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In high-energy muftiproductiou collisions, secondaries with transverse momentum (pr) greater than a

few times the pion mass have a p~ distribution which faHs off like a power of p~. This has been interpreted

as being due to nonhydrodynamic processes, e.g., constituent interchange or hard scatterinls of partons.
~e show that, on incorporation of transverse expansion with appropriate boundary conditions, a Landau-

type hydrodynamic model leads to a falloff like pr s for relatively large transverse momeuta (pr -a few

Gev), contrary to popular expectations.

The problem of multiparticle production in high-energy
collisions (hadronic, leptonic, and nuclear) has been the
focus of intense investigation for over three decades.
Despite the attempts of numerous physicists using several
different approaches, no clear-cut understanding of the
phenomenon has yet emerged. But there exists a school of
thought which holds that hydrodynamic models constitute
an acceptable scenario for such processes. The present au-
thors subscribe to this viewpoint. Indeed, in our opinion,
one ~ould be hard put to find an alternate scenario which
explains as well the many facets of the multiproduction
processes simultaneously. There are, of course, several
unanswered questions in the hydrodynamic picture too. In
this work, we address one such issue, namely, that of the
secondary ejectiies with large transverse moments (pr) in
the central rapidity region. [Thus, they may be safely as-
sumed to come from the central "Areball" (at rest in the
c.m. frame). ] It is worth noting that the low-pr region
(0 & pr & 2-3p„ tt being the pion mass) shows a thermal
spectrum and is explained by the thermal distribution at
breakup in the hydrodynamic picture. The intermediate-to-
high-pr region (2-3tt, ~ pr & 5-6 Gev) is an open problem
in hydrodynamic models due to the lack of an accurate solu-
tion of the three-dimensional (3D) motion, but we expect
hydrodynamics to cover this region too. As a matter of
fact, this is precisely the contention of this article, The
very-high-pr region (pr +6 Ge&) is populated by the very
rare hard collisions between partons with large momentum
transfers, which can adequately be described by QCD
(which enters the hydrodynamic picture only indirectly
through the equation of state).

In hydrodynamic models, ' evolution of the fireball is
described by the set of equations ll„P'"(x)-0, where T&"

is the energy-momentum tensor of the fluid constituting the
fireball. For an ideal fluid, T""-(a+ p)unu" —pgn", the
symbols having their usual signif&cance. One must supple-
ment this set of equations with an equation of state for the
fluid (e.g. , p-co'a, co being the velocity of sound) to
render the system deterministic. Because of the nonlinear
nature of the resulting equations, it is notoriously difficult
to solve them exactly. For the simplified case of one-
dimensional (1D) motion, however, Landau could obtain an
analytical solution which explains the longitudinal-rapidity-
distribution data fairly well. Physically, this means that dur-

ing the initial stage of the evolution, the motion is primarily
1D and even after 3D motion has set in, the longitudinal
motion of the fluid is not drasticul1y altered. But the Landau
solution clearly cannot say anything about the transverse-
momentum distribution of the secondaries, as that necessi-
tates a thorough analysis of the full 3D hydrodynamics. On
this score, the best one can hope for, as far as analytical
studies go, are approximate solutions of the type obtained
by Milekhin and Yotsuyanagi. Here we follow closely the
treatment, as weB as the notation of Yotsuyanagi' with the
only difference being that his symbol rt ( —lnT//To, T being
the instantaneous temperature at a point and To the initial
uniform temperature of the firebafo is replaced by to.

%e visualize the transverse evolution of the central region
of the fireball (having longitudinal rapidity n =0 or
equivalently x=0) as follows. The matter starts flowing
out transversely from the edge of the fireball as a simple
wave, the front of which moves outward with the velocity of
light. The rear end of the simple wave, on the other hand,
propagates inward into the fireball with a velocity co (the lo-
cal speed of sound). At any instant of dimensionless proper
time r—- (t' —x')'I'/5 ( & a'/cp, a'-—a/5- Js/4ttts && 1,
where a is the measure of the transverse size of the fireball
and 5 the Lorentz-contracted longitudinal length4), p-po
—u' —co~ denotes the surface between 1D and 3D motions,
~here p stands for the dimensionless transverse coordinate
[=(ys+z2)'I2/h, ). (We are, here and in the following,
making use of the cylindrical symmetry of the problem. )
Identifying this surface correctly is of primary importance,
as this implies the proper boundary conditions to be im-
posed on the 3D hydrodynamic equations. For r P a'/co,
there is no region of pure 1D motion left at a given x, since
by then the rarefaction wave (the rear end of the simple
wave) will have reached the symmetry axis p-0. Indeed,
this, namely, in the identification of the 10-3D interface, is
essentially ~here we differ from Yotsuyanagi. 3 He consid-
ers a situation where the rarefaction wave originating from
the surface reaches the symmetry axis and after "bouncing"
from it, forms a region of nontrivial flow which then, be-
cause of the high pressure inside, expands outward, pushing
the trivial simple wave region away. Confining his attention
to the nontrivial region alone, he suggests that the 1D-3D
interface emanates from the symmetry axis and is described
by p = cor (r ) a'/co). But, from our above arguments, it
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should be obvious that there does not exist a region of pure
10 flow at this time and thus the manifestly 10 Landau
solution, which serves to fix the essential boundary condi-
tions for the full hydrodynamic equations governing the
transverse flow, becomes a priori invalid. %e therefore con-
sider Yotsuyanagi's premises to be uaIjustified and replace
them with our choice for the interface. A.s we shall see
below, this materially affects the transverse-momentum dis-
tribution. s

As remarked earher„ the full set of 3D relativistic hydro-
dynamic equations is extremely complicated. The cylindrical
symmetry of the problem is helpful in simplifying them to
some extent, but it is still not enough. However, Yotsu-
yanagi showed3 that in circumstances where the conditions

e& — -e& — —e& ———&&18 a ar aa
ar 8p 8r ap r p

(where f is the transverse rapidity) are satisfied, substantial
simplification occurs, yielding the following set of tractable
equations in place of the full hydrodynamic equations for
the central region (x =0) of the fireball:

aalu

ace co 1 1+ +
2

—+ —=0,
8r ap 1 —coi r p

ay ag co'+ —— —+—=0 .
ar ap 1 —CO1, r p

The appropriate boundary condition for these equations
must be that the solution matches the Landau solution on
the 1D-3D interface po —a' —cor. In terms of the variables
oi and f, the Landau solution for x=0 (or a=0) reads
(for r »1) oi oui= —co2lnr and ( 0 (see Ref. 3 for de-
tails). Thus solutions to {2) must satisfy (-0 and oi-oui
for p p0,

Before proceeding to solve (2), let us first check if (1) is
truly satisfied for our case. For 0& r & a'/co, the simple
wave spans the region a'+rP pP a' —cor. The corre-

sponding average values of r and p are readily seen to be

=0.85a', for c02= T2co

3 1
P TQ —+

2 2C0

(1+1/2co) =1.3a', for co'- T

(1+I/K3)'r p
[a' —(r p)/J3] (r— p+ a')—

(3)

The reader may easily verify that solution (3) with the
condition ~r p) &(—a, r —p —a satisfies (1).

Relations (3) may be inverted to yield r and p in terms of
co and g. For the benefit of the reader who might wish to
check the later results, we write down the resulting expres-
sions, which facilitate, for example, the derivation of (6):

In a recent work, 6 one of us (K.W.) and Weiner have
sho~n that, for the hydrodynamic evolution, c0'- T is the

appropriate effective value to use even in the presence of
very strong interactions. Thus, from now on, we shall al-

ways set cd- T. In that case, we may write [r —p~ (( a',
r -p —a'; it is then straightforward to see that relation (1)
is indeed satisfied for a large range of values of (. %'e are
therefore no longer restricted to very large g, as was the
case in Ref. 3. As a matter of fact, we face certain prob-
lems when g is too large. On the one hand, for high-pr
particles coming from the front of the simple wave
(p= a'+r), we must have g » 1 to satisfy (1) [see (3)
below]. On the other hand, very large g might mean a tem-
perature T & p, (the break-up temperature, in the spirit of
the Landau model), implying that the particles are already
"frozen out"; i.e., they are no longer contained in the hy-
drodynamic phase. One can, nevertheless, obtain high-p~
secondaries with p close to, but less than, a'+ v. %e shall
discuss them shortly.

Given the boundary conditions, the solution to (2) is
found to be

r T

(I+I/J3)rp + i
l

r —p+a'
a' (. p)/-i& —~ I+ I/JS
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a' —(1+I/v3)e t"+S
+ [ [a' —(I+ I/v3)e t"+& ] 14+[a'e ts"+s' —(I/v 3)e i+++11}'~'

2 2

(4)

At breakup, oi - cu, = ln p, / To. From phenomenological
analysis7 of e+e annihilation data and pp data from CERN
ISR, we can relate oi, to the total available energy Ws:

i/2
0

p

%lth cal oig ill (4), we have, ilslllg r p a,
3(a~+f)-, ~s

S3 4m,

Using (5) and the facts that for g & 1, ei —2pr/p, , we have
' 1/6

(zr) -p
leap

I

which agrees with earher estimates'o for the growth of (pr)
with Ks.

The dependence of (pr) on Js does not, however, say
anything specific about the high-pr particles coming from
near the front end of the simple wave. %e now investigate
how close to the surface p- a'+ ~ we can approach without
violating the condition Tg p, . [Principally, the problem
arises because one wants to describe the longitudinal expan-
sion in terms of the Landau solution, which becomes appli-
cable only after some time rL for which {r' x') '~1—
g (3—4)h. By then, a slice near the transverse edge has
cooled down below p. ]

Let us ~rite
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and choose 5 such that co at this point (cue) is equal to cu, .
Note that 8 0 characterizes the front of the simp1e wave.
For very small g, we can write, from (3),

is satisfied for these elemental,
1/6

prie-5 '~
NPp

(10)

(r+a')r + )
1

%35a'—~ln, + ~lna' &3+1

For v ~, th1s amounts to

o)g= —~ln 1+ a' +~lnJ3 iS, ) J3Sa'

In this calculation, one might (or even ought to) replace r
by rL, , the value of which is unfortunately unknown. How-
ever, ~L, & ~ and hence using ~L, in place of v would, ac-
cording to the formulas below, give an even larger pris.
(Thus we have made here a conservative estimate of pris. )

Equating (7) to cu„we can solve for 8:

0.4m

It is hence clear that for ISR energies and beyond, 8 is
indeed « 1. For example, Ks -30 GeV gives 8 =0.014;
Ks -270 GeV leads to 8 =0.0015.

Now we have near the front end of the simple wave

The prlq given in (10) is a measure of the highest pr for
which a hydrodynamic description is expected to work. The
value of pq thus obtained, however, should be trusted only
as an order-of-magnitude estimate and not as an absolute
upper limit, because of the substitution ~-~, among other
things. For Js -30 GeV, pris-I GeV; Js -270 GeV
gives prie —3 GeV.

%e are now in a position to calculate the transverse-
momentum distribution of the high-~ ejectiles in the cen-
tral region of longitudinal rapidity from solution (4). The
essential ingredient here is the thermodynamic concept that
the number of particles produced at breakup in an element
of volume is proportional to the total entropy contained in
that volume. Now the local rest frame of the hadronizing
element can be related to the c.m. frame by two successive
Lorentz boosts, one for the longitudinal motion and the
other for the transverse motion. Transformation to the c.m.
frame results in the following prescription' for the number
of ejectiles:

dN~ d( da LL'r p —sinh( +cosh)

l7 —pl —(I-g)a',

which by (4) gives

-3(cu +f), 5jg (9)

The longitudinal and transverse rapidities may also be re-
lated3 to the longitudinal and transverse momenta of the
ejectiles by

~m dpr

A/p$+ p I'r»» Ep)

This yields, for (» 1 [which is required in order that (1)
So, for g » 1 and a'» (I+ I/v3)e ' [which fol-

lows trivially from (9)], we have
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T 3/2
Ks 2pr

2
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Ks pr
' 3/4
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2+ 3
4Nfp P

T 3/4'
Es 2pr
4 Nfp P

' -9/2 ' —19/2
' —15/2

'

where C1 100, C2 450, C3 20, C4 10, C5 80, and

C6 —35.
For this result to be physically meaningful, one must re-

quire that the differential cross section is positive for any

given value of pr & prie. It can be easily checked that the

appropriate 1ower cutoff on p~ has a weak dependence on
Js. For example, if Ws -30 GeV, pr must be bigger than
—150 MeV for this formula to apply; Js -270 GeV re-

quires pr+250 MeV. Of course, the requirement g)) I
already implies pq && p, .

Thus we see that for all values of Ws of interest in high-

l

energy processes, the secondary particles with transverse
momenta in the range (2-3)p, ~pr & 5 GeV show a rather
involved dependence on pr. For large pr [up to which a hy-
drodynamic scenario is expected to work; see discussion fol-
lowing relation (9)], the leading behavior is like pr . For
lower values of p~, the falloff is obviously sharper. In con-
trast with this, Yotsuyanagi3 obtained a dependence like
pq for all pq&& p, . This result, obtained after suppres-
sion of one term in the final expression by hand, was main-
ly due to his choice of the boundary conditions which, we
believe, are inappropriate. One should, however, mention



here that some recent experimentss at CERN SPS apparent-
ly show pr ' behavior up to very large pr, about 10 GeV.
On the other hand, perturbative QCD predicts a dependence
like ~ 4 for asymptotic values of pq. According to some
estimates, the asymptotic regime starts already at pr Q 6
GeV. This talhes nicely with our finding that for pq-5
GeV, the leading behavior of the cross section is
like ~ 5.

The main objective of this paper is to point out that the
observation of a slower falloff at large pq cannot by itself be
interpreted to rule out hydrodynamics as a viable model for
high-pq production, as has been prematurely suggested by

some authors. Instead, ~e suggest that one should look
more deeply into this problem and explore the suggestions
like leakage, " bag pressure, '2 etc. , which may modify the
transverse-momentum distribution of high-pT secondaries,
within a hydrodynamical framework.
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