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A perturbative calculation of the parity-violating part of the supersymmetric effective action for a
scalar superfield coupled to a background-gauge superfield in three dimensions is presented using

the massless version of the Bogolubov-Parasiuk-Hepp-Zimmermann renormalization procedure.

I. INTRODUCTION

Classical symmetries do not always carry over to quan-
tum symmetries. Examples occur for the class of theories
which involve fermions coupled to gauge and gravitation-
al fields. The case can arise on quantizing such theories,
in even dimensions, when the divergence of the classically
conserved currents corresponding to chiral, Lorentz, and
Einstein symmetries acquire anomalous terms. Hence the
gauge invariance is broken and the theory must be modi-
fied for a consistent quantum-mechanical definition. '

Analogously, in odd dimensions the effective action is not
invariant under gauge, general coordinate, and parity
transformations even though the classical action from
which it is derived is constructed to be invariant. But in
contrast with the even-dimensional case, these quantum
effects do not violate the consistent definition of the odd-
dimensional theories though they may put restrictions on
the parameters of the theories. 2'i

The'purpose of this paper is to consistently define a
perturbatively renormalized effective action describing the
interaction of massless scalar superfields with gauge
superfields in three-dimensional space-time. For this
purpose we will use a manifestly supersymmetric version
of Bogolubov-Parasiuk-Hepp-Zimmermann- (BPHZ) re-
normalized perturbation theory generalized to include
massless fields. Although in this paper the gauge super-
fields are background fields, the BPHZ algorithin pro-
vides a means for integrating over these fields in a pertur-
batively well-defined manner. Within this context we
determine the parity-violating part of the supersymmetric
effective action, exphcitly showing that it is given by the
supersymmetric extension of the Chem-Simons secondary
topological invariant in three dimensions. The nonpertur-
bative evaluation of the parity-violating part of the effec-
tive action, as shown in Ref. 4, results, in addition, in an
even-integer-valued nonlocal functional of the potential as

well as the local Chem-Simons term for the case of
boundary conditions which allow compactification of R
to S . The Chem-Simons term cannot be canceled by lo-
cal counterterms [in the U(n ~ 1), odd number of fermion

case] since it is needed to cancel the gauge variation of the
discrete topological term.

II. THE EFFECTIVE ACTION

The three-dimensional supersymmetric action for a
massless scalar superfield (P,P) interacting with external
vector superfield ( V, ) from which the effective action will

be obtained is

S=J VJ VP dxd 8, (2.1)

where the gauge V and supersymmetric» covariant
derivatives are

V,P=(D, i V, )P, — (2.2)

(2.3)

with the conjugate derivatives given by

V, P =(D, +i V, )P,
0».=r. »b

(2.4)

(2.5)

0V. =z.b~b- (2.6)

P'=exp(iA)/= UP,

P '=P exp( i A) =PU—

(2.7)

(2.8)

The notations and conventions employed here are those of
Ref. 6.

The action is invariant under supersymmetric gauge
transformations:
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V,'=U(V, +iD, )U (2.9)

where A is the scalar superfield gauge parameter. These
as well as the gauge superfields are understood to be Lie-
algebra valued:

(2.10)

(2.1 1)

with T~ the scalar superfield representation matrices. The
infinitesimal transformation for the spinor superfields is (b) (c)

V,
' = V, +7,A = V, +D, A i [ V—„A] . (2.12)

The action is also invariant under parity transformations:

P(x, 8) -+ P= rip/(xp, 8p ), (2.13)

V, (x,8) ~ Vf = rivi—y, b Vi, (xq, 8q ), (2.14)

where g~ v are the intrinsic parities of (() and V. In three
dimensions the parity transformation inverts only one
space coordinate so that

xg=(x', —x',x'),
0

pa l Jab 8b

08~ = —i8byb

(2.15)

(2.16)

(2.17)

The vacuum persistence amphtude in the presence of
the background supergauge field is given as

FIG. 1. The divergent supergraphs.

Z[ V] =f [dP][dP] exp(iS) . (2.18)

It is not well defined because of UV divergences. But we
cannot simply subtract at zero momentum since the scalar
superfields are massless and we would induce spurious IR
divergences. The generating functional can be consistent-
ly defined by means of Zimmermann's massless version of
the BPHZ renormalization scheme extended to super-
space. This amounts to adding an auxiliary mass term

dx 8 —i1—sm (2.19)

to the action which is parity violating but gauge invariant.
The UV divergences are removed by subtracting the Tay-
lor series in not only the external momenta but also the
auxiliary mass parameter s, and the Grassmann coordi-
nates 8 of the integrand. The mass subtractions are at
s =0 (i.e., at nonzero mass), so as not to introduce IR
divergences, with a final post subtraction at s =1 (i.e., at
zero mass) to guarantee that the massless limit is smooth.
See Ref. 5 for the details of the subtraction procedure.

The renormalized one-particle-irreducible (1PI) generat-
ing functional is

I'[ V]=lnZ'

= 0 Texp i d3xd26IX22 1D V +/V D +V V 0 s=l (2.20)

The normal-product symbol Nq indicates the number of subtractions needed to render the 1PI generating functional fi-
nite. The only divergent integrals are the one-, two-, three-, and four-point functions; they are shown in Fig. 1.

The propagator in momentum space for the sca1ar superfield is found from the free generating functiona1

Z [V]=f [dg][dg]exp i f [D,PD, P (1 s)mfa]d xd ——8 (2.21)

to be

DiDi+(1 —s)m
&o

I Tk(pi, 8i)4(p2, 8»10& =
p —(1—s) m

Di is the momentum-space supercovariant derivative at point (pi, 8i):

(2.22)
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+7ab~lbJ 1p
ae,. (2.23)

In general the effective action will consist of a nonanalytic piece that preserves parity, I +, and an anomalous parity-
violating piece I (Refs. 3 and 4):

rfv]=r [v]+r fv]. (2.24)

The parity-violating terms arise from the auxiliary mass subtractions needed to avoid spurious IR divergences. These are
given by the parity-odd parts of the divergent diagrams shown in Fig. 1. The tadpole diagrams Figs. 1(a) and 1(b) vanish
for BPHZ massless subtractions. The calculations involved can be illustrated by focusing on the V, two-point-function
contribution to the effective action, I' '[ V], i.e., Fig. 1(c):

L2
3 3

I' '[ V] =—Tr J 5 (q i +qz)d Hid Hz Vi, (qi ) Vzb(qz)( 1 wq
—
g e)

(2n ) (2n )

X z iDi, z z 5 (8i —Hz)( i)Dz—b
d ki DiDi+(1 —s)m DzDz+(1 —s)m

5z(Hz —8i)
(2m) 4ki —(1 s) m — 4(k~+qz) —(1—s) m

DiDi+(1 —s)m
z DzDz+(1 —s)m z+( i)Di, (—i)Dzb —

z z z
5 (8i —Hz) z

5 (Hz —8i)
4k i

—(1—s) m 4(ki+qz) —(1—s) m

DiDi+(1 —s)m DzDz+ (1—s)m
z

5 (Hi —8z)( i)Dzb—iDia z 5 (Hz —Hi)
4ki —(1—s) m 4(ki+qz)z —(1—s)zm

DiDi+(1 —s)m DzDz+(1 —s)m
+( i)Dzb —

z z z 5 (8i —Hz)( i)Dia— 5 (Hz —Hi)
4ki —(1—s) m 4(k i +qz ) —(1 s)zm—

(2.25)
where rs, s indicates the first-order supersymmetric, auxiliary mass BPHZ Taylor-series operator in q, s, H. The terms
with numerator linear in the mass (parity-violating terms) are isolated and the D algebra performed using the identities

D,D = ,'5, DD+iy—&a„,
DDD, = 2i(y"B~—D)a = —D,DD,
—

~ DDDD =C3,

5 (8z —Hi)5 (8i —Hz)=0,

5 (8z —Hi)Di, 5 (Hi —Hp) =0,
5 (Hz Hi)DD5 (Hi——Hz)= —5 (Hi —Hz),

5 (Hz —Hi)DDDb(k)5 (Hi —Hz) =0,
5 (Hz —Hi)D, DDDb(k)5 (8i —Hp) = ybdy~g, k„5—(8i Hz) . —

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

Bringing the Grassmann coordinates through the Taylor-series operator, the 8 integration can be easily done so that
the integral reduces to a point in 8 space. Only the VV and DVDV terms survive and the contribution to I is

~ 2 3 3(i) o 6 g]I [V]=, Tr 81Vla(ql )Vlb( ql )3 bdyda( 'ql)p + 3
d 81Vla('ql )DlaDibVlb( 'ql)(2~)' ' " (2~)'

k o 2m (1—s)
3 ques z z z z z 2(2') ' [4ki —m (1—s) ][4(ki —q&) —m (1—s) ] s=l

(2.34)

with t&, , the remaining zeroth-order momentum space and auxiliary mass subtraction. The momentum integral is
evaluated to yield

2m(1 —s) d ki —2m(1 tq, ,)—
(2m. )z ' [4k& —m (1—s) ][4(ki —qi) —m (1—s) ], (2n. ) (4ki —m )

( —m)
32~ivm

' (2.35)
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Thus we secure the parity-violating two-point-function contribution to the effective action

I [V]=Tr f d xd 8ie„v„vibybdyg. . .„+ . . .Tr f d xd 8iV„DibD„V,b(x)' 32~(m')'" 64~(m')'"+,„,Tr f d'x d'8idi Vi. Viby~yda32~(m')'"

, , f d'x d'8i Tr[ ,
'

V—i,DibDi, Vib(x)],
32m(m )'

~here we have used the anticommutation relation

(2.36)

[ D. ,D b I =2i y,ba„ (2.37)

in the last step.
Combining the contributions from Figs. 1(d) and 1(e) and l(f), 1(g), and 1(h) or from the invariance under topologically

trivial gauge transformations of the BPHZ scheme in one loop we find the parity-odd supersymmetric effective action to
be, in agreement with the perturbative part of Ref. 4,

I pv[V]=, f d~xd 8Tr V,I', +—
I V„VbIDbV, + —„I V„VbII V„VbI

l &P7t

(m )
i y2 ~svsY [ ] (2.38)

I', and 8'svsv are the supersymmetric field strength ten-
sor and supersymmetric Chem-Simons term, respectively:

IVsv"sv [V'l = —IVsv"s Y [V] (2.42)

IVsvsv[ V'] = IVsvsv [V]+& [U] (2.40)

F.= zDbD. Vb [Vb»b—V.—] 6[Vb, t Vb—V. t].
2

(2.39)

Under large gauge (which lie outside the domain of this
present work, see Ref. 4) and parity transformations the
supersymmetric Chem-Simons term transforms as

In conclusion we have consistently defined the pertur-
bative renormalized effective action for massless scalar
superfields coupled to gauge superfields using the mani-
festly supersymmetric version of the BPHZ renormaliza-
tion procedure. We then extract and explicitly calculate
the parity-odd part of the effective action and show it to
be the supersymmetric Chem-Simons secondary charac-
teristic class, 8'sUsz.

n[U]= f dxd 8
96m

X Tr( UD. U 'UD, U 'Uy~-, a„U ')--
(2.41)

is the winding number for supergauge transformation U
and
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