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Chiral-symmetry breaking of two-dimensional QCD is studied in the N— « limit. The gap
equation for the meson condensation function is solved in the axial gauge. The quark condensate
() is calculated. The effects of finite temperature and baryon density are discussed.

I. INTRODUCTION

The study of dynamical chiral-symmetry breaking is
important for understanding quantum chromodynamics
(QCD). Although Monte Carlo lattice-gauge studies have
made impressive progress in this direction, the nonpertur-
bative nature of chiral-symmetry breaking makes it diffi-
cult to study through the QCD non-Abelian Lagrangian.
Much effort is still needed to gain insight into the non-
perturbative phenomena of QCD.

In this paper, we study the chiral-symmetry breaking in
the ’t Hooft model' of two-dimensional QCD in the
N-— o limit and in the axial gauge. Compared with
four-dimensional QCD, two-dimensional QCD is ap-
parently much simpler. The large-N expansion method,
pioneered by ’t Hooft! in this model, simplifies the calcu-
lation significantly and is more tractable than in four di-
mensions. We hope that through this model we can ex-
tract information about its vacuum structure and chiral-
symmetry breaking, and shed some light on understanding
the realistic four-dimensional QCD.

Despite many similarities between QCD, and realistic
QCD,, we note that there are some important differences
due to special kinematics in two dimensions. For exam-
ple, in four dimensions interactions of a quark pair lead to
a flux tube at large distances and an approximate spheri-
cal bag at small distances; this leads to a confining poten-
tial at large distances and a Coulomb-type potential at
small distances. In two dimensions the tube becomes
trivially a flux line and this leads to a linear potential.
Also, the infrared divergences in two dimensions are
much more severe than those in four dimensions so that
one cannot use the asymptotic perturbative expansion at
all. Another essential difference lies in the fact that in
four dimensions the theory is renormalizable, while in two
dimensions it is super-renormalizable. Nevertheless
QCD; is still a highly nontrivial theoretical model, as can
be easily seen from its low-energy Lagrangian which was
derived using bosonization.”? Thus it provides us a
theoretical model with rich content.

The paper is organized as follows. In Sec. II we discuss
some subtleties in taking the chiral limit. In Sec. III we
derive the gap equation for the meson condensation func-
tion in the axial gauge by the methods of both the
Bogoliubov-Valatin transformation and Feynman dia-
grams. We then solve it numerically, using the solution to
calculate the quark condensate (). In Sec. IV we dis-
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cuss the implications of results of Sec. III for finite tem-
perature and baryon density.

II. QCD; AND SUBTLETIES IN TAKING
THE CHIRAL LIMIT

The Lagrangian density for QCD, is defined as

L =—3FuF*+ 3 0aliD—mo)Yo » @.1)
where

F,,=0,4,—0,4,—ig[4,,4,],

D,=3,—igAd, , 2.2)

A,=T°4] .

The index a runs over all colors and flavors of quarks.
The T are the generators of the SU(N) gauge group. For
clarity we restrict ourselves to one quark flavor; it is
straightforward to generalize to multiquark flavors.

In the following, we sketch some important features of
the theory in the limit as N (the number of colors) goes to
infinity and in the chiral limit, in which m (the mass of
quarks) goes to zero. For more details the reader is re-
ferred to the work of Zhitnitsky.’

In the N— oo limit, the leading Feynman diagrams are
planar diagrams. All other diagrams are in higher order
of 1/N. In this limit any Green’s function is given by
summing over only planar diagrams. Since we are in two
dimensions, the gauge coupling constant g has the dimen-
sions of mass. Thus we have a dimensionless combination
g*N/m? g2N has to be finite in the N — oo limit in order
to have a physical, sensible, and nontrivial theory. The
meson spectrum in this limit has been obtained by
’t Hooft in the light-cone gauge by solving the gg bound-
state Bethe-Salpeter equation. It assumes the following
approximate linear form for large »:

uX(n)~mg*Nn+C(m), n=0,1,2,... . 2.3)
One important feature is that
m—0=>C(m)—0, u%0)—0. (2.4)

We remark that the above solution is obtained for the
following relations among the parameters of the theory:*>

N—>w, g?N=const, m>>g~1/N'?, (2.5)
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From above we see that the chiral limit (m —0) can only
be reached after taking the limit N— . The following
two ways of taking limits are essentially different:® (1)
N — o first, then m —0; (2) m —0 first, then N — .

In the first case we always have g <<m, and are thus in
the weak-coupling regime, while in the second case we al-
ways have g >>m, and are thus in the strong-coupling re-
gime. The explanation is that these two cases correspond
to different phases. Since g(~1/N1/%) tends to zero in
the limit of N— w0, the phase transition region (m ~g)
and the chiral limit (m —0) overlap. Thus corresponding
to case (1) or case (2), we approach the point m =0,
N = « of the phase diagram from different directions.

The meson spectrum (2.3) obtained by 't Hooft corre-
sponds to the weak-coupling regime in which chiral sym-
metry is broken. Since we are in two dimensions, the
symmetry breaking, similar to the SU(N) Thirring
model,’ is of the Berezinski-Kosterlitz-Thouless type;® for
finite N and large x, the chiral-symmetry-violating bilin-
ear combination behaves like

(P A+ —y)Y0)) ~ | x |~V . (2.6)

It is only in the N — oo limit that true long-range order,
and hence the Goldstone boson, occurs, and chiral sym-
metry is spontaneously broken. This case does not contra-
dict the Coleman theorem.”!°

The picture in the strong-coupling regime is quite dif-
ferent from that of the weak-coupling regime. In the
strong-coupling regime, chiral symmetry is not broken
and massless composite fermions appear in the mass spec-
trum of bound states instead.'!

In the following, we focus on the weak-coupling regime
only.

III. THE GAP EQUATION

To study chiral-symmetry (CS) breaking, we follow
closely the methods of Ref. 12 to write down the gap
equation for the meson condensation function in the axial
gauge. In a previous paper,'* we solved the Bethe-Salpeter
equation for the meson bound states in the axial gauge
and zero-momentum frame, and obtained a mass spec-
trum which agrees with the solutions obtained in the
light-cone gauge by 't Hooft. We start here by deriving
the gap equation, first by using the Bogoliubov-Valatin
transformation, from which the meson condensation func-
tion is defined, then by using the Feynman-diagram

J

d(p)

method, from which we solve the gap equation numerical-
ly.

In the axial gauge, where 4, =0, the Hamiltonian den-
sity derived from (2.1) becomes

: - 1
%‘:—d}la]}’llﬁ—ﬂjo‘z 3, /0 » (3.1

where

d’a‘bb _¢a¢a f = )

and a,b are the color indices. Using the Bogoliubov-

Valatin transformation we transform the operators c,d,

which annihilate state |0), into a new basis set C,D

which annihilate the trial state | ®) containing a ¢g con-

densate:
C%p)=

Yp)+P(p)d®—p)], (3.2a)

— I
[1+¢( )2]1/2
1

Dé%p)=————-7[d°
P) [1+q>(p)2]l/2[ (P

The quark field can be reexpressed in terms of this new
basis [p#=(p°p) is the momentum]:

)—®(p)c?(—p)]. (3.2b)

v0= [ SZ[CpIM,(plexplipx)

+D(p)M,(plexp( —ipx)] (3.3)
with
(®|P)=1 (3.4)
My(p)= m[1+70¢(p)]U(p) . Gsa)
1
M,(p)= —[1.4_q>—(m2]1/—2[1_70¢(p)]wp) , (3.5b)

where U (p),V(p) are the helicity spinors. | ®) is related

to |0) by
@)= '
[I(1—2(p?1”
P
x [T [1—=@p)k(p)rd®’(—p)]|0),  (3.6)
p.a

where 7 is the volume of an elemental cell in momentum
space. The quark propagator is given by

(@] 7[¥(0,x),$(0,)] | @)= f g‘s_-exp[ip(x -]

where p=p/|p |.
with respect to :

14+®(p)?
With this we can calculate (® | H | ®). The gap equation is obtained by minimizing (® |H | ®)

_11-0pP .

) 3.7
2 1+<I>(p)2yp 37

)
(D(d>lH|d>)-O. (3.8)
It takes the form
f dk  [1—=9(p)*]P(k)—[1—P(k)*1P(p)
D(p)== 3.9
rep=3 [ 00 [1+®(k)7] 39
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FIG. 1. Diagrammatic representation of the quark propaga-
tor S(p).

Using the Feynman-diagram method in the axial gauge,
we derive the gap equation by repeating much of the
derivation from the work of Bars and Green.!* The quark
propagator and self-energy are given by (see Figs. 1 and 2)

i

S(p*)= , 3.10
= S tie (3.10)
ig? dk°dk 1

> =i~g_.TaTa 0 0‘

P) 47 (p—k)zy k—m—3k)+ie!
(3.11)

Let us define
3(p)=A(p)+y'B(p); (3.12)

the Dirac matrices are Y°=o0y, y'=io,, ¥’=y%'=0;.
Although it has been shown in the axial gauge, by Bars
and Green,'* that any physical quantity is Lorentz covari-
ant in the color-singlet sector, the quark sector is not color
singlet and therefore is not Lorentz covariant; thus we an-
ticipate that, in particular, w(p) may not always be posi-
tive after regularization. We cannot write it in the covari-

ant form of
w(p)={[m +A(p)*+[p+B(p)]*}'/

as we usually do, but we can always parametrize it in
terms of

(3.13a)
(3.13b)

A(p)=w(p)cos[B(p)]—m ,
B(p)=o(
and write

f dk dk° w(k)cos[0(k)]—7y'w(k)sin[(k)]
—k)? [k°—w(k)+i€el[k°+wlk)—i€]
(3.14)

p)sin[6(p)]—p ,

3p)=f

After performing the k° integration with the caution that
(k) may be negative for some range of k, we obtain

w(p)cos[6(p)]= m+ff cos[0(k)], (3.15a)

k)z

(3.15b)

o(p)sin[6(p) ]—p—i— L f sin[6(k)] .

k 2
By adding and subtracting Eqs. (3.15a) and (3.15b), we

-iZ(p) = @ =

FIG. 2. Diagrammatic representation of the self-energy =(p).
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FIG. 3. Solution of w(p) in the chiral limit m —0. There has
been a variable change p =tan(x). All quantities are in proper
units of (2f)!/2. Note that o(p) is an even function of p, so it is
plotted for positive p only.

can write them in the form

pcos[6(p)]—m sin[9(p ]

f k)z sin[6(p)—6(K)] ,  (3.162)

w(p)=m cos[6( p)]+p sin[G(p)]
+ 4 S eostop) -] (3.16b)
Notice that from parity consideration, A4(p)=A(—p),

B(p)=—B(—p). So w(p)=w(—p), 8(p)=—06(—p). By
comparing the quark propagator derived through the two
different methods of Bogoliubov-Valatin transformation
and Feynman diagrams, we obtain the following relations
in the limit m —O0:

Z((ﬁ)) N 1126»))2 =costip) (3.17a)
2
£ Z{;;p) = i;iﬁp:z =sinf(p) forp>0. (3.17b)
p
I SULE L R LRI T
[ 1
I.OC— _‘
8(x) ]
0.5+ ]
OO l I ‘01.5 — I |lo ; : ||5

FIG. 4. Solution for 6(p) in the chiral limit, m —0. The x
comes from the variable change p =tan(x). All quantities are in
proper units of (2f)!/2. Note that 8 is an odd function of p.
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FIG. 5. The meson condensation wave function ¢ in the
chiral limit m —0. Note that ® is an even function of p. All
quantities are in proper units of (2f)'/2.

We can use the parity property ®(p)=®(—p) to construct
®(p) for p <0. The O(p) is just the Bogoliubov-Valatin
transformation angle. The gap equation (3.9) can now be
obtained using the relation derived from Egs. (3.17a) and
(3.17b):

p®(p)=3[1—D(p)*14(p)—B(p)®(p) (3.18)
and using Egs. (3.13a), (3.13b), (3.15a), (3.15b), (3.17a),
and (3.17b) to express A4 (p),B(p) in terms of the ®(p). It
is the same as that of Eq. (3.9).

In order to solve ®(p), we start with Egs. (3.16a) and
(3.16b) and let m —0. Since the integral over the gluon
propagator is infrared singular for p =k, we regularize it
by the following scheme:!*!*

di dk
— & ple)— F(k)—F(p)
e / (p~k)2[ P

dF(p)
dp

(3.19)

for any smooth function F(k) which decreases rapidly
enough at infinity. In this way, the integrands in the in-
tegral equations become smooth. By making the variable
change p =tan(x) and approximating the integrals in Egs.
(3.16a) and (3.16b) by sums over a set of discrete grid
points x; €[ —mn/2,7/2}, i=1,2,3,..., we can reduce
them to two nonlinear algebraic equations. We solve these
by using Newton’s method. The solutions of w(x), 6(x),
and ®(x) are plotted in Figs. 3, 4, and 5, respectively.

One further comment is in order here. In the chiral
limit, m —0, there is another solution to Eq. (3.16a):
namely,

6(p)=+7O(p) , (3.20)
where O(p) is the step function
-1, p>0
9( )= ’ )
p —1, p<0. (3.21)

This is the solution for which ®(p) vanishes [Egs. (3.17a)
and (3.17b)]. The vanishing of the meson condensation
signals the point where the ’t Hooft approximation be-
comes invalid. Indeed by the 't Hooft-anomaly-condition
argument,'’ either chiral symmetry is broken, in which
case we have a nonzero ¢g condensate, or chiral symmetry
is not broken, in which case the ¢g condensate vanishes
and massless composite fermions appear. (This latter has
the features of the strong-coupling regime.) Since
throughout this paper we are interested only in chiral-
symmetry breaking and in the weak-coupling regime, we
disregard this solution.

In the chiral limit, m —0, the quark condensate (/)
is given as

(Py) =—d—-[—Tr1niS‘l

(m)]m =0

=-N f—w 277'&) p)

=—2N fo —éfr’-coswp), (3.22)

where the N is the color factor. Substituting our solution
of 6(p) into (3.22) we get

(P)=—0.29N (3.23)

in units of (2f)'/2, which agrees with the result of Zhitnit-
sky® who obtained it by using the operator expansion.

IV. AT FINITE TEMPERATURE
AND BARYON DENSITY

At finite temperature and baryon density, the expecta-
tion value of an operator (or a product of operators) Q is
given as
Trexp[—BUH —pNIT(Q}

Trexp[ —BH —uN)]

(@)= 4.1

where H is the Hamiltonian of the system, N is the
baryon-number operator (not to be confused with the
color factor), T{Q} denotes the generalized time-ordering
operator, and fB is the inverse of temperature. Since we
work in the color-singlet sector, the chemical potential u
here is the flavor chemical potential. We work only in the
imaginary time formalism. In this case the Feynman
rules and diagrams of perturbation expansion are the same
as that of zero temperature, except different boundary
conditions require that the field operators must be period-
ic (antiperiodic) for bosons (fermions).!® Consequently the
following changes are needed:

ko—io, +u ,

dk°dk [ dk

—_— —, 4.2)
f Qr? B 2,," f 27 (

QP8 kot )L omstk +ig 4 )

xﬁwh+m%+.”,
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where w,=2mn/B for bosons and (2n +1)w/B for fer-
mions.

For clarity and to avoid arithmetic complication, we
start with the u =0 case and later make some straightfor-
ward generalizations to finite u. Notice that in our
derivation of the gap equation and (¥v), the finite-
temperature effects will only come in through the quark
propagator

i
k—m+3(k)+ie

S(k)=

when we change the k integral into a summation over in-
teger n. We know that
_ §. dk®

——g zw,,t(o(k Fie 2mi k°+w(k)+ze

X tanh(3Bk°) , 4.3)

where the contour c is a closed path around the imaginary
axis. By taking into account that after the regularization
(k) may be negative, we perform the contour integral
and obtain

‘2

Thus, at finite temperature, Egs. (3.7a), (3.7b), and (3.13)
become (in the limit m —0)

pcos[O(p)]= L f

sin[8(p)—6(k)]

k)2
Xtanh[ 38 |0(k)|], (4.5a)
—psi Lo _dk -
o(p)=psin[6(p)]+ % [ o el —6tk)]
Xtanh[ 38| w(k)|], (4.5b)

—i-[—TrlniS“l(m)]m -0

R

=—2N fo Eﬁ—cos&(p)tanh[-}ﬂw(k)!]. (4.6)

(YY) =

t h[38|w(k)|]

We know that Egs. (3.16a) and (3.16b) have a meson solu-
tion for any f >0, and since 0 < tanh[ +8 | w(k)|]< 1 for
any nonzero f3, we conclude that chiral symmetry is bro-
ken at any finite temperature and restored only at 7— oo.

At u+0, we need to replace iw, to (iw, +u) in previ-
ous derivations and to write

2(p)=A(p)+yB(p)+v,C(p) . 4.7)
We use the formulas!’
i 1 Ly ]
B % iv,+ptok)¥ie 2 “, |n+8 n4d |’
(4.8)

where
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=1 _ightek) 4.9)
2
and
o [ S—— Y SR SRR RT)
Sl nssr (n+dy

Here £(s,8) is the generalized Riemann § function which
has the following properties:

. 1
lim |5(s,8)— —— | =—¥(8), (4.11)
Imy( 5 +iy) = 3 wtanh(my) . (4.12)

After some algebra we get

S(p)= S —
b },,:p+2(k)+y°u

=2 ({cos[68(p)]—y'sin[6(p) 1} I(p)—y°K (p)) ,

(4.13)
where I(p)=1—n(p)—n(p), K(P)=n(p)—7(p), and
= 1 R (4.14a)
exp[B( | w(p) | —@(p))]
~ L : (4.14b)
exp[B( | o(p) | —z(p))]
ap)=u—C(p) . (4.15)

Thus from Egs. (3.11) and (3.22), we derive the following
equations similar to Egs. (4.5a), (4.5b), and (4.6):

f dk .
op) == 6(p)— (k) I (k
peoslop]="7 [ & — o S OP) — 60N (k)
(4.162)
s f dk _
w(p)=psin[0(p)]+ 3 f (p_k)zcos[e(p) 0(k) (k) ,
(4.16b)
f dk
Cp=—=L [ LKk, 4.17
== I (p—k ) @i
and
(7q)=—(TrS)m_0
dpA (p)
f—w 2rw(p) Ik
- dp
v [ 5 cosO(p)I (k) . (4.18)

We have a situation similar to the u=0 case which has
been discussed before. Since

I(p)=1—n(p)—n(p)
={exp[2B|w(p) | ]-1}n(p)A(p) ,

it follows that 0 < I (p) <1 for any nonzero B and finite u.
We see again that chiral symmetry is broken at any finite

(4.19)



temperature and baryon density, and restored only in the
limit T— 0 Or p— .

McLerran and Sen'® have studied the confinement-
deconfinement phase transition of this model. They
reached the conclusion that the confinement-
deconfinement phase transition also does not occur at any
finite temperature and baryon density. There is a close re-
lation between these two cases. From our discussions on
the effects of finite temperature and baryon density on
chiral-symmetry breaking, we see that the gluon propaga-
tor, which gives rise to a linear confinement potential at
zero temperature, is modified by multiplying a thermal
factor which becomes zero only in the limit of T— « or
pn— . If we view the gauge coupling constant multiply-
ing by the thermal factor as an effective gauge coupling
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constant, the resulting confinement potential is strong
enough to bind a quark-antiquark pair, and therefore pro-
duce a quark condensate at any finite temperature and
baryon density. It is only in the limit of T— « or p— o
that the effective gauge coupling constant becomes zero
and the quarks become free of interactions, and conse-
quently the quark condensate vanishes.
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