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We calculate the mass difference between the 7 and 7 mesons in lattice QCD with Wilson fer-
mions using the strong-coupling expansion. We obtain the result that the mass difference first ap-
pears at the order of (1/g?N)° in the ordinary phase where the parity and flavor symmetry are con-
served and that m,(m meson mass)<m,(7 meson mass) and limmﬂ_,om,,;&(). Furthermore, we

point out that the dynamics which makes the 7 meson heavier than the 7 meson leads to the spon-
taneous parity and flavor-symmetry breaking ({$iysm°1)+£0) for Mg* <M. *=4 [or K?>K. 2=+,

where the hopping parameter K =1/(2M)].

I. INTRODUCTION

The U(1) problem is why the 17 meson (flavor singlet) is
much heavier than the 7 meson (flavor nonsinglet). Re-
cently we have calculated the mass difference between the
singlet and the nonsinglet mesons, using the mesonic ef-
fective potential derived by lattice QCD with the Wilson
fermion in the strong-coupling limit.! The present article
is a companion of Ref. 1, hereafter called I. In I no mass
difference was obtained (m,=m,) in the ordinary phase
(where the parity and the flavor symmetry are conserved).
The U(1) problem cannot be solved in the strong-coupling
limit. We consider that there are two main reasons for
this result. First, the calculation of the meson mass from
the effective potential was made at the meson tree level in
I. Presumably the effect of the meson loops is important
for the mass difference. Second, the calculation in the
strong-coupling limit is not enough to produce the mass
difference. The high-order terms in strong-coupling ex-
pansion are needed to produce the mass difference.

Since it is very difficult to calculate the effect of the
meson loops on a lattice we do not consider the first point
in this paper. Instead we will calculate the mass differ-
ence at the tree level of the effective potential obtained by
the strong-coupling expansion. An effort is made to make
the present article as self-contained as possible, although
some reliance on I is unavoidable. For an introduction to
the subject containing more references, see I.

The formulation of both strong and 1/N expansions are
needed to calculate the mass difference since it occurs at
higher order in 1/N (Ref. 2). We formulate a method to
calculate the partition function with the source in the
double expansions in Sec. II and give a systematic di-
agrammatic procedure to calculate the effective potential
in Sec. III. In Sec. IV, as an exercise, we calculate the
1/g2N correction to the large-N limit and show that the
pseudoscalar meson is the massless particle associated
with the parity violation for one flavor case. In Sec. V we
calculate the mass difference between the 7 and the 7 in
the ordinary phase and obtain the main result of this pa-
per. Thatis

lim m,+0

m_—0

if the /N> correction is considered. (8=1/g>N.) In ad-
dition to the above result it is shown that the “vector”
mesons have no mass difference between singlet and non-
singlet up to all orders in the strong-coupling expansion in
Sec. VI. In Sec. VII we discuss physical implications of
our results. We pointed out that the dynamics, which
makes the 77 meson heavier than the 7 meson, leads to the
spontaneous parity- and flavor-symmetry breaking
({PysT)=£0) for Mj <M .>=4(or K>>K.>=+) where
the hopping parameter is related to the mass parameter
M, such that K =1/(2M,).

II. FORMULATION OF THE STRONG-COUPLING
EXPANSION

In this section we formulate the strong-coupling expan-
sion for a mesonic effective potential. The 1/g2N correc-
tion to the effective potential in the large- N limit was cal-
culated by Ichinose® and the 1/N expansion to the effec-
tive potential in the strong-coupling limit was calculated
by the present author.! Combining two methods we gen-
eralize the strong-coupling expansion to an arbitrary order
of the 1/N expansion. .

The partition function with the source JZB is given by

Z(W= [ DYDYD(U,,)exp |Sp+S¢
+ 3 tr(J, ¥, ) ] ,
n
2.1
where
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SF:E(Jn+ﬁUJ,MPp¢n +'ZnUn, P—y¢n+ﬁ)+2 1—/’-n}‘?'/’n »
nu n
(2.2)

% > Tx(U,,U,

n+ﬁ,v
8 nu>v

Se=

t ot
Un+9,;4U"’I‘)+H'c’ ] .

(2.3)

Here (1, )% is the quark field, a is the color index,
J

&=(a,f) is the spinor-flavor index,
M EB—(Mya +4r)5,18,5,

M is a bare-quark mass of the flavor f, and
(PP =114y, )0gdsy -

In order to formulate a strong-coupling expansion Eq.
(2.1) is rewritten as

Z(J)=szpDJexp >, +ﬁ)tz,.¢,.]]
1 3} b3} 6
Xexp |— ¥ Tr——— +H.c. | [Iz(cny) , 2.4
gz mnp>v Scn,u, 8"n +a,v 8cn +Vu Bcp,y mu g Cnu=0

where
2(cpy)= [ dU, ,exp(TrU, D, ,+TtD, Us ) ,
(Dp o =(Cnydas — (Tn)aPp (B )b
=(cnu—Anulab » (2.5)

(Db = Copas — By 4 2P (D)

= (En,y - An,y )ab >

dU,, is the Haar measure on U(N), N is the number of
the color, tr means the trace over the spinor-flavor index,
and Tr means the trace over the color index.

The integral (2.5) has been calculated in the 1/N expan-
sion in I and the result is

z(cy ) =exp[NW(A, )], (2.6)

where
W(An)=3 (1/Nw(A,)
k=0

Anu=(1/N*D, D, ,
=(1/N*)@pp+ App)Cpp+Any) »
wo(A)=Tr((1+4A)2—1—In{[1+(14+4A)'%]/2}),

k
(2k)
ka(A)zzzGC' "'qzl+1k‘h }‘421“’ k>1,
& k4D
w2k+x(A>=IEOCq, e tay Ay, k20,
and
Ay =TrA?.

We will use only the value of C(lll’::% and Cﬁ’,:%,
hereafter.

We can calculate the vacuum expectation value of any
operators which include arbitrary number of U, ,, by us-

ing (2.4) and (2.6). But hereafter we treat only the vacu-
um expectation value of operators without U, , (a local
mesonic operator). We define

4
—1—~8—+H.c.

exp(NS|[1/g%M ()]} =exp | —5 =
g° &¢

X exp {Nz W(A,,_,,)J , @27
nu

where

4
357=2Tr8 b 5 8
C

nu>v 8‘_‘71,;1, 5C,, iy

and evaluate it by expanding

4 1 &
exp g—z-—s—c—4+H.c. =1+ ?gcj—kH.c. + -,
which is the strong-coupling expansion. Finally we obtain

Z())= [ DM exp[NS(1/g%M (n),J,)], (2.8)
where

Ser(1/g3,M (n),J,) =3 tr[(J, + M )M (n)—InM (n)]
+8,(1/g%,M(n))

and M (n)?8= 1/N (2¢2) is the meson field.*

Hereafter the calculation of S;(1/g%M(n)) is con-
sidered. In Sec. III we show that S,(1/g2M (n)) is made
of all connected diagrams with respect to M (n); therefore,
we will calculate connected diagrams only. Furthermore
in Sec. III we give a systematic diagrammatic procedure
to calculate S,(1/g%M (n)).

Finally we mention the meaning of the strong and 1/N
expansions used in this section. Usually we expand Eq.
(2.1) directly by considering both g2N =A (fixed) and N
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as large numbers. But our expansion is different from the
usual one. We use the 1/N expansion to evaluate
W (A,,,) [see Eq. (2.6)], use the strong-coupling expansion
to evaluate expS; and combine them. After combining
two expansions, however, we get the consistent 1/g?N and
1/N expansions (they have positive integer power) and
can obtain the S.¢ coincided with the result from the usu-
al expansion.

Z(1/g%,M)=exp[NS,(1/g*,M)]

—2 E Mi(x,)-

n=0x,...,

M(x, ) fp(xq, ...

III. THE CALCULATION PROCEDURE
IN THE STRONG-COUPLING EXPANSION

In this section we give a diagrammatic procedure to
calculate the effective potential. First we show that
S,(1/g%,M(n)) is made of all connected diagrams with
respect to M (n). We define

,Xn,1/g%) /0. (3.1

The g, ., the connected part of f, , |, is defined by induction such that

Srni1(X0s -« o s Xns 178 =8n 11(x0, - . - , X, 1/82)

+ 2 2 gm+1(x07xtl

Osm<niy, ..., i,

Xi /8 ou—mXi oo s%i,1/8%) forn>0  (3.2)

and the generating function of all connected diagrams is given by

R(1/gZEM)=3 3 Mx)) - Mx,)g,(x,, ...

n=0x,..., X

By using (3.1)—(3.3) for any n it is easy to show that

8" 8Z(1/g,M)
SM" &M (x)

M =0
8" SR(1/g:M) 2
= Z(1/g°,M) 4
oM™ 6M(x) (1/g o (3.4)
then we obtain
[}
8M(an —R)=0. (3.5)
Therefore
Z(M)=exp[R(M)—R(0)]
with Z (0)=1, means
S1(1/g2,M)=R (1/g>,M)—R(1/g%0) . (3.6)

This completes the proof. It is noticed that the “connect-
ed” in our expansion (2.7) means that two loops are con-
nected to each other if they have at least one “common”
link, which belongs to one C,"...; A, Ay (1>2).
Next we summarize
S (1/g%,M).
(1) We expand W (A, ,) with respect to c,, and ¢,,,
where

the procedure to calculate

Anp=Cpp+Anu)Cpp+A,,)/N? .

If we want to calculate NS, up to the order of (1/g2)" we
have to expand W up to the order of ¢,,c;, with
r+s =t.

JXn,1/88) /0! . (3.3

(2) We use diagrams to represent terms obtained in the
above expansion. For example Fig. 1(a) represents
Trc, ”f(A,,#,A,,#) and Fig. 1(b) represents Trc,,fc, .8,
where f and g are some functions of 4, nu and A4, , ob-
tained in (1) and a closed loop means the trace over color
index.

(3) We combine four diagrams into one by the
(1/g*)Tr8*/8c* operation which appeared in (2.7). For
example, Fig. 2=(1/g})Tr(f f>f3f4+). This process is re-
peated ¢ times.

(4) We generate all necessary diagrams by the above
procedure (3). In order to calculate NS, we consider only
“connected” diagrams.

(5) When we expand exp[(1/g%)Tr8*/8c*], terms such
as (1/n")[(1/g*)Trs*/6c*]" appear. We can neglect the
factor 1/n! in the same way as ordinary Feynman rules
since the operation of the derivative (8*/8c*)" generates
each term n! times.

n ———————J‘»_-_ 'n+,u

(a) (b)

FIG. 1. (a) The diagram which represents tr(¢,,f) and (b) the
diagram  which  represents  tr(C, ,.fc,,g), where ¢,,
=n——«——n+pand c,,=n—————n+u.
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FIG. 2. A diagram made of four links by the strong-coupling
expansion.

(6) By using the formula such as
Tr[(A, , Ay ) /N2 = —te[M (WPM (n + P, 1%,

we rewrite terms obtained by the above procedures, in
terms of M (n) and tr (tr means the trace over the flavor-

spinor index). We must be careful for the sign factor of
the trace. From the procedure (1)—(6) we obtain the final
expression of NS;(1/g%4M) in the form of the strong-
coupling expansion.

IV. THE 1/g2N CORRECTION
TO THE LARGE-N LIMIT

Although we are interested in the mass difference be-
tween singlet and nonsinglet mesons we calculate the
1/ gzN corrections to the large-N limit as an exercise, be-
fore calculating such quantities. Such a correction has
been already calculated in Ref. 3. We pointed out that the
pseudoscalar meson is the massless particle associated
with the parity violation for one flavor case in the strong-
coupling limit.""> In order to confirm that this property is
unchanged by higher-order terms in the strong-coupling
expansion we analyze the 1/g%N correction to the large-N
limit.

Up to the first order of B=1/g>N in the large-N limit
we obtain

NS(B,M)=N 3 tr [MM (n)—InM (n)+ S(n{[14(144A,,)12]/2} +1—(1+4A,,)""%)

m

—B3 M(n)P,f (A, ,)M(n +Q)PLf (A

pEY

neip /M +ENPLF(A, )

XM(n +¥)P" f(A,,) |+0(BY), (4.1)

where

App=MmP,M(n +@)P_,, A,,=M(n+Q2)P_ ,M(nP,,

and

fx)=2/[14+(1+4x)'7?].

In order to investigate a vacuum structure we assume M (n)=gce

5). The solution is given by

{(1——6B/M02)/M0 for My*>4(1+9B/16) ,

[3/(16—My*) ]V 14+B(5My>+16)(My>—16)/576] for My> <4(1+9B/16) ,

., lo for My* >4(1+9B/16) ,
sin“8=

4[4 —M o2+ BMH(—3TMy* +704M > — 1792) /7681 /(16 —My?) for My> <4(14-98/16) ,

s and solve the gap equation for S.g (Refs. 1 and

(4.2)

4.3)

where M, is the mass parameter. The value of M, where the phase transition occurs satisfies sin@=0 in (4.3) and it

gives My>=4(1+95/16).

Next we must calculate the 7 meson mass and show that it vanishes at the value M02=4( 1498/16). To see this it is
enough to calculate the pseudoscalar meson mass in the case of 6=0. After a few calculations we obtain

1 8%S ety

o< 1
V=2 5 S (mysM (n)

M=0c

=[ S 1(~p)Ds(p)s(p),
P 4B

where

[M(m)—0ol[M(n)—0o]
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Mm—o=[ eM,pr4, [ = ff;/ET%

(T4} is a basis of 4X4 matrix that is given by I'=3, T'P=ys/2, T4P=iy}ys/2, T"P'=y,/2, and
70 =[yf,y5]/(2i X2'/%). In order to obtain the pseudoscalar-meson mass the Dp_ 4(p), the pseudoscalar and axial-

vector part of D ,5(p), is only used and it is given as

Dpp(p)=1/(20%)— 5 —B |3

Dp, (p)————DA P P)=sinp,a |1+B

Dy 4, (P)= arll/(Zoz)-——cospaa—i—B

1
+30* 3 cosp,acosp,a

vEpFa

We calculate the pseudoscalar meson from the equation
detDp_ 4(pg=im,,pr=0)=0
then we obtain
coshm ,a =1+2D /[(1+3Bo*+6B0?)
X(1/62—=3—-9B0*/2)], (4.6
where
D =(3 +3B0*/2+43B0*)(2—1/0°+6Ba* +3B0?)
+[1/20%) +6Ba*1[1/(20%) — 3 —9Ba* /2 — 6B0?]
and
o=(1—6B/My*)/M, .

Since D =0 for My>=4(1+98/16)+0(B?) we obtain
m,=0at My?=4(1+9B/16) (Ref. 6). Therefore we con-
clude that the pseudoscalar meson is the massless particle

2(o*+0*) Ecosp,,a ++50% 3, cosp,a cosp,a

30 +30*+0* 3, cosp,a
v£a

1a? 2 COSp,a —COSP 4@

’

/2.

2
30*+60%+30% 3, cosp,a
prta

/2

+Bo’sinp,a sinp,a(1—28,,)/2 . 4.5)

associated with the parity violation for one flavor case in
the first order of 1/g2N in the large-N limit.

V. THE MASS DIFFERENCE BETWEEN THE SINGLET
AND THE NONSINGLET PSEUDOSCALAR MESONS

In this section we calculate the mass difference between
m (nonsinglet) and 7 (singlet) in the strong-coupling ex-
pansion. Hereafter, we consider the ordinary phase
(6=0). It is easy to see that the lowest-order terms which
contribute to the mass difference have the order 3°. Since
it is too difficult to calculate S;(1/g% M) up to the B°, we
will calculate only the mass difference (m, —m ), not the
absolute value of the meson mass (m, or m,).

In the lowest order the mass terms which contribute
only to the singlet sector are made of the product of two
loops and each loop has the order of 3°. There are two
different types: Fig. 3(a) and 3(b). Figure 3(a) is given by

—tr[M (n)P,M (n +u)P .M (n +pu+v)P,M(n +p+v+a)PgM(n +p+v+a+pP_,

XM(n+u+a+pP_gM(n4+pu+a)P_,M(n+a)P_,] (5.1)

and Fig. 3(b) is given by
—tr[M (n)P,M (n

The product of two loops must have at least one “com-
mon” link since they must be connected in S.4. In th1s
case a “common” link means a link joined in C}{ or C{J).
But after little calculation it is shown that (i) in the case
that one link is common there is no contribution to the
pseudoscalar sector, and (ii) in the case that two links are
common, contributions to the pseudoscalar sector cancel

+uwP M(n +pu+vIP_ M(n+v)P_ Mn)P,M(n +a)P,M(n+p+a)P_,

XM (n +u)PgM(n +u+BP_,M(n+BP_g]. (52)

f

each other.

Therefore two loops must have three common links for
the calculation of mass difference. After little calcula-
tions we find that contributions from Fig. 3(b) again can-
cel each other.

First we consider each loop in the product of two loops.
The condition that two loops must have three common
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(€]
=N

(a) (b)

FIG. 3. The lowest-order diagrams in the product of two
loops which contribute to the singlet sector.

links is satisfied by fixing three links in each loop. Under
this condition we classify such one-loop diagrams, which

have nonzero contributions, as follows (see Fig. 4): NG ~4n
(A7) | ¢ YV\L + od.
(A-1) (n,u), (n 4+p,v),and (n +p+v+a,B) are fixed , (A-8) 7-—1 A

(A-2) (n,u), (n +p+v,a), and (n +a+B,u) are fixed ,
(A-3) (n,u), (n +u+v,a), and (n +v+a,f) are fixed ,
(A-4) (n,u), (n +v,u), and (n +v+a,B) are fixed ,
(A-5) (n,u),(n +wv,u), and (n +v,B) are fixed ,
(A-6) (n,u), (n +wv,u), and (n +v+B,a) are fixed ,
(A-7) (n,u), (n +p,v), and (n +v,f3) are fixed ,
(A-8) (n,n), (n +p,v), and (n +v+f,a) are fixed ,
(A-9) (n,u), (n +p,v), and (n +v+a,fB) are fixed ,
(A-10) (n,u), (n +p+a,v), and (n +a+ B,u) are fixed ,
(A-11) (n,n), (n+p+v,a), and (n +v,f3) are fixed ,
(A-12) (n,u), (n +u,v), and (n +p +a,B) are fixed .
Second we insert M (n)=o0+ f II(plexplip-n) into Eq.

(5.1), consider the linear terms of Il(p), and sum up such
terms within the same class. They are denoted

f DL’:&%(P)CXPUP'"), i=1-12. (5.3) FIG. 4. A classification of the lowest-order loops with three
P links fixed. o.d. means the same diagrams with the opposite
For example, direction.

D:‘g&]p)(p) - %e#vaﬁtrn(p)[Y5( 1 +eipﬂ +eip#+,,+eip”+v+a +€ip#+1'+a+ﬁ+eipu+a+ﬂ+eipp.+a +eiPa)
+vsyp(—1 PPty _Putvia | JPurviatrp | Putarh _ Puta_ ,Pay
+¥s¥val =1 _eip” —eip“+v+eipy+v+a+eip“+"+a+5+eipl‘+a+ﬂ+eipu+a +eiPu)
+yﬂ"’( —1 _eip,‘ +€ip#+v+eip“+v+a+€ipl‘+v+a+3_eipp+a+ﬂ_eipy-H!_.eiPa)

+7/5?/#(_1+€ip#+eipﬂ+v+eip#+v+a+efpy+v+a+3+eipu+a+ﬂ+eip#+a_eipa)] ] (5.4)
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Third, we produce the term of (5.3) with ﬁxed and sum up the different n, u, v, a, and B. Since there exists a double
counting for diagrams we multiply the factor 5 for i =7—12. We denote the results as

i (A4 —1i) (A —i) : i
pr‘P)=f,, J, #%BD 5 (DD ks (@expli (p +q)n]x C

> ﬁDLia}” pDAE (—p)xC, (5.5)
;t v,a,

where

Ci=1fori=1-6 or = fori=7-12.
In order to obtain the singlet mass we put po=im,a and p; =0 in (5.5). The results are

D'(p)=D¥p)=D3p)=3c" [Hp(p)flp(—p)(37+27X)—HA0(p)HAO( —p)(37—=27X)
+[Mp(p)T 4 ( —p)~H,,0(p)Hp(~p)]><27iY] : (5.6)
D*p)/2=D3p)/2=D%p)/2=D"(p)=D%p)=D%p)=D'%p)=D"(p)/3=D"2(p)
=1o4 {Hp(p)l'lp(—p)(l—X)—HAO(p)ﬂAO( —p)N1+X)— [np(pm,,o< —p)—T1, (p)Ip(—p) ] XiY] , (57
where
X =cosh(ma)

and
Y =sinh(m,a) .

Summing up D(p) (po=imya, p; =0) for i and multiply the factor BEX(CY P x(C?)7 /N® we obtain the final result
D (p) =[ B (CHY )X (CY”)/N*]30 {n,,(p)n,x —p)(59+37X)—1I1, (p)T1 4 (—p)(59—37X)

+ [np<p>n,,o( —p) =T, (PTTp(—p) } ><37iy] : (5.8)

Combining (5.8) with the result in the strong-coupling limit we obtain
p Ay

2 .
2Dnonsmglct( 0 P|1/0*-3-X iY
pO—'lmﬂa> Pk= )— ¥ 1/ R X
A —i _
o | Y (5.9)
P A,

singlet P | 1/0*—3—X +1t(59+37X) iY(1—=37¢)
2Dp™4 (po=imya, p=0)=

A —iY(1—371) 1/0>—X —t(59—37X)
where
1=2n7[BX(Ci}PX(C")/N*]30™
=ns X B0x 60" /8N?
and o=1/My+0 (B).
From detDp™" (p)=0 and detDj"8' (p)=0 we obtain
(Mg*—4+961)(My>—1—221)
(1—=37t)(2M,*—3)
(M2 —4) (M2 —1)
(2My*—3)

(Notice that we neglect the common corrections to mya and m ,a in the strong-coupling expansion.) From (5.10) we ob-
tain

cosh(mya)=1+

(5.10)
cosh(m_a)=1+

Ama =cosh(m ,a)—cosh(m ,a)
=1(3TMp* — 111M >+ 140—21121) /[ (2M s> — 3)(1 —371)]
=6n;B%3TM* —111M %+ 140) /[8N M, '4(2M 12 —3)]+0(B7)>0 . (5.11)
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Furthermore

lim Ama= lim Ama
mﬂ_’o MOZ—-»4

=n;Box 33 /(N°x 2" x5)£0 . (5.12)

From (5.11) and (5.12) we conclude that
my>m,
and

lim m,=0 .
m,—0
This is a desired property for solving the U(1) problem.
The dynamical mechanism which realizes the above prop-
erty is discussed in Sec. VII.

VI. NO MASS DIFFERENCE BETWEEN
THE “VECTOR” MESONS

Here we will show that there exists no mass difference
between singlet and nonsinglet “vector” (¥ -T) mesons in
all orders in the strong-coupling expansion. Vi terms
which contribute to the mass difference have general
forms such as (remember Sec. V)

const X trm(n)(P. + P;) Xtrm(n) (P +P;.) . (6.1)

where
k
Pe=Py Py - Py, _zlﬁizo ’
i=

Pe=P_y Py " Py
and m(n)=M (n)—o. In other words, ¢ is the oriented
closed loop starting from n and € is the loop ¢ with oppo-
site orientation. The vector-tensor component in (6.1)
must have y, or v,7,(u#v) in P.. For example, we con-
sider

trm(n)y,

or
trm(n)y Yy -
But in P; such a term considered appears as

trr(n)(—vy,)

or
trr(n)(—y ) (—v,) .

Therefore the vector-tensor component in trm(n)(P, +P;)
is always zero by the above cancellation. Since the term
(6.1) is the general form in the 1/g*N expansion we con-
clude that the vector tensor sector has no mass-difference
between the singlet and the nonsinglet channel in the ef-
fective potential. This result may explain the fact that
“there is no U(1) problem for the vector mesons in na-
ture.”

VII. DISCUSSION

In Sec. V we obtained the main result of this paper. Up
to the order of 8¢

my>m,
and

lim m,+0 .
m,—0

Qualitatively this result is a desired solution to the U(1)
problem on a lattice. But quantitatively the mass differ-
ence is much smaller than the experimental data. When
we put My>=4(m,=0), a ~'=900 MeV, N =3, n;=2,
and B=4.0 (not strong coupling) into (5.11) we obtain

m,~380 MeV .

Inversely when we put My>=4(m,=0), a ~'=900 MeV,
N =3, and M,, =550 MeV we obtain

F=4.6.

This result shows that the higher order in the strong-
coupling expansion is necessary for the large singlet
meson mass. But the calculation of higher and higher or-
ders in the strong-coupling expansion becomes more and
more difficult. Therefore we will not go to this direction.

Since Monte Carlo (MC) simulation is a powerful
method to calculate the hadron mass, it is desired that the
mass difference is calculated by the MC method. But un-
til now it seems very difficult to measure it by the
quenched approximation.” Including the dynamical quark
is necessary to calculate the mass difference. Further pro-
gress® for this field is desired.

In paper I we pointed out that the pseudoscalar meson
is the massless particle associated with the parity-violating
phase transition on a lattice. But this is not correct if we
consider the many flavors case. To explain this we define

%(n) =iy st™P(n)
and
%n)=ivyspi(n) .

If we assume that the flavor symmetry is conserved, it is
easy to see

(I*0)I1%n)) =0 for asb ,
(M%O)I1%n) ) = {I1%(0)[1%(n)) for any @ and b ,
(I1°) =0 for any a .

Furthermore if the parity is conserved

(1% =o0.

If we regard (II°) as the order parameter of the phase
transition, then there exists a phase where (I1°)5£0. On
such a phase transition some particles may become mass-
less. Ordinarily we think the particle corresponding to the
order parameter become massless, then I1%n) (the flavor-
singlet meson) should become massless. But the result in
Sec. V shows that I1°(n) (the flavor-nonsinglet mesons)
rather than I1%n) become massless. Physically this is
desired.

In the above argument the assumption that the flavor
symmetry is conserved is not true. To see this we investi-
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gate Eq. (5.10) first. From Eq. (5.10) the = meson be-
comes massless at M,>=4 while the 7 meson does at
My*=4—-96t. If we change M,? from a larger value, the
7 meson becomes massless first. For M2 <4 since the
existence of the tachyon is forbidden by the positivity of
the action “the flavor symmetry” must be broken; for 3a,

Ser(B,M)=3 Tr
n u

MM (n)—InM (n)+ 3(n{[14+(14+4A,,)'21/2} +1—(1+4A,,)"%) | +b 3 [TrysM (n)1*/4
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(I%)=0,

contrary to our naive assumption. This is our new
scenario. To show that this is true we investigate the ef-
fective potential

(7.1

n

with ny=2 and b >0. This effective potential is (B—0 and N — o) + (the bilinear term for the singlet sector). At first

we take the flavor-dependent quark mass term such that

mya +4r 0 M, O
M= 0 mga+4r|= |0 M,|"
Therefore we assume
oexplify) 0
M(n)= 0 o,explif;)

in the vacuum. The gap equations become
M] g, :COSB[ s
M20'2 = COSBZ N

8012

+ —2bo?
1+(1—40,sin%6,)'/2 :

(7.2)
(7.3)
_2b
7192 sinf;
o2 cind, | =0 (7.4)

—2b0'|0'2 — 1+

1+ (1—doy?sin6,) /2

In the case of M;=M,=M the gap equation (7.4) has two solutions;

(I) O|=0>, sin91=——sin62 for M2<4 ,

(II) oy=0,, sinf;=sing, for M> <4 —4b ;

then we must calculate the difference of the effective potential between two solutions:

Ves(sinf, = —sinb,) — Vg(sin@, =sinb,) =4b (o,sinb;)* >

Therefore the solution (I) is realized. This solution means
that

(PiysT>y) =20sinb,
_3e=—MH)”
16—M?

The parity and flavor symmetry is broken. For M?>4,
where the parity and flavor symmetry is conserved, the
masses of 7 and 7 are given as

(M?>—4+44b)(M*—1)

cosh(m,,a)=1+

2M?—3+4b ’
(M?2—4)(M?*—1) 7.5
cosh(m a)=1+ —
2M?_3

0.

[

then

4b(M?*+1) 0
7 2 >
(2M~“—3)(2M~-—3+4b)

Therefore the U(1) problem is also solved for M?*> 4.

The above scenario is the hidden dynamical mechanism
for the solution to the U(1) problem on a lattice. The
analysis of the effective potential derived from a real lat-
tice QCD in the strong-coupling expansion, including the
flavor dependence of the quark mass, will be published
elsewhere.’

In the strong-coupling limit both solutions (I) and (II)
have the same energy. This degeneracy is accidental, not
the result from some symmetries. If we consider the ef-
fect of the meson loops, the solution (I) becomes a true
vacuum. In the ordinary phase the 17 meson becomes
heavier than the 7 meson by the effect of the meson loops

cosh(m,a)—cosh(m .a)=
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even in the strong-coupling limit as pointed out by Wil-
son.!® Quantitatively such an effect of the meson loops to
the mass difference may be bigger than the effect of the
strong-coupling expansion. Therefore it is necessary to
calculate the loop effect. Since it is very difficult to cal-
culate it using the complicated meson propagator on a lat-
tice, the random walk technique'! is suitable. In the fu-
ture we will investigate this problem.

Before ending this section we mention other uses of the
strong-coupling expansion obtained in Sec. II. In princi-
ple using (2.4) and (2.8) we can calculate the vacuum ex-

pectation of any operators in lattice QCD. Furthermore
the Wess-Zumino term or the chiral anomaly may be also
calculated in this formulation.
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