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Following the idea suggested by Gronau, Johnson, and Schecter we further constrain the masses

of the second- and third-generation neutrinos to a very small portion of the v2-v3 mass plane by
combining the models of Fritzsch and Stech in the leptonic sector and demanding consistency 1vith

current experimental limits.
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In a recent paper' the implications of the Fritzsch
model in the leptonic sector were examined. Using a
similar analysis in this paper, the Fritzsch matrix will be
combined with the ansatz of Stech, 3 resulting in more
specific predictions for neutrino masses and mixing angles
which are consistent with neutrino mass and oscillation ex-
periments.

The lack of observation of neutrinoless double-P decay4
may suggest that neutrinos are Dirac particles. Light
Dirac neutrinos resulting from grand unified theories,
which generally involve larger unification groups than
SU(5), have recently been discussed in the literature. In
what follows we will limit ourselves to the case of Dirac
neutrinos. If neutrinos are Dirac particles, then quarks
and leptons may have similar horizontal symmetries in the
electroweak Lagrangian. Since these symmetries act on
quarks and leptons in an identical fashion, we expect the
successful relationships found between the Kobayashi-
Maskawa6 (KM) angles and quark masses to be equally
applicable in the leptonic sector. There have been exten-
sive analyses7 of the KM relationships for the quark sector.
The most popular scenario in the literature~ is the Fritzsch
model, which is in agreement with present experiment for
the quark sector. Gronau, Johnson, and Schechter9 have
shown that the hypothesis of Stech does not conflict with
that of Fritzsch, and hence the two models may be com-
bined, resulting in the complete determination of the pa-
rameters in the KM matrix in terms of the quark masses.
In this paper we will examine the implications of simul-
taneously imposing the Fritzsch and Stech hypotheses in
the leptonic sector. As we will see, only a very tiny region
of the v2- v3 mass plane will remain as allowed by the data.

In the Fritzsch model the fermion mass matrix takes the
form

U VTOe' 0 V.
V

,0 0 e",
(2)

For the quark sector, the Stech model is defined by the
following hypothesis:

M„Mt M„

M~ M~~ aM+8
(4)

where a is a constant, A is an antisymmetric matrix, and

M„&z1 is the up- (down-) quark mass matrix. Taking this
directly over to the lepton sector we have instead

M -Mt~MT
V V V

MI MI~ aMI+A .

(5a)

(Sb)

If M„and Mi are also of the Fritzsch form (1), Eq. (5a)
implies

(6)

From Eq. (5b) we can see that the antisymmetric matrix A
must be imaginary and also of the Fritzsch form, implying

0 ia 0
Ml aM + —ia 0 ib (7)

0 —ib 0,
From this ~e find the relations

The matrices V„&t& as well as the coefficients A„&t&, 8„&t&,
and C„&t& are obtained in terms of the fermion masses in
the work of Georgi and Nanopoulos. ' cr and z are two
phase parameters which are related to the phases in My by

~-~."+&." ~." &'" (-~,'+~-,t ~.' ~at)

where F v, (1) for the neutral- (charged-) lepton mass
matrix. The weak-charged-current mixing matrix is given

p~l p
I

pl 0

1986 The American Physical Society



Examining the elements of M&, we see the equalities

ill
AIe "~ah„+ra,

ill
8te ' tt8„+ib,

from which it immediately follows that
' 2 1/2

arctanA aA
—1
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Taking the trace of Eq. (7) gives the additional relation

m, —m +m,
o, ~

Pal „PPl„+Pl„3 2 1

Since A „tt& and 8„&t& are known in terms of lepton masses,
the phases p„',&~i are completely determined. o and z, the
CP parameters in the weak-charged-current mixing ma-
trix, then become
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Hence, all the parameters in the KM matrix U are deter-
mined by the lepton masses.

Lubimov et a/. "have examined the end-point spectrum
of tritium P decay and report a finite result for the electron
neutrino mass of 33+' l. l eV. Combining these results
with the impmved upper mass bounds for neutrinos from n
and z decays, '2 yields the following constraints:
M„33+ 1.1 eV, 33 eV &M„&250 keV, M„&M„

1 "2 "2 '3
& 70 MeV. As in our previous work, the lower mass limits
of v2 and v3 result from the assumption that massive neu-
trinos obey the usual hierarchal structure. Exploring the
above mass region, and implementing the Fritzsch and
Stech hypotheses, we have calculated the probability of
neutrino oscillations. The standard result'3 for the proba-
bility of v, v& for large

~M'.,=—M„'-M„'(~f'.,& 10 ev')

I (v.—v,)-g IU.,U„.I'.

FIG. 1. A plot of the v2-v3 mass plane. The large unshaded
area is the region where the Fritzsch model is consistent with
present neutrino-oscillation experiments. The singly cross-
hatched region corresponds to an improvement by a factor of 2
in v„~v, oscillation experimental limits. The doubly cross-
hatched area is the region where the combined Fritzsch and
Stech models are consistent with present osciBation data. The
small solid region is ~here the Fritzsch and Stech models are
combined with a twofold improvement in v„~v, oscillation ex-
periments.

M„M,
M„

M„M„"2

of v2 and v3. Sample values of I U, .
l are given in Table I

for the representative values of M„7 keV, M„120
keV, cr 14', and z 21'. These mixing angles are clear-
ly too small for observation of these neutrinos in tz- and P-
decay experiments.

An interesting outcome of these calculations is that the
neutral- and charged-lepton intergenerational mass ratios
are almost equal:

A comparison of our calculations with the data' results in
a very small allowed region in the M„-M„plane. This re-

2 3

gion is the doubly cross-hatched area shown in Fig. 1. The
oscillation probabilities are the same as those found by us
earlier. ' As in our previous work' we ask how an improve-
ment in the present data will modify our results. To
answer this question we considered a twofold improvement
in the present limits on neutrino oscillations, the most sen-
sitive process being v„~v, osctllattons. This shrmks the
allowed region down to the small sohd area shown in Fig. 1

and leads to an almost unique determination of the masses

IU„I'
I U„l'-

I U„ I'
I U„l'-

I U„ I'
IU„I*
I U„l'- I U„l'
IU„I'

Predicted value

9.99x10 '

2.92x10 4

5.70x 10
9.99x ]0
8.71x10 4

9.99x10 '

TABLE I. The calculated values of I U& I

~ for M„7 keV,

M„120keV, o 14, z 21
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Equality yields M„6.8 keV and M„115.2 keV, which

lie in the small solid area of Fig. 1. These relations should
not be surprising, as they follow immediately from the
small size of mixing angles, since in the limit that (14) be-
comes exact, all mixing angles will tend to zero. '

Very recently' a new tritium P-decay experiment has
been performed at SIN which conflicts with Lubimov et
al. They report a limit on the electron neutrino mass of
M, &9 eV. How would our results change if these new
results are verified'? As an example, we have repeated our
analysis assuming M„5 eV. We find that, as expected,
the allowed masses for vz and v3 are given quite accurately
by Eq. (14) with M„, 5 eV. This is because all the values

of the mixing angles remain small due to the bounds from
neutrino-oscillation experiments. In fact, we find that for
any value of M, ~30 eV the allowed values for the masses

of v2 and v3 are simply obtainable via Eq (14).
In conclusion, we see that the combination of the

Fritzsch and Stech hypotheses are remarkably restrictive
in the leptonic sector.

This work was supported by the U. S. Department of
Energy, under Contract No. W-7405-Eng-&2, Office of
Basic Science (KA-01-01), Division of High Energy Phys-
ics and Nuclear Physics.

'J. L. Hewett and T. G. Rizzo, Phys. Rev. D 33, 1519 (1986).
2H. Fritzsch, Nucl. Phys. 8155, 189 (1979); Phys. Lett. 738,

317 (1978).
38. Stech, Phys. Lett. 1308, 185 (1983); G. Ecker, Z. Phys. C

24, 253 (19S4).
4D. Caldwell, in Sixth Workshop on Grand Unification, Min-

neapalis, 1985, edited by S. Ruduz and T. Walsh (World
Scientific, Singapore, 1986); M. Doi, Osaka Report No. OS-
GE-&4-09-Rev, 1984 (unpublished).

5A. Joshipura, A. Mukherjee, and U. Sarker, Phys. Lett. 1568,
353 (1985); P. Roy and O. Shanker, Phys. Rev. Lett. 52, 713
(1984); A. S. Joshipura, P. Roy, O. Shanker, and U. Sarkar,
Phys. Lett. 1508, 270 (1985); J. Oliensis and C. H. Albright,
ibid. 1608, 121 (1985); O. Shanker, ibid 1598, 1.92 (1985);
M. Roncadelli and D. Wyler, ibid 1338, .325 (1983);
O. Shanker, Nucl. Phys. 8250, 351 (1985); see also references
on cosmological implications for Dirac neutrino mass, D. Far-
gion and M. G. Shepkin, Phys. Lett. 1468, 46 (1984).

M. Kobayashi and T. Maskawa, Prog. Theor. Phys. 49, 652
(1973).

~See, for example, P. H. Frampton and C. Jarlskog, Phys. Lett.
154$, 421 (1985); K. Matumoto, Prog. Theor. Phys. 72, 184
(1984); M. V. Barnhill, Phys. Lett. 1518, 257 (1985);
A. Davidson, Nucl. Phys. 8193, 453 (1981);A. Conkie, C. D.
Froggatt, and H. B. Nielsen, Phys. Lett. 1618, 347 (1985);
H. Fritzsch, ibid 1668, 423 (1.986); T. P. Cheng and L-F. Li,
Carnegie-Mellon Report No. CMU-HEP&6-1 (unpublished).

For recent work in this area, see the series of papers by M. Shin,
Harvard Reports No. HUTP-84/A070, 19S4 and No. HUTP-
85/A100 (unpublished); Phys. Lett. 154$, 205 (1985); 1458,
285 (1984); 1528, 83 (1985); H. Georgi, A. Nelson, and
M. Shin, ibid 150$, 306 (19.85); S. Hadjitheodoridis and
K. Kang, Brown University Report No. BRO%N-HET-556
(unpublished); for use of Fritzsch matrices in the leptonic sec-

tor, see R. Capps and E. Strobel, Phys. Rev. D 32, 257 (1985);
A. S. Joshipura, Phys. Lett. 1648, 333 (1985).

9M. Gronau, R. Johnson, and J. Schechter, Phys. Rev. Lett. 54,
2176 (1985).

'OH. Georgi and D. V. Nanopoulos, Nucl. Phys. 8155, 52
(1979).

t iV. A. Lubimov et al. , in Proceedings of the International Eu
rophysics Conference on High Energy Physics, Brightan, Eng-
land, I983, edited by J. Guy and C. Costain (Rutherford Ap-
pleton Laboratory, Chilton, England, 1983), p. 386; Phys.
Lett. 948, 266 (1980).

'2F. Vannucci, in Proceedings of the International Europhysics
Conference on High Energy Physics, Bari, Italy, I985, edited

by L. Nitti and G. Preparata (European Physical Society,
Petit-Lancy, Switzerland, 1986); R. Abela et al. , Phys. Lett.
1468, 431 (1984); ARGUS Collaboration, DESY Report No.
85/054, 19S5 (unpublished).

'3R. E. Shrock, Phys. Lett. 968, 159 (1980); Phys. Rev. D 24,
1232 (1981); 24, 1275 (1981); B. Kayser, ibid 24, 110.
(1981);S. M. Bilenky and B.Pontecorvo, Phys. Rep. 41C, 225
(1978); I. Yu Kobzarev, B. V. Martemyakov, L. B. Okun, and

M. G. Shchepin, Yad. Fiz. 32, 1590 (1980) [Sov. J. Nucl.
Phys. 32, 823 (1980)].

'4For a recent review, see A. Bodek, in ICOBAW '84, proceed-

ings of the International Colloquium on Baryon Nonconser-

vation, Park City, Utah, 1984, edited by D. Chne (Phys-
ics Department, University of Wisconsin, Madison, 1984);
P. Vogel, in Sixth Workshop on Grand Unification, Minneap
olis, I985 (Ref. 4).

i ST. P. Cheng and L.-F. Li, Phys. Rev. Lett. 55, 2249 (1985).
6J. Petersen, in XIth Recontre de Moriond: Massive Neutrinos

in Particle Physics and Astrophysics, Tignes, France, 1986
(unpublished).


