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Flux tube or bremsstrahlung'?
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The classical problem of radiation emitted by an accelerated charge is considered. %e use the
analogy to suggest that the space-time development of the bremsstrahlung which accompanies the
color exchange in hadron-hadron inelastic scattering is very similar to that of the color flux-tube

model. The bremsstrahlung yields a considerable contribution to the effective string tension. It is
argued that one should distinguish between the siring tension measured in static and dynamic pro-
cesses.

I. INTRODUCTION

Two basic features of quantum chromodynamics are
asymptotic freedom at short distances and color confine-
ment at larger distances. Describing hadronic processes at
high energies, one has to make an artificial cut between
the first stage of evolution governed by perturbation
theory, and the second, nonperturbative stage with soft
momentum transfer. However, this cut varies very much
in different models describing the evolution of hadronic
jets. As an example, in the string fragmentation models'
only the few initial partons are produced perturbatively,
their further evolution is described phenomenologically as
fragmentation of the color string. The underlying idea is
that the additional quarks are produced by the chro-
moelectric field in the flux tube stretched between the
oil,gina) quarks.

An important parameter of the color flux-tube {or
string) models is the string tension. It can be measured by
low-energy phenomena as the value of the Regge slopes or
the form of the heavy-quark potential, yielding a value of
it=1 GeV/fm. At the same time in the high-energy
hadron-nucleus interactions the energy and A dependence
of different processes is sensitive to the value of tt (Ref. 3).
This is because the string tension causes the incoming par-
tons to decelerate after the first color exchange inside the
nucleus, and the secondary reactions of these partons take
place at lower momenta. The string tension extracted in
this way from different high-energy h-A reactions is
somewhat larger: tt=3 GeV/fm.

In contrast with the string fragmentation models, in the
%ebber-Marchesini model additional partons are pro-
duced by gluon bremsstrahlung. Nonperturbative effects
are involved only when the virtualities of color partons
decrease to Q —1 GeV . The success of this model indi-
cates that gluon bremsstrahlung plays an important role
in producing the hadronic final state.

The analogy between the multiparticle production and
electromagnetic bremsstrahlung has been noticed a long
time ago. The radiation emitted by an accelerated charge
has a specific space-time evolution as can be observed in
the Landau-Pomeranchuk effect. When a charge under-
goes multiple scattering in a medium the resulting radia-
tion is not the sum of intensities from individual scatter-
ings. If the scattering centers are closer than the "forma-

tion length" of the radiation, /f =1/to(1 —cos8), then the
contribution from intermediate scatterings cancel out, the
radiation is determined only by the initial and final veloci-
ties of the charge. Following Feinberg we may say that
the electron "shakes off" its Coulomb field in the first
scattering, and until this field is regenerated, subsequent
scatterings of the "half dressed" electron occur without
radiation. As discussed extensively by Nikolaev, the no-
tion of "hadronic formation length" is important in
understanding the interactions of high-energy particles
with nuclei. The formation length in classical electro-
dynamics is also discussed in Ref. 8.

In this paper we would like to point out—by using a
simple and physically transparent formalism —that the
analogy between bremsstrahlung and multiparticle pro-
duction is even closer than usually thought.

We will show that the space-time evolution of radiation
is similar to that of the color flux-tube model. The
momentum loss during the bremsstrahlung can be
described by an effective string tension. Curiously, using
a, instead of a, , and the characteristic hadron size in the
corresponding expressions one gets an effective string ten-
sion of several GeV/fm. The mass density of the hadron-
ic plateau and the formation time of hadrons are also in
rough agreement with the observed values.

II. BREMSSTRAHLUNG IN ELECTRODYNAMICS

The bremsstrahlung is a purely classical phenom-
enon —it is a consequence of local gauge invariance and
Lorentz invariance. The charged particle is surrounded

by a stationary gauge field given by the Gauss law. When
the charge is accelerated, its field cannot follow it
instantaneously —their relative configuration is distorted.
This nonstationary configuration radiates out its energy
excess until the new stationary field configuration is
reached.

The current of a charged particle moving on the world
line x"=x&(~) is

j"(x')=e I dr 5(x' —x (r)) .dx
(1)

dv

It has a Fourier transform:

dx";k„(,)j "(k)=e d~ e'
dv
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The energy density carried by the radiation is

d k
[—j"(k)j~(k)], k = IkI .

2(2m. )~

For simplicity we shall consider one-dimensional accelera-
tions along the x=x axis. Instead of k" it is useful to
introduce the rapidity of the photon as a new variable

k"=(kT coshy, kT sinhy, kz ) .

The rapidity y is connected with the angle 8 between the
momentum vector k and the x axis:

1tan8=
sink/

First we consider some simple examples.
(a) Instantaneous acceleration:

Ui"r for ~&0,x"=
U2"r for r~O.

In this case we obtain

finite at v=0
(b) Finite proper acceleration:

1x&(~)= (si~a, ~,cosha, r, 0,0}, —~ &r&+ ~ .
Qp

This corresponds to a motion with proper acceleration ap,
in an infinite rapidity interval, rl, = —oo, F12

——+ oo. The
exponent in (2) is

kT
kx (r) = sinh(aors —y) .

Qp

It is convenient to boost the system of reference to K„
moving with rapidity y of the portion of radiation ("pho-
ton") considered. In K» the given photon has no longitu-
dinal momentum.

The current (2) has a simple form in this system:

kTj (k)=e drcosh(aors y)ex—p i sinh(aors —y)
Qp

j"(k)= ie—
Uik

e(y, kz ) has the meaning of the rest mass density of the
portion of radiation with given y and kr. For fixed kz it
has a plateau stretched between the initial and final rapi-
dities of the accelerated charge, and exponentially van-
ishes outside (see Fig. 1). (This plateau is nothing else
than the well-known radiation cone in 8. )

The total "rest mass" of the radiation at a given y,

e(y)= J e(y, kr)d2kT, (6)

is hnearly divergent for the case of instantaneous accelera-
tion. This is due to the fact that the acceleration is in-

»}a y

FIG. 1. The density of racHation e at fixed kT vs the photon's
rapidity y.

(coinciding, of course, with the soft-photon emission am-
plitude in @ED}. Introducing the rapidity variable of the
moving charge

U"=(cosh', sinhrl, 0,0),
one obtains

e(y, kr ):— E
dikTdy coshy

kT 2[tanh(F12 —y) —tanh(il i
—y)]

2(2ir) kz.

~ 1 Tj (k)=e drsinh(aors —y)exp i sinh(aors —y)
Qp

=i uK(u),. 28

where u =kT/ao and K(u) is the modified Bessel func-
tion. It has an asymptotic behavior

)]z
1 for u «1,
use "j2 for u i .

That is, for kT «ao the distribution e(y, kz ) is given by
(S), while it is cut off above kz -ao. The rest-mass distri-
bution (6) is finite in this case:

38e(y)= ~ IaoI

[This can be easily calculated by Eq. (10) derived below. ]
On concrete examples one can also show that the cutoff

in kr at a given y is in fact determined by the proper ac-
celeration ao(g) of the charge when its rapidity approxi-
mately equals the photon's rapidity: il =y.

We turn now to the generic case where all these features
can be easily understood.

(c) General case of one-dimensional acceleration: We
have

kx (~)=kT[x (r) coshy —x'(r) sinhy] .

Passing again to the system of reference K~, the new coor-
dinates are

t» =x (~) coshy —x '(r) sinhy,

x» ——x (r}slnhy +x '(7-) coshy

Now we have j =0 and

j'=e J dt e» Ch
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with co~ =kz being the photon's frequency in E„. By par-
tial integration we obtain a more useful expression:

QPy a)y

J I ay(ty)dt's

ie
(ups —uiy)

T

d Xy
ay(ty }-:

dty

is the acceleration measured in E~.
From (2) and (3) we obtain

+ co

e(y) = dt„[a„(t„)]2. (10)

ie
[tanh(gz —y) —tanh(g i

—y) ]
kT

[cf. (5)]. It is also clear from Eq. (9) that the cutoff in kz
is given by the proper acceleration of that part of the tra-
jectory when q =y:

1kr( =ao.
Et'

To see the meaning of expressions (9} and (10}let us con-
sider a charge accelerated from ui ——tanhgi to
u2 ——tanhg2. In E„ it has a velocity

u~(r) =tanh[g(t) —y]

with an acceleration

a~=a&(1 —
u~

)3~ (12)

(13)

ao being the proper acceleration at given t. Consider
values of photon rapidity: gi (y (r12. The velocity u„
and the acceleration a„vs t =t~ are shown in Fig. 2. Ob-
viously, for finite ao the acceleration a„(t) is concentrated
at those values of t where u„ is essentially different from
one:

These results are interpreted in the following way. The
charge moving with a constant velocity is surrounded by
its static Coulomb field. When the charge is accelerated,
the field cannot follow it instantaneously. The charge
loses a part of its Coulomb field corresponding to kz (ao,
i.e., outside some region with characteristic radius
r-1/a .0The time scale of the acceleration is given by
ht„-1/ao. One can say that the fast Fourier components
of the field r0~ =-kz )ao can follow the movement of the
charge, while the slow components kz (ao are separated
from it and keep moving with the given rapidity y=g
along the x axis.

It is instructive to rewrite the "parton" picture of a
fast-moving charge, the Weizsicker-Williams approxima-
tion from conventional variables to rapidity y and trans-
verse momentum kz. The number of equivalent photons
is given by the standard expression

i.e., the radiation at given y is sensitive only to a limited
part of the particle's trajectory, where its rapidity is near
y. The width of this region is given by the proper ac-
celeration

2

n(k)=
4rr'

kr' d'k
Nk2+ ™

1
t

For small transverse momenta,

1
coy =—kT (( ao

Et'

one obtains, from (9),

(1S}

/, /.
FIG. 2. Time dependence of veiocity and acce1eration of a

charge as seen in the system of reference E„moving with the
photon's rapidity.

Here M,E is the mass and the energy of the charged parti-
cle, correspondingly. It is assumed that coshrli=E/M
»1. Since co=kz coshy, we have

8 1
n(y kr) = [1+tanh(ni —y)l'

2(2~) kr
2Q Iwith a relative error of order e

Let us consider a motion where q»&r12))1. Equa-
tions (18) and (5) agree completely for y &g2. Parton
photons of the initial state with y & rlz do not belong to
the final-state partons —they are emitted; those belonging
to the final state (y (rl2) keep moving with the charge.

Equation (5) describes instantaneous acceleration. For
finite proper acceleration the above statement is not com-
pletely true. Only those partons are emitted from the in-
terval q2~y ~g~ which oscillate slowly in the proper
frame: kr (ao, as said before.

We have seen that the field inside r =1/ao is undis-
turbed, it moves with the charge. Outside this region the
field is distorted with respect to the static Coulomb
field—that is why this portion is emitted. (It is instruc-
tive to see this also from the Lienard-Wiechert potentials. )

Now we turn to the important quantity called the re-
generation time of the Coulomb field or the formation
time of the emitted radiation. Consider the following
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problem. A charge is initially at rest, then it is accelerat-
ed to some velocity u. During some time interval ht the
charge moves with this velocity and then it is stopped
again. It was found that the radiation depends in a
characteristic way from At .The solution to this classical
problem can be simply obtained by using Eq. (9).

Let the charge be accelerated by a large proper accelera-
tion ao from the original velocity vi ——tanhgi at t =0 to
the velocity Ui ——tanhg2, and after a time interval gati
slowed down to the initial velocity Ui. (gati is measured
in E„,. ) The acceleration a„(t) viewed from E„ is shown

in Fig. 3. The time interval between the peaks of accelera-
tion and deceleratIon measured in It.y is

cosh(F12 —y)
sty ——ht] =htie ' (19)

cosh(F2 —pi )

for rti ~y grt2. For kT &~ao in Eq. (9) one can neglect
the change of phase during the time intervals 1/ao of ac-
celerations and we obtain

8 ikrht
[tanh{rjq —y) —tanh(gati —y}](1—e '}

deceleration, i.e., tf & b,ti. Of course, the formation time
decreases with mcreasing kz and at kz. -ao it is compar-
able with the time needed for acceleration —it becomes
meaningless.

Since we want to apply this picture to the color ex-
change in hadron-hadron collisions, we notice that the
cutoff kz -ao was a consequence of our pointlike
charges. Let us instead consider a smeared charge distri-
bution. It suffices to smear only in transversal
coordinate —to consider a charged disc with radius R per-
pendicular to the x axis. (The exchanged transverse
momentum in usual hadronic collisions is limited by the
inverse hadronic size; hence, the resulting color charges
are smeared by this size in the transverse direction. We
do not smear the charge in the longitudinal direction to
preserve mathematical simplicity. The coupling of the
electromagnetic field to a charged disc is invariant with
respect to the Lorentz boosts perpendicular to the plane of
the disc. This is not true for a three-dimensional rigid
body. ) In this case, Eq. (9) is only slightly modified —the
current for the pointlike case gets multiplied by the two-
dimensional Fourier transform of the charge distribution
p(xT ):

1
cosh(y —v)i) .

kT
(21)

Naturally, only those photons are emitted in the process
which are "formed" by time between the acceleration and

I

The last factor cuts off the emission of photons with
cosh(y —rji) & kr ht, This .can be interpreted in the fol-
lowing way. The portion of radiation emitted at y=i)
with a given frequency to„=kr has a characteristic "for-
mation time" r- I/ „co. Measured in the system of refer-
ence it.'„, this becomes

j'(k)= f dt„a~(t~)e ~' f d xrp(xz)e
COy

(22)

Here one has another natural cutoff: for large accelera-
tions ao»1/R only those photons are emitted which
have small transverse momenta kT & 1/R. This is clear in
the partonic picture: photons with kT &1/R are not
present in the smeared charge distribution.

Let us now consider the time evolution of the system
after an instantaneous (ao »1/R) acceleration from rapi-
dity gi to g2. The density of radiation in this case is
given by (5) multiplied by a charge-distribution factor

1 21e(y,kT)=, [tanh(g2 —y) —tanh{gi —y))
~
p{kr)

~

' .
2(2n') kT

e=e (21r} 2(k z)' (24}

Because of the sudden acceleration the system becomes
excited: the charge moves with rapidity qz while the field
around it is not its static Coulomb field —instead it is the

FIG. 3. Time dependence of acceleration in It ~ of a charge
which undergoes deceleration, f}ies some time mth a constant
velocity and then is accelerated again.

For further reference we also note that the height of the
plateau (integrated over d kr) for a Gaussian charge dis-
tribution in xT is

original Coulomb field of a charge moving with rapidity

QI ~

This disturbed charge-field system starts to radiate its
energy excess. The amount of energy emitted during
soQle ti1Tle interval t 18

y(, k&, t)
gE- f d2kT f dy'e(y', kT) cosh(y' —gati), (25}

~1

where y(kr it) is given by Eq. {21),and we assume that

gz —g, »1. The function e(y', kT ) is practically indepen-
dent of y' in the interval of integration [assuming
y(kr it) ~g2]; its kT dependence is given simply by (23).
Hence we have

gg- f dzkre(kT}sinh[y(kT, t) —gi]
2-tfdk e(k )kr t——

2H
(26)

(In, the last step we assumed a Gaussian charge distribu-
tion. )
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The energy loss && turned out to be proportional to the
time interval t—just as in the case of a constant retarding
force. The corresponding "dynamical string tension" is

2

any„—— (kT') . (27)
2

(Of course, it is senseless to speak about string in electro-
dynamics. ~e mean that when applied to color exchange
in hadronic collisions the bremsstrahlung would result in
a constant force which can be confused with the string
tension. ) The radiation does not continue forever —it
stops when the fastest photons with y=riz are emitted
after a time t =cosh(rl2 rl—i)/kz

The total energy radiated by such charge distribution
when suddenly stopped from initial rapidity gi can be
easily calculated from Eq. (23):

E,~ f dzk——z J dy a(y, kr) coshy

d kT
=(cashed, —1) f i

jlk~&i . (28)
(2ir)2 r

The factor multiplying (coshrii —1) can be identified as
the electrostatic energy of the char~ed disc at rest. (In our
convention the Coulomb force is e /her ).

III. APPLICATION TO HADRONIC PROCESSES

Hadrons and their strong interactions are described by
quantum chromodynamics. A peripheral interaction of
hadrons is due to a soft-gluon (color) exchange followed
by some mechanism of multiparticle production. In the
color flux-tube (or string) model quark-antiquark pairs are
created in the chromoelectric field of the tube. The ener-

gy required for multiparticie production is obtained from
the incident hadron by the string tension pulling it back-
ward. The deceleration of the incident hadron can be ob-
served in collisions of hadrons with nuclei. However,
color exchange means a sudden acceleration of color
charge, and this leads nceessarily to gluon bremsstrahlung
by the same reasons as in e1ectrodynamics.

In usual hadronic collisions the transverse momentum
exchange is small. Hence the color charges created sud-
denly as a result of color exchange between two colliding

hadrons are smeared in the transverse direction. It is in-
teresting to notice that the space-time evolution of radia-
tion emitted by a charged disc under similar motion
resembles very much what we see in hadronic collisions.
(A pair created with rapidities rii, riz radiates the same
way as a single charge accelerated suddenly from gi to
ziz. )

Although not quite legitimate, one can play with num-
bers and substitute in the previous formulas
tz, =e2/4n~a, =l, and kr -0.9 GeV as reasonable
values for the strong couphng constant and average trans-
verse momentum of the primary gluons, respectively.

Using Eq (24. ) we obtain for the height of the hadronic
plateau (energy per unit rapidity)

2kTz
=0.7 GeV,

in rough agreement with data (2—3 pions per unit rapidity
with transverse mass -0.3 GeV).

For the retarding force due to color bremsstrahlung
("dynamic string tension") Eq. (27) gives tran =2.5
GeV/fm. The hadronic formation time deduced from
high-energy hadron-nucleus scattering experiments is also
compatible with Eq. (21).

Although the agreement should not be taken too seri-
ously, it shows nevertheless that color bremsstrahlung is
important to understand the dynamics of multiparticle
production. In particular, one should distinguish between
the static string tension and the retarding force acting on
the incident hadron after the color exchange. The first
one is measured in static circumstances, e.g., from the
slope of the Regge trajectories, charmonium spectrum,
from lattice @CD. The latter could be observed in high-
energy hadronic processes, e.g., in hadron-nucleus col-
lisions.
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