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Perturbations in spatially flat anisotropic homogeneous cosmological models with arbitrary di-
mension N are classified into three types I, II, and III and gauge-invariant quantities are defined in
each type. Equations for them are derived for arbitrary anisotropic flat models. It is found that
density perturbations are described by two second-order differential equations, as in the treatment of
Perko, Matzner, and Shepley for the pressureless fluid. The solutions are obtained for approximate
Kasner-type anisotropic models and their characteristic behaviors are shown for the fluids with
nonzero pressure as well as the pressureless fluid. They are consistent with the counterparts of Per-
ko, Matzner, and Shepley for the pressureless fluid. The instability problem in a Kaluza-Klein mul-

tidimensional universe also is discussed.

I. INTRODUCTION

The present Universe is isotropic and homogeneous, but
at the early stage the Universe may have had no such
symmetries. Direct observational constraints to the devia-
tion from isotropy and homogeneity are brought by the
severe isotropy of the cosmic background radiation, but
the Universe can be anisotropic at times earlier than the
recombination time.

On the basis of the Kaluza-Klein theory, moreover, the
following scenario of the evolution of the Universe has re-
cently been considered by many workers:' =3 the Universe
starts with a multidimensional spacetime whose dimen-
sion is N (>4), and the external three-dimensional space
always expands, while the (N —4)-dimensional internal
space contracts and is compactified due to quantum ef-
fect. At the stage before compactification, the Universe is
considered to be very anisotropic. If there really are these
highly anisotropic stages in our Universe, it is necessary
to investigate the behavior of the perturbations, because
they are closely connected with the problems of the for-
mation of galaxies and cosmic background radiation. If
their growth and damping rates are derived, we shall be
able to constrain the freedom of the scenario and the ini-
tial conditions.

The perturbations in anisotropic models have so far
been studied by several authors.*~7 They showed that, as
the volume of the anisotropic model increases, the density
perturbations grow faster than those in isotropic models,
and that density perturbations couple with tensor pertur-
bations, contrary to the case of isotropic models. Howev-
er, most of them treated the perturbations using the syn-
chronous gauge condition. As was already well known in
isotropic models, unphysical perturbations appear togeth-
er with physical ones and it is difficult to discriminate
them from physical ones except for the pressureless fluid.
In isotropic models we could avoid the unphysical pertur-
bations by adopting a special gauge such as the comoving
gauge® or using the gauge-invariant formalism introduced
by Bardeen.” Recently Abbott, Bednarz, and Ellis’ have
derived the gauge-invariant theory of perturbations in a
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multidimensional anisotropic universe, whose background
space is a product of two homogeneous spaces. In their
treatment geometrical objects such as scalars, vectors, and
tensors are constructed in each space and the idea of the
“gauge invariance” corresponds to the transformations
within each space. In this paper we shall define gauge-
invariant quantities in the total space and treat systemati-
cally physical perturbations in anisotropic models. Be-
cause the dimension N of spacetime is arbitrary, our
theory can be applied to multidimensional Kaluza-Klein
universe models. It will be shown that the obtained re-
sults are consistent with those in the work of Perko,
Matzner, and Shepley for the pressureless fluid and the
behaviors of the solutions for the fluid with nonzero pres-
sure are rather different from those in the pressureless
case.

In Sec. II the background models are shown and in Sec.
III the perturbations are classified into three types accord-
ing to transformation properties and gauge-invariant
quantities are defined. For simplicity the direction of the
wave vector k, is specified, so as to be one of the N —1
axial directions. In Sec. IV the perturbation equations are
derived in arbitrary flat models, in Sec. V they are solved
in approximate ordinary Kasner models, and in Sec. VI
the behaviors of perturbations in a Kaluza-Klein model
are examined. In Sec. VII concluding remarks are given.
In Appendix A perturbed components of the Ricci tensor
are shown and in Appendix B the derivation of the densi-
ty perturbations in the pressureless case is shown.

II. BACKGROUND MODELS

The metric of spatially flat anisotropic homogeneous
models is expressed as
ds?=g,pdxdx?
=2 —d P +y4(T)dx%dx®] (2.1)

with

N1
Yaa=€xp[2B,(7)], 3 B,(1)=0, 2.2
a=1
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and Y, =0 for as4b. Here a,B run from 0 to N —1, a,b
run from 1 to N —1, 7 is the conformal time, and the
cosmic time ¢ is related to 7 by dt =e*"dr. In this paper
the Universe is assumed to be filled with a perfect fluid.
Then the Einstein equations

G5=Rj—383R = —«kT}
are expressed as

N—-1
(N—Dda+ 3 (B,)*

a=1

K 2a
= — —1)P , 3
N—Z[(N 3)E +(N —1)Ple (2.3)
. gl K _ 2a 24
a+(N —=2)a N——Z(E P)e“® | (2.4)
(N —2)dB,+B,=0, (2.5)
E+(E4P)N —1)a=0, (2.6)
where the energy-momentum tensor is given by

T*=(E +P)u*u”+Pgt” and E and P are the energy
density and the pressure, respectively. Elimination of a
from Egs. (2.3) and (2.4) gives

KEezaz_% 3 B2~ (N —1)N —2)a> 2.7)
(4

and, if P/E=const (=c,?), we get from Eq. (2.6)

E cexp[ —(14¢ (N —1)a] .

An overdot denotes differentiation with respect to 7 and
G =« /(87) is the N-dimensional gravitational constant.

The exact solutions for Egs. (2.3)—(2.6) were derived by
Lorentz-Petzold!® for various equations of state in the
case when 3, have only two different values, that is,

Bi=B="-" =B,
Bd+1=Bd+2= e :Bd+D ’

where d +D =N —1. Later we shall consider the case
given by Eq. (2.8) at the stage near the singularity. Near
the singularity e? e !, and e ?*' are expressed by the
multidimensional Kasner solutions in the lowest-order ap-
proximation. The next-order terms depend on the equa-
tion of state. Their approximate expressions are shown in
the case P/E=const:

(2.8)

er=r/N =214 L orrLo(N) |

eﬁ‘zf_“[l+,tt77+0(7’27)] ) 2.9
eﬁ"+'=7"[1—-v7'7+0(1'2")] ,

where

N -1
N-=-2
Here u and v are defined by

y= (1—¢,2) . (2.10)

D 172
=t |5 /(N=-2
# d / V=2
and (2.11)
d 172
=+ |—/(N-2
v T D /( ) ’
respectively, and satisfy the relations
du—Dv=0
and (2.12)
N-—1
4 Dvi="rr .
dp’+ N2

From Eq. (2.9) we get the relations

. 1
=—l 2.y
Ta N_2(+YT),

Bi=p(—1+y7"), (2.13)
s N1 . 5
TZ§B°_N—2(1 2v7Y),
and
2a N -1 -2
e kE =——y(y+ D [14+y(y=2)r"] . (2.14)

N -2

III. CLASSIFICATION OF PERTURBATIONS

In isotropic homogeneous models the perturbations of
metric components and fluid variables are uniquely classi-
fied into three types—scalar, vector, and tensor
perturbations—and the three types of perturbations are
decoupled geometrically and dynamically. In anisotropic
models they are coupled in a complicated manner because
of the shear motion of the background. Accordingly the
geometric classification due to tensor analysis which is
conserved for time evolution is not possible in the aniso-
tropic case. In this paper we consider the classification of
the perturbations due to their transformation properties.
The method we adopt is as follows. First, we divide all
gauge transformations into those of two types whose gen-
erators are scalarlike and vectorlike. Second, we classify
the perturbations into three types—I, II, and III, so that
the perturbations of type I are closed for scalarlike
transformations, the perturbations of type II are closed
for vectorlike transformations, and the perturbations of
type III do not change in these transformations. Third,
we define in each type the invariant quantities corre-
sponding to each transformation.

The gauge transformations are expressed as

T=1+E=1+T(1Q(x°), 3.1)
X=x"+£=x"4+L(T)Q%x)+LYT)Q(x°), (3.2)

where T(7) and L (1) are arbitrary functions of 7 generat-
ing the perturbations of type I, and L%) are functions
generating those of type II. Because the space is flat, we
use the plane-wave harmonics, that is,
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N—1 them. Here G%},’ is transverse and traceless, i.e.,

Q(x)=exp |i 3 kx|, Gly*=0, Gk®=0, and G{}’k?=0. Under the
e=1 transformations (3.1) and (3.2) the gravitational-wave per-

and Q% x°) is defined by

0%x%)=—k~'Q(x%)1°= —ik% ~'Q(x°), (3.3)

where a vertical bar denotes the covariant derivative with
respect to ¥4 (7) in Eq. (2.1),

N—1
k2= 3 k.k°,
c=1
and k°=yk,. A vector L°(t) is orthogonal to a wave
vector kg, i.e., k,L¢=0. It should be noted that k¢ is not
constant in time, while k, is constant, so that the har-
monics such as Q% x°) is not constant in time.

For simplicity we consider in the following the case in
which the vector k, is in an axial direction of x? (a=1 to
d) or x% (a =d + 1 to d +D). Then without loss of gen-
erality we can express it as k, =8,!, so that k?=e —% 189
and k =e .

Let metric perturbations be h,g(x?). The differences
of their perturbations due to the transformations (3.1) and
(3.2) are

Eaﬁ :haB ~eZa(r)Aaﬁ ,
AaB=e~2a(§a;ﬁ+§ﬂ;a) )

where a semicolon means the covariant derivative with
respect to the background metric g,g. The explicit forms
of Ayp are

Ag/Q =—2AT+aTl), (3.4)
. ek ke
Ao /Q = —ikok =1 |KT +L — T2
' 2k
+i(Lg—Vay™ L) , (3.5)
Doy /Q =2(aVap + 5Va)T
kakb
+2 L —(kyLy+kyL,) . (3.6)

k

A. Type-I perturbations

The metric perturbations which are closed for the
transformations with T and L are

hoo=—2e%°4Q , 3.7

hog= —e2BQ, , (3.8)
k k . .

hoy=2e% | — “kaT+(ayab+%y,,b)HM+G,§,§’ 0.

(3.9

These metric perturbations include not only the com-
ponents [ A (1), B(r), Hy(7), and Hy(7)] corresponding
to density perturbations, but also a component [GL(m]
for the gravitational-wave perturbations associated with

turbations are invariant. They are, however, indispensable
here, in order that the perturbations of this type may be
dynamically closed and decoupled from the perturbations
of the other types. This situation will be explained in the
next section. The variation of the other components is

A—A=T+aT,

= h ‘}-/abkakb
B—B=— |kT+L—————L|,
+ 2k?

H T ——'}7 T=— — kL ’

H M I—{ M= T >
so that the following two other invariant quantities are
obtained:

=4 —Hpy—aHy , (3.10)

®,=B +kHy—Hp/k . (3.11)

Here it is interesting to notice that two traceless tensors
appear in Eq. (3.9): kyk,/k?—(N—1)"'y,, and 7.
The latter is proportional to the background shear tensor
0. From the two tensors we can construct a traceless
transverse quantity. This suggests that the type-I pertur-
bations are closely connected with the gravitational-wave
perturbations. In the isotropic case in which ¥, =084,
v =0, and G.}’=0, Eq. (3.9) is reduced to Bardeen’s
corresponding expression by the use of H; defined by

dHy=H;, +(N—-1)"'H,

and ®4 and ® 4 are related to , and P, as
by =ak "D,

and
D, =P, +(Py/k) +ad,/k .

For fluid variables also we take up the energy density
contrast 8e(7)Q and the velocity perturbations
5u®=u" (7)Q°® which are closed for the transformations
with T and L. Here u% =e %) is the zeroth component
of the background N velocity. Because 8¢ —5¢=ET and

v—T=—L +7,k%%2kH'L,

the following gauge-invariant quantities corresponding to
them can be defined in the same way as in the isotropic
case:

_% E, i _
€m="Tp Ek (v—B), (3.12)
v,=v—k 'Hy . (3.13)

Here €, is equal to the density contrast in the comoving
gauge.

B. Type-II perturbations

The metric perturbations which are closed for the
transformations with L® are
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hoa=—e*®iB,(1)Q ,

(3.14)
hap =e®k ~“l[kafib("')‘*‘kaIzz('r)]Q »
where
B%,=0
and (3.15)
H%,=0.

Because the variations of B, and H, given by Egs. (3.5)
and (3.6) are

B,—B,=—L,+2B,L, ,
H,—H,=—-L.k,
the gauge-invariant quantities are
Y, =B, —v.,(Hb/k)
or (3.16)
Yo=y%y, —B°_(H°/k) .
From Eq. (3.15) we get ¥k, =0.
For the corresponding velocity perturbation
8u®=u"%"r)Q with v%, =0, we obtain the relation
i—p?=—L9%,
so that the invariant vector is

vl=v?—B%. (3.17)

The perturbations of this type give the free rotational per-
turbations which do not couple with the perturbations of
the other types.

C. Type-III perturbations

The perturbations of this type are automatically gauge

invariant, and give free gravitational-wave perturbations
]

[(N —2)a—B)]k®,— [(N —1)dBuy— SB52 | @1 —[E+ (2N —3)aE]=e**Ee,, ,

where

R N1,
B(k)E E B.'xkaka/k2

a=1
and § is defined by
£=3 B.G," .
a

Next we consider the relations obtainable from Eq.
4.1):

2
kK, 5R” — —&—]-‘_—I—SRC‘:O , 4.5)
a b l(cm)l(n)c b
limlmpdRa————8Ry =0, (4.6)
IimksBRS =kl m),8R; =0, 4.7)
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which are traceless and transverse. This type consists of
only free waves, while the waves associated with density
perturbations are included in type I. The metric perturba-
tions are expressed as

ha =2eGR(T)Q , (3.18)
where G} satisfy the relations

G =G} =0 (3.19)
and

ky G =kbG{P=0 . (3.20)

IV. PERTURBATION EQUATIONS

Equations for metric perturbations are derived from the
perturbed Einstein equations

8G3=06Rj— 1830R = —«8T} .1
and the fluid-dynamical equations are from the equations

of energy-momentum conservation

8(T§q)=0. 4.2)

In the following the perturbation equations for gauge-
independent variables are derived by the use of Egs. (4.1)
and (4.2). For fluid motions only the adiabatic perturba-
tions are assumed. The components of the Ricci tensor
are given in Appendix A.

First we take up the equation

N —1
k2

N —1
k2

8GS— @(8GQ) 9= — (8T — ad8Td)!e |,

(4.3)

to which only type-I perturbations contribute. By the use
of Egs. (A1)—(A3) ip Appendix A this equation is reduced
to

(4.4)

|
where

l(m)a=8;"—kakm/k2 .

To Eq. (4.5) only type-I perturbations contribute, to Eq.
(4.5) type-I and -III perturbations contribute, and to Eq.
(4.7) only type-II perturbations contribute. Accordingly
we obtain from Eq. (4.5)

@, +k Dy +[(N —2)d — B 1P,

N-—-1_. ..
—N—_‘;ﬁ(k)(q)l/k—q)z):O . (4.8)

Now let us express the components of transverse trace-
less metric perturbations G;'"® and G§*° as

(i) _ b
Gimm =Ga il imp /U iml ()
with i=1 and 3, where G{%,,, =G !  and

I(m)E(I(mml?m))m .
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Equation (4.6) is an inhomogeneous differential equation
for traceless transverse metric perturbations with type-I
perturbatlons as a source term. Of those metric perturba-
tlons G|}, should be connected with the source term and
G{}),) should be independent of it. Because in Eq. (4.6)
the source term vanishes for m=£n, G( y with m=£n
vanishes and the following equation for G, is obtained
from Eq. (4.6) with m =n:

G (mm)+ (N —2)dG () + kG o)

. . 1 .
=(®;—kDy) |Bim)+ N—ZBU"] , (4.9
where
N-—1 R
B(m)E 2 Bal(m)alfm)/l(m) .
a=1

Equation (4.9) shows that G(.,,, is indispensable in type-I
perturbations, because they are not closed dynamically
without it. For k, =38,! we have the relations

Gii1)=0, (d—1)G{3)+DGY 1 441)=0
and

E=3 B.Gliy=(d —1)(B1)—Bia+1)G3) -

(4.10)

The unique solution of Eq. (4.9) can be obtained as a
Fourier component of the retarded solution G, of

G +(N —2)dG—V*G =F ,
where

2_.ab _G! -8,
V2=y®3,3,= 3 e 3,3, ,

a=1

N=1
F(r,x)=[] fdkc

c=1

&, —k®,

i a
ikgx

. 1 -
X\ Bimy+ mﬁ(k) } e

K [(N —2)d— B ]®1— [(N _2)G—d)+ S8’ ]q>2—k§=K(E 4 Pley,

and from Eq. (4.14)
k*We=2(E +P)e*v .

Moreover the equations of continuity and motion are derived as follows.

Eq. (4.2) we obtain two equations for type-I perturbations,

€m —(N —1)c;2a€,, +(14+c,)[kPy— (N — 1)ad,]

+ |k*+ (N =1)
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The solution G, is formally expressed in terms of the re-
tarded Green’s function as

Gt = fdx’Dret(X,X')F(X') .
From Eq. (4.6), moreover, we obtain the following

homogeneous equation for G{;.,, which is independent of
q)l and ‘Dz

G )+ (N =2)dG () +k*G o)

+2(B(m —Btn) G(mn)— 4.11)

This equation describes free gravitational-wave perturba-
tions. The last term in Eq. (4.11) vanishes for
l<m<n<dord+l<m<n<d+D=N-—-1.

From Eq. (4.7) we get equations for type-II perturba-
tions

ko[WO+(N —2)aW?]+kby o[V + (N —2)a¥°]
—2(By — B, Nk Vo — koW, )=

from which the following equation for W* is obtained

W4 [(N —2)d+2(B, — B 1¥*=0 . 4.12)

Remaining components of Eq. (4.1) are
kR0 = —kk?8T? (4.13)

and
& nORI=—klIf, 8T . (4.14)
From Eq. (4.13) we get

(4.15)
(4.16)

First from the zero and k® components of

. 1—¢,? . .
2B+ mzﬁc2+ (N =1)(14¢Ha?

X{§—[(N—2)d—B(k)]¢,}/ [ZBCZ—(N—I)(N—Z)dZ}zo, (4.172)

U5 +(a+Bovs =k (@) +k ~'[Dy+(d+ By Py} + ——

kE
E+pP

CS em ’

(4.17b)

and from the I{,,, components the equation of motion for type-II perturbations,
(m) P €q
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a

ve+

a+2B,+ v3=0. (4.18)

P
E+P
Equation (4.18) can be derived also by inserting Eq. (4.16) into Eq. (4.12).

For type-I perturbations we have four equations (4.8), (4.15), (4.17a), and (4.17b). If we eliminate v, from Egs. (4.15)
and (4.17b), we get

- ((N—l)ozB(H—ZBcz’®1—[§+<2N—3>d§1
By use of Egs. (4.8) and (2.3)—(2.7), Eq. (4.19) is reduced to
D, =ke, 2y +(1—c )£+ (N —2)a€]/[(N —2)d—B] - (4.20)

e_a_ﬂ(k) [e ‘a+B(k)(E +P)—l

K[(N —2)a — B 1P; — ‘(N—Z)(d—d2)+23c2 ]¢2~k§

=k[®+a®,/k +(D,/k) 14+k(E +P)"le 22| kK[(N —2)a — B 1D,

(4.19)

Moreover, using Eqgs. (4.9) and (4.20) we obtain an equation for £:
E+ (3N —2)d —A(1—c,2)/[(N —2)a—B]}€

+{k*+(N =2)[d+2N —=2)a?]—Aa[(N —2)(1—c,2)]/[(N =2)a—Bpl}E=k(c,i—DAD,, (4.21a)
where A is defined by

A—E(d~1)(31)2+D(Bd+1)2—N—}:Z—(B.m)z . (4.21b)

In the present case we have
N -1

A= |—/———

l N -2

2
i(l—Zy‘r") .

2

Next eliminating ®; from Eqgs. (4.8) and (4.20), we obtain the second-order differential equation for ®,:

D, +[(N —2)d+7B ]+ [k%ﬁwv —2)(y/2—1)a*+(N =2)2—y)dBuy+ (¥ — DB i)’ — +(1—¢,H) T B2

+(1—¢,2)yBur/[(N =2)a—Bp] |®@=J, (4.22)

where

k[(N —2)a—BpW=(1—c)[4E+(N —2)BE] ,

AM14¢2)—(N —2)(G+dB)
(N =2)d— B

N=lg | =3V —2)d+2B0+

= k2
A +N—2

1 .. yAd —(N —1)(d+adBy)d

N—1 .
aB+ n
o (N —2)d—Bu

(N —2)?

a+

. . . N
ﬁ(k,}k2+ﬁ<k> —3(N—l)a2+2N_2

Equation (4.22) describes density perturbations together V. SOLUTIONS OF PERTURBATION EQUATIONS

with Egs. (4.4), (4.10), (4.17a), and (4.21). A more con-

venient one of Egs. (4.4) and (4.17a) can be used for the It is difficult to derive even for a simple equation of

derivation of €,,. state analytic solutions of perturbation equations in the
The invariant variables and equations to be solved in previous section. Here we derive the approximate solu-

each type are shown in Table L. tions for two extreme cases (k7)>>1 and (k7)2<<1. As
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TABLE I. Classification of types and equations.

Physical Invariant
Type properties variables Equations
I Density ¢ D (4.4), 4.8), (4.15),
Perturbation €m  Us (4.17a), (4.17v),
(4.20), (4.21), (4.22)
Gravitational G imm) 4.9), (4.10)
waves induced by I3
density perturbations
11 Free rotational L SR (4.12), (4.16), (4.18)
perturbations
III Free gravitational-wave Gy 4.11)
perturbations
the background model we use a model with P/E=const, __u+1l 2
which is shown in Sec. II, and take only the lowest-order €m= y(y+1) T (@[ 1+ 0], (5.2)
t , unless the higher-order terms are necessary. .
erms & € vy where (®;), is a constant and Egs. (2.10) and

A. Density perturbations

For the type-I perturbations there are four independent
solutions, since we have two second-order equations or
fourth-order equations.

1 (k7P <1

One of the solutions is obtained when § and @, are
higher order compared with a®, with respect to (kT)*:

&, =(D)y+0((k7)?), E=(®))r'O((kT)?),

(2.13)—(2.15) were used.
The other solutions, in which ®,, ®,, and § are com-
parable in Eq. (4.4), are derived by assuming the forms

E=7[140((k7)})]
and (5.3)
¢2=§Ta —#,

where a and { are constants. First for a + 1540 we get
from Eq. (4.20)

O =(1+p) Ya+1)"!

N—3 -1 , X[(1=¢2) @ +1)+&(1+p)e?17* 1 4-const .
&,= |2 (Py)ok[14+0((kT))],
2 + N—Z# Dokl 1 (5.4)
and Using Eqgs. (4.8) and (4.21a) we obtain
]
aty |2— [N=L (1—p)1—¢2) |la+1+ y-1 A—=p)H(1—c,H[E—1/(14p)]=0 (5.5
N -2 § N =2 s K= .5)
r
and a+l=y. (5.8)
‘= [ N—1 u (1—cg¥)x (5.6) Then we get from Eq. (5.6)
N-—-2 |1+p x4plc2—1) E=—yp/(1—p?), (5.9)
where and substituting Eqgs. (5.3) and (5.4) into Eq. (4.4) we ob-
tain
tle [_IY_:.I_ N
N-2 ez"Ee,,,=—~x;;(l—,u)_‘77‘2+const><r‘2 . (510
Eliminating § from Egs. (5.5) and (5.6) we obtain This constant is the same as the one appearing in the ex-
xx —(1—¢,2)]=0 , 5.7) pression for @, in Eq. (5.4) and can be included in the

whose nonzero solutions are x =1—c,?, so that

former solution in Eq. (5.1). Accordingly we get

€m 7O (5.11)
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In the case a + 1=0 (or x=0), it is necessary to derive
the higher-order terms with respect to (k7)? and 77, in or-
der to get the nonzero values of €,. Here let us put the
solutions in the form

E=E&0+E), 1=+
and (5.12)
D, =Py + Py

where &,/&, ©11/®y, and @,;/Pyy are ~(k7)>. The
solutions for Egs. (4.8), (4.20), and (4.41) are easily derived
in the lowest order with respect to (k7)* and £, ®,, and
@, can be expressed as

Eo=1""+Gor" !, £y =br#FI4+G ATV,
Dp=(p+1)"'+G,7",
q)ll:b(}l‘i‘1)—17'2”+2+G3T2“+7+2 N

- -1
¢20=G4‘T pty )

(5.13)

and
@21 =2bT“+I+G5T“+7+] )

where b= — 5+ (u+1)"% The constants G; (i =0—5) are
determined so as to satisfy Egs. (4.8), (4.20), and (4.21).
For Gy, G,, and G, we get

—1

Go=7 |E—(y+1)—1],

o=Y g1 Y+
yly+1) N-=-2

G - , (5.14)
(p+17 N-17

Go=pyHy+1)/(u+1)?,

and the derivation of G,, G3, and G5 is shown in Appen-
dix B. For ¢,, it is found from Egs. (4.4) and (5.13) that

€ TP (5.15)

The fourth solution can be derived in a similar way to
the third one. When we put

E=50+&1, P1=Pp+Pyy
and (5.16)
D, =D+ Py

as in Eq. (5.12), their components are expressed as

Eo=7"'InT+ 7" ~UGolnT+H,) ,

1
§1=1J"'+1b ln‘r—;_—1 + P+ (GInT+H,) ,
D= 1 InT+7(G,lnT+H,) ,
et (5.17)
CD“: b 1)#+2 InT—
p+1 p+1
+ 7P +24Y(GsInt+-H3)
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0= =l #=14+Y(Ginr+-H,)

p+1
b 1
b, = #+ 2Inr— ——
- ]
+T“+1+7(G5IIIT+H5) .

The constants G; and H; (i =0—5) are determined
similarly so as to satisfy Egs. (4.8), (4.20), and (4.21). As
a result we get the values of Gy, G,, and G, of quite the
same form as those in Eq. (5.14):

Go=vy

>

.Ll 1)—1
#+l(y+ )

N-=2

Y+
G,=T1E “N_17

(u+1)?
_pry+D
(u+1?2

Their derivation is shown in Appendix B. For €, it is
found for the above values of G; and H; that

) (5.18)

G,

€n < **(InT+const) . (5.19

Accordingly the solutions of the last two types are ex-
pressed as

€n =7"**+V(d, +d,lIn7) , (5.20)

where d,; and d, are constant. Thus the solutions for €,
consist of four components: (5.2), (5.18), and (5.20). They
are consistent with the result of Perko, Matzner, and
Shepley® in which the cosmic time ¢ is used. In terms of ¢
Eq. (5.20) is expressed in the pressureless case as

€ < tXBHVY(d 4 dbInt) (5.21)

where d | and d5 are constant.

2. (kT)Y>>1

First we assume 1> ¢; >0. Then there are the follow-
ing two different types of oscillatory solutions:

3 3
&, |= |®, |exp [ifkdr], (5.22)
¢2 62
£ 3
@, |= B, |exp |ic; [kdr |, (5.23)
(DZ 62

where (In€)’, (In®,)", and (In®,) are ~1/7.

Oscillatory solution 1. To get the nonzero values of €,
it is necessary to derive £, ®,, and ®, to next-order terms
with respect to (k7)~! and 7. Let us express them as

E=Ey+E&;, D1=P+Py,

- - (5.24)
D=+ Py ,
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where E[/EO: 611/610, and 621/&—)2@ are ~1/(k7). Then
the lowest-order solutions with respect to (k7)™ for Egs.
(4.20)—(4.22) are

Eo=exp[ 3Bk — 5 (N —2)a]
=T—“/2_3/2[1+%([1——3'}’)TY] ,

By9=E0/[(N —2)d —Bi]

1 _—wnan
ptl

X{1+[3(w—=37)—y(y—u)/(u+ D]}, (5.25)

Dp=iDyg .

The second-order solutions whose derivations are shown
in Appendix B are

1
= = : . N-—1 215

20,4+ P, | — B+ (N —2)a+]—v“:5(1——cs Bk | =—k
Solving these equations, @, is determined:

O, =7"r—p-D72 (5.30)
For @, we get from Eq. (4.20)

D, =—ic,d, (5.31)
and from Eq. (4.4)

Ep 7 WYL (5.32)

B. Free rotational perturbations

Type-II perturbations represent free rotational pertur-
bations. The time dependence of v is determined by Eq.
(4.18):

—[1=(N =1)¢,2] /(N =2)
7'2“ t s fora=1,...,d,

Uaci 2 . (5.33)
s T-2v—[1—(N—1)cs 1/(N=2) fora=d+1,...,N—1 i

It is found that v and v?*! increase with time, if ©u>0

and v <0, respectively. This is because the scale factor
exp(a+B,) decreases with time in these directions.
W are obtained from Eq. (4.16):

—1,2Bx—B,)
Vet e a

(5.34)
so that for k, =6,'
! ,
Y 1= 2utv) (5.35)

where a is the same as in Eq. (5.33).
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Ei=— St DI 40N,

q)“z—éT—S#/2—3/2[1+0(T7)] , (5.26)
Dy =— 57 #2314+ 0] .
For €,, we obtain from Eq. (4.4)
€m < €y €Xp ifkdf
(5.27)

&, =const X 7 #/273/2
This expression is independent of ¢, and in the case
¢;2=0, it is consistent with the counterpart which is de-
rived for N=4 in the formalism of Perko, Matzner, and
Shepley.’

Oscillatory solution 2. Substituting Eqgs. (5.23) into Egs.
(4.21) and (4.22) as in solution 1, we obtain

_ A~
E=— ;(Dz (5.28)
and
1——c,Z -
T — (5.29)
(N—Z)a—B(k)

C. Gravitational-wave perturbations

Free gravitational-wave perturbations G\J), are ob-

tained by solving Eq. (4.11).

Case 1. 1<m <n<d or d+1<m<n<N—1. For
kr<<1
G}?,,',,)zfdv'e_(N_Z"'zlm'-i—const , (5.36)
and for k7>>1
Gl ~tkr)= exp [i [k dT] . (5.37)

The amplitude in Eq. (5.37) is 7='"+#72 for k,«3§,’,
which decrease with 7, except for v=1.

Case 2. 1<m<d and d+1<n<N —1. Equation
4.11) is
G+ 1—2u+]r G2+ kG, =0. (5.38)
The solutions are, for kT<< 1,
(CHFES (5.39)
and, for k7>>1,
G B her) V2exp i [k df] . (5.40)

The amplitude changes as 7#~V/2*" for k, «§,!, which
increase generally with 7.

Gravitational-wave perturbations Gf ,‘,,),m) associated
with the density perturbations are expressed by use of &,
as in Eq. (4.9¢).
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VL. INSTABILITY OF A KALUZA-KLEIN UNIVERSE
MODEL

Kaluza-Klein multidimensional universe models were
proposed by Chodos and Detweiler' and later by Sahdev’
and others.” In this section we discuss the instability of
the multidimensional models at the final stage expressed
approximately by the time-reversal Kasner spacetime, in
which the total volume decreases with time 7. In these
models the space with x® of a=1 to d and the space with
x%of a=d + 1to N —1 are called “external” and “inter-
nal” spaces. Since the external space becomes our present
space after the compactification of the internal space, the
dimension of the external space is d=3 (or D=3), and the
internal dimension is D =N —4 (or d =N —4), where
N>4 is assumed. If the internal space is closed, the
periodic condition must be imposed and the wave number
k, takes discrete numbers. If the two points with the
coordinate distance r are identified, we have the relation
k,r =2nw (n is an integer), so that k, take discrete values
2nm/r.

As for the background models, the time-reversal Kas-
ner solution is derived from the ordinary solution by re-
placing 7 with 79— 7 without changing parameters p and
v. In the same way the perturbation equations and their
solutions in the approximate time-reversal background
can be obtained from those in the ordinary background by
replacing 7 by 70—, 7@ by —(7o—7)a, and 7B, by
“'(TO_T)Bab-

Now let us exemplify the behaviors of the perturbations
in the most interesting case when the Universe is radiation
dominated [¢,2=1/(N —1) and ¥ =1] and the dimension
d or D of the external space is 3.

A. Density perturbations
For (k7)? <1,

€n=a,7"'+a,°+72*#+ta; +a,ln7) ,
and for (k7)*>>1,

— i —(1— ickt/(u+1)
€, = b BTV 2kt 1) g o= (1=p) /25 s sty
where a; and b; are constant.

If d=3 or D=3,
172
N —4

=+ —_—
F==13n 22

or
1/2

’

3
- [ (N —2)(N —4)

respectively. In Table II these powers are shown for a
moderate total dimension N=10. It is found that, as 7 in-
crease, the perturbations with the powers 2(u + 1) grow,
and as 7 decreases, those with the power —1 grow. Oscil-
latory perturbations grow only as 7 decreases.

B. Rotational perturbations
(s, of ) o (P, 77%)

(\pl’wd-H)OC(T—I,T—I——2(;A+V)) .

TABLE II. Dimensions and powers in the Universe with
N=10.

d D u v

3 6 0.50 0.25
—0.50 —0.25

6 3 0.25 0.50
—0.25 —0.50

1 d+1

As 7 increases or decreases, one of v;' and vy ™ always
grow, while, as 7 decreases, ¥' and pa+1 (1 > 0) increase
and W¢+! (u <0) decreases.

C. Gravitational-wave perturbations
For (k1)* «<1,

(

3 (3

110 @+1,d41 <17,
3

i

G|
Gy <
For (k7)*>>1,
Gf?i,,G§Z’+x,d+n o 7= 1+ 2 kT /(1)
Gg,)dﬁ) o A= D/24 v ikt /p+ 1)

In the present examples, we have —(14u)/2<0 in all
cases and for 4 >0 (<0), we have p+v>0 (<0), and
(u—1)/24v>0 (<0), respectively.

VII. CONCLUDING REMARKS

On the basis of transformation properties the perturba-
tions in anisotropic models were clarified into three types
and the equations for gauge-invariant quantities in each
type were derived in the case of ¢;=0 and 1> ¢, >0. The
equations for the type-I perturbations which include den-
sity perturbations consist of two second-order equations
and there are four independent solutions, which are con-
sistent with the results of Perko, Matzner, and Shepley for
¢, =0.

In Sec. VI it was shown that in a Kaluza-Klein model
many perturbations increase as 7 approaches 7, (or 7 ap-
proaches 0). How large their final values are depends on
the initial condition and how nearly 7 is close to 7, before
the compactification. Unless the perturbations are
smoothed out at the stage when the internal space is com-
pactified and the external space becomes Friedmann type,
the remarkable isotropy of the cosmic background radia-
tion may impose severe conditions upon the initial condi-
tion and the evolution of the multidimensional universe at
the precompactification stage.

In this paper we were confined to a simple case in
which the wave vector k, points to the axial directions. If
it points to general directions, our formulation will be
modified and the behaviors of perturbations will be com-
plicated, because there appear more mode couplings. In a
future work we will take up the formulation of perturba-
tion theory in this general case.

The behaviors of derived perturbations may be due to
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the kinematical effect as well as the gravitational curva- scope of this paper to study the behaviors of the perturba-
ture effect. These effects must be discriminated by the tions in the presence of these effects.

use of quaritities such as intrinsic curvature, but we have

no invariant physical quantities good at the discrimina-

tion. Moreover, we have not considered in this paper any ACKNOWLEDGMENTS
viscous effect which may be brought by gravitational-
wave transport,’! and any quantum effects such as parti- The authors thank Professor H. Nariai and Professor

cle creation'? and the Casimir effect.!* It is beyond the M. Sasaki for helpful discussions.

APPENDIX A: THE PERTURBED RICCI TENSOR

We write down the general expressions for the perturbed Ricci tensor components corresponding to the metric pertur-
bations in Egs. (3.7)—(3.9), (3.14), and (3.18):
—k?

N1 . .
(N—Dd+ 3 Bs? A—k{B+aB +[yak"/(2k*)]B)

b=1

e28R3/Q =(N —1)ad + |2

- l—HT+(N —1)dHp) +a[ —Hp+(N —1)aHp) 1—[7apk°k /(K2 1H

N-1 | . v
~[Vac? Pk ky /k*+ (Y apk k7K1 Hr +2 3, (B> Hp +ByByHy)
b=1

+2B, 3 (ky[B*—(H®/k)]—G}E) (A1)
b

e28R2/Q =iky[(N —2)d— B, JA +i{ Tk (Vg — Vepkak®/k N Hp + ko[ —(N —2)(aH ) + Bo(Hpg +dHpg) — B y2Hp 1)
— ik [B, — v (H®/k) 1 —ik,B,GE (A2)
eX8R{/Q = {(Gi+B,) A +2[6+(N —2)c 214 )68 —k°k, A
— (kB +[(N —2)d — (B, +Bp)+Veakk?/(2k*)1kB } kky /K>
—(d+B,)83kB + (k°ky /k)Hy +(d+ B, )8 Hy +[(N —2)d—2(B, +Bp) + 27 cakk®/k?)(k°ky /k*)H
+ (4B By + [(N —2)d — 2B, + By 17 eak k? /K2 —7 Ak kg / k> +2(7 ok k4 /k 22} (k%K /k ) H y
+[—(N —=3)d+B, +By 1kkpHy — {[(6+Ba)Hy 1" +k*d+B, ) Hy
+[(2N =3)a+(N —1)8, J(aHy ) + (N —2)a(B,Hy ) } 88
+3ky {B°—(H/k) " +(N —2)d[B*—(H*/k) 1} + +k% pe {[B —(H/Kk) "1+ (N —2)d[B—(H*/k) ]}
+(Ba —By) k[ B —(H®/k) | —k°[By —¥ e (H /k) 1} — G & +[— (N —2)d—2(B, — B,)]G § —k*G¢ ,
(A3)

where Gf =G} + G} and no summation is taken over an index a in Eq. (A2) and indices a and b in Eq. (A3), even if
they appear twice. In the above derivation, Eq. (2.5) was used.

While these expressions seem complicated, the first-order equations in terms of the invariant variables can be reduced
to simple and compact forms such as in Sec. IV.

APPENDIX B: DERIVATIONS OF PERTURBED QUANTITIES
1. (k7«1

In the case a + 1=0, the substitution of Eq. (5.20) into Egs. (4.8), (4.20), and (4.21) leads to

—1 N—1
Y= N2 G+ N_Z#?’Gz—o ) (B1)
N-—1 N—1 N—1 ,|_
G+ lZ,LL+7’+2————N_2y G5+N_2u(2,u+7’+2)G3 pu/(u+1)+2b (y(y p)+————N_2/4 =0, (B2)

2G4+ (1—¢)y(Go+7)/(u+1)—yG, =0, (B3)
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(2u+y+2)G3=—2ubc, > +¢,*Gs+[by(2u—v)+ 2u4y+2)G J(1—¢,2) /(1 4+u) , (B4)
Gy=(Go+yyu/(u*—1), (B5)
Go+2u+7+2)2u+2+vu)G+y(1—uh)Gs—2u+by*{6(u+ 1) +y +2(1—p)y /2—p—pp+1)/y1}=0, (B6)

where b= —1/(u+1)2. Equations (B1), (B3), and (B5) for Gy, G, and G, are not independent and one of them is arbi-
trary. If we specify them as in Eq. (5.14), the other solutions are given by the summation of the solution with Eq. (5.14)
and the second type solutions (5.3)—(5.11). Accordingly we consider only the set of Gy, G,, and G, in Eq. (5.14). Corre-
sponding to this set, G|, G3, and G5 are uniquely determined from Egs. (B2), (B4), and (B6). The value of ¢, is derived
by substituting Eq. (5.13) with this G; into Eq. (4.4) and the result is given in Eq. (5.15).

For the fourth solution in the text, the substitution of Eq. (5.17) into Eqs. (4.8), (4.20), and (4.21) leads to

N_1 N—

LA W) B
{y N 2 G4+N Zm/Gz =0, (B7)
N—-1 | _p Yy—p) _

H H,—G =0, BS
Gs+vHy+ 3 u it +Gy+vH, =G4 |+ P (B8)
Gs+ 247+ 2= N=L L | Hg+ Hy+ Y=L 16+ Qu 24 H 1+ 22 |y —p+ Y=L 2 | 0, (B9)

N_2 N2 p+1 N2
247+ 2=X=L 1, G5+Gz——‘u— Nl ou+249)1Gs+2b [p(y—p+ X=Lu2 (=0 (B10)
N2 N_2 N2 ’
2G4+ (11— (Go+7)/(u+1)—yG, =0, (B11)
1—¢? (y—p)
—(G,+H,) -t 46 S |Go+yH,— LY=L | 0, (B12)
2 2)+e? +1+4+ﬂ+1 o+vily Lt
1 2
G3(2u+247)=c,2(—2ub +Gs)+ " @y 424716, +by(2u—7)] (B13)
1—c¢,?
Gy+(2u+2+7)Hy=c,? ;%+H o LG+ QU 24 Hy —buy /a4 1], (B14)
Gy=uy(Go+7v)/(u*—1), (B15)
1+ DGo+pyHo+(1—p ) H,+ 3y +plp— 1) +y(y — ‘”TI',%_ , (B16)

Go+(2p+7+2)2u+2+yu)G+y(1 —p?)Gs —2u+b (¥ [6(p+ 1) +py +2(1 —pu)y —p)] —2uy(1—p?)} =0, (B17)
(p+y+4)G +[u+1+y)2u+3+yu)+1—y+ulH,+H,
(B18)

+y(1—p»Hs+by |y +(1—p)Qy+p) | =

5_ l’_li
P2 s

Equations (B7), (B11), and (B15) for Gy, G,, and G, are the same as Eqs. (B1), (B3), and (B5) in the third solution, but
in this case Gy, G,, and G, cannot be arbitrary. The reason is that they are included in Egs. (B8), (B12), and (B16) for
H,, H,, and H,, which are not independent, and the consistency condition determines uniquely the values of G,, G,,
and G,. They are given by Eq. (5.18) which is the same as Eq. (5.14). Since Egs. (B8), (B12), and (B16) are not indepen-
dent in the present case, one of H,, H,, and H, can be arbitrarily given. If we specify H, as

/

then H, and H, are determined from Eqgs. (B8) and (B12), and furthermore G; and H; (i=1, 3, and 5) are determined
from Egs. (B9), (B10), (B13)—(B15), (B17), and (B18).
For €,, we obtain Eq. (5.19) substituting Eq. (5.17) with the specified values of G; and H; into Eq. (4.4).

ru++ XY=L,

Hy= —]L(,lt—l)+2‘}’+'1‘v'_ Yy+2)pu—1D+p—y— 3+2L— N 2

N-2 Lt (B19)

2. (k7)>>1

For the oscillatory solution 1 with Eq. (5.22) we get from Eq. (4.21a)
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§+2zk§+zk§+[3(1v —2)a—M1—¢2)/[(N —2)a B(k]}(§+zk§)
+{(N =2)[d—2(N —2)d *]—Aa(N —2)(1—¢,2)/[(N —2)d— By ]} E+k (1 —c,H)AD,=0 .  (B20)
If we substitute Eqgs. (5.42) and (5.25) into Eq. (B20), we obtain
(1—c¢2)A
(N —2)a— B(k)
+2[— (N =2)d+ 1B — (N —=2)dBy— 3 (N —2)2d 2+ (1—c,HA]E,=0, (B21)

where k = — Bk and ¥ =[(N — 1) /(N —2)](1—c,?).
From Eq. (4.22) we obtain, on the other hand,

lk +k(1—C52)}\,¢)2]

2F,+ [—B(k,+3<N~2>d~ ]gl

— k¥ (1—¢,)®, 4 2ik D, + ik Oy + [(N —2)d + 7B )ik®, =0 —R , (B22)
where
Q=—k(1—c,) |ikE+E+(N —2) a'+uc, 2>2B””| J/[(N-2)d—~B(k)], (B23)

R=®,+[(N —2)d+?’B(k)]$2

+ »1)/3(,()—51_@2)23 +(N =2)(y/2—1)a > +(N —2)(2—y)dBu,

+'}’B.(k)k( 1 -—Csz)/[(N —2)d_B(k)] ]62

—iyBul (N —2)ad —B] ™' { = 3(N —2)d + 2B+ [AM1—¢>) — (N —2)(&+ 6B 1/[(N —2)d —Buo 1} £ -

(B24)
Substituting Eqgs. (5.24) and (5.25) into Eq. (B22) we get
k(1—¢,2){®y—i& /[(N —2)d—By)} —[(N —2)d—B] ™!
. (N=2Nd+dBy) . N—1 _
X {12(N =2)d+2 —— —¥Bu+3(1—¢d) | [1+2—= |Byy—(N —2)d =0. (B25
N —2d—Bo, B+ 3 s N2 8o
Eliminating ®,, from Egs. (B21) and (B25), we get
E=+i& [drk—'M
Py DS S B | s SR
=7i&o i’ P (B26)
where
M=—3(N-2)d+ 3B —+(N —2)dBy— +(N —=2)%d 2+ +(1—¢,H)A
A .. 2AN-=2)Nd+dBy) L, N—1]; )
————— | —2(N =2)a+¥B)— - —(1=¢2) | | = +(N =2)a
(N—-Z)a—ﬁ(k){ PO N Da— B, 2N [P
=(c,+cym)r 2. (B27)
It is found that ¢, and ¢, are reduced to
ci=7(u+12, (B28)

—1
2(,u——l)

e/y=—Fly(y =) +ulp+ D] =y — D+ 2=

_2y+2‘z—;}—(‘y—l)—-2(y—p)/(u+l)] . (B29)
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Then from Eq. (B25)
5 1 1 —3u/2-3/2
Py=—— [1——s |77H* 14+0(77) (B30)
21 2 (“+1)2 [ ]
and from Eq. (4.20)
5 i 4 —3u/2-372
=————7 1+0()] . (B31)
11 2 (,LL+1)2 [ ]
For ¢, we use €,, =€, /expli fk dt). Then from Eq. (4.4)
e2kE€,, =[(N —2)d— B 1k B, — luv —Ddfu— 3 B2 |B,—[ikE+E+(2N —3)dE] . (B32)
c
If we eliminate k®, in Eq. (B32) by use of Eq. (B22), we obtain
. N . N—-1, |
eZ“KEgm =— |(N _l)aB(k)“‘ zﬂ(c)z 4’1-— (N —-1a-— N _2 B(k) g
c
(N —2)d—B P ..~ (N=2)a—B
+ '—zﬂ(&inq’z“ﬁ(k@z-}- [(N —2)a+7B]®2} +————— R . (B33)

1—c

Then substituting Eq. (B26), (B30), and (B31), we find
that

€, =h T W/A=32=Y L =232 (B34)
where

h=0
and (B35)

h,=const(0) .

The counterpart in the paper of Perko, Matzner, and
Shepley can easily be derived by assuming the solution in
the form

8=8exp {inFl/zdt} ,

=7 exp inF”zdt]

in the case K2Ft>>>1. Here €,, and ,, are equal to 5 and

o in the synchronous gauge. From their Eqgs. (5.4) and

k(1—c?)

[

(5.5) we obtain
F—— él(s1 — s, /(KF)

and

1 oF/3t 1

207 /9t + > F p

7=0.

Then the solution is

T I_I/ZF_1/4, —80\: t-—3/2F——3/4 .

Noticing that F ct ~2/3(14-5;), dt =e®d, and 2u= —sy,
it is found that
. (s =2)/2

«ct—B+D o =3u+D72 (B36)

The final expression (B36) is consistent with (B34) and
(B35).
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