativistic cyclotron spectra in geonium. For a field
of -5 I, the value of the matrix element »„„=(n'~» ( & ) i&

plotted vs frequency for n~n'=n+1 transitions between the
lowest Rabi-Landau levels. Note spin-dependence of the spec-
trum.

FIG. 10. Spin flips via assisted Majorana flops. All vectors
shown lie in the plane of the drawing, which in turn is perpen-
dicular to and rotates at co, around the z axis and lies at z =z,
above the center of the magnetic bottle and the trap center. The
forced oscillation of z at co, causes the component 1, of the bot-
tle field seen by the electron to oscillate in amplitude. The oscil-
lating 1, field is now decomposed into two components
counter-rotating at %co, . The "right" component 1, rotates at
co, +~, =co, in the laboratory frame and causes the spin to flip.
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We compare this with the quantum-mechanical rate for
the transition (mn)~(m'n'), m =+—,', m'= ——,',
n ' =n + 1. Assuming at t =0 state amplitudes
a~„(0)=1, a~ „(0)=0, time-dependent perturbation
theory gives

(4.31)

(4.32)

(dfldt), = f—!r„andusing (4.34), Eq. (4.36) now takes
the form

df I« =~RZ'" f—/r. .

For a weak drive, y, » toR„andf=0 [i.e., a population
of 1 in the (+ —,

' 0) level] at t =0, the population f will as-

sume a small quasiequilibrium value f, after the short
time 2s, . By setting df ldt =0 in (4.37), one finds

2 2fe =toRa &c

Factorizing the matrix element yields

1 Ed' i' - laa t
&m n mn = i Pza(e

' +e

&(E .~ ~x.'+V,~ ~X..) (4.33)

In equilibrium, the A 0-transition rate I, for
(+ —,0)~( ——, 1), at which the drive fills the ( ——,

'
1) lev-

el, must equal the rate at which the spontaneous transi-
tions empty it:

f= ia „(t)i=toR, t 14

with

(4.34)

Withe~ JM„= ip—„andy„„=ix„„,one finds for
the population of the m'n' level

(4.39)

Because of various causes however, the experimentally ob-
served width y,

' of the anomaly resonance will be larger
than y, =1/r, and the rate of induc+i transitions will be
reduced to

toRa =~pttza 2xn'n I& . (4.35)
2I' =I .y. /y'=~R. /y' . (4.40)

For large n, both the cyclotron radius ro(2n+1)'~ and
2x„„=ra(2n+2}'~converge to the classical value r„
yielding the equivalence of Eqs. (4.29) and (4.35).

The broadening of the anomaly resonance caused by the
modulation of the magnetic field due to random, thermal
axial motion through the auxiliary magnetic bottle is dis-
cussed in Secs. II and VI. Here, we are only interested in
the natural width which remains, even if the axial motion
is cooled to absolute zero. At zero axial temperature the
classical, nonrelativistic cyclotron resonance (n »1) has
only the natural width y, = I/~, . Classically, one there-
fore expects the thermally excited cyclotron motion to
have a spectrum of the same width y, . We denote the
corresponding spectral range by [to, ]. For zero-width to,
excitation (i.e., using a sharp drive frequency co,d ), the ro-
tation of the b, field then has a spectral width y, like-
wise. By contrast, the pure spin fhp (mn)=(+ —,'n)
~( ——,

'
n) has practically a zero width: to, is sharp. The

spin-resonance condition, co, =[co,]+to,d, may therefore
be satisfied by a spread of to,~ values of width y, =y, :
the ~, transition also has the width y, .

The quantum-mechanical analysis of the width of the
co, resonance is complex. However for the most impor-
tant transition (mn)=(+ —,'0)~( ——,'1), which we now
denote as the Ao transition (see Fig. 8), we may argue that
the natural width is again y, . This follows because the
( ——,

' 1) level has the finite lifetime ~, due to spontaneous
cyclotron transitions to the ( ——,0) ground state.

%e are now ready to discuss the rate at which the ~,
drive induces Ao transitions. Again, we do this first only
in the limit of vanishing drive and zero axial temperature.
Denoting the population of the ( ——,

' 1) level by f, we may
write its rate of change df /dt as the sum of two terms

df Idt =(df Idt)d+(df ldt),

refiecting the contributions due to the drive and the spon-
taneous transitions to the ground state, respectively. %fath

In the above analysis,

,r=3 m/4e co,

which is the classical decay time, and using (4.35},

CoR =V 2 pptiZ Polfl

(4.41)

(4.42)

app11es.
Finally, the assumption that the cyclotron orbit be cen-

tered on the trap axis is not essential. Shifting the origin
and instantaneous guiding center of the cyclotron motion
according to x=g+a, y =g+b, and z=g yields for the
auxiliary magnetic bottle field

bE= P(N+0a»—

bq 13(gri+ g—b—),
b~ P[g —,

' (g——+a ) ——,' (ri+b)'] . —
(4.43)

V. CONTINUOUS STERN-GERLACH EFFECT

%'e detect the m,', m,', and ~ transitions in geonium,
all of which are associated with a change in the z corn-
ponent of the total magnetic moment p„bythe "continu-
ous" Stern-Gerlach effect ' which is more fully discussed
in a separate paper. ' Here we need only note that to real-
ize this effect, an auxiliary weak magnetic bottle is super-
imposed onto the electric trapping potential and serves to
make the axial oscillation frequency slightly dependent on

p, . This weak auxiliary magnetic bottle —produced by a

At (g, rt, g) =(0,0,0), the electron still sees the same rotat-
ing b, field. The field components Pga and Pgb have no
spectral components at ~, and are averaged to zero by the
axial motion. The static component reduces the 80 field
by P(a +b )/2. Therefore, switching on the electric
trapping field (thus producing a moving guiding center
via the magnetron motion) leaves the above discussion
essentially unaffected.
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nickel wire (with technical details to be discussed in a
later paper) —causes the magnetic field to deviate from
the uniform value 8o 8——, by

by ———Pzy,

b, =P(z' r'/—2),

(5.1)

where r =x +y and P=150 6/cm for the present bot-
tle. The magnetic pseudopotential U = p,—(8o+b, )

must be evaluated in an eigenstate of the p, operator. The
corresponding eigenvalues of this magnetic moment
operator are

58 —=8(z) —8o ——Pz (5.10)

Since the axial energy 8; averaged over a period has the
form

( 8', ) =moco, 2(zz) (5.11a)

and
( 8'g ) =kirico, (k ))1), (5.11b)

the change in the effectiue average magnetic field becomes

Another result of perturbing the magnetic field in this
fashion [see Eq. (5.1)] is the dependence of the average
magnetic field upon the axial quantum state. For an elec-
tron oscillating in the axial direction along the axis of
symmetry,

I'"'= 2[J+—am+(~ I~.)q]1 a (5.2) (58) =PkR/moco, . (5.12)

( U' ) =2[j+(co Ico, )q]yaP(z r /2), — (5.3)

dropping the insignificant term am. When combined
with the usual electric potential associated with the har-
monic axial oscillation, one finds that co, =2m &60 MHz
is perturbed (i.e., shifted) by this magnetic coupling [see
Eqs. (2.3) and (2.8)] according to

Here, a is the anomalous-magnetic-moment contribution,

j= rn +n + —,', and m, n, k, and q are spin, cyclotron, ax-

ial, and magnetron motion quantum numbers, respective-
ly. Therefore, the z-dependent part U~ = p, b, h—as the
value

(58)
o roc

(5.13)

As a consequence, both the cyclotron and the spin-
precession frequencies have the form

coe =coco+k» cos =coso+k5 ~ (5.14)

where the dependence on the instantaneous axial quantum
number is due to the perturbing magnetic bottle.

Using (2.3), (3.2), and (5.5), the field dependence takes the
orm

5co, Ico, =2[j+(co Ico, )q]13Zo Pa/eUo . (5.4)
VI. LINE SHAPE

This relation may be rewritten using

5=(D, /D, ')co, ,

where D,' is the depth of the usual electric well

D,'—eUo/2=5 eV

(5.5)

and D, is the depth of the magnetic bottle well between
the cap electrodes separated by 2ZO as seen by a magnetic
moment —pz.

D, =PZo pa-0. 12 peV . (5.7)

Thus, Eq. (5.4) can be written as

5co, =[j+(co /co, )q]5 . (5.8)

The discrete shift 5co, is primarily a function of the slow-

ly varying spin quantum number rn and the quickly vary-
ing cyclotron quantum number n. In our mode of opera-
tion, the magnetron quantum number is usually reduced
to such a small value that its contribution to 5co, may be
neglected. The apparatus responds fast enough, that both
spin and cyclotron states are reduced to p, eigenstates
identical to the energy eigenstates which are characterized
by m and n. As one application of Eq. (5.8), the corre-
sponding frequency shift associated with a spin flip sim-

ply becomes 5:

co,(t) —co,(l)=5=2m. X(1.3+0.2) Hz . (5.9)

As is evident from this analysis, the determination of the
spin state must take the form of a resonance frequency
measurement.

As already mentioned in Sec. II the line shape in the
current geonium experiments is dominated by the modula-
tion of the 8 field caused by the thermal random ampli-
tude fluctuations of the co, motion in the inhomogeneous
field of the magnetic bottle. The characteristic time of
these fluctuations is similar to ~„the damping time of the
co, motion due to coupling with the I.C detection circuit.
Now it is relatively easy to lengthen ~, by detuning co,
away from the LC circuit resonance but very difficult to
shorten it below the value optimal for detection. This
eliminates the tempting possibility of averaging out the
bottle induced linewidth by making the fluctuations very
fast. The opposite alternative of making the time r,
much longer than the inverse width of the modulation
range (as given on a frequency scale) and thereby realizing
a simple quasistationary line shape is already well approx-
irnated in the current geonium experiments for the cyclo
tron resonance in the limit of vanishing co, detection
drive, see Fig. 11. It should be possible to increase ~, to
= 1 s in order to obtain the same simple vertical-
rise —exponential-decay line shape for the =6 Hz wide cu,

'

resonance, see Fig. 12, as is observed for the cyclotron res-
onance. How may this line shape be analyzed ' ' at the
present time? In the limit of very slow relaxation of the

motion, and very small m,'-resonance intrinsic
linewidths, the shape for the co,'-resonance signal S,
should be given by

r =0 for m&u,'0,
S, (co)

' (6.1)~ exp(co~ —co/Aco, ) for co )co,'o .
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Here, bee, = (e13ktt—lmo c~, )T, denotes the frequency de-
viation parameter and can be shown using Eq. (5.5) to
equal (ktt T, /Ace, )5. For example, the resonance is excited
at co =co,'( W, ) & co,'0 with the relative probability

P =exp( —W, /kit T, ) (6.2)

for the occurrence of the instantaneous axial energy W, .
Since it follows that

FIG. 11. Geonium cyclotron resonance. The vertical rise-

exponential decay line shape exhibiting a signal strength decline

to 1/e for a 6-kHz displacement reflects the proportionality of
the average magnetic bottle field seen by the electron to the in-

stantaneous thermally excited axial energy. At an axial tem-

perature of 16 K the nearly vertical edge allows determination
of v, when the electron is at the bottom of the magnetic well

(z=0) to -500 Hz.

the 4-K liquid-helium boiling point. The important
feature is the abrupt rise in signal for to=co~ which is as-
sociated with the excitation occurring when the electron is
at the bottom of the magnetic bottle in the center of the
trap. The idealized conditions assumed are rather well ap-
proximated for the cyclotron resonance, and the z=O
edge of the resonance at =1.43X10" Hz may now be
determined to =500 Hz, i.e., 3 parts in 10 in a single
measurement. The anomaly resonance data with a width
b,v, =6 Hz may also be fitted to an exponential line
shape, see Fig. 12. However, currently, the procedure is
not well justified as the axial relaxation time r, was not
long compared to 1/b, v, . Nevertheless, it may be reason-
able to determine the line "edge" of the 1.66)& 10 Hz res-
onance to a small fraction of the frequency deviation
», =bv, (v,'/—v,'), namely, to =0.8 Hz or 5 parts in 109.

Specifically the above preconditions for obtaining the
simple vertical-edge —exponential-decline line shape may
be fulfilled by pulsed u,', co,

' excitation and detection. Ex-
citation and detection intervals should be no longer than
cyclotron and spin relaxation times, respectively, namely,
at 80-5 T excitation intervals of 0.1 s and say, 20 s, but
long compared to ~, &50 ms. Also ~, ~~1/Av, and
r, »1/b, v, must hold. For the co,

' resonance this calls
for different r, values, namely, r, =l s during the ~,'
excitation interval, and v, =50 ms during the subsequent

m, -measurement interval.
Lastly, it remains to look into any contributions by the

combined auxiliary axial ~,' drive and the thermal ampli-
tude zz to the magnetic-bottle broadening. The total
(complex) axial oscillation coordinate is given by

(6.3) z =zttexp[i (co,t+P)]+z, exp(ice,'t) (6.5)

we may write

P =exp(toco m/a~a ), — (6.4)

with zs and P varying slowly with characteristic time 2r,
(thus reflecting Brownian motion) with both zs, z, real.
From

I r r r r r

v'(z=0) =(66156 624.0 + 0.8 Hz0

i 6HZ~

C)

0=
r

20

(Van Dyck et al. )

v-l66 l56 600 Hz

FIG. 12. Geoniurn anomaly resonance. The line shape is
similar to that of Fig. 11 and the characteristic -6 Hz displace-
rnent is also that expected for T, = 16 K. For each data point,
spin flips occurring in 24 interaction-roeasurement periods were
counted.

and for our values, T, =2.70hv, (K/kHz). Inspection of
Fig. 11 shows a width b,v, =6 kHz and T, =16 K for the
axial temperature which is still appreciably higher than

=zs +z~ +2zsz+cos[(co+ —co@)t—P] . (6.7)

Since for our experiments, co,
'

ru, »b, c—o, or b,co, and

zti &z„wefind that the cross term contributes only dis-
tant, very weak spectral components to the ~,', co,

' reso-
nances. However, the constant z, term does produce a
small positive shift of the z=O edges toward higher fre-
quencies. Identical effective magnetic fields for anomaly
and cyclotron resonances may be guaranteed by leaving
the m,

' excitation on also when the ca,
'

resonance is being
recorded. Numerical estimates of this magnetic field shift
give &10 ppb for the current experiments, a negligible
value.

VIj:. SUMMARY

By solving the old problem of performing a Stern-
Gerlach type of experiment on a free electron, we have
measured the electron's g factor with unrivaled precision
by an rf resonance technique. However, the introduction

z =exp[i (co,t+P)] Iztt+z, exp[i(a),
'

to, )t ig]—I, —

(6.6)

it follows that
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of the inhomogeneous Stern-Gerlach field (or bottle field}
exerts a price, when carrying out spin and cyclotron reso-
nance experiments. Thus, much of the experimental ef-
fort is devoted to overcoming undesirable side effects of
the inhomogeneous field. As our technique works for,
and in fact requires, a quasipermanently confined indivi-
dual electron, we avoid the intractable space-charge shifts
limiting earlier efforts, in which clouds of electrons were
studied.

As an important part of our experiment, we had to at-
tempt a solution of one of the most basic problems in
physics: namely, the localization of a single atomic parti-
cle in laboratory space. " %'e have made considerable
progress here, both by conventional cooling of the trapped
electron via immersion of the trap in liquid helium, and
by developing a novel radio-frequency sideband cooling
technique. In fact, we appear to hold the record for
quasipermanent close localization of an atomic particle in
vacuum, which has given a few otherwise faceless elec-
trons and positrons an identity lasting up to several
months.

Localization and cooling make the small change in the
magnetism of the electron associated with a spin flip now
detectable, and minimize broadening of the resonance
lines associated with the Brownian motion in the inhomo-
geneous bottle field. For ease of detection, this inhomo-
geneous field cannot be reduced below a minimum value
and therefore remains the principal cause of line broaden-
ing, which limits the precision of the g-factor measure-
ment. Nevertheless, by measuring the difference co, —co,
of the spin and cyclotron frequencies directly instead of

co„and by separating transition and detection cycles in
time, it has been possible to reduce the width of the criti-
cal ~, —m, transition to a small multiple of the natural
value of =1 Hz.

A rudimentary analysis of the Brownian-motion-
induced line shape has been performed. The relativistic
quantum mechanics of geonium has been discussed and it
has been shown that relativistic shifts are easily controlled
in the experiments. It has been estimated that the relativ-
istic fine structure should be detectable and may form the
basis of an alternate technique for the detection of spin
flips, frit: of the drawbacks of an inhomogeneous magnet-
ic field. Further details on the experiment will be report-
ed in a sequel to this paper, and a more detailed paper
describing the continuous Stern-Gerlach effect has ap-
peared elsewhere. '
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