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We review the conditions for consistent propagation of closed strings in background fields and
discuss the connection between conformal invariance and the vanishing of the renormalization-
group B functions for the generalized o model on a curved world sheet. The B functions withup to
four derivative terms are found to be compatible with graviton and dilaton equations of motion pro-
vided the former are computed in a nonminimal subtraction scheme. Finally, vertex operators in
background fields are discussed and it is shown that the anomalous dimension operator is given by
the first variation of the 3 function to all orders in a'.

I. INTRODUCTION

The covariant functional-integral approach to string
theory introduced by Polyakov' generalizes naturally to
arbitrary (curved) backgrounds, and leads to the investiga-
tion of two-dimensional o models. The relationship be-
tween the latter and the string has been used by several au-
thors>=3 to discuss the effective low-energy field equa-
tions generated by the string, for its massless modes. In
this paper we will follow closely the work of Callan, Mar-
tinec, Perry, and Friedan,® to investigate some of the
theoretical questions associated with this approach to
string theory.

The interpretation of the two-dimensional (2D) general-
ized o model with D —o fields as a string depends on the
existence of a Virasoro algebra. The latter is generated by
moments of the 2D energy-momentum (EM) tensor so
that in the first place we must require the quantum o
model be well defined on a curved world sheet, thus per-
mitting the definition of the EM tensor. However (as we
shall discuss in detail in Sec. IV) we need (nonconstant)
counterterms® proportional to VgR'® and thus it is
necessary to add the dilaton term ®v'gR? to the model.
In the second place as pointed out by Callan, Martinec,
Perry, and Friedan,* the Virasoro algebra exists provided
that the “B functions,” associated with the couplings of
the generalized o model and occurring in formula [Eq.
(2.2)] for the trace of the two-dimensional energy-
momentum tensor, vanish. The detailed argument for this
(which has not so far been published in the literature) is
given in Sec. II. The connection between these “B func-
tions” and the renormalization-group B functions (for the
case of the o model on a curved world sheet) has also not
been clarified before® and we will explore this in Sec. III.

The most important observation in the work of Callan,
Martinec, Perry, and Friedan* is the relationship between
the conditions for consistent string propagation and the
equations of motion for the background fields. In that
work this connection was established only to lowest order
in a’. In Sec. IV we investigate the validity of this con-
nection to the next order in a’ and find that it can be es-
tablished” provided the B functions are computed in a
nonminimal subtraction scheme. Of course this is again a
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phenomenological observation [to O (a'?)] and we are un-
able to offer a proof of this relationship to all orders in a'.
Another important observation was the existence of a
Bianchi-type identity for B functions which was shown to
hold to the lowest order. In Sec. V we show that if the B
functions are derivable from an effective action then this
identity is a simple consequence of D-dimensional general
covariance. Finally in Sec. VI we discuss, following the
work of Callan and Gan,® the construction of vertex
operators in a curved background and show that to all or-
ders in a’ the anomalous dimension operator acting on the
fluctuations around the background configuration is given
by the first variations of the 8 functions corresponding to
these excitation modes. This means that not only the
background configuration but also the field configuration
defined by background plus fluctuations, gives rise to a
two-dimensional conformal field theory.

II. B FUNCTIONS AND CONSISTENT
STRING PROPAGATION

The action for the generalized o model is
— ; 2,11 B v
I=— [ d%203Vgg 035" Gy (x)
+a'VgRPd(x)+ - -+ ]

= [d%L . @1

In the above we have coupled the “external” metric
field G,,(x) and the dilaton ®(x) and the ellipsis
represents all other fields which can be coupled in a 2D
reparametrization-invariant and D-dimensional generally
covariant manner. x*=xH(z) (u=0,...,D —1) defines
the embedding of the world sheet in the external manifold
3, and g,g is the metric on the world sheet with R its
curvature. Note that the dilaton coupling® explicitly
breaks the classical Weyl invariance of the first term
(under g,g—>e*g,p) and is therefore introduced at O (a’).
Henceforth until Sec. VI we will ignore all terms
represented by the ellipsis in (2.1).

Let us choose (complex) conformal coordinates on the
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world sheet which is taken to have a Euclidean metric:

ds’=e?dz dz, gziz%ez", 822:=8;-=0. (2.2)

zz

Covariant derivatives on totally symmetric complex ten-
sors of rank 7 are given by’

Vi=g®d,=g%V,, V,=(g,)"3,8%" (2.3)
Under traceless variations 8g,,,88% [ = —(g%)*8g,,] we
have’

8Vi=18g7V, + %Vz(Sg”) , (2.4a)

8V, = —18g, Vi + %vzwg,,) , (2.4b)

8R'?P=V*Vsg, —V,V,6¢7 (2.4¢)

The quantum effective action for the o model (2.1) is
given by

Tiy.gl= [ [dEle~"¥)| 4y,

where it is understood that the integrand is defined by the
background-field expansion with £ the quantum field and
y(z) the classical field which is usually taken to obey the
class1cal equation of motion. Thus xHt=yH* &+
+ T EFEMTE () + The instruction on the right in
(2 5) tells us to compute only connected one-particle-
irreducible (1PI) graphs.
Let us define the renormalized metric and dilaton fields
by

(2.5)

T TS,
G GR 4 v (add R X
pv = wt o 2 T ot 262
Tt T3
q): n—2 (I)R+ +———-—-——-—-——+ LI , (26b)
® n—2" (n—2)>°

where the counterterms T; are power series in @’ and are
functionals of G,“, and ®R. 4 is the renormalization
|

w28 (z,w

Vz(ﬁd)(x)[_

Let us now take the flat-world-sheet limit p—0. Using
the relation

1 1
—a
T lz—w

=82z —w)

we find that the necessary and sufficient condition for the
validity of the relations

c <9ww )y
4(z —w)*

( Vweww )y
2(z —w)

62O ), = (z —w)?

+finite ,

(6.6 ), =finite

[which are equivalent to the Virasoro algebra (the second
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scale. The renormalizability of (2.1) implies that I" com-
puted in perturbation theory as a functional of G ,“,,(I)R i
finite in the limit n —2.

The variational derivatives of I" with respect to the
metric then define a (finite) energy-momentum tensor in
(renormalized) perturbation theory:

1
To=— 2L = [ldg] = 2ke"
e
=(0,), (2.7a)
Zz:\%_ﬁh =(6,), . (2.7b)
(6z), ({63),) is the expectation value of the energy-

momentum tensor (trace) operator in the background
y(z). The diffeomorphism invariance of I" gives

VT, +V,T, — V,yH(z)=0 . (2.8)

o)
SyH(z)
Consider this equation at a point z where V,y#=0 [alter-
natively, choose y(z) to be a solution of 8" /8y=0], and
take the variational derivative §/8g"" at a point w. From
the first term we have using (2.7a) and (2.3) the expression

V0204 )y + Oy ), V8% (2,w) — 3V, { O, ), 82(Z,w)

where
8 z,w)= —1—82(2 —w)

Ve
is the invariant & function.
On covariance and dimensional grounds we may write

60, =B%(x)VgR? +BI(x)V,x V x" 2.9

[Note that if we had kept the additional terms represented
by the ellipsis in (2.1) there would be corresponding terms
in (2.9).] Substituting this expression we have, from the
second term of (2.8),

w)l+ 7 BG (X)V,xHV,x"8%z,w) ), + V,{( (BEV,x V%" + B*VER ), 00u), -
K y

f

of the above conditions, which is equivalent to
[Lf,L;1=0, is obtained by deriving (2.9) with respect to
8ww>» L. (L, ) being the Virasoro generators for right
(left) movers), see Ref. 10] is that f*Y=0 and By =c num-
ber.

The above discussion clarifies two points. The first is
that in order to derive the Virasoro algebra (as an operator
statement) one has to consider nonconstant background
yH#(z). Second and more importantly we see the role of
world-sheet curvature. In order to construct a Virasoro
algebra from (2.1) one has to take variations 6/8g%
(which takes the metric out of the conformal class) and
hence the model must be well defined on a curved world
sheet. As we shall see in the next section this entails the
presence of (nonconstant) counterterms proportional to
V'gR'® and hence necessitates the addition of the dilaton
coupling VigR?'®
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III. COUNTERTERMS, RENORMALIZATION-GROUP
EQUATIONS, AND CONFORMAL INVARIANCE

In this section we discuss the connection between the
conformal “B functions” introduced in (2.9) and the
renormalization-group B functions. As we shall see this
relationship is not quite as straightforward as in the case
of ordinary renormalizable theorles Consider (2.6) with
I" taken as a functional of G ,,,,,<I> the background field
y*, and the two-metric g:

FZF[G;I}V’(DR’gaﬁzyp] . (3.1)

As discussed in Eqgs. (2.6a) and (2.6b) we use dimensional
regularization 2—n =2+e¢€. Under a conformal variation
8g.p=28pg .5 We have

8(Vgg®)=(n —2)Vgg®sp

and

8(VgR?)=
so that we obtain, from (2.1),

_QL__(" —2)L _M‘/ggaﬁ
41

(n —2)VgR8p—2(n —1)Vgg®V,V8p

splz)
X (0x#3px*V,V,®+40,PD,0px")(2),
3.2
where 3.2
D,0px* =V, 3pxH +T%,0,x"0gx . (3.3)

From (3.2) we see that the trace anomaly has a short-
distance quantum piece as well as a classical piece coming
from the explicit breaking of conformal invariance, due to
the VgR® term in (2.1). In fact using the equation of
motion

Vgg“Dadpxt = Vg R'VVHD(x)

inside the functional integral we have, from (3.2),

a SF — 1 1 — _a, bY ’
T, =% = [ ldx]e IZ;;,—{;\/gg P3,x dpx [(n —2)G,, —4a'(n —1)V,V,®]

+a'VgRP[(n —2)®—2a'(n

1(VD)?]} . (3.4a)

The short-distance contribution can be reexpressed using renormalization-group methods. We observe from (2.6) that
the first term on the right-hand side of (3.2) can be rewritten as 3/ /0u(z) where 8u(z) is a local variation of the renor-
malization scale. Hence we have for the conformal variation of the effective action

or ar ar
T, = » 4
82 Houz T Bp(z) (3.40)
where
= f [dx]e~! 4;0‘, {VEg®™a,x#3px [ —2a'(n — 1)V, V, @]+’ VERP[—2a'(n —1)(V®)?]} . (3.4¢)
Now since the effective action is independent of the re- 200 |
normalization scale we have f [dy] 29,9,(y) 5G ( ) +(Ve) 5P =0. (3.8)

dr oI 56 or

O=p——= . ,  (3.5)
Wap =F o |, P s6T, aere <1>R

where

8e, 2

AGR [y (2)
= [[dylu wll] o e

o 8G [y (2)]
f[ ad> [y z)] or
8PR[y(2)]

In the above [dy] is defined to be an invariant measure.
Consider now the diffeomorphism

aGR

(3.6b)

Syt=VEd(y), 8G,,=V,V,®, §&=V'DV, D . 3.7

Since dimensional regularization preserves the D-
dimensional general covariance of the theory, we have
(choosing y* to be a solution of 8I" /8y#=0)

The left-hand side is precisely [1/2(n —1)]3I' /3p [see
Egs. (2.5), (2.1), and (3.4c)]. Hence from (3.4b), (3.8), and
(3.5) we have

or 6T
~Ta"=Bivse 7B o (3.9
uv

where the B functions are the renormahzatlon group B
functions. By rewriting (3.8) in terms of G“v,d) we see
that one may add a term proportional to 2V,V,® [(VD)?]
to B,fv [Bs]. One may of course consxder more general
diffeomorphisms 8y*=v*8G 5, =2V ,v,), 8¢X=v*V, R
with v* and arbitrary vector ﬁeld on X. This would mean
that the B functions admit the transformations
BS,—Boy+2V 0, and B*—pB®+v V,®. We will make
use of this in the next section.



IV. B FUNCTIONS AND STRING EFFECTIVE
ACTION TO O(a'?)

To leading order in a' the following results have been
obtained for the B functions:
(2a')7! ,w: 4.1

o'~ lﬁ@_

—R,,—2V,V,®,

+2V20—2(VD)? (4.2)

In the above we have put D=26 and have included the
contribution of the reparametrization ghosts to cancel the
free field theory conformal anomaly. Also in the above
and in what follows we will omit the superscript R on re-
normalized fields.

Callan, Martinec, Perry, and Friedan* showed that
linear combinations of these functions are variational
derivatives of an action I" which is in fact the low-energy
effective action for the closed string. The vanishing of
the B functions was thus shown (to leading order) to be

I=

4ra
+ [dz(+v
+Viamra fd"z[

+4mra’ f d"z{Vgg

+ '}t—aayﬂDﬁgvglé‘ang pAov;t + %D

VERPEEENET LV, VUV, V, D)

+ (4mra’)? f d"z[+Vg

In the above all background fields and their derivatives
are evaluated at the point y on S. We have only kept
terms which are relevant for the calculation of two-loop
counterterms in G, and three-loop counterterms in .
In computing B¢ one has to expand

\/Eg“ﬂ=5a5—hag—‘;'h~,7’8aﬁ+ e 58‘,3—{—}_1,,3 ,

with h,g treated as a weak external field.
The counterterm action to O(a’) computed from (4.3)

1
n——24 fdz

In order to compute the two- and three-loop graphs we
need to expand this up to quartic terms in £. We will not
write all the terms but it should be remarked that this ex-
pansion contains a vertex

1
n—24

is

1
Ict=

g°Pox 3px R, (x) . (4.4)

[ Vee®D.EDpER(y(2)d"z  (4.5)
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- [ d"2(3Vgg oy 3 Gy +a VER PP+ 1 [ d"vg

ay #aﬂy vé-kgagTR prov;t +3 3 ay D B §v§ quR ukav

aﬁDaé‘#DBgvgkgang&( Rukav P iy R iapR Erdv ] .
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equivalent to a set of equations of motion for the back-
ground fields Gy, ®. Let us now check this to the next
order in o'.

We have to work out the higher-order contributions to
Buv and B® for the bosonic o model (2.1). The &’ expan-
sion is in effect a low-energy expansion and we will be in-
terested in the four derivative terms in the field G,, and
® in the effective action for these background fields. We
thus need to find the two-loop contribution to Bffv and the
three-loop contribution to B®. For this calculation we
need the normal coordinate expansion of the action I and
the one- and two-loop counterterms up to terms which are
sixth order in the quantum fields. Fortunately for the
three-loop calculation of B®, we need only terms which
are independent of y*(z).

The quantum field £ is the tangent vector to = at y#
(chosen to be classical solution) in the direction of the geo-
desic joining y* to x¥. It is convenient to define the di-
mensionless fields by the replacement £&*—V'4ma'€*. We
then have the following expansion:

¢8°PD £+ DpE"G,,,

8°P0uy"3py "6 E R yrov+'VER P TV, V  DEHEY)

VERVEEE Y,V .V, P]

aB[ Tlf._aay“aﬂy vgkgagfga(Rpkav,rﬁ +R iapR gr&v)

agﬂD B gvg)\é-oR pAov ]

(4.3)

which will give rise to the diagram in Fig. 1.

This diagram is of crucial importance. It is precisely
this which gives the leading-order counterterm to the dila-
ton coupling. The contribution to 7% coming from (4.3)
is zero as observed by Fradkin and Tseytlin.® Including
also the dilaton contribution we thus have, after making
use of the ambiguity in the counterterm T, [i.e., replac-
ing R,,—R,,+2V,V, d> in (4.4) and adding the
corresponding term to TP —see Sec. I11],

® counterterm vertex,

* derivative

FIG. 1. Diagram contributing to T¥.
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®(2) _ a’ ) 2 46 of these terms may be difficult because of problems asso-
T 2 R +22'V'+2AVE). (4.6) ciated with infrared singularities'?) from vertices in (4.3).

G(2)

iuv has also been calculat-

The two-loop counterterm T

ed by Friedan'! and the result is
”2
TSV = aTR o R 4.7)

In order to compute the quartic derivative terms in S
a three-loop calculation is necessary and thus apart from
interaction terms coming from the expansion of these
there are also terms coming from the counterterms TIG,"f),
Tg,‘f’ (i.e., the two-loop double-pole term) TP,

It is easy to see that no Ricci scalar squared terms can
arise in Bg. In fact no such terms can contribute to any
of the counterterms. This follows from the structure of
the normal-coordinate expansions. Counterterms involv-
ing R “,,2 are indeed present but leave B unaffected since
they are not simple pole terms. (This is a scheme-
dependent statement valid in the same scheme as that
used to compute B,,.) This follows from an examination
of all diagrams generated by (4.3) and the one- and two-
loop counterterms and observing that there are no com-
binations of double poles which would give simple poles.
Thus the only (pure gravity) contribution to 8% in this or-
derisa R ,sz term which comes from a diagram similar
to Fig. 1 together with contribution (the direct calculation

Thus we may write

"2 A Y
LA Ry RFH 10 (VD) 4.8)
Now let us try to find an action which yields the f3

functions obtained from these counterterms,

T

—(2a)7 Bl =Ry + 29,V @+ SRy R
+O0(V2®R,V*D) (4.9a)
o 1g= i;— F2V20— 2AVDP+a' AR 3 R
+O(V2R,V2®R,V D) , (4.9b)
as equations of motion. [Note that
B= 1442 22 |T(A-1GE, A-1DR)
A ' T aA e AA=1

except that we have made use of the ambiguity discussed
in Sec. III to add —4a'V,V,® to B,, and —2a'(V®)* to
B®.] The (tree-level) string effective action must take the
form

S[®,G, )= [ dPx e VG L[®,G]
=(2a')"! dexe—Z"’\/E[R +4(V®)*+aR,,2,R*  + bR, ,R* +cR*+dV,V,DR*

+eV2®R +fVR +0(VD)] . (4.10)

The exponential coupling of the dilaton arises? from the term (1/41) f Vg R'?® in the o model since f VgR®P =4mrx
and X =2 for the sphere. The first two terms are those found in Refs. 2 and 3. The quartic derivative Lagrangian is the
most general possible one when account is taken of the Bianchi identity V¥R, = %VVR and the possibility of relating
certain terms by partial integration. We have then the following variational derivatives:

—— = —2¢ (L [D,G]+4[ VP —2(VD)?]} +V,V,(dR ¥ +eRGH") , (4.11)
I’

—‘/% G =e P[RRy, +4G1, (VD) +2(V V,&— VPG, ) —2aR% R} +2bR R +2cR;,R
+2dV(AV“¢Ro)#+eVAV0¢R +f(VlVaR +V2Rka)]
—4a(V,VR,*—0OR,,)+2b (2V*V R, —OR ;3 — G, VEV'R,,,)

+¢(2V,V,—2G,0)R — 3Gpe "L [P,G] . (4.12)

In the above we have again omitted pure dilaton quartic derivative terms and put I_{#v=e —2%R uv- Now in order that the
leading-order calculation of f3,,,, Be agrees with the equations of motion from S we must have

55 1. &S
SGH 4 Medp

—20p _ 185
\/ﬁe Bq;.— 4 5O .

—VGe _24>B,w= (4.13)
(4.14)

The question is whether these equations remain valid up to quartic derivative terms. Using the expression for 8,, we
find immediately from (4.13) that b =c =0 and a’4 =a = —a’'/4. This is consistent with (4.14) and the expression for
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Bo because of the absence of R ,wz and R? terms in the latter. The terms involving covariant derivatives of the Ricci ten-
sor in (4.12) would seem to disagree with the S functions but we have to allow for the possibility of adding finite O (a’)
counterterms in computing the B functions. Thus suppose we make the change G,,—G,,+Aa'R,,, and also make use
of the ambiguity under diffeomorphism mentioned at the end of Sec. III. Then we have to change the B functions in the

following way:

—(2a’)_lﬁgv5 —(2a) " m

o~ B=a" g;cp_» TR = Ry o R 4049,

Now choosing v, =(a’/2)V,R we find that (4.13) and
(4.14) are satisfied with A= %,v# =a'V,R.

The effective action that we find [Eq. (4.10) with
a=—a'/4, b=0, c=0, f =a'/4, d =3a’/2] is not of the
ghost-free form" R,,,5,>—4R,,*+R?2. Indeed this action
has a ghost at p>=a’~! but this is clearly an artifact of
our low-energy expansion (which is expected to be valid
only for a'p? <<1).

Recently Callan, Klebanov, and Perry’ have also com-
puted this effective action from a somewhat different
method. Instead of computing Bg directly they use the
expression for B,, and the Bianchi identities and the
lower-order equation of motion to show that V*B,,=V F
for some scalar functional F. They then identify By with
F. The resulting effective action agrees with ours up to
terms which can be obtained by a field redefinition. This
also agrees (up to field redefinition) with the direct S-
matrix calculation of Neopomechie.'*

V. THE “BIANCHI IDENTITY” FOR B FUNCTIONS

To lowest order in a' Callan, Martinec, Perry, and
Friedan* found that the two B8 functions satisfy an identi-
ty of the form

V.B=V"B,, —2VFdB,, . (5.1

This identity implies that if §,,=0, B? is a ¢ number as
would be required by the Virasoro algebra (see Sec. II).
Furthermore it means that if the graviton field equation is
satisfied the dilaton field equation is automatically satis-
fied. It is then important to establish whether such an
identity is valid to all orders. In the following we shall
show that if the B functions are derivable as gradients of
an effective action [as in (4.13) and (4.14)] then the above
identity is a simple consequence of the diffeomorphism
invariance of the action.

As argued in Refs. 3 and 4 (see also Sec. IV) the string
effective action must have the general structure

S= [dPV/Ge ®L[G,,,V,®] .

This follows from the general form of the string loop
expansion where e2? serves as the coupling constant, and
from the fact that in the normal-coordinate expansion ®
occurs only through its covariant derivatives. Now we
have

3 ’ o T
3Gy Ry + SMVAVRE + VaV,RY —ORy— Y,V R)+ S Ryngr YT+ 9,0, 4 Vot

1 8S _2¢ | OL 1
A Tl 522
L8 _ _ge-ep_yovrle20 8L | (55

VG 50 avid

n=1

From the normal-coordinate expansion we can see that
B,y will not have any terms proportional to G, so that
the vanishing of the 8 functions is equivalent to the equa-
tion of motion only if L ~B¢ and 8L /86G**~B,, with
S Ve ~2%(38%/3V"®)]=0. (The above argument has
also been given in Ref. 7.) Thus we may expect to have to
all orders equations of the form (4.13) and (4.14), with the
B functions being suitably defined by some nonminimal
subtraction prescription as discussed in Sec. IV. Now
under a diffeomorphism 8y*=V* (with V* an arbitrary
vector field). We have 6G,,=2V,V,, and ®=V*V,®
and the invariance of the action

8 58S
0=85= [dP 2VuVV6—G;:+V"V#<D%— (5.3)

gives us from (4.17) and (4.18) and integration by parts
the identity (5.1). It should also be noted that irrespective
of the connection with B functions the equation of motion
for the dilaton is automatically satisfied when the gravi-
ton (and other fields in the effective action not considered
explicitly above) obey their equations of motion.

VI. VERTEX OPERATORS IN BACKGROUND FIELDS

In flat space the S-matrix elements are given by corre-
lation functions of dimension two vertex operators. The
spectrum of string fluctuations in flat space is determined
by these operators. However a realistic string theory must
be formulated in curved space and hence it is necessary to
discuss the construction of vertex operators in a general
background which allows the consistent propagation of
the string. Such vertex operators will determine the mass
spectrum of the compactified theory. The conditions that
these vertex operators have to satisfy (in a background
which has vanishing B functions) have been recently dis-
cussed by Callan and Gan.! They explicitly calculate in
perturbation theory the anomalous dimension operator for
the massless fields, and find that this operator is essential-
ly the variational derivative of the corresponding S func-
tions. Furthermore they conjecture that this relationship
is valid to all orders in o-model perturbation theory and
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for the massive fields as well as for the massless fields. In
the following we give a simple argument proving the va-
lidity of these conjectures.

Let us consider the fully generalized o model, where in

[ d2veg@Vix@l= [d2vg@H,, ..., [x@]V*"

where V*!" ¥ is a function of the derivatives of x and the 2-metric g. For the massless fields G
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addition to the couplings explicitly written down in (2.1),
we allow all possible terms restricted only by world-sheet
reparametrization invariance and D-dimensional general
covariance. Such terms would have the general structure

“rlax (2),g(2)] , 6.1)

v B,",, and @, the

v#17 " #r are, respectively, gP3,x"dpx", €3, x dpx", and VgR'®. For the tachyon, V'~ *" is just unity. For the
first positive (mass)? level we have the following possibilities® for ¥:

H\3000x"3px 70, x Aosx7gPgr® H vt Va0px#3,x Y0sx

H,,,3,3px"3,95x g g "®,
H,’jvaax"apx”g“ﬁR(Z), H”VaaﬁxygaﬁR(Z)’H(R(Z))Z .

As stressed by Callan and Gan® (and also by Tseytlin'’)
one should in general expect mixing with lower dimension
operators having R‘? factors. In fact in terms of o-
model couplings, arguments similar to the ones given for
the dilaton couplings (®V'gR) given in Sec. IV can be
generalized to justify such terms on grounds of renormal-
izability. Of course such (naive) dimension four (and
higher) operators are not superficially renormalizable but
the point is that since we add all possible terms allowed by
the symmetries of the theory (i.e., including R‘® terms in
a curved world sheet) the model is a renormalizable one.

The arguments of Secs. II and III would then apply and
a 3 function may be associated with each vertex V. Thus
the trace formula (2.9) and (3.9) is generalized to

( i)”'l ey

T%=3, meu,»,,(V ")

!

(6.2)

The multiparticle emission vertices corresponding to S-
matrix elements in flat space are given by the correlation
functions

N
S(il, . o ,iN)= f H dzz,-r(g,-’)l/z
r=1
X8V (i) - 8V(iy)), (6.3)
where
sVi=sHY .., vy (6.4)

with 8H being a fluctuation of the field H'. The correla-
tion functions (6.3) can then be written as the variational
derivatives of the fully generalized o model:

. . n_0 '
Sty . yin) =1 fyISH( ) s LH L8] o
i -0

(6.5)

where I' is the 2D effective action for the model and the

Ag aBg 1) ,

H 3 Vo 0px#0,x d5x g Yg®, H,,V,dpx"V,05x g *7g 5

variational derivatives are to be evaluated in a background
which is conformally invariant, i.e., B(H,)=0. The con-

formal invariance of the functions S(iy,...,iy) then
gives us
_85 _ w_8 8
T8 Y 8H" 8 |H=H,
)
— 8H(1) T @
fy:’ 8H' ™% |u=m,
=3 [ep). . (v ") (6.6)
i H=H,
using (6.2). Thus the condition for the conformal invari-

ance of the particle-emission vertices is that the variations
of the B functions around a conformally invariant back-
ground should also be zero. These give a set of equations
of motion for the fluctuations which reduce in the trivial-
ly conformally invariant flat-space background to the usu-
al mass-shell and gauge conditions of conventional string
theory, which have been discussed by Weinberg from the
functional-integral point of view.!® In fact it is easily
checked from the graviton dilaton sector equations
8B°=0,68% =0 that one gets for this case the usual gravi-
ton vertex and the dilaton vertex discussed in Ref. 17.

A question may arise at this point to the consistency of
a nontrivial background in which only the massless modes
condense. Since as we have just seen the background
fields must satisfy an infinite set of coupled equations

,}: uy=0. However it is easily seen that all these B

functions for operators whose (naive) dimension is greater
than two are trivially zero when all massive fields are set
equal to zero. This follows from a power-counting argu-
ment which shows that the diagrams involving only ver-
tices with massless fields (G, ®, and B,,,) do not contri-
bute to the renormalization of operators whose dimension
is greater than two. In other words, the B8 functions for
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the couplings of the massive fields are at least linear in
such fields and hence vanish when the latter are set equal
to zero.

The conditions §8''=0 are equivalent to a weak form
of the standard Virasoro conditions. The easiest way to
see this is to use the fact that in Becchi-Rouet-Stora-
Tyutin (BRST) quantization the condition for conformal
invariance is equivalent to the nilpotency (Qprst>=0) of
the BRST charge.'®

Let us recall that the BRST charge is given by [using
the world-sheet coordinates defined in (2.3)]

OprsT= ¢ dz c(z2)[65(2)+ 165(2)] .

In the above c? is the reparametrization ghost, 67, is the
energy-momentum tensor for x* [see (2.7a)] and &%, is the
ghost energy-momentum tensor. All that we need to use
about the latter is that the ghost system is free so that
under a variation of the fields H' we have

SQBRST= ¢ dz CZ(Z)SB;Z .

Now for a conformally invariant background H =H,
[B({Hy})=0] we have (Q%grsr)*=0 where Q3rsr
= Qprst(Ho). The condition for conformally invariant
vertex functions 88'=0 implies that the ¢ model with
H =H,+6H is also conformally invariant so that

(Qo+807=0
which implies, to leading order in the fluctuations,

{QO’SQ} =0.

As discussed, for instance, in the second paper of Ref. 10
such a condition is equivalent to a weak form of the
Virasoro conditions.

VII. CONCLUSION

There are two major issues which need further discus-
sion. One is the validity of the connection between B
functions and string effective actions (4.13) and (4.14) to
all orders in a’. We have shown that even to second order
in o' it is valid only when finite O(a’) counterterms are
added to the original action. Presumably this persists to
all orders so that the D-dimensional metric G*¥ and other
fields which enter in the string effective action are related
to the couplings of the o model only after the addition of
a series of finite counterterms. There is also the puzzling
question of the relationship of this method of calculating
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the effective action to the direct method proposed by
Fradkin and Tseytlin.® The latter take the o-model effec-
tive action I [Eq. (2.6)] and integrate it over the confor-
mal mode p. However there seems to be no clear prescrip-
tion of how to do this integral and indeed the p depen-
dence of T (unlike in the case of a free theory) is extreme-
ly complicated. In a recent paper'® Tseytlin has proposed
fixing the conformal gauge and dropping the p integral.
However, it is unclear to us whether this leads to a con-
sistent string picture. On the other hand, if as Tseytlin
says?® (quoting a result due to Zamolodchikov) the rela-
tion between B functions and effective actions is more
complicated than (4.13), (4.14), i.e., is of the form

j

where [ H] is the set of background fields and «;; is a non-
degenerate matrix which also has to be computed order by
order in a’, then the simple connection S = f e 2By is
lost. Of course it could be the case that k;; is simply the
differential operator that effects the D-dimensional field
redefinition (addition of finite counterterms) discussed in
Sec. IV to O (a’?).

The other major question is the effect of string loops.
Naively it might be assumed that 8 functions being short
distance effects are unaffected by change of world-sheet
topology. However in a recent very interesting work it
has been shown by Fischler and Susskind®' that small
handles do affect the B function. This may resolve the
question of how the equations of motion from an effective
action, which must certainly contain string loop terms,
remain consistent with the condition for conformal invari-
ance.

Note added. After completing this work I received a
paper prior to publication from Tseytlin?? in which issues
similar to those considered in Secs. III and IV are dis-
cussed.
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