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Proton decay rates in grand unified theories are calculated by using numerical results obtained by
Monte Carlo simulation in lattice QCD. The decay rates are calculated in such a way that they are
independent on the renormalization point. By comparing the theoretical and experimental results on

p ~e e+ decay, we conclude that the simple SU(5) model is excluded as a realistic model.

I. INTRODUCTION

Since the instability of the proton was predicted by
grand unified theories' (GUT's), several experimental
groups have been trying hard to detect proton decay. Un-
til now they have discovered several candidate events, but
they have not been able to obtain definite evidence that
the proton decays. 2 Instead they have obtained upper
bounds for the rates of various decay modes of the pro-
ton.

Though many articles on theoretical estimation of rates
of various decay modes of the proton have been pub-
lished' we cannot predict any of the decay rates definite-
ly. The main reason for this situation is the fact that
there are various grand unified theories based on various
symmetry groups, various types of symmetry breaking,
and various H1ggs sectors.

Even if we choose a particular grand unified theory, for
example, the simple SU(5) model, 4 there still exists an un-

certainty by a factor of more than 10 in the calculation of
hadronic matrix elements of the proton-decay processes.

The purpose of this article is to calculate the decay
rates of the proton in grand unified theories as accurately
as possible in order to exclude some grand unified theories
by comparing the predicted decay rates in the grand uni-
fied theories with experimental upper bounds for the de-

cay rates.
For this purpose we use the numerical results of Monte

Carlo simulation in lattice QCD obtained by three of the
present authors (S.I., Y.I., and T.Y.). '6

For simplicity we study only the p~sr +e+ decay in
the simple SU(5) model. Application to other decay
modes and to other grand unified theories is straightfor-
%'ard.

In the simple SU(5) model proton decay is mediated by
superheavy leptoquark gauge bosons X and K The effec-
tive Lagrangian density which induces the p~m +e+
decay is expressed as

I-.tt =(g'~mx')~jk[2(u t ttdL, )(e L, u R )

+(u kr. d.tt )« tt uIr)].
if we neglect the Higgs-boson contribution, generation
mlxmg, and radiatIve corrections due to strong and elec-
troweak interactions.

Radiative corrections modify the effective Lagrangian
density from the form in Eq. (1.1}. Since the effective La-

grangian density (1.1) is multiplicatively renormalized, it
becomes

(L,tt)„= 4tr(aoUTIm» )Aging,

X [ 2A i2(u pied;L, )(e L uja )

+A i2(u kL. did }(ettujt, }]

where p ( ~~ m u ) is the renormalization point and

aoUT ——g (mz) /4' =a3(rnid)
2 1

(1.2)

(1.3)

In one-loop order the renormalization factors A i2, A i2,
and A3 are expressed as '

' 27/38 —23/82
az(mu ) ai(mu )

A12 —— (1.4)
a2(mx) a i(rnx )

=2.49,

8
A12 ——

' 27/38 ' —11/82
a2(mit ) a&(mar) =2.20 „
a2(mx) a, (mx)

(1.5)

' 2/(11 —2N/3)
ai(p)33= (1.6)

where ui(0), uk(0}, and d;(0) are annihilation operators

4

where N is the number of quark fiavors, a; =g; /4' and

g&, g2, and g& are coupling constants of U(l)r, SU(2)L, ,
and SU(3}, interactions, respectively.

Now the strong-interaction problem is to calculate ha-
dronic matrix elements (Tmeson

I
(L,tt)„ I

E ) with an ap-
propriate value of p.

In the past various models such as the bag models and
the nonrelativistic SU(6) inodel together with A3(p) wltll

p =1 GeV chosen as a typical hadronic scale were used to
calculate the matrix elements. However, in these models
it is difficult to calculate the matrix elements reliably.
There are many arbitrary parameters in these models, and
it is not possible to determine the renormalization point p
corresponding to these models.

In this article we assume the validity of current algebra
and the PCAC (partial conservation of axial-vector
current) relation. In this model all nucleon~antilepton
+ pseudoscalar meson decay amplitudes are related to the

three-quark annihilation matrix element:

&0I~;,k[uk(0)& 'y5d;(0)]u, (0) Ip;q, =o)=2', (0),
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of the u and d quarks at the origin, i,j,k are color indices,
C is the charge-conjugation matrix, and P~(0) is the Dirac
spinor of a proton with zero momentum.

In this article we calculate the hadronic matrix element

P and the renormalization factor A3 by making use of the
numerical results of Monte Carlo simulation in lattice
QCD. In Sec. II we give decay amplitudes and decay
widths of the nucleon in the current-algebra model. In
Sec. III we calculate P and in Sec. IV we calculate Ai.
The ambiguity in the choice of a3(}u) in A3(p) will be

found to be removed if we use the lattice QCD in the cal-
culation of P. In Sec. V we evaluate the mass of the lepto-

quark gauge boson X in the simple SU(5) model. In Sec.
VI we calculate the P ~mo+e+ decay rate in the simple
SU(5) model. A discussion and conclusions are given in

Sec. VII.

II. THE CURRENT ALGEBRA AND PCAC RELATION

In this article we assume the validity of current algebra
and the PCAC relation. In this Qlodel all

FIG. 1. The proton-pole term in p ~roe+ decay.

nucleon~antilepton + pseudoscalar meson decay ampli-
tudes are expressed as sums of current-commutator terms
and nucleon-pole terms (Fig. 1) (Refs. 9 and 10).

Both the current-commutator terms and, the nucleon-
pole terms are related to the three-quark annihilation ma-
trix element (Fig. 2):

&01&&k[uk'(0)c '(y5+const)d(0) ]u (o)
I p;q, =o& = &0

~ e;,k[uk'(0)C-'y, d, (0)]u, (0}
~ P;q, =0&=2', (0), (2.1)

which corresponds to the matrix element

&0
I e;,kluki(0)dig(0) uk)(0}d;i(0)]u, (0)

I p;q, =o&

in the nonrelativistic limit. In (2.1) space reflection in-
variance is used.

In the nonrelativistic hmit the matrix element P is relat-
ed to the wave function of the nucleon in the quark model

itb (r, +rb 2r„r, r—b) through—

fb (0,0)=(~&/3)P . (2.3)

Then, we can show that X~Im decay amplitudes and
widths are expressed as

DI. CALCULATION OF THE MATRIX ELEMENT P

In Ref. 6 the propagators of hadrons

A(r)=g &P(n)P (0)& [n =(n, 0),0=(0,0)] (3.1)

have been calculated in the quenched approximation to
lattice QCD with a renormalization-group-improved lat-
tice SU(3) gauge action and Wilson's quark action on a
16 )&48 lattice at P=2.4 (P=6/g ), where P(n) is an an-
nihilation operator of a hadron at site n. For the proton
the annihilation operator is

(~zGUT/nix )~~[ul(~ +dy5)uN] (2.4} P (n) =ejk [uk (n)C 'ysd;(n)]u~(n), (3.2)

I =(aoUr/rn» ) A P niN(b +d~)/16m. ,

where

A =A )233-A )233
L 8

(2.5)

(2.6)

b = —d/3=i/2ir(1+gz )/f for p~n e+ . (2.7}

We consider that the model is rehable semiquantitative-
ly" with a correction factor of &((-2)+-'.

which is an annihilation operator of a three-quark state
with J = —, at site n.

Though the value of the coupling constant, P=2.4, in
which the calculations have been done is not in the
asymptotic scaling region, we believe that it is in the scal-
ing region. The reason is as follows. In the study of the
string tension the values of the coupling constant
2.6 &P & 2.9 have been found to be in the asymptotic scal-
ing region. Unfortunately we cannot choose these values
in our calculation since the size of the proton becomes
bigger than our 1attice size. However, we expect that the
scaling sets in at smaller P and P=2.4 is very close to
P=2.6 where the asymptotic scaling sets in.

The hadron propagators calculated for five values of
the hopping parameter K =0.14, 0.145, 0.15, 0.1525, and
0.154 are shown in Fig. 3. The hopping parameter K is
related to the bare-quark mass mp and the lattice spacing
a through the relation

FIG. 2. The three-quark annihilation matrix element.

(3.3}
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=[(2K) /a ]do, (3.6)

are shown in Fig. 5. [In deriving this relation, the relation
between the lattice fermion f&,«, and the fermion field in
continuous space-time P, Pi,«,„(n)=(a /2K)'~ P(x), has
been used. ) The expectation value and the statistical error
at each E have been estimated by neglecting the statistical
error of the proton mass at each K.

In order to obtain P at K =K„we have to extrapolate
the results for Ao to K =K, . Since we do not know the
dependence of Ao on K, we assume that the amplitude Ao
is a quadratic function of 1/K for simplicity. Thus, we
obtain

from the condition mz(K =K, )a =0.426(15)a =770
MeV. Theoretically estimated values m~ =1080(80}MeV
and ma ——1370(120) MeV should be compared with the
experimental values 940 and 1232 MeV, respectively.

The matrix element P, which is related to the ampli-
tudes of the proton propagators through the relation

4P =[(2E) /a ] [ (0 [ P(0)
~
proton;q =0)

)

2

FIG. 3. The proton propagators with two mass kit 4,'solid

lines).
P =[0.029 (GeV) ] )&(1+0.44) . (3.7)

and

K, =0.1569(2) (3.4)

where K, is the value of the hopping parameter for which
the pion mass vanishes.

The baryon propagators for large r have not been ob-
tained for K =0.1525 and 0.154 because of large fluctua-
tion. Because it is very time consuming to calculate the
baryon propagators for the hopping parameter between
0.154 and K„they have not been calculated.

The hadron propagators for large Euclidian time r have
been fitted to doe '. The results for the hadron inasses
are show»n Fig. 4. By assuming that the masses (mass
squared for the pion} are quadratic functions of 1/K, K,
aIld Q arc dctcrmIncd as

As is shown in Fig. 5, our approximation on the E depen-
dence of Ao is satisfactory. Unfortunately we cannot esti-
mate the uncertainty introduced due to this approxima-
tion. However, we would like to stress that the uncertain-
ty is not inherent in our formalism, but is rather technical.
We hope that we are able to calculate Ao at K =K, in the
near future. Then, this uncertainty will disappear. On
the other hand, in other models the uncertainty related to
the choice of the renormalization point cannot be re-
IIlovcd.

As is shown in Fig. 5, the amplitude decreases as E in-
creases. This behavior indicates that attraction among
three quarks at short distance decreases as the bare-quark
1Ilass decreases.

As a reference we show a compilation" of previous cal-
culations of P based on the bag model and other models in
Table I. We find that our result (3.7) is much bigger than

a '=1810(60) MeV, a =0.109(4}fm (3.5)

ma (m~0)
2

t.S-

l.6-

P (IO GeV )

,6.4 6.5 6.6
1/Kc

FIG. 4. The masses of p, pion, proton, and 5 vs 1/E.

I

6.5 7.0

F1G. 5. The matrix element P vs 1/E.
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Donoghue and Golowich
Thomas and McKellar
Milosevic et al.
Ioffe
Krasniikov et al.
Ioffe and Smilga
Tom ozama
Brodsky et al.
This paper

0.003
0.02
0.005
0.009
0.006
0.006
O.M8
0.03
0.03

the results in the bag model and the quark model. These
models are not suitable for the estimation of three-quark
correlation in the nuclmn, while they may be useful for
studying single-quark and two-quark properties of had-
rons such as magnetic moments and mass differences.

EV. CALCULATION OF THE RENORMALIZATION
FACTOR A3(p}

In the past there was an ambiguity in the choice of
a3(p) in the renormalization factor A&(iM). We can re-
move this ambiguity in lattice QCD.

Since the decay amplitude is independent of the renor-
mahzation point p„p dependence of A3(p) must be can-
celed by iu dependence of the matrix element P.

The matrix element P evaluated in lattice QCD, @,«,„,
is related to the matrix element P evaluated in QCD with
a renormalization point p, P„, through a renormalization
factor [a3(lattice) /a3(iu )]":

ai(lattice)
P„=

a3(iu)
Piattice ~ (4.1)

where y =2/(11 —2N/3). Thus, because of the relation

a3(iM)

ai(pl» )

a3(lattice)
I l»ttlcc t (4.2)

we find that we have to use a3(lattice) as ai(hatt) in Eq. (1.6)
for A3 when we use the lattice QCD to evaluate the ma-
trix element P.

Sillce a3(lattice} =0.20 is used lli the calculation of P in
Sec. IH, the renormalization factor

a3(lattice)
Ap = =[0.20/(1/41)) =1.8

a3 Nl»
(4.3)

TABLE I. Compilation (Ref. 11) of calculations of P. The
first three values are obtained by making use of the bag model.
The results depend sensitively on the size of the bag assumed.
The next three values are obtained by using QCD and fmite-

energy sum rules. Tomozaea's result is based on the relativistic
quark model with a harmonic-oscillator potential (fico=250
MeV and m„=330 MeV). The value of Brodsky et al. is based
on knowledge about the short-distance structure of baryon wave

functions gleaned from QCD form-factor calculations and the
J//~pe decay rate

P (GeU3)

V. EVALUATION OF mg IN THE SIMPLE
SU(5) MODEL

A~g ——99+ l MeV (5.2)

by studying the string tension by Monte Carlo simulation
in lattice QCD in the quenched approximation for
2.6 &P & 2.9, which has been found to be in the asymptot-
ic scaling region (with V o =420 MeV).

The result (5.2) does not include systematic errors due
to the quenched approximation, finite lattice size, etc. By
assigning an ample systematic error to (5.2), we conclude

(100 MeV) X —, &A~((100 MeV) X —, . (5.3)

This result is consistent with recent experimental
values"" of A~.

VI. DECAY RATE OF p —+roe+
IN THE SIMPLE SU(5) MODEL

By making use of the estimated values of the parame-
ters P and A3, (3.7) and (4.3), we find

I (p —+e+n )= (5m/4)(1+gq) A P (m~ jf )

X(aGUg/m» ) GeV

=[4.1X10 X(4)+-'/m» ] GeV (6.1)

where we have assumed that the error associated with the
decay amplitude (2.7) in the current-algebra model is
-2+-' and that the sum of systematic and statistical errors
of P =(0.029 GeV } is also -2+-'.

From (5.1) and (6.1) we obtain

r(p~e+m )=1.45X10

X (4)—'(rn» /1. 3 X 10' GeV) yr

=1.45X 102'X(20)-'(AMs/100 MeV) yr .

(6.2)

Thus, we obtain the upper bound for p ~moe+ decay in
the simple SU(5) model from Eqs. (5.3) and (6.2):

r(p~e+m. ) &1.5X10 yr . (6.3)

By comparing this result ~ith recent experimental result
on the proton-decay rate,

r(p~m e+) y3.3X10 yr (90% C.L.), (6.4)

we find that the simple SU(5) model with three genera-
tions, a Higgs doublet, and m, =50 MeV is excluded.

Even for A~ &400 MeV we find

The matrix element P is independent on the grand uni-
fied theories, but the mass of the X boson rn» is depen-
dent on the grand unified theories. In the simple SU(5)
model m~ is predicted to be'

m» ——1.3X10' X(1.5)—'(A~/100 MeV) GeV (5.1)

for three generations, a single Higgs doublet and rn, =50
GeV.

The strong scale parameter in the minimum-subtraction
scheme A~ has been estimated to be5

in our case. r(p +m. e+) &7.4X10 y—r, (6.5}
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more reliable.
While in principle it is possible to calculate matrix ele-

m~ts &~l II-cftlp& and &pl ILctrIS'& by using Monte
Carlo simulation, it is practically impossible to carry out
the calculation at present because of the capacity of avail-
able computers.

We have estimated the magnitude of the matrix element
&irl

I L,ff Ip) by relating it to the three-quark annihila-
tion matrix element P in the current-algebra model. In

el the It~a.l decay amplitude is a sum of the
commutator term and the proton-pole term.
an include the contribution of N'(1440) to the
ecay amplitude if we replace the factor 1+gz in

and (6.5} is still incompatible with the experimental result

(6.4).
Even if we allow the existence of various Higgs parti-

cles with mass & tnx, they do not prolong the life of the
proton by a factor of more than' 150 and the SU(5)
model with A~ & 150 MeV is still incompatible with the
experimental result (6.4}.

VII. DISCUSSION AND CONCLUSIONS

1+[1+0.» X(1.4)-"P'/P]g„, (7.1)

where P is defined by

(7.2)

In this article me have calculated the three-quark an- this mod

nihilation matrix element P by using Monte Carlo simula-
tion in lattice QCD in the quenched approximation. At
present in order to evaluate P we have to extrapolate P pearl d

calculated for smaller values of the hopping parameter E 2.7 by

to E, by assuming that P is a quadratic function of 1/E.
We hope that we are able to calculate P at E closer to E,
in the near future. Then our calculation would become

l

&0
~
e~lk[ut, (0)C 'ysd;(0)]ul(0}

~
p'(1440);q, =0)=2p'p, (0) .

in the simple quark model with a harmonic-oscillator po-
tential. If we include the contribution from E'(1440)
pole, the decay rate of p~moe+ increases by a factor of
1.2—1.6 for P'/P=(1. 4—2.0).

In this article we have found that the simple SU(5)
model is excluded as a realistic model by comparing the
theoretical and experimental results on p~@ e+ decay.

Simple SO(10) models are also excluded if the SO(10)
symmetry breaks down through the following paths:

SO(10)~SU(5)~SU(3), XSU(2)L, XUr(1)

and

SO(10)~SU(5)' X U(1)tt

~SU(3), XSU(2)t, XUr(1)

(7.5)

The factor (1A)+-' in (7.1) is due to the uncertainty of the
Itl'~ltI+m decay width. From the two-pole fit of the
proton propagators shown in Fig. 3 we find

(P'/P) =2-4, (7.3)

but it is impossible to extrapolate P' to E =E, reliably.
It is interesting to notice

(7.4)

~SU(3), XU(1)tt L X SU(2)ii XSU(2)L,

~SU(3), XU(l)tt I, XU(1)a X SU(2)L

—+SU(3), XU(1)r XSU(2)L, , (7.6)

the ~(p~n e+) can be much longer than that in the sim-
ple SU(5) model' ' and, therefore, the SO(10) model can
be compatible with the experimental result (6.4).
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