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It is shown that the action principle solves the quantization problem of gauge fields without the
recourse to path integrals, without the use of canonical commutation rules, and without the need of
going to the complicated structure of the Hamiltonian. We obtain the expression for the vacuum-
to-vacuum transition amplitude directly from the action principle in the celebrated Coulomb gauge,
and then finally we write the amplitude in terms of 8 functionals. To study gauge transformations,
we use a variation of the Faddeev-Popov technique which is quite suitable to deal with the nonlinear
transformation character involved with non-Abelian gauge fields.

I. INTRODUCTION

Ever since Faddeev and Popov' introduced their quanti-
zation scheme of gauge fields via Feynman path integrals?
it has remained a challenging problem to me on how the
quantization problem may be solved directly from the
very elegant action principle.> Why the ingenuous break-
through of the quantization problem has occurred via the
path-integral approach rather than through the action
principle is difficult to understand since it is far simpler
to apply the latter, as taking various (functional) differen-
tiations, rather than to deal with complicated (continual)
integrals. Of course path integrals are extremely useful in
many respects and may be formally derived directly from
the action principle (cf. Refs. 4—6). The first time I
learned about the action (dynamical) principle, I was con-
vinced that it should be able to handle any complicated
field-theory models. The papers dealing with the, by now
standard, Faddeev-Popov quantization approach are too
numerous to be given here and fortunately many of the
basic papers have been collected.’

Below we give a direct solution to the quantization
problem from the action principle—no appeal is made to
path integrals, no commutation rules are used, and also we
do not go into the complicated structure® of the Hamiltoni-
an. We work in the celebrated Coulomb gauge, where the
physical components are clear at the outset, to derive the
expression for the vacuum-to-vacuum transition ampli-
tude. Then finally we write the amplitude from the latter
expression in terms of so-called 8 functionals® which is in
the spirit of path integrals. The resulting expression
makes it explicitly evident the gauge constraint and the
gauge-invariant components in the theory and makes it
quite suitable to study gauge transformations. To study
gauge transformations we use a variation of the very use-
ful Faddeev-Popov trick which is quite suitable to deal
with nonlinear transformation properties of non-Abelian
gauge fields. Sections II-IV deal with QED, while Secs.
V—VII deal with Yang-Mills fields including matter. We
urge the reader not to skip over the QED part since the
corresponding analysis given is very general to the extent
that many of the results are carried over to the Yang-
Mills case with minor modifications and makes the paper
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easier to read and is certainly more instructive. Some as-
pects of renormalization, including Becchi-Rouet-Stora
(BRS) transformations,'® and the quantization problem of
the gravitational field will be dealt with in a subsequent
report.

II. ACTION PRINCIPLE AND QED

We choose the following Lagrangian density for QED:

v 1 []0= - .9 -
£ = —F,F* +3 T"lﬁ Y“¢—¢7“7”¢| —mo
+eoly pA* + MY+ + A, T* (2.1)
where
F;w=apAv‘avAp, ’ (2.2)

and 7,7,J# are external (c-number) sources with 7,7 an-
ticommuting. We work initially in the Coulomb gauge by

imposing the constraint
9, A*¥=0, k=123 (2.3)

Equation (2.3) allows us to solve for A3 in terms of
Al A2 (see also Ref. 8):

A3=-3;,"49,4"), i=1,2. 2.4)

With 4% A4', 4% (not 43), and ¥ as dynamical variables,
the equations of motion are readily obtained to be

a#
7’” —i—_e()Ay, +m0 ¢=1’; (25)
_ 3
2k —;‘i+eoA,‘ —mo]=—ﬁ, (2.6)
A F 0= —(eohy’y+JO) , 2.7

3uFH — 837138, F* +eody Y +7°) = —(eoPy'y+J7)
(2.8)

i =1,2. We note that (2.8) is trivially true for i replaced
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by 3.
The canonical momenta are
mA%)=0, 2.9
mA)=r"=3;,"(3'F® - 3°F%) , (2.10)
() =iy’ (2.11)
[m()) =—iy. (2.12)

That is, A%is a dependent field so defined since its canon-
ical momentum vanishes. From (2.10) and (2.7) we may
write (see also Ref. 8)

 akai ko
Fo— gk'_as—a2 + 2 (e +I0),  (2.13)
k=1,2,3; i=1,2, and from the fact that ,F°%

=—02 A°, we have

A%=— %(eoay":/:uf’) . (2.14)
We note that Egs. (2.5) and (2.6) lead to
B PYHY) =i (g —TY) , (2.15)

and the current is conserved in the absence of the external
|

[ (@0, [ @rpan), 100) = [ @xl—irgro—
5J,, %)

= [ (ax)(— —)y,‘(

and from (2.17)

(0, |0_)=exp

. N .5
teof(dx)(~t)73*17—y“(—l)g(—

—
N
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Fermi sources. We may rewrite (2.8) by eliminating the
expression in parentheses on its left-hand side and com-
bining it with the v=0 component in (2.7) as (v=0,1,2,3)

vo __ vk Ok

g

9, F*=— |g (eoWV ¥+J,) .  (2.16)

We note that 9,0,F*"=0 is automatically satisfied for
consistency for all J,. That is J, need not be conserved.
(See also Ref. 8.)

Let (O, |0_) denote the vacuum-to-vacuum transition
amphtude in the prescnce of the external sources 7,7,J".
The action principle reads?

E(m ;o_>=i<o+ | [ @) Py, pan), ‘0_> .1

Now although A4° is a dependent field we may use (see
Ref. 5) in (2.17) the functional differentiation expression:

) - ,
(_l)SJT(y)<O+ | [¥(x)y p(x)] 4 | 0_)

=(0, | [Px)y,h(x")Ao(»)]4 [0_)  (2.18)
since ¥ and ¥ are not dependent fields and the functional
derivative in (2.18) is defined with the independent fields
and their conjugate momenta fixed. Hence

(04 | [Py, (0], |0_)

5
i) (—i) (o 0_), (2.19)
x| SJ( +
(0,]10_) (2.20)

(up to a normalization factor) where (0, |0_), stands for (0, |0O_) with e, set equal to zero. The functional

(0, | 0_)y is determined in the Appendix and is given by

(0, |0_)o=exp

where
dp —vYP+mo i
Splx—x)= ePlx=x"
T f (2m)* pi4my’—ie
(2.22)
DS (x —x")= f?z—%pc (@ledx—x" (2.23)
1
DS (@)= |gam — 20 | 1, (2.24)
q q -—I€
DGi(9)=0=Djo(q) , (2.25)
Do(g)=—— . (2.26)

q

i [ @@ S, (x —xmx) |exp

(2.21)

= [ @)@ DS (x —xx")

Needless to say, (2.19) is well known and we do not claim
originality; the analysis, however, is given to show how an
obvious modification arises when dealing with the Yang-
Mills case studied in Sec. V directly from the action princi-
ple in a simple manner.

III. (0, |0_) FOR QED IN TERMS
OF DELTA FUNCTIONALS

We derive the expression for (0, |0_),, and hence for
(0,]0_) from (2.20), in terms of delta functionals.’
Here we will see the form of the constraint in (2.3) ex-
plicitly in the expression for {0, |0_). To this end we
have from (2.5)—(2.8) with e, in them set equal to zero
and upon taking vacuum expectation values:
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3
y#—i‘—‘~+m0 (—i)—8§_—(0+ |0_)o=7€0,|0_), (3.1
Uj

«—

a
?’“—i’i—mo ]=—7I<O+ 10_)o,

—

)
(04 |0_>o(—l)g‘n‘

(3.2)

Bk F *%0, |0_)o=—J%0,|0_)0, (3.3)
(g"v—3;719%g")0*F,,, (0, | 0_)o

=—(gv—0a;" 193¢V, , (3.4

where
. . o) 3
F,,=—i aygj—;—avgl'; (3.5)
Let
,_ 1 % | .8 8 b
o=~ 2 f(dX) i on &5 on i &y
+m dx)————— (3.6)
o J @0 -
L yp=—7% [ (dx)F, F* (3.7)
with F,, defined in (3.5). We also set
A y=al o1+ g, . (3.8)
Upon using the identities
8 V| ’ . ’
575 x) S | =g8x —x'), (3.9)
d —,n(x’) =06(x —x'), (3.10)
on(x)
5 ., '
,(x") 1 =8(x —x"), (3.11)
67(x)
5 ,m(x) +=0, (3.12)
om(x)
()
) ; 3.13
18 x n(x)} (3.13)
we readily derive the relations
i o,m(x)]=— y"i‘-+m (—1i) 0 (3.14)
0l i 0 877(x) .
[ieo,M(x)]=—i 5 'y"a—"—mo (3.15)
v 8n(x) i ’
[i el 02, Y (x)]=0,F'# . (3.16)
We may then rewrite (3.1)—(3.4) as
{[ieZ01,m(x)]+7m(x)}(0, |0_)y=0, (3.17)
{[ig0pM(x)]+7(x)} €0, |0_)=0, (3.18)
([ 62, J°(x)] +J%x)} (0, | 0_)o=0, (3.19)

{[1. 00, ZVT ()] + 27T (%)} €0, | 0_)o=0, (3.20)
where

Sv=(g"—9,"13ig") . (3.21)

We use the well-known identity (e.g., Ref. 9) if

[4,[4,B]]=0, then

e4Be~4=[A4,B]+B . (3.22)
Using (3.22) in (3.17)—(3.20) we obtain

" Onix)e (0, |0_)o=0 (3.23)
or

n(x)e 90, |0_)g)= (3.24)
and similarly

7itx)e 790, |0_)g)=0 (3.25)

To%x)e (0, [0_)e)=0 (3.26)

ST, 0x0(e T 9(0, [0_)e)=0 (3.27)

Hence (0, | 0_ )¢ is determined from (3.24)—(3.27) to be

(0, |0_)o=expliaZ5)8(JO)8(Z,)8(1)8(7) , (3.28)
where the 8(f) are delta functionals® defined as the prod-
uct of delta functions for each space-time point. A prod-
uct over I is also understood in (3.28). We may write
8(2J,)=8(J'—3;713'7%) and use the elementary identi-
ties

5 _ia"EJS——,; 8(J%) =const X 8(JO)8(Ji—d;~137°) |
(3.29)
VR " * 5 o
) —zakW 8(J%)=const X 8 82 SJ" 8(J9), (3.30)

where the const are independent of the external source J?,
for 0=0,1,2,3, and a product over i and o in (3.29) and
(3.30) is understood.

From (3.28)—(3.30) and (2.20) we may then write the
full (O, |0_) in the convenient and compact form

(0, |0_)=expl(ie')8 8(J9) ,

. 8
-za“——” (3.31)

where .7’ stands for action with A,, ¥, ¥ replaced by
—ib4/8J#, —i8/87, and —i8/8m, respectively, and

(3.32)

This expression is interesting for many reasons. It is writ-
ten in terms of the gauge-invariant part .7’ rather than
the interaction part, and also makes the gauge constraint,
via the 8( —ia#8/8J") term, explicit. Because of the ex-
plicit appearance of the 8( —ia#8/8J#) term in (3.31), the
expression for (0, |0_) in (3.31) is quite suitable to
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study gauge transformations. This is studied in the next where A(x) is an arbitrary function of x, and
section. The corresponding expression to (3.31) for " -
Yang-Mills fields is derived in Sec. VL. ar= gu_ o 8_ @4.5)
El b )y — 2 .
We may then explicitly solve for 8 directly from (4.1) and
IV. GAUGE TRANSFORMATIONS IN QED (4.4) to be
Let A", ¢, and ¢ denote classical fields and consider 0(x)=(a4,—a*4,)—Ax), (4.6)
the gauge transformations expressed in terms of the field 4,. Hence we may write
AM(x)—>AH(x)+3#0(x)=A4"H(x) , 4.1) AP(x)=A"F—F[aA,(x)]+H[T A, (x)+Ax)], 4.7)
¢(x)—+e'e°G(X)¢(x)E¢’(x) R (4.2) and
Fx)—Pxe =g (x) 4.3) Y(x)=exp{ —ieo[ak A, —(@* A, +A)]}'(x), (4.8)
such that J(x)=1$’(x)exp{ie0[a"A;‘—(E“A;‘+A)]} . 4.9
atd4,(x)=ak4,(x)+Ax), (4.4) We use the elementary identity
I
6 3 ) ) -
H,|—ia*—— |H, |(—i)—,(—i)—,(—i)— |8(J9)8(1)8(7})
1 i N7 2 [ NG o7 & n/0\1

, (4.10)
j=0,p=0,5=0

—e™hH, H, 8(j%)8(p)8(p)

ey O
—la“gj—“— +A(x)

N NN -
(—z)Sj”,(—l)aﬁ,(—z)sp

where H[a"#A4,] is a functional of the product a¥4,, and H,[4 wtp,t,—b] is invariant under arbitrary transformations of
the sort given in (4.1)—(4.3), and

) _ . ) )
W= | (dx)5(x) - M—i)—— |[aM—i)—+A —i
A f xnxexp[ ieg |a i 5" at( ”8j"+ ( I)Sﬁ(x)
N . N ~ .6
+ f(dx)(——t)ap(x)exp (zeo a”(—l)—aju - ap(_l)_Sj" +A }n(x)

+ [ (@x)J,(x) : (4.11)

o) b
(—i)——0*a%(—i)—+o*
8ju 8j°

)
a%(—i—+A
a i 8j"+

The identity in (4.10) is easily derived by making a functional Fourier transform of 8(J°)8(7)8(7) in the external sources
J?, 1,7 and by taking into account the linearity of the transformation in (4.1) and (4.7), and by making use of the identi-
ty (4.4).

From (3.31), (4.4), (4.10), and (4.11) we may write

(0, |0_)=e"etierg 8(;)8(p)8(p) : 4.12)

5j*

j?=0,p=0,p=0

where &7’ is written in terms of (—)6/6j*,(—i)8/8p,(—i)8/8p. We note that although different factors on the right-
hand side of (4.12) depend on A, the final expression for (0, |0_) is independent of A. We make use of the identity

J

for n =1,2, ... to simplify (4.12) to the expression

8 8(j)=0

—iﬁ“—s%+A

5
—i@t——4A
J &

(4.13)

»

j9=0,p=0,p=0

(0, |0_)=e™elieg ~fzi#6%+A 8(j°)8(0)8(p)
]

where
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W'= f (dx)7(x)exp( —eoatd/6j*) (——l

=t [ e

) expleqat6/8j*)m(x)

+ [ @0l(ghe—ardn I, N~ 4.14)
J)
Finally we use the identity
5 —i&"‘—sé_; A |87y =e W —ib‘“gﬁ_—; 5(;°) (4.15)
Jj
and the fact that
[i/5,3,/*A]=0, (4.16)
to rewrite (O, | 0_) in the form
(04 ]0_)=eexp [i f £ ]e—ia"iMF[j",ﬁ,p] , (4.17)
jo=0,5=0,p=0
where
FLj°,p,p]=exp(ipS , p)exp éj“D,lj,J (4.18)
qu8v 1
DLi@)= |gu— :2 e (4.19)

and where we have made use of Egs. (A9)—(A15) in the Appendix. Equation (4.19) defines the (free) photon propagator

in the so-called Landau gauge.

Since {0, |0_) is independent of A we may apply to it any functional differential operator of the form

iH|—

U =exp A

where

H[f]]| f=0=0
without changing (0, |0_). Hence
(0, 10_)=U(0, |0_)

=eexp i [ 7 e R )

where we have finally set A=0. In particular for a bilin-
ear form

H[f1=7% [ (do)dx')f OM(x —x")f (x") (4.23)
we have
H[—i3,*1=7 [ (dx)(dx")[—i3,j*(x)]
XM (x —x")[ —idj*(x")], (4.24)

which simply amounts in modifying the photon propaga-
tor in (4.19) to

qpqv
gyv" q2

1
—q.q.M(q),
Jic M

Di(q)= (4.25)

where

(4.20)
(4.21)
, (4.22)
j9=0,p=0,p=0
f
M@= [ (dx)e "M (x), (4.26)
defining generalized covariant gauges.
With the choice in (4.23) we obtain
W . ’ .o —
(0,10 )=e™exp |i [ L7 |Fuli®mp 1oy oo
(4.27)
where
Fy[j°,p,pl=explipS | plexp éj"D;y“] (4.28)

with W given in (4.14).
For a conserved external current 3°J, =0 the last term
in (4.14) simply becomes
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)

(—i)
Y8R (x)

f (dx)J¥(x)

Gauge transformations of Green’s functions, in general,
may be explicitly carried out from (4.27) and this expres-
sion is consistent with earlier deviations!' by different
methods.

The simplicity of the derivation given in (4.27) with
basic components in (4.14) and (4.28) are based on a gauge
transformation (4.1) A#— A% =A'#, such that the identi-
ty in (4.4) holds, is essentially due to the linearity of the
gauge transformation A*— A4 = A'* under the constraint
(4.4) in QED. This linearity property is evident by the ex-
plicit solution in (4.7) and is explicitly used in writing
down the identity of (4.10). The corresponding situation
for non-Abelian gauge theories is much more complicated
due to the nonlinearity of the corresponding expression to
(4.7) in A'*. Accordingly, we quickly rederive (4.27) by
an approach which is a variation of the Faddeev-Popov
trick""!? and generalizes immediately to the non-Abelian
case.

Let F[A°]=a"A, and T% A*)=AM6), where A*(0)

J

e WHI(—118/8jF]g = const X e

j=0

3
—iat—— |8(})
ia Sj"J J

X Ag ™!

Upon writing

(—i)2

— 7 —i&/8K
5 | =217 D8(K)

Ag~!

)

K =0

WB[( -—l')5/8jl‘]8

.8 .
(——1)8j ]8(1)
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is a pgauge transformation of A¥, that is AX(6)
= A" +9"6. We note that (trivially)
6 41
Ac[A%]=det oF ];(;A ) =const . (4.29)
F=0

The importance of introducing this object will become
clear when we study the non-Abelian case in Sec. VII. We
also introduce for an arbitrary functional G[ ] the object

dG[ T A4H)]

Ag[A%]=
clA4%]=det 30

; (4.30)

G =0

and make use of the identity that for an arbitrary func-
tional H[f]:

)

>

H=0
(4.31)
where 6(H) is a solution of H(6)=0. Equation (4.31)

makes the gauge invariance of Ag[47] in (4.30) evident
upon setting K =0. We may write

6K a0

H[(-i)i

—1
la(x)=e"“‘”’de: SH(6) '

.y 8 ., O
—za"—sj—“ Ac (—1)37 Ag

N}
(—-t)aj]

(4.32)

j=0

(4.33)

where Tﬁ: T®[ —i8/8j*], and carrying out the transformation (— i)6/8j*—T LB/ 8K we obtain for the right-hand side

of (4.32), up to a multiplicative factor:

~ i8/8K
8(arT B/ T s (K) | x o |(—D)2 |ag (=02 |8 |G |(—02 | [80) (4.34)
8j j 8j =0
Also
70
a6 U i8/8K _ _ S || -6 aa*T ,
S'G( 1)51_ 8(abT )8(K)=6 |G |( I)Sj e det 36 |anTi=0
_ a8 | -Ke, _yf 8
=8 |G |( I)Sj e Ac [( ')Sj , (4.35)
where 6, is such that a"TZ":O when
G (—i)—st =0.
|
All told we have
L8 BT 0 .8 N
) a”(—t)E,TJS(J")ze ] G[(—-t)g Ag (—1)3;}5(1) (4.36)

j=0



In particular if

G[4¥]=atA4,+A (4.37)
then Ag[ A#]=const, and

a#Teo (——l')—é— =0,

&j*

yields

90=ia“—§~— (4.38)

&j*

and
w0 | iy | ek —arao) g 1(—i) -
JET® |( I)Sj“ =[(g atd?)J, 1 I)Sj“ (4.39)

and coincides with our earlier derivation upon the applica-
tion of the differential operator (4.20) to (4.22).

V. ACTION PRINCIPLE AND YANG-MILLS FIELDS

We consider the following Lagrangian density:

1 a 1 ap —_ - a}‘ —_
L= =3GuG" | |V Y=Yy Y —modd
+8oy AP Y+ MY+ P+ AR, (5.1)
where
G, =0,45—3,4% +gof 4,45, (5.2)

and for generality we have also included a (multicom-
ponent) matter field. A summation over different matter
fields may be also considered. The ¢ are generators of
the underlying Lie algebra, and the £, totally antisym-
metric, are the structure constants satisfying the Jacobi
identity. The Lagrangian density (5.1), without the (exter-
nal) source terms (T7¢+$7]+JZA"“) is invariant under
simultaneous local gauge transformations:

V—UOW=90) ,
I—PpU = (0)=9(0) , (5.3)

A*— U0)A*UY(9)

——[3,U(ONU(0)=4H9),
8o

where U (8)=expligo8°t®), [t°,t°]1=if*t¢, A# =14},
We work in the Coulomb gauge by imposing the con-
straint

A =0, k=1,2,3 (5.4)
and we may write®
A%%=_3,7"19;4%), i=1,2. (5.5)

With A4%A4',42 and ¢ as dynamical variables, the
equations of motion and the canonical momenta are®
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a#
v* | —8ody | +mo |¥=7, (5.6
_ 3
o |r* T“—}—goAu —my |=—7, (5.7
VEGE = —goly 'ty —J" , (5.8)

VEGE 03,7V + g0ty 1% +T7%)
=—gody'ty—J® i=12, (59)

where
V= (8%8,+g0f*PA5) , (5.10
m(4%) =0, (5.11)
mA®)=7"=09,"13'G"*—-33G%), i=1,2, (5.12)
() =iy, (5.13)
()] =—iy, (5.14)

and A% is a dependent field. From (5.12) and (5.8) one
may write®

GO’“’:-— ‘gki_ a_alfaz‘ lﬂm“"ak\ya ,

k=123;i=12, (5.195)

where

. k i . —
V;bak\yb___gcfabcAlg gkl_ agaz ”nc+g0¢yota¢+J0a

or

W=D | T +goPr tY+gof AL

. k i .
gkl_ 99 ]ﬂ-‘e] ’

5 2
(5.16)
where!>8
V3kDb(x,p) =8(x —y)8% . (5.17)

By eliminating the expression in parentheses on the
left-hand side of (5.9) and combining it with the v=0
component (5.8) we may also write®

VEGE = —(g776% — g %3, D™V, go Py 1 Y+JS)

(5.18)
consistent® ' with the identity vs“v;”G:"=o for all J¢.
Let (0, |0_) denote the vacuum-to-vacuum transition
amplitude in the presence of the external sources. The ac-
tion principle® reads

5%<0+|0_>:if(dx)(o+|1?<x);o_),
where
[ (ax)(0, |E(x)]0_)
= —1 [ dx)f (0, | (4*4*GS,), |0_)
+ [ @x){0, [Py, a¥ty), |0_) . (5.20)

(5.19)
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We write Ar0c<(AkbG;:0)+)___((AOCAkbGI?O)+)
1 prabc b 4vera abc 4 kb 40ca
— 5 fOARAYG = — A ATG
—1reqkqmeGe  (5.21) 8J¢ .
— Oc 4 kba
where k,m =1,2,3. We denote (—i)6/8J*° by A4/, =((A4%A"Go) 1)
(—i)8/8% by ¢, (—=i8/6n by ¢’, and
(0, |B|0_)Y=(B). Then _l_( oD G > 520
8J§ +

kb 4 mc~a rkb g1 mceyra

((APAT Gl ) 1 ) = A" A ™G (0, [0_) . (5.22) The functional derivative on the right-hand side of (5.24)

On the other hand, quite generally is carried out by keeping the independent fields Am,lll,(l,llt)
[note A% may be completely expressed in terms of

3;A”—see (5.5] and their conjugate momenta fixed.

A'%((AGEy), )~ (474G ) . (5.23)  Equation (5.24) is derived® by an elementary application

of a completeness relation followed by a repeated applica-
tion of the action principle (see also Ref. 9). That is in a

. . t a t 1
This is due to the fact that Gio depends on the time matrix notation, we have, directly from (5.15)—(5.17),

derivative dpA4) and also on the dependent field Aj. The
rule for carrying out the functional differentiation on the )
left-hand side of (5.23) is very simple and the rule was 8J§
completely worked out® over 20 years ago, and gives an

extra term on the right-hand side of (5.23) from the  Also
dependence of Gj on ¥° as given through (5.15)—(5.17),

Gfo=—03,D% . (5.25)

kb~a __ grkbra’
with the latter in turn depending explicitly on the v=0 ((4%Gko) 4 ) =4"7Gio(0,[0-) , (5.26)
component of the external current J**: since G§, does not explicitly depend on J**. Finally
I
[ (@x(@yaaray) )= [ (dog 'y, ey 0, [0_) . (5.27)
All told we have, from (5.20)—(5.27),
3—2;<°+ 10_)y=i { [ (@0 x)—i ff“"‘A,;bakD'”"](O+ 10_) . (5.28)

Upon integration over g, we have

(0, 10_)=exp |i [ (dx).L7(x)+Trln (0,]0_) (5.29)

ab acb_l__ ek
8 +gof ngka

(up to a normalization factor) and .’} is the interaction Lagrangian density without the external source terms, that is

2
f’,: _jgzifabcArpbA:ch;‘av___gj_fabcA'pbArVCfadeA;ldA;e+golz',yﬂAfyata¢r . (5.30)

(0, |0_) is the (free) vacuum-to-vacuum transition amplitude in the presence of the external sources (see the Appen-
dix), that is

(0,4 |0_)o=exp(inS . n)exp , (5.31)

i Cab yvb
SI4D

where D$b=8“bwa with fov given in (2.23)—(2.26). The Faddeev-Popov factor has been obtained, from the action
principle, in (5.29) without great effort.

VI. {0, |0_) FOR YANG-MILLS FIELDS IN TERMS OF DELTA FUNCTIONALS

Directly from (5.29), (5.31), and (3.28)—(3.30), we may write the full (O, | 0_) for the Yang-Mills case in terms of del-
ta functionals:
]a

(04 |0_)=exp(ia/")exp | Trin Skc o*

&J

8-+ go/ ™ (=)

—iah 2 ]5(1“) : 6.1
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where a* is defined in (3.32). Here &’ stands for the full action without the external source terms, with 4, replaced by

(—i)8/8J#9, ¢ replaced by (—i)8/87, and ¥ replaced by (—i)8/8n. The Faddeev-Popov factor and the gauge con-
straint are explicit in (6.1). The &’ term is gauge invariant.

VII. GAUGE TRANSFORMATIONS FOR YANG-MILLS FIELDS

We follow the method applied to QED as given through (4.29)—(4.36) as a variation of the Faddeev-Popov tech-
nique!? and is quite suitable since it avoids the problem of nonlinear transformations 4 p— A, in non-Abelian gauge
theories as opposed to the QED case in (4.4).

Let F[Az]——-a“Az and set Tﬁ[A“]:A,,(G), where A4,,(6) is defined in (5.3). We note the validity of the following
important equality:

8
OF | TS |(—i)
5 | —iah 2 |exp | Trin |8%+gofoeb(—i)—2—am | [8(9)=8 | —iak—0— |det il 8(J°)
I+ o Nz 8J* 36, 60
8
OF | TS |(—i)
. 5 H ! 8§J9¢ ,
=8 | —ia*— |det 8(J9),
6J# 96, F=0

(7.1

where in writing the last equality we have made use of the fact that the presence of the 8( —ia®8/8J*) factor singles out
the solution 6=0 for

6 )
akTy |(—i) N =0.
We set
Acl AP =det |2 F[ T8 4°0] (7.2)
a6, Feo
and quite generally define for an arbitrary functional G [AZ ]:
Ag[A**]=det —a—G[T,‘i[A“]] (7.3)
a6, G =0
As in (4.31) we make use of the identity that for an arbitrary functional H [ f¢]
8 |H |(—i) 8K =e K% gey | SHLE] . (7.4
8K* a6, H=0

The gauge invariance of Ac[4#°] and Ag[ A#°] are evident from (7.4) upon setting K?=0 in the latter. We may then re-
peat the analysis given through (4.32)—(4.36) to write

. % . -oa
5| —iat s 8(Joe) = ETW =00 1 (—nwﬁw Ag (—i)ajib 8(j°°) (7.5)
jo¢=0
In particular if
G[AM]=a*4) + A (7.6)

then 8(G[(—i)8/6j#])=6(—ia*8/8j**+A®), and A%x) is an arbitrary function of x, with @¥=3*/0,
a"Tuo[( —1)8/8j#°]1=0. From (7.3) we also have, in a standard manner,

8 5 5
8_]’“’ Sj,uc

§|—ia* +A®b

Ag [(—1) +Ab

—iakt

Trin

exp o (7.7)

5ab+gof“b—é‘( —i)

) jub s ij
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We may work out 6y as a Taylor-series expansion in 6, 8 8
(—0)8/8jHa: T, —lﬁj"“ = —IS_j"T+laﬂaUSjaa
T [(—i) 5 =(—1i) -i-g()f"”cﬁl’(---i)L ) ?
H ajaa Sj;m Sjp.c +0 8—_] , (7.11)
+9,6°+0(6%) , (7.8)  and
abTO (=)= | = —ian—8 4 g robeargh(—i—> T2 |~ =S | = (74— (aHB 7 )(—i) =
# 8jo¢ 8jHa 8jHe 8j e
2
+60 - (7.9) +J#40 i ] ] . (7.12)
8j
or
5 2
Ot =ia* 5 +0 I ] , (7.10) By making use in the process of the gauge invariance
8j ] property of .« we may then write as in (4.13)
|
(04 ]0_)=ee"exp [Trin 8“b+gof“"l(—t> {_5 | |6 |—iat +A% (0, ]0_) , (7.13)
O §jHe Y + o 0n
j°=0,p=0,p=0
where
2
) ) N
W'= | (dx)7(x)exp {t® | —goa*—= +0 | | = (—i)
J (@xmixexp 8o jub 8j ]H 8p(x)
2
., b b ) K
+ f (dx)(—1i) 5p(x) exp ‘t goat 57 +0 [ laj ]n(x)
2
)
Ba(x) _[gHd Job —i reQ | | — , .14
+ [ (dx) | {I#9x) — [a#3,J ") ]} ( sy 5 H (7.14)

and <7’ is written in terms of A*—(—i)8/8j*°, Y—(—i)8/8p, v—(—i)8/8p. Making use of the identity (4.15), and
the relation (4.16), and using the fact that {0, |0_) in (7.13) is independent of A, we have upon applying any functional
differential operator of the form in (4.20) to it, and in particular the bilinear expression in (4.23):

L iW . ' b b.l_. . ) . —
(0, |0_)=eexp [z f L ]exp Trln [8% 4gof% D(—z)aj“ca" Fyl[j*,p,p]l [9820,5=0,p=0 ° (7.15)
T
where and
i ._ [ . YOYA*— 7 {[Y0,9],4%]
Fy[j*,p,p]=explipS , plexp é]“"D,‘i’LMJ”” (7.16) YO =2 YO, 9].4%]
where {4,B}=AB + BA.
with
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Even more general gauge transformations may be con-
sidered by considering more complicated structures for .
H[5/5A] in (4.20). APPENDIX: NOTE ON (0, |0_),

Note added in proof. A symmetrization over the prod- The functional differential equations of the functional
uct of the fields in the Lagrangian densities (2.1) and (5.1) (0, | 0_)o are given in (3.1)—(3.4). Equation (3.4) may be
(and the field equations) is understood as symmetric aver- rewritten in the form in (2.16) as
age limits of time-ordered products at the same space- .
time point, consistent with the action principle. That is, + pka — ko 3%d7 | .4
in particular: 8 F'H (0, |0_)o=~ |8 52 J2(0,[0_)0,

1301/’**%[120’1#]5%[@malﬁa-%@oh] (A1)
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where we have also introduced the index a to deal with
the Yang-Mills case. Equation (3.3) together with (A1)
then gives

)

3 H—i)==(0,|0_)=—(0,|0_)J%, (A2)
8J8
. be) akao Oa
D(—I)E'J'E<0+|O_)O=— _a,ZJ <O+!0_)0
e 0% | 4
- 1gk - —a->2 JU(0+|0—>0‘

(A3)

These together with Eqgs. (3.1) and (3.2) may be integrated
to give

(0, |0_)o=exp(inS_ 1) +exp

é.JﬂaDg:vab 1 , (A4)

where
—Yp+myg
S,p)l=—F"—7—, (AS)
+P pl+myi—ie
Db =8"Dg, , (A6)
1
D&(q)z_? DGi(9)=0=Di%(q) , (A7)
e 1
Dn(g)= |gkm———o~ | 5— - (A8)
q q°—ie
Finally we consider the following functional:
Z[T]=expli )8 aﬂ(—ng%; 5J°) (A9)

where &7, is defined in (3.7). We use the identity

.8 v _
5{3”("’5;7 8(J9)=const X 8(J* -9, 13%J3) ,

A=0,1,2, (A10)

to write the functional differential equation for Z [J]:
oA ;-1 Tz 1] =0 . (A11)

Using the equality in (3.16), we may rewrite (A11) as

ga3 A g03 A
g ¥z = (e £ |1,z
3
(A12)
By using the fact that
)
M —i)—Z[J]=0,
SJ-
we obtain, from (A12),
) w_ 0%

—_ =— — Al3
mt z)&’vZ[J] [3 0 JuZJ], (A13)
whose solution is

j a,d 1
_ i v _ver |1  gqm
Z[J]=exp ZfJ g5 | o=’ (A14)
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