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The evolution of a system of cosmic strings is studied following an analytic model introduced by
Kibble and developed in a previous paper. The properties of a scaling solution tn the radiation-
dominated era are studied in detail, and it is shown that the conclusions of the previous paper are
not sensitive to changes in the model for loop fragmentation. The scaling solution is also compared
with the numerical results of Albrecht and Turok. A crude attempt is also made to mimic transient
effects in the simulations, and the implications of these transients are discussed. The bound on the
string tension due to primordial nucleosynthesis is discussed in some detail. The bound at present is

Gp &4X10 . The evolution of a string system is also studied in the matter-dominated era and in
the transition between radiation and matter domination. The results are summarized in a pair of
analytic fits that describe the evolution of the string system through the transition.

I. INTRODUCTION

In a previous paper' {I},I presented an analytic treat-
ment of the cosmological evolution of cosmic strings
based on a formalism introduced by Kibble. z The fate of
a system of cosmic strings depends on a complicated
energy-loss mechanism that is presumed to allow the ener-

gy density in strings to scale like that of radiation. If
there are no interactions between strings, then it is well
known3' that the strings will rapidly come to dominate
during the radiation-dominated era. Small closed loops of
string are harmless because they will oscillate and eventu-
ally decay away through gravitational radiation. The dif-
ficulty arises because when strings are formed the majori-
ty of the strings are in the form of infinite strings which
cannot radiate away. If we include interactions which al-
low strings to change partners when they cross, however,
then the infinite strings can lose energy by the production
of loops which radiate away. It is generally assumed that,
through the production of loops, the infinite strings will
lose enough energy so that their density scales as 1/t just
like the matter that dominates the Universe. (Of course,
the density in strings much be much smaller than the
matter density. } Kibblez has shown that such a scaling
solution can appear naturally as a stable fixed point of his
string evolution equations. He has also shown that it is
possible that such a scaling solution does not exist. In this
case the energy density of the strings will come to dom-
inate the Universe at a very early time. This would rule
out the cosmic string theory of galaxy formation which
currently appears to be quite promising.

The success of this scenario depends critically on the
probability that, once formed, a loop will survive for a
very long time without reconnecting to a long string.
This is necessary because the gravitational radiation rate
is very slow. In I, I showed that this requires that the
"parent" loops which break off from the network of long
strings must fragment into a large number of "child
loops. " The fragmentation of the parent loops is impor-
tant because large loops have a high probability to recon-

neet to the long strings. %'hether the loop production rate
and the fragmentation probability are large enough to al-
low a scaling solution can only be answered by numerical
simulations of the detailed dynamics of strings. Prelimi-
nary indications from the simulation by Albrecht and
Turok' are that a scaling solution does exist. The fact
that they also observe a high fragmentation probability
lends credence to their result. However, these simulations
have a fairly small dynamic range so the results will have
to be confirmed if we are to have confidence that they are
correct. The implications of the possibility that strings
will come to dominate has been investigated by Kibble, '

but throughout most of this paper, I will assume that a
scaling solution exists so that the strings will never dom-
inate.

In this paper, the analysis presented in I will be extend-
ed in several ways. In Sec. II, I briefiy review the formal-
ism developed in Ref. 2 and in I, and I present a method
for numerical evolution of the string evolution equations.
The third section is devoted to the study of the scaling
solution in the radiation-dominated era. A simplified
model of cosmic string evolution is used to point out an
apparent inconsistency in the published numerical results
of Albrecht and Turok. Their value for the number densi-
ty of loops is shown to be inconsistent with the standard
picture that loop production is the primary energy-loss
mechanism for the long strings unless the typical child-
loop size is very much smaller than that quoted from the
numerical simulations. ' lt is suggested that this may be
the result of deficiencies in their simulations, but several
alternative explanations are explored.

In Secs. IIIB and IIIC the properties of the scaling
solution in a radiation-dominated universe are studied as
the various unknown parameters of the model are varied.
A different inodel for the fragmentation of loops is also
introduced and examined. Particular attention is paid to
the dependence of the density of loops on these parame-
ters because of the discrepancy mentioned above and be-
cause the bound on the string tension p from primordial
nucleosynthesis depends sensitively on this number. The
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results of this investigation are summarized in analytic
fits that give the number density of loops as a function of
the density of long strings at the scaling solution, the loop
reconno:tion suppression factor 5, and the probabihty of
self-interaction psi. (In the case of the second loop pro-
duction function, psi is replaced by the number of child
loops, &, ).

One of the major results of I was a bound on the string
tension p, obtained by limiting the density of gravitational
radiation emitted by the loops to be consistent with the re-
strictions placed by the successful primordial nucleosyn-
thesis scenario. The energy density of the gravitational
radiation emitted by the strings is larger than the energy
density of the strings by a large logarithmic factor. The
total energy density in gravitational radiation behaves
gravitationally just as any other relativistic particle species
so its density is limited to be less than 17% of the density
of the known electrons, photons, and neutrinos at the time
of nucleosynthesis. '6 Unfortunately, in I, I misquoted this
number to be 8%. (This same mistake also appears in
Refs. 17 and 18.) Since the gravitational radiation density
is proportional to v'Gp„ the correct bound is a factor of 4
weaker than the bound given in I. The correct bound, as
given in the Erratum to I, is Gp, &4X10 . (G is
Newton's constant. ) In this paper, the derivation of this
bound is discussed in somewhat more detail than in I.
The analytic fits for the loop density are used to give the
bound on Gp as a function of the density of long strings 5
and psi. Changes in the bound due to different assump-
tions about particle physics and the underlying field
theory of the strings are also discussed. It is also pointed
out that this bound conflicts with recent claims' 0 that
gravitational lenses with a separation of several arc
minutes are a predicted consequence of cosmic strings.

Section IV deals with the approach to the scaling solu-
tion from an initial condition similar to that used in the
numerical simulations. The evolution equations are in-
tegrated numerically starting with an initial condition de-
void of small loops in an attempt to mimic the approach
to the scaling solution seen in the numerical simulations.
It is shown that the string system approaches the scaling
solution only fairly slowly, and it is argued that this may
be a contributing factor to the anomalously low value for
the density of loops reported by Albrecht and Turok. In
fact, it is noticed that for a non-negligible range of param-
eters, it is possible that the string system seems to ap-
proach a fictitious "scaling solution" on short time scales.
Then, after a time much longer than the numerical simu-
lations can run, the density in strings slowly begins to
overtake that of radiation. This can occur when the rate
of loop production is sufficient for a scaling solution
when loop reconnection is neglected. Only after a large
number of loops have been produced does loop reconnec-
tion become important, but when this occurs it interferes
with loop production to such an extent that a scaling solu-
tion cannot be maintained. In order to rule out this un-

pleasant scenario it is necessary to obtain more detailed
results from the numerical simulations.

The evolution of strings in the matter-dominated
universe is studied in Sec. V. First, it is shown that the
scaling solution in the matter-dominated era has several

differences from the solution in the radiation era. In the
matter era, very little loop production is needed to prevent
the strings from coming to dominate. Since we know that
loop production must be copious in the radiation era, it is
expected that energy loss from loop production will also
be an effective energy-loss process in the matter era. This
means that there must be a great deal of string stretching
to balance the energy loss to loop production. This in
turn implies that the density in long strings will be a sub-
stantially smaller fraction of the total energy density in
the matter era than in the radiation era. Unfortunately,
the prediction of the actual number density of the long
strings depends on the behavior of the long strings when
their curvature is close to the horizon size, so we will
probably have to wait for numerical simulations in the
matter-dominated era to obtain this number. Once it is
obtained, however, it may not be very difficult to describe
the behavior of strings during the transition from the ra-
diation era to the matter era. This is the main result of
Sec. V B in which the evolution equations are numerically
integrated through the transition. It turns out that even
though the transition takes much too long for a numerical
simulation to follow it, the characteristics of the transi-
tion seem to be well described in terms of parameters that
can be determined by the study of the scaling solutions in
both the matter and radiation eras.

II. THE STRING EVOLUTION EQUATIONS

In this section I review the formalism used to study the
evolution of cosmic strings in I, and I present a numerical
method for solving these equations with arbitrary initial
conditions and with a scale factor R(t) that is an arbi-
trary function of time.

A. Review

This formalism treats the production and reabsorption
of closed string loops by a system of infinite (or long)
strings. It is crucial to understand these processes because
they control the fate of the string system. It is easy to
show using simple dimensional arguments that we can al-
ways expect loop production to be efficient enough if we
can neglect the reabsorption of loops by infinite strings.
This is because we have a free parameter that controls the
rate of loop production. The loop production rate is con-
trolled by the ratio of the scale length of the system of in-
finite strings to the horizon size. By setting this ratio to
be sufficiently small, we can increase the rate of loop pro-
duction (with respect to the expansion rate) until it is suf-
ficient for the existence of a scaling solution. Once we al-
low for loop reconnection, however, this argument no
longer holds. Now, if we set the scale length of the string
system to be much smaller than the horizon, the reconnec-
tion rate will also become very large. Thus, in this limit
we expect the system of loops and infinite strings to reach
a state resembling equilibrium with little or no net energy
transfer between loops and infinite strings. Therefore, it
is important to consider the reconnection process in detail.

In this formalism, the system of strings is divided into
two classes: (1) long strings which include infinite strings
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p, V

I 2 (2.1)

This equation defines the scale length of the long string L
which is roughly the average distance between strings.
Without interactions, the equation for the time derivative
of E in an expanding universe is'

E E—(1—2(uz)),
E.

(2.2)

where R is the scale factor, and (uz) is given by

(2.3)

From (2.2) and (2.3) we can see how the energy density of
the long strings will scale in several limiting cases. If the
strings are moving at very small velocities, Eq. (2.2) tells
us that the density in strings scales as p, —1/R as we
might expect. If the strings move at the speed of light, we
see that p, -1/R just as ordinary relativistic matter. Fi-
nally, if the scale length of the strings (L) is much smaller
than the horizon, then it can be shown that (u ) =—,'.
So, in this case the density of strings scales as p, —1/R
as nonrelativistic matter. Turok and Bhattacharjee have
shown that, with no interactions, —, is the maximum pos-
sible value for (u ) so that the density of a noninteracting
system of strings must scale like p, —1/R " where
2&n &3.

A realistic treatment of string evolution must include
the interactions between the strings. In order to describe
these interactions, we must know the probabihty that two
segments of string will intercommute (change partners)
when they cross. In general, this will depend on the angle
and the relative velocity of the crossing, but we will take
the intercommuting probability (p) to be a constant. The
question of the intercommuting probability for the
simpler case of global strings has been studied in Shel-
lardz' and he has found that the strings will intercommute
in almost all cases. Therefore, I will usually take p to be
l. If the correct value for p is not 1, then the correct scal-
ing solution can be obtained by rescaling y such that p/y
remains flixed.

The size of a loop will be denoted by x = l/L where l is
the proper radius of the loop. (This means that its energy
is 2np, l. The real radius of a loop is always smaller than
l. ) The number density of loops with proper radii be-
tween l and l +dl is to be given by

n(l)dl = f ——1 E l dl
2m p/ V I. I. (2.4)

so that the energy density in loops of size x to x +dx is

f(x)dx . —E
V

(2.5)

and loops with a radius much larger than the average
separation between the strings, and (2) loops. The energy
of the long strings in a comoving volume V is given by

f(t,x) =—[xa (x) x5f (t,x))—+ f(x),Ld E pu l
E dt L ' L ' xL

(2.6)

—=—(1—2(u ))+ Jx[5f(t,z) a(x)]dx-,E R I (2.7)

where u is an average velocity defined by

V=m(max(ui, uz)(l —u, )'~ (1—uz )' ) . (2.8)

v i and vz are the velocities of colliding segments.
Equation (2.7) describes the long strings. It is obtained

by adding interaction terms to (2.2). The integral on the
right-hand side of (2.7) describes the energy gain from
loops and the energy loss from the long strings through
loop production. Loop production is described by the
loop production function, a (x), which will be discussed in

detail below. Equation (2.6) describes the loops. The l
term in (2.6) is included to account for loop decay by
gravitational radiation. ' I will set

I = —106@, (2.9)

consistent with the results of Refs. 22 and 23. I have as-
sumed that the loops under consideration are small
enough so that (u~~~ )= —,', and the stretching of the
loops can be neglected. Loops that are large enough so
that this is not true should be included as long strings.

If we set R =Rot and I. =yt where Ro and y are
constants, then we can attempt to find a scaling solution.
Equation (2.6) becomes

.Note that in general f(x) can have explicit time depen-
dence, but at a scaling solution it will be time indepen-
dent.

The most straightforward assumption to make in order
to determine the interaction rate between strings is to treat
the strings as a gas of uncorrelated string segments. This
may not be too bad for the long strings, but it would
clearly overestimate the probability that a loop will recon-
nect to a long string for the following reasons. For in-
stance, when a long string collides with a small loop, it
seems likely to collide with the loop at two points. This
would mean that the loop is initially absorbed by the long
string, but a second loop of roughly half the size of the
first would be produced by the second intercommutation.
Also, a loop has a smaller cross section for a collision
then an uncorrelated segment of the same length. These
effects will be accounted for by including a factor 5 g 1 in
front of the loop reconnection term in the evolution equa-
tions. We can expect each of the effects mentioned above
to suppress reconnection by at most a factor of —,

' so we
can expect that 5 &0.25. Perhaps 5=0.5 is about right.

If we treat the systems of loops and long strings as un-
correlated segments (with the one correction for loop
reconnection), then the string evolution equations can be
derived: '
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pv5 f ( )
o(x)

y 5
x + f'(x)106@

y

+3(l —N)f(x) — f(x) .106@
px

f (x)= I dy a (y)ei'"@"
Z X +E'

'
3—3X+pu~/y

(2.11)

The solution of (2.10) is

(2.10) where a=106p jy. Substituting this into the long string
equation, (2.7), we obtain

0=@(1+(v2})—1+ ~ I dy~(y) y — I dxe~"@'
2y 0 y 0 X+e X+@

~ L

(2.12)

which is a constraint equation.
Equation (2.12) can be used to find a scaling solution

with the following procedure. First, we must input (v }
and v as functions of y. (In I it was argued that for p =1,
L should be the scale of curvature of the long strings as
well as their mean separation. This implies that the veloc-
ities should be functions of y. } Next, we must insert a
loop production function a (x}into (2.12) and adjust y un-
til (2.12} is satisfied. Kibble has shown that in the
radiation-dominated era (2.12) will be satisfied by either
no value of y or by two values. In the former case, of
course, no scaling solution exists while in the second case
only the larger value of y which satisfies (2.12) corre-
sponds to a stable solution. If the initial value of y is less
than the lowest value which satisfies (2.12), then the sys-
tem will evolve away from the scaling solution toward

y =0. If the initial value is greater than the unstable solu-
tion of (2.12), then y will approach the stable solution.

A somewhat different approach is probably better for
finding scaling solutions given our limited knowledge of
the loop production function. It is fairly easy to obtain an
estimate for y from the results of numerical simulations,
but it is more difficult to compute the loop production
function without a very careful analysis of the numerical
results. Therefore, if we assume that a scaHng solution
does exist, it is more reasonable to fix y to a value that
seems to be consistent with the simulations and then com-
pute the loop production normalization constant from the
constraint equation, (2.12). This is the approach that is
used in Sec, III.

d E 8 Ef (t,x) =——f(t,x)—
dt L dr L

xEL
L 2

(2.13)

I

sition between the radiation-dominated era and the
matter-dominated era we would expect that the string sys-
tem will transform from a radiation-era scaling solution
to a matter-era scaling solution. However, there is no
reason to expect that the strings will respond quickly to
the change in the expansion law, so we must allow for
departures from the scaling solution in the early part of
the matter-dominated era. This period is, of course, the
most important time as far as galaxy and cluster forma-
tion is concerned, so it is important that it be understood.

Another application of the method developed in this
section will be a test of the numerical simulations. Be-
cause we will be able to evolve (2.6) and (2.7) for an arbi-
trarily long time, we will be able to test the numerical
simulations by starting with initial conditions similar to
theirs and follow the string evolution for a long time.
This will enable us to see whether the string system can
really evolve to a scaling solution in the time available in
the numerical simulations.

The main point of this numerical method is simply to
note that the scale of the long string system (L) is a much
more natural time than t. On the left-hand side of (2.6}
there will appear a term proportional to

B. Solution of the evolution equations
with arbitrary initial conditions

In addition to the scaling solution, it is of interest to
study the solution of (2.6) and (2.7) under conditions when
a scaling solution would not apply. In the period of tran-

where we have neglected the l term due to gravitational
radiation because it only has a significant effect for very
small loops (which only have a negligible effect on the
evolution of the long strings). If I discretize L and x such
that L;+i/L; =x~+ilxj (for all i and j), then the total
time derivative in (2.13) can be approximated by

d Ef(t,x)—
dt I.

E;+iL;+i 'f (t;+i,x/) EL; 'f (t;,xj+i—)
ht (2.14)

This formula treats the x dependence in Eq. (2.13) exactly. Using (2.14) for the time derivative of ( E/L)f(t,x), (2.6) be-
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'3
I;+iE,;f(tr+ i.xj i)-=

i i+1
f(t;,x;)+ht x&[a(x, ) 5—f(t;,xj)]J J (2.15)

ht =t;+, t;—is an unknown in (2.15), and it must be found from the discrete analog to (2.7}which is

+At fx[5f(t;,x) a(—x)]dx .
EI- I.;+] jf (2.16}

Since the relationship between R and t is given by an ex-
act solution to Einstein s equations, (2.16) involves only a
single unknown, ht Alt. hough (2.16) cannot be inverted
to solve for ht directly, an arbitrarily accurate approxi-
mate solution may be found by an iterative procaiure.
This allows us to find t as a function of I. which can then
be inserted into (2.15}to find f(x).

III. PROPERTIES OF THE SCALING
SOLUTION IN THE RADIATION-DOMINATED BRA

In this section some of the properties of the scaling
solution (2.11) will be explored. In I it was noted that, for
many choices of parameters, the condition (2.12} cannot
be satisfied and no sealing solution exists. Although
a priori there is no compelling reason to assume that na-
ture will have chosen the parameters so that a scaling
solution does exist, I will assume that this is the case.
There are two reasons for this: First, this seems to be the
most interesting case (modulo Ref. 15), and second, a scal-
ing solution setmns to be indicated by the numerical simu-
lations of Albro:ht and Turok. '" In Sec. IIIA, I use a
simplified model for string evolution to check some of the
numerical results that have been quoted from the numeri-
cal results of Albrecht and Turok. Stations IIIB and
III C are devoted to studying the properties of the scaling
solution as the various parameters of the model are varied.
In Sec. IIID, I study the primordial nucleosynthesis
bound on Gp in some detail, and I show how it varies as a
function of the parameters.

pLS ——A, A =2.5+0.5, (3.1)

which is the value quoted by Albrecht and Turok in Ref.
14. In Ref. 12, the number density of loops is given as

' 3/2

n (l)dl =
2m

vdl
t3/2Is/2 '

A. Checking the numerical simulations

In this section I show that there is an apparent
discrepancy between some of the published results of the
numerical simulations and the analytic results presented
here. Although this discrepancy can be seen from (2.11)
and (2.12), the root of the problem is very simple, and it is
more transparent to examine it in a simple model without
the complexities of loop reconnection. Later, I will show
that including the effects of reconnection generally tends
to increase the discrepancy. I wi11 assume that the density
1n long strIngs 1s

with v=0.01. The factor of (p/2n)i~i in (3.2) comes
about because I have measured the loop size with the
proper radius l rather than the ordinary radius used in the
simulations. The energy of a loop of radius r is denoted
in Ref. 12 as Pr with P=9. Thus, the relationship be-
tween l and r is 2m 1 =Pr

Now if there were no loop production, the energy densi-

ty of the long strings would scale like nonrelativistic
matter. Therefore, for a scaling solution we must have

8 . 8
PLS 3 PLS Ply 4 PLS ~ (3.3)

where pI& represents the energy loss through 1oop produc-
tion. Now we must take some model for the formation of
loops. According to Ref. 12, the typical radius of the
child loops is 0.2t. Let us model loop production by as-
suming that in the time interval t to t +dt the only (child)
loops formed have radii between t jni and (t+dt)jn&
[where, following Ref. 12, we should expect that
nt=5(2m /P)=3. 5]. The reconnection of loops to long
strings will be ignored.

This assumption allows us to make a simple connection
between Eqs. (3.3) and (3.2) which will allow us to relate v
and nt Inserting .expression (3.1) into (3.3), we obtain

Amdt =6fp(p (3.4)

' 3/2
1 9

—
10.Sn, '" l3

(3.6)

where we have used A &2. So, we must take nh &90 to
obtain v=0.01, while nI ——3.5 corresponds to v&0.05
which is consistent with values obtained from the more
sophisticated model described by (2.11}and (2.12). Clear-
ly, there is a significant discrepancy here. It should be
emphasized that the source of this discrepancy is not that
I have claimed that v& 0.1 as is stated in Ref. 18. I make
the claim that v&0.03(9/P)' which is consistent with
nh & 10.

The reader may wonder if it is possible that this
discrepancy will disappear if some of the simplifying as-
sumptions used above are dropped. Perhaps by including
loop reconnection or using a different spectrum for the

But dptz 2nripn(l)dl ——for loops of size t/nt since no
loops of this size existed before time t. Substituting
l =t jnt, we obtain

P nt' ddtp, t I
(3.5)

2t' v 2trt'

of
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child loops, a lower value for v could be obtained. This
seems unlikely because loop reconnection tends to make
the energy-loss process less efficient and result in a larger
density of loops. Also, if we let the child loops have dif-
ferent sizes, the tendency is also to increase the value of v.
These questions will be studied further in Sec. III C where
the properties of the scaling solution will be investigated
in detail.

Another possible source of the discrepancy between the
numerical results and the simple model is the possibility
that the numbers quoted froin the numerical simulations

may not represent the actual sealing solution values. For
example the value of v~0.01 was measured at r =3to, and
it is not clear that v would have reached its scaling solu-
tion value in such a short time. Furthermore, the density
in long strings is likely to converge to its scaling solution
value faster than the loop density, so there is no reason to
expect that v has reached its scaling solution value just be-

cause y has. These questions will be investigated in more
detail in Sec. IV where I have attempted to reproduce the
time-dependent results of the simulations by evolving
(2.15) and (2.16) from an initial condition similar to that
use by Albrecht and Turok. We will see that the time it
takes for the system to relax to the scaling solution may
be longer than the time that Albrech't and Turok have al-
lowed the simulation to run. This can contribute to the
discrepancy between the analytic results and the numeri-
cal ones. In some cases, it is even possible that an ap-
parent "scaling solution" seen on short time scales can
disappear at later times.

Recently, I have been informed by the authors of Ref.
14 that several improvements have been made in their
program. A few runs have been made with this improved
version. The preliminary results are that P=15 with
v=0.01. This new value for P would significantly lessen
the discrepancy except that their value for A [see Eq.
(3.1)] is now A =3 or 4. So the discrepancy has not yet
been resolved. Turok has suggested that the resolution of
the discrepancy may lie in the possibility that there is sig-
nificant loop production at small loop sizes (-0.01t).
Unfortunately, the preliminary data from the new simula-
tions are not yet sufficient to test this hypothesis, so we
will have to wait and see.

Fi= fa~(x)dx, Fi &1, (3.7)

where F~ is the fraction of long string intercommutings
that produce new loops. Even if the assumption that the
long strings behave like uncorrelated segments is not very
good, it is very likely that FI ~ 1 anyway. The subscript p
has barmn added to the loop production function to indicate

B. The loop production function

In order to understand the solutions to (2.11) and (2.12)
it is important to understand how they depend on the loop
production function a (x) and to know what types of loop
production functions are reasonable. In I it was shown
that a limit on the total integral of a (x) can be obtained

by assuming that the segments of the long strings that
collide and intercommute can be regarded as uncorrelated.
The limit is

that this bound applies to the loop production function
for parent loops only. The distinction between parent
loops and child loops is made because the rate of col-
lisions between long string segments clearly cannot fix the
rate of child loop production. This must certainly depend
on the probability that the parent loops self-intersect.

As was argued in I, the loop fragmentation process has
critical importance for the evolution of the string system.
This simplest way to include the fragmentation process is
directly in the loop production function. The model for
loop fragmentation presented in I assumed that a loop has
a constant probability ps& to split up into two equal sized
pieces. psi was assumed to be a constant independent of
loop size or "generation. " This led to the definition

ai(x)=A„x"8(j—x), g-l, psi ——( —, )"+' (3.8)

In order to relate ai(x) to Fi, I have chosen a form for
a~(x):

a (x)= —8(x —g/2)8(g —x), g-1 .
ln2 x

Energy conservation implies that

(3.9)

J xaz(x)dx = J xai(x)dx,

so

A
2 jn

(3.10)

Another model for loop fragmentation has been sug-
gested by Turok. He has suggested that a parent loop
fragments in such a way that all the resulting child loops
have approximately the same size. This can be modeled
by a loop production function of the form

a2(x) =NiFI5(x —1/Ni ), (3.11)

where Ni is the number of child loops produced assuming
the typical (proper) radius of a parent loop is L. (If the
typical parent loop size is different from this, then it is
best just to take I/Ni as the typical size of a child loop. )

Note that if the reconnection of loops is neglected, this
will reduce to the simpler model introduced in Sec. IIIA
with N~ ——ynI.

The rationale for introducing the second loop produc-
tion function is to test how string evolution depends on
the shape of the loop production function. The loop pro-
duction functions a&(x) and az(x) are ideal for this be-
cause they represent the opposite extremes of the possible
shapes for the function (given that we must have a vari-
able to describe the fragmentation of the parent loops).
The function a &(x) is independent of scale (except for the
size of the parent loops) producing child loops on all
scales smaller than L while a2(x) represents the opposite
extreme. The loop production function that describes the
real evolution of the string system is likely to be "inter-
mediate" between the two. Therefore, we should expect
that any conclusions that hold for both of these loop pro-
duction functions will hold for the real loop production
function as well.
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C. Parameter dependence of the scaling solution

In this section, me mill study the scaling solution under
the variation of the input parameters. I will take y {the
scale length of the long string system) to be an indepen-
dent variable and I'I to be a dependent one that is fixed by
the constraint equation (2.12). A convenient variable with
which to describe the density of small loops is

0.8 I I
I

I ! I
I

I I I

o=x i f(x) . (3.12)

3

32m Gt 2 2 3r2

128ir=
9~10 3n

(3.13)

where I have used a=106!Mly. To obtain the result in
Eq. (3.13), I have included a factor of —,

' which is the re-

sult of using (2.11) for the behavior of f(x) at small x
rather than taking f(x)-x ~ and inserting e as the
lower limit of the integral. The relation between cr and
the parameter v used by Albrecht and Turok is

(3.14)

In Figs. 1 and 2 I have plotted cr versus the loop size
1/r =yx. The different graphs in Figs. 1 and 2 corre-
spond to different values of the loop production function
parameters psi and N(. For all the graphs, I have fixed
the density in long strings to be pLs ——2.5p It (or
y= 1/&2. 5) which is the value reported by Albrecht and

From (2.11) it can be seen that f(x)-x '~ over mo st of
its range so that cr will vary only very slowly with x.
Another advantage of this notation is that cr is indepen-
dent of y to a very good approximation.

Assuming that o is approximately a constant, (2.4) can
be used to calculate the total density of strings at the scal-
ing solution. [If I use rr(x =0 01) .as the "constant" value
for rr, this gives p, to better than 5%%uo.] Expressed as a ra-
tio to the total density of relativistic matter the density in
strings is given by

/Q 2 )Q-4 iO6

FIG. 2. The loop density parameter o vs loop size l/t using
the loop production function at(x) with y = 1/+2. 5 and
5=0.5.

Turok. ' (v ) has been taken to be
'2

1 1
(3.15)1+ky'

as in I with k =—„.In the radiation-dominated era, it is
probably a good approximation that ( v ) = —,'. Hence, the
value of k and the exact form of (3.15) are not very im-
portant here.

The sharp cusp that appears in the graphs of Fig. 2 is a
somewhat unnatural artifact of the 5-function loop pro-
duction function. The curves in Fig. 2 decreased mono-
tonically after the cusp as a result of the absorption of
loops by the long strings. This is in contrast with the
lower curves in Fig. 1 in which o does not begin to de-
crease until fir - 10 '. For large values of psi, there is
substantial loop production even for the smallest values of
I, and it is only the effect of the gravitational decay of
loops that makes a decrease for small 1.

Another difference between the two loop production
functions can be seen in Fig. 3. In this figure, I have plot-
ted the "loop production efficiency" versus the probability
of self-intersection psi for both the loop production func-
tions, a i (x) and a2(x). (As before, I have fixed
y= 1//2. 5, k = —,', , and /=1.5.) The "loop production
efficiency" is defined to be the fraction of the loops that
break off from the long strings that do not eventually

0.6
! !

I
! ! !

p~)
= 0.555 0.8—

Q4

0.2-

IQO IO

~+ 0.6
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~ ~* ~
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FIG. 1. The loop density parameter o vs loop size l/t using
the loop production function a~(x) with /=1.5, y=1/+2. 5,
and 5=0.5.

FIG. 3. The loop production efficiency is plotted as a func-
tion of ps~ for the loop production function a~(x) (solid curves)
and for aq(x) (dotted curves). [The relationship between aq(x)
and @st is given in Eq. (3.16).]
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1 —(u')
2 OO

1 —(uo )
(3.17)

where the 0 subscript indicates the values I have obtained
with my assumptions. (u ) cannot be larger than —,

' un-

less the interactions between the long strings cause the
string system to become much more bumpy than a ran-
dom walk. More likely is the possibility that (u ) & —,'.
(This seems to be what the numerical simulations find. )
In this case, the long strings will gain energy by stretching
according to (2.2). This energy must be lost through loop
production, so that the number of loops produced would
have to be increased over what I have assumed here.
Thus, if (u ) & —,', then o &oo. This would make the
discrepancy with the numerical simulations even larger.

The variation of the scaling solution with y, and to
some extent 5, can be treated very simply by noting that cr
is almost independent of these variables when they are in

reconnect to the long-string network. In order to plot the
efficiencies for both the loop production functions on the
same graph, it was necessary to assign a value of Psi for
each value of N~. Note that ps, is a variable defined only
in the context of a i(x) not ai(x). For the purpose of Fig.
3, I have defined psi(Ni) to be the value of ps, that gives
a median loop size of 1/NI. Thus, as in I, we have

(3.16)

(The curves in Fig. 3 terminate when psi becomes sinall
because no scaling solution exists for these values. )

A couple of the main features of Fig. 3 have already
been discussed in I: for example, that the efficiency of
loop production can be increased by either increasing the
self-interaction probability or by decreasing 5. Now, we
can also see that the form of the loop production function
also affects the efficiency. For a fixed median loop size
we see that the efficiency of loop production function
az(x) (the 5 function) is generally about 20% larger than
that for a i(x). Because the function a i(x) produces child
loops for all sizes, it will give a large fraction of child
loops that are close to the horizon size which will be likely
to be absorbed by the long strings. Thus, producing all
the child loops of the same size is the most efficient way
for the long strings to lose energy.

The scaling solution depends on several other parame-
ters in addition to the probability of self-intersection and
the form of the loop production function. These parame-
ters include y, (u ), g [see (3.8)], and 5, the suppression
factor for loop absorption by the long strings. In this pa-
per, I will set (=1.5 and ignore any possible variation of
this parameter on the grounds that my results will be
qualitatively the same with any value for g, and that in
order to change g enough to make a significant change in
any of my numerical results I must assume that the radius
of the parent loops is very different than the average
separation between the long strings.

In this section, I will take (u ) to be given by (3.15)
with k = —,', . This gives (u )=—,

' which is probably about
right. If the true value of (u ) is different from what I
have assumed, then my value for o can be corrected with
the formula

the range of interest. For the case when the loop produc-
tion function is a 5 function [Eq. (3.11)],it is not difficult
to show that this is true. I,et us insert the loop produc-
tion function, (3.11), into the constraint equation (2.12),
and solve for I'I. To first order in 5/Ni we obtain

y 1 —(u')
PU

1 2
PU5

(3.18)

1 —(u') pu5

g 1/2 ypf
(3.19)

Thus, when 5/Nl is small, o is almost constant. Varia-
tion of o is further suppressed by the fact that we are gen-
erally interested in only a small range of the possible
values for y. The numerical simulations son to indicate
that 2& 1/y &4. Thus, even if we take NI to be as small
as 2, o varies by only 6% when we change y from the
value 1/v'2. 5 that was used above to 0.5. If Ni =5, then
we can allow y to be as small as —,

' without changing 0 by
more than 10%.

Although I have shown that o is insensitive to y only
for the 5-function loop production function, it is true to
almost the same accuracy for the power-law loop produc-
tion function, a&(x). Unfortunately, there is not such a
simple argument to show that this is the case, but explicit
calculation confirms that it is true to 5% or better. Only
when psi p0.95 or psi &0.55 does this relationship begin
to break down.

The values of o as a function of 5 and psi or N~ are
summarized in Table I. This gives the results of an ana-
lytic fit to my numerical evaluation of o which was calcu-
lated from (2.11), (2.12), and (3.12). If we combine these
formulas with Eqs. (3.13) and (3.14), we can calculate the
energy density of the string system or Albrecht and
Turok's number density parameter v directly from the in-
put parameters. The accuracy of this procedure is usually
about 5% or better and almost always better than 10%.

With the results summarized in Table I, we can now see
how the discrepancy discussed in Sec. IIIA is modified
when we include the effects of loop reconnection. In gen-
eral, including the reconnection process by setting 5+0
gives larger values for cr and v, so it makes the discrepan-
cy with the numerical simulations worse. In fact, with
the loop production function a2(x), it can be shown that
o is a monotonically increasing function of 5. To lowest
order in 5/Ni, this is clear from (3.19). A more general
argument can also be given. From the argument given in
Sec. III A it is clear that the density in small loops must
be proportional to the density in long strings. However,
loops that will eventually reconnect behave essentiaHy like
long strings because they wiH not ever become small

Inserting this value for I'i into (2.11) and (3.12), we find
that

pV5(x —1/N& )/y
1 —(U)e

1/2
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Loop production
function

TABLE I. Fits for cr as a function of 5 and ps' or NI.

Error
Range of
validity

a){x)
ai{x)
a~{x)
a2(x)
a2(x)
aq(x)

0.5
0.3
0
0.5
0.3
0

1-31(1—ps&
)' "

1.11(1—ps' )
0.76(1—ps))'"

0.78X,-'"
0.65%',—-
05% "

&3%
&2%
&7%
&5%
&4%
exact

ps&)0 5

ps') 0 35
ps') 035
40) NI) 2

40) N() 1.5

enough (with respect to the horizon) to radiate efficiently.
Thus, increasing 5 has the effect of increasing pi s which
results in a proportionate increase in o and v.

For large values of N~ or psi, this argument seems to
contradict the results listed in Table I. For a2(x), this is
just due to the errors in the fits, but for a i(x}with a large
value for psi, a does begin to decrease for large values of
5. This can happen for ai(x) because the child loops are
produced at all sizes. Since the larger loops are preferen-
tially reabsorbed by the long strings, increasing 5 can have
the effect of increasing the proportion of small loops that
are produced. For 5&0.5, this effect only dominates
when psi & 0.85, and even then it is a small effect.

3
p (to) =—po ——

32mGtp
(3.20)

D. The nucleosynthesis constraint

In I, I presented a simple argument to show that the
bound on the density of unknown particles that comes
from primordial nucleosynthesis' can provide a stringent
limit on the cosmic string theory of galaxy formation.
(This constraint was found independently by Davis. '

)

Without gravitational radiation the energy density in
strings would scale as 1/R because the energy density is
dominated by small loops which behave just like nonrela-
tivistic matter. In a scaling solution (when the Universe is
dominated by relativistic matter) p, -1lR, so the differ-
ence between p, —1/R i and p, -1/R must be the energy
density emitted in gravitational radiation. This means
that the strings radiate a large fraction of their energy
density into gravitational radiation in each expansion
time. Thus, the total density of gravitational radiation is
larger than the energy density in strings by the factor
ln(tlto) where to m~ /IJ, is the time ——when the strings
begin to evolve freely. 2s Since the density in strings is of
the order of a few tenths of a percent of the density of
relativistic matter (a few )& &Gyp ), and since
ln(tlto)-60 at the time of nucleosynthesis, the energy
density of gravitational radiation is likely to be close to
the upper bound provided by nucleosynthesis. (The upper
bound is 17% of the density of the known relativistic
matter. )

Here I present a more detailed argument taking into ac-
count the change in the expansion law when various parti-
cle species go nonrelativistic and annihilate as well as the
slight change in the expansion due to the presence of
strings. I.et us assume that at tp energy density in relativ-
istic matter is given by

and that the string density is

fo
2

Ps —'QPO (3.21)

where rl is the ratio of the string density to the relativistic
matter density introduced in Eq. (3.13). Initially ps, =0,
and then it is evolved according to

R R
Pgr= RPS

—4Rpgr ~ (3.22)

Equation (3.20}—(3.22) can be used with the Friedmann-
Robertson-Walker version of Einstein's equation to yield
the following solution:

1/2+q/8
to

R =Ro

fg
Prm =Po

\

' 2+y/2

(3.23)

Pgr =PS

' v/2
to

' y/2
PS +Pgr t

p~ to

g/2

+
tp

(3.24)

where the first term on the right-hand side is the contri-
bution from p, and the last two terms come from ps, .

Equation (3.24} is still incomplete bx:ause the effects of
annihilation of the massive particle species have not been
included. This will have a negligible effect on the string
term because the strings will adjust themselves to stay in a
scaling solution with the same fraction of the total energy
density both before and after the transition. The annihila-
tion will have a non-negligible effect on the density of
gravitational radiation because the Universe expands
slightly faster during the transition so that the gravita-
tional radiation emitted before the transition will be red-
shifted. The change in p~/p is given by (g;+i/g;)'
where g; and g;+i are the effective number of particle
species before and after the transition. (For the purpose
of calculating g;, a fermion counts as —, of a boson. ) With
the annihilation correction factors, (3.24) becomes

The quantity that is limited by nucleosynthesis is the total
density of strings and gravitational radiation divided by
the density in ordinary relativistic matter. From (3.23)
this is given by
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FIG. 4. Contour plot for the bound on Gp due to nucleosyn-
thesis constraints on the density of gravitational radiation [using
a~(x)] as a function of @st and 1/y =pLst /p

FIG. 5. Contour plot for the bound on Gp, due to nucleosyn-
thesis constraints on the density of gravitational radiation [using
aq(x)] as a function of NI and 1/y =pLst /p, .

' g/2ps+ pgr ='9
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~n

(3.25)

Time {sec)

TABLE II. Values of I;.

10 ' to 2X10 106.75
%'einberg-Salam transition, T= 100 GeV

2X10-" to 2g10-" 96.75
Top-quark mass {7) T=40 GeV

2&(10 ' to 10
Bottom-quark mass, T=5 GeV

10 to 7&10
~ and charm-quark mass, T=2 GeV

7&&10-' to 3~10-'
QCD transition, T= 300 MeV

3&&10-' to 6x10-'
Muon mass, T=100 MeV

75.75

14.25

6X10 5 to 1

Nucleosynthesis starts, T=1 MeV

Note that the t; values that occur in (3.25) should be later
than the time of the appropriate phase transition by a fac-
tor of about 10 because this is roughly the amount of
time it takes before the loops that were formed at the
phase transition begin to dominate the string energy den-
sity and the production of gravitational radiation. Equa-
tion (3.25) can be used to calculate (p, +ps, )/p as a
function of il. By requiring (p, +ps, )/p & 0.17, an
upper bound on rl can be found. (3.23) can then be used
in combination with Table I to obtain an upper bound on
Gp as a function of the input parameters: y, 5, and psi
or NI.

In order to obtain bounds on Gp, it is necessary to
make some assumptions about the value of g at times be-
fore the Weinberg-Salam phase transition. The values for
g; that I have used are given in Table II. I have assumed
that there are no new particles with a mass less than about
10' GeV which is the temperature when the strings begin
to move freely. This minimizes the dilution of ps, that

occurs when g; changes and leads to the strongest possible
bound on Gp. These values of g; give the bound

g &0.0092 which is used to obtain Figs. 4 and S. A more
conservative assumption would be that g »100 for T& 1

TeV so that a significant amount of gravitational radia-
tion would not start to build up before then. In this case,
I obtain g g0.0171 which weakens the bounds in Figs. 4
and 5 by a factor of 3.5. The weaker bound could also ap-
ply in some of the more exotic cosmic string models in
which the Higgs potential is very fiat. With a very flat
potential, the Higgs boson can get a very large expectation
value even with a small mass term. Thus, strings with
Gp, —10 could conceivably farm at the Weinberg-Salam
transition. Very fiat potentials seem to occur in super-
string theories compactified on Calabi-Yau manifolds, z~

but these potentials are not flat enough to give strings
with Gp-10 that form at the weak scale.

The upper bound on Gp is plotted as a function of psi
and 1/y =pLst /p, in Fig. 4 and as a function of Nt and
1/y in Fig. 5. The finite thickness of the curves in Figs.
4 and 5 corresponds to varying 5 between 0.3 and 0.5.
5=0.5 provides the more stringent limit on Gp except in
Fig. 4 for ps»0. 85 in which the opposite is the case.
The shaded lines in the figures indicate the regions af pa-
rameter space that seem to be excluded by the numerical
simulations. The allowed regions are 1/y & 2.0, and

ps& &0.85 or XI &10. These bounds are intended to be
conservative estimates, the actual values may imply a
more stringent bound on Gp. The bound implied by
these assumptions is Gp&4X10 in the case of a
"desert" between 100 and 10' GeV or Gp ~ 1.4X 10 in
the more conservative case where all the radiation for
T& 1 TeV is neglected.

One fact that has not been included in the bounds on
Gp is that some of the string energy goes into the kinetic
energy of loops which is subsequently red-shifted away.
If I use the result from the numerical simulations that
U&~~ &0.2 then this will or,ly reduce the bound on Gp by
about 4%.
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Finally, I would like to emphasize that the nucleosyn-
thesis bound contradicts recent claims that gravitational
lenses with image separations of several arc minutes are a
predicted consequence of cosmic strings. ' ' These
claims have recently received a lot of attention due to the
lens candidate with a 2.6' image separation reported by
Turner et a/. Although subsequent observations now
suggest that the quasar pair is not lensed, it should be
pointed out that if such an object existed it could not be
easily explained as a cosmic string. The typical separation
of the images of an object that is lensed by a cosmic
string3 32 is 4n Gp, so 2.6' corresponds to Gp-6)&10
an order of magnitude above the nucleosynthesis bound.
Values of Gp, greater than 10 are also in disagreement
with measurements of the microwave background an-
isotropy as well as estimates of Gp from galaxy and
cluster formation arguments. ' '

IV. RELAXATION TO THE SCALING SOLUTION

In the preceding sections I have concentrated on the
properties of scaling solutions and studied those properties
under a wide range of assumptions regarding the various
parameters that characterize the analytical model. I have
assumed that the evolution of the string system in the
radiation-dominated era is in fact described by a scaling
solution, but the evolution of a real system of strings will
depend on the initial conditions. It is known that if the
initial value of y is not too small, 2 then the string system
will evolve toward a scaling solution (if such a solution
exists), but it is not yet clear how quickly the scaling solu-
tion will be reached. Since the strings have been evolving
freely since to 10 '-sec, it is extremely unlikely that a
scaling solution would not have been reached by any time
of interest for the galaxy formation.

A more realistic concern is that the time it takes a
string system to reach a scaling solution is long compared
to the length of time that it is practical to run numerical
simulations. The simulations done by Albrecht and
Turok started with only 20% of the initial string length in
the form of loops, whereas in a scaling solution the densi-
ty is dominated by small loops. Since they are only able
to run for a short time before the horizon grows to be as
large as their whole box, it is important to ask whether
any of their results could be an artifact of their initial
conditions.

The most important question is, of course, whether
their "scaling solution" could be an artifact of their initial
conditions, but even if it is not an artifact, it seems to be
quite plausible that the lack of small loops in their initial
state may be responsible for their apparent underestimate
for v. In the runs in which they attempt to measure v,
they start with an initial separation of strings that is
roughly. the same as that which they see in their "scaling
solution. " They then only run for a factor of 3 in time
before they measure v. Since their initial condition had
few small loops, it is quite possible that their value for v is
not the scaling solution value. Because the reconncction
of small loops is suppressed, a large error in v would not
imply that there is a similar error in the energy density of
the long strings.

In I, I integrated (2.6) and (2.7) numerically in order to
test the validity of Albrecht and Turok's main conclusion:
that a scaling solution exists. I found that with initial
conditions similar to those used by Albrecht and Turok, it
is indeed possible that the strings will initially seem to
evolve toward a scaling solution and then grow to dom-
inate the Universe once a large number of loops have been
produced. However, I argued that this scenario is only
possible when the parameters of the model are fine-tuned
to be close to the values which allow a scaling solution.
With the improved numerical method presented here,
however, I have been able to do a better test of this
scenario, and I have found that the tuning required for
this scenario is not so fine.

The numerical calculations in I were done very crudely,
and the numerical methods used gave rise to instabilities
that limited the integration to a factor of 20 or 30 in time.
The method used here as described by Eqs. (2.15) and
(2.16) is completely stable, and can be integrated for an ar-
bitrarily long time.

In order to imitate the numerical simulations, Eqs.
(2.15) and (2.16) were evolved from an initial state with no
small loops, i.e., f(x)=0. This may seem to be a slight
exaggeration of Albrecht and Turok's initial conditions
since they start with 20% of the initial string length in
loops; however, it should be recognized that this 20% in-
cludes all loops of size greater than or equal to the scale
length whereas I include loops of size larger than the scale
length with the long strings. In any event, the comparison
between my results and the numerical simulations should
only be taken to give a qualitative description of the mag-
nitude of the errors that may occur in the numerical simu-
lations.

The results of one of my numerical calculations are
summarized in Figs. 6—9. These graphs show the results
of several separate calculations with 5=0.5, /=1.5, and
k =—„with the initial condition f(to,x)=0. Figure 6 is
an example of the approach to a scaling solution from this
initial state with ps, =0.81 and E~ 0.47. It show——s how
the density in loops changes with time. o./y is plotted
here rather than rr in order to include the y dependence of
the loop density. The first curve in Fig. 6 corresponds to

0.8

0.2

)
0-4

FIG. 6. The density of loops (with a factor of I ' scaled
out), o./y vs the loop size I/t for different times as the scaling
solution is approached from an initial condition with
f(to x)=0» @sr=0.81» and 5=0.~.
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FIG. 7. The density of long strings, 1/y =p&st~/p is plotted
as a function of time from an initial state without small loops
for the following parameters: (a) ps~

——0.81 and FI ——0.47; (b)

psi =0.62 and FI ——0 6S' ~c} ps& =0.62 and FI ——O.SS; (d)

psr ——0.62 and FI ——0.4S. In all graphs, 5=0.S.

FIG. 9. Energy density of loops with radii greater than r,
p„p/t' vs (2t/r)' at selected times starting with f ( to, x)=0 for
p» ——0.62 and 5=0.S as in Fig. 7(b).
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FIG. 8. Energy density of loops with radii greater than r,
p,p/t vs (2t ir)'/' at selected times starting with f ( to, x)=0 for
ps' ——0.81 and 5=0.S as in Fig. 74,'a).

t =1.5to, and the subsequent curves each correspond to
about a factor of 8 later than the previous one. The
behavior of the string system can be easily understood
from this figure and Fig. 7(a) which gives 1/y (or
pLst /{u) as a function of time. Initially there are no
loops, and the density of the long strings begins to drop,
quickly losing energy through the production of loops.
By about t =20to (the third graph in Fig. 6) a sufficient
number of loops have been produced so that the absorp-
tion of loops by the long strings halts the decrease in the
density of the long strings. Now, the absorption process
begins to dominate slightly and the density in long strings
starts to grow slowly. This growth is also reflected in the
loop density which now grows slowly due to increased
loop production by the long strings. By about t =10 to,
the smallest loops reach 10 times the horizon size and
disappear off the end of the graph. [If I had included the
gravitational-radiation terms in (2.15) and (2.16), then
these graphs would taper off at small 1/t just like the
graphs in Figs. 1 and 2.] For the rest of the run (until
t = 10' to), the energy density in both the long strings and
the loops increase slowly toward their scaling solution
values.

If I had chosen different parameters the time-dependent

solution would be qualitatively the same as long as I keep

psi )0.7. If the typical child loop size is about one-tenth
of the typical parent loop size, " then the correct value for
psi is about 0.80+0.05. However, the value —,', for the
size of the child loops is just an estimate, so we should not
restrict ourselves to psi&0.7. In I, I argued that if
ps, g0.7, a scaling solution is not guaranteed; depending
on the values of Irt and 5, a scaling solution may or may
not exist. This would not necessarily be a problem except
that for certain values of F~ and 5, it is possible that the
numerical simulation will see a transient that will mimic
evolution toward a scaling solution At early times, the
string system would evolve in a way very similar to the
approach to the scaling solution shown in Figs. 6 and 7(a),
so when the simulations terminate, it appears that the
string system has reached a scaling solution. Only if the
simulations could be run a good deal longer would the
transient disappear and the string density begin to grow.
Thus, if the correct value of psi is in this range, it is pos-
sible that a scaling solution does not exist and that the
main conclusion of Albrecht and Turok is entirely spuri-
ous. If this scenario is correct, it indicates that the loop
production rate would be sufficient for a scaling solution
if there were no reconnection. Once a sufficient density of
loops builds up, however, reconnection becomes impor-
tant, and the loop production rate is no longer sufficien.
In I, I suggested that this scenario was possible, but that it
would only occur when the parameters have been fine-
tuned. My most recent calculations show that this is not
the case; this type of transient occurs for a non-negligible
range of parameters.

Figure 7 shows the behavior of the density of long
strings (1/y ) as a function of time. Figure 7(a) is from
the same calculation as Fig. 6, my scaling solution exam-
ple. Note that although 1/y starts at its scaling solution
value of 3.5, it quickly drops to about 2.7, and then only
approaches the scaling solution value very slowly. Figures
7(b), 7(c), and 7(d) show the evolution of 1/y with pa-
rameters for which no scaling solution exists: namely,

ps&
——0.62 and FI ——0.65, 0.55, and 0.45, respectively. The

point to emphasize here is that in all three of these graphs
it looks as if 1/y' is approaching a constant if we see only
the portion of the curves between t=1 and about 1=10
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that the numerical simulations are limited to. In each of
these cases, however, the Universe is doomed to become
dominated by a mixture of cosmic strings and their gravi-
tational radiation. Note that this occurs for a fairly large
range in F(.

Things are not so bad if 5 is smaller or psi is larger.
Then the percentage of loops that reconnect is smaller and
the transient behavior is less pronounced. The transient is
also reduced if the loop production function a2(x) is used
for the same reason. Turok claims that the most recent
numerical results seem to indicate that there is significant
loop production at very small sizes. This would indicate a
fairly large value for ps, . If this is confirmed, then this

type of transient is not likely to be a serious problem al-

though it still might contribute to errors in the measured
value of v.

The type of ambiguity that may be caused by a tran-
sient can be seen in somewhat more detail in Figs. 8 and 9
which are the analogs of Fig. 3 in Ref. 14. They give the
energy density of all the strings with a radius greater than
r (recall that r =I/v 2) as a function of r Wh. en the evo-
lution is followed to times of order 30to, both curves seem
to approach a scaling solution. In reality, the string densi-

ty in both figures continues to grow at later times. In Fig.
8 a scaling solution does exist so the only effect of the
transient is to reduce the string density at early times.
This will give rise to errors in the values for 1/y and v as
determined by the numerical simulations at early times.
The slope of these graphs can be used to calculate the
value of the loop density parameter v [see Eq. (3.2)] with
the formula, v=slope/4m. . From Fig. 8 we can see that
for psi ——0.81 attempting to calculate v at times as early as
3rD or 6ro can easily give an error of a factor of 2 or 3. In
Fig. 9 the apparent approach to a scaling solution is com-
pletely misleading because no scaling solution exists in

this case.
It should be mentioned that there is one substantial

difference between Figs. 8 and 9 and the corresponding
graphs that can be obtained from the numerical simula-
tions. Figures 8 and 9 include only non-self-intersecting
loops because I have taken loop fragmentation to occur
instantaneously. The simulations, of course, also include
loops that have not yet completed fragmenting. So, it is
not entirely straightforward to compare these graphs to
the numerical simulations. Nevertheless, the figures
should coincide with the simulations for small loops, so
there is some correspondence between Figs. 8 and 9 and
the simulations.

It should also be emphasized that the transient behavior
discussed in this section is strongly dependent on the pa-
rameters 5 and ps, (or N{) which control the efficiency of
the loop production process. If the parameters are taken
so that loop reconnection is very much suppressed, and
the loop production efficiency is =1, then both y and v
evolve to the scaling solution values fairly quickly. On
the other hand, if the loop production efficiency is small,
then this problem is even worse. Therefore, it is impor-
tant to try and measure the efficiency of loop production
in the numerical simulations in order to check that a scal-
ing solution has indeed been reached, and if so, to esti-
mate the uncertainty of the results.

V. STRING EVOLUTION
INTO THE NATTER-DOMINATED ERA

In this section the evolution of a system of strings will
be investigated in the rnatter-dominated era. The scaling
solution in the matter-dominated era is studied in Sec.
V A, while the realistic case of the transition from radia-
tion to matter domination is treated in Sec. V B.

A. Scaling solution in the matter-dominated era

It was originally pointed out by Kibble that the scaling
solution has a somewhat simpler form in the matter-
dominated era. If we neglect the gravitational-radiation
terms in (2.11) and (2.13), then (2.11)becomes

Pu f g ( )P &pus(x —y)tr
X X

and the constraint (2.12) becomes

(5.1)

—,'(1—2(u ))= dxa(x)e
2y

(5.2)

When x is sufficiently small, we can approximate the in-
tegral in (5.1) by taking the lower limit of integration to
be 0. This makes the integrals in Eqs. (5.1) and (5.2) iden-
tical allowing them to be eliminated so that

&
pv5x/y

f(x)= —', (1—2(u )) for small x . (5.3)

x is considered to be "sufficiently small" when

f dyya(y)&~ f dyya(y) . (5.4)

Since I have also implicitly assumed that x &&e, it is quite
possible to have loop production functions for which (5.3)
is never a very good approximation. For 6@=10,this
occurs for psi ~0.9. For ps, &0.8, however, it is not too
bad.

Just as in the radiation-dominated era, it is convenient
to define a loop density parameter

o =xf (x) (5.5)

0.5 —
{

Q4

0.2

Q. I

0
)QO JQ 2
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FIG. 10. The loop density parameter for the matter-
dominated era, o vs loop size 1/t using the loop production
function a~{x)with g'=1.5, y, = I/V 2.5, k = —,, and 5=0.5.

that scales out the asymptotic x dependence. The
matter-era analog of Fig. 1 is Fig. 10 which is a plot of
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cr~ as a function of I/t for different values of psi. The
other parameters are fixed at exactly the same values as
those in Fig. 1 except that k = —,. Note that cr is con-
stant over a large range of I/t only when ps, is fairly
small unlike o in Fig. 1. This is because the condition
(5.4) does not hold for a large range in x when psi is
large.

From (5.3) it is clear that in the matter-dominated era
the energy density of the strings is no longer dominated
by the smallest loops. Instead, there is roughly an equal
energy density in every logarithmic interval of loop size.
The total energy density only depends logarithmically on
the minimum size of the loops (IO= IOGp, ). This means
that in a matter-dominated universe, the total string ener-

gy density scales as log(Gp, )Gp rather than (Gp, )'~i
which is the case during radiation domination.

Although the evolution equations are simpler in the
matter-dominated era, it is actuaBy more difficult to
study the sca1ing solution in the matter-dominated era be-
cause we can no longer assume that (u )=—,'. From Eq.
(5.2) we can see that if (u ) were —,', then the right-hand
side of (5.2) would have to vanish implying that a (x)=0.
But we know that tr(x) must be rather large in the
radiation-dominated era so that the long strings can lose
energy fast enough to allow pis-I/R . In the matter-
dominated era, this energy-loss mechanism must be bal-
anced by the stretching of the strings, and this implies
that (u )6—,'. We can no longer get away with assuming
that string stretching is negligible because it is the only
energy increasing process available to balance the energy
loss through loop production. Thus, in order to solve for
a scaling solution in a Universe that is dominated by non-
relativistic matter, it is necessary to have a reasonable
form for (u ) as a function of y.

Unfortunately, without further numerical simulations,
it is difficult to make any quantitative statements about
(u ). Some qualitative statements can be made, however.
It is a clear from energy conservation that the scale length
of the strings in the matter-dominated era (y ) must be
significantly greater than the scale length during the
radiation-dominated era (y„j ), so the value of (u ) must
be significantly smaller. It can also be shown that if (u )
is a reasonably steep function of y, then the value of
y=y at the scaling solution depends strongly on the
form of (u ) but only weakly on the other parameters
such as 5 and psi. For instance, if I use (3.15), then
k = —,6 =--y~ =1.5, k = —,

'
=-y~ =1.3, and k = —,

'

loops that are expected to be responsible for the formation
of clusters of galaxies are formed. Therefore it is impor-
tant to understand the behavior of strings during the tran-
sition period in some detail.

This can be accomplished through numerical integra-
tion of the evolution equations using the method given by
Eqs. (2.15) and (2.16). First, we need the solution of
Einstein's equation that describes the transition. The
solution for a Universe with both matter and radiation
[p- (R +R,q )/R ] is

' 1/2

+1 +2
eq eq

(5.6)

This can be inverted by the standard formulas for solving
cubic equations to yield a (very messy) analytic expression
for R(t).

With (5.6) and its inverse, (2.15) and (2.16) can now be
iterated numerically through the transition to the matter-
dominated era. I have done this calculation for 93 dif-
ferent sets of parameters, starting with a scaling solution
at t =10 teq and running until t =10 tzq The parame-
ters were chosen to have values that seem to be consistent
with the results of the numerical simulations. The follow-
ing ranges of parameters were used: 0.46&y„&0.76,
066&psi &094~ 4&Nt &20, 0&5&0.7, and 002&k
&0.5. In addition, several runs were done with (u )
given by functions other than (3.15).

My results for y(t) can be summarized with the follow-
ing analytic fit:

y (tlt, )~+y,
y=

(tlt, )~+1
(5.7)

This expression fits the numerical results remarkably well;
the rms error was less than 0.5% in each of the 93 runs.
It is also somewhat remarkable that all of the parameters
in (5.7) can be determined to a reasonable accuracy if we
know only the scaling solution values for y in both the ra-
diation era and the matter era. (These are y„and y
respectively. ) g turns out to be almost independent of the
input parameters with a mean value of /=0. 47 with a
variation of at most 10%. Deviations from g of 10%
occur only at the boundaries of the parameter space that
has been explored. The variation in t, can be given by
the expression

8. String evolution during the transition
to matter domination

ln =—[0.78+2.93(y —y, ) —0.65(y ' —y, ')] .

When we study the evolution of strings in the
radiation-dominated era it is generally only necessary to
study the behavior of the scaling solution. This is because
we are generally interested in studying the strings a long
time after to (the time when they begin to move freely).
So the strings have enough time to evolve to a scaling
solution before we have any interest in them. In contrast,
we are interested in string evolution at the very beginning
of the matter-dominated era because this is when the

(5.8)

The maximum error from this expression is about 5% for
ln( t, /t, q ) or 20% for t, .

The fact that y(t) is essentially independent of all the
parameters except for y„and y seems to indicate that
the time scale of the string system's response to the
change in expansion rate is much slower than the change
in the expansion rate. This means that during the transi-
tion, the strings are very far from the type of equilibrium
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that characterizes a scaling solution. This also explains
why the time when the strings are midway through their
transition, t„ tends to be roughly a factor of 50 greater
than t,z. y(t, ) is roughly the same as it would be if R (r)
changed discontinuously from R-t'~~ to R-t2~ .If
(U ) = —,', then from Eq. (2.7) we get y=@/4t when 8
changes discontinuously. This is nearly identical to the
result obtained from Eq. (5.7) at r =r, : j (t, ) =g/2t.

My results for f(t,x) can also be summarizal with an
analytic flt:

X 1

1+g)q ~ /
(5.9)

This fit typically has an rms error of about 10%. The pa-
rameters X and X are to be identified with the loop den-

sity parameters o and o introduced in the previous dis-
cussion of the scaling solutions. X and X are to be con-
sidered to be constants rather than slowly varying func-
tion of x like o and o . The best values for these param-
eters are obtained by setting X=o (x = 10 ) and

X~ =cr (x=10 "}.
The parameter q is a constant independent of the input

parameters to a good approximation. Only at the edges of
the parameter range does the deviation of q from q=0.47
approach 10%. It is not difficult to understand why

q = —,'. Since small loops obey p~~~, -R just like nonre-

lativistic matter, the density of loops with a fixed size I
should just scale like t in the matter-dominated era (as-
suming that loop production at the scale of I is small). In
the expression for the energy density, (2.5), it can be seen
that the prefactor of t is carried by the factor E/V so
that f( z)dx should be independent of time. Since
x =I/yt, expression (5.9) can be made independent of r

for small x and large t only by setting q = —,'. Thus (5.9)
seems to have the basic properties that we expect of it at
small x: f ( t,x) —crx ~ in the radiation era, and

f(t,x)-cr x ' well into the matter-dominated era. It
also has a term proportional to t 'x to describe the
behavior of loops that form during radiation domination,
but that survive into the matter era.

Unfortunately, there are no such simple interpretations
for the parameters A and a. The parameter A was found
to be roughly A =0.18+0.06 where the range of values
for A corresponds to the range of parameter space that
has been explored. In general, A seems to be a function of
psi (or Ni), 5, and k. It tends to be largest when loop
reconnection is very much suppressed. The parameter a
is included to take into account the falloff of f(x) at
x —1. In fact, it does not provide a particularly good fit
with either loop production function. However, since the
model assumes that loop fragmentation takes place instan-
taneously, there is no reason to expect that the model
would give the right values for f(x) near x —1 anyway.
With the loop production function a&(x), the typical
value for a was around 2. With a2(x), a 8-function cut-
off, 8(1/Nl —x}, should be understood to multiply Eq.
(5.9). With this cutoff, higher values for a were possible
depending on the value of Xi. For Ni ——10, the typical
value of a was about 4.

VI. SUMMARY AND CONCLUSIONS

I have extended the study presented in I of the evolu-
tion of a system of cosmic strings using an analytic for-
malism based on the work of Kibble. The scaling solu-
tion that is expected to describe string evolution in the
radiation-dominated era has been studied in great detail.
The results of this analysis are summarized in Table I
which gives approximate analytic formulas for the loop
density parameter cr as a function of the loop reconnection
factor 5 and the probability of self-intersection (represent-
ed by ps~ or XI depending on which loop production
function is used). This formula for o can easily be
translated into a formula for the number density of small
loops in terms of 5, psi (or Xl ), and y. The results for the
small loop density seem to be in conflict with the loop
density obtained in the numerical simulations of Albrecht
and Turok by a factor of -3 (assuming psi &0.85 or
Ei &10). This discrepancy does not depend on the form
of the loop production function or any of the parameters
in the model except for psi and Xi. Albrecht and Turok's
value can be obtained only when the typical child loop
size is very small, i.e., if psi-0. 95 or NI-60. Turok has
suggested that such small loops may actually be seen in
the simulations; however, the data from the simulations
are not yet sufficient to confirm this.

In Sec. IV, I tried to look for possible systematic errors
in the numerical simulations that may result from their
initial conditions. My approach was to solve Kibble's
evolution equations numerically starting from an initial
condition similar to that used by Abrecht and Turok. It
was shown that the loop density can be underestimated by
a factor as large as 2 or 3 when it is measured at t =3to as
Albrecht and Turok have done. If psi &0.7, the lack of
small loops in the initial state used for the numerical
simulations can lead to very deceptive results. With these
parameters, I have shown that the string system can have
a transient behavior that mimics relaxation to a scaling
solution. Eventually, this transient behavior disappears
and string density begins to grow, but this may only occur
on a time scale which is longer than the simulations can
be run. The correct value for psi seems to be greater than
0.7, so this type of transient may be unphysical. However,
we will probably have to wait until the numerical results
have been closely fit to an analytic model before we can be
sure of this.

The upper bound on Gp that comes from the primordi-
al nucleosynthesis limit on the energy density of gravita-
tional radiation has been calculated in somewhat more de-
tail than in I, and I have shown how this bound depends
on the parameters and assumptions of the model. I have
emphasized that this upper bound, Gp (4)&10, is in-
consistent with claims that objects that are gravitationally
lensed by cosmic strings will have a typical separation of
an arc minute or more.

Finally, I have followed the evolution of the string sys-
tern into the matter-dominated era by integrating the evo-
lution equations. Although the density of long strings at
the matter-era scaling solution remains to be found by nu-
merical simulations, it clearly must be much less than the
density in the radiation era. By calculations of string evo-
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lution through the transition from radiation domination
to matter domination show that the transition probably
takes much too long to be handled by a numerical simula-
tion. Fortunately, the behavior of the string system can
be described fairly accurately by analytic fits to my re-
sults. The free parameters in these analytic formulas can
be almost completely determined from the scaling solu-
tions in both the radiation- and the matter-dominated
eras.

The next step in the study of cosmic strings must be to
do a detailed analysis of the numerical simulations with
an analytic model such as the one invented by Kibble
which has been developed here. Without help from the
numerical simulations, we are left with a large number of

unknown parameters, so it is difficult to make any firm
predictions with the analytic model alone. Similarly, if
me rely on only the numerical simulations, ~e can never
be sure that the simulations are not being influenced by
some unknown systematic problem. Thus, probably the
only way to solve the problem is to fit all the free parame-
ters of the analytic model directly from the simulations.
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