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The covariant string field theory is presented in its full detail for the open-bosonic-string case.
The previously reported gauge-fixed action and Becchi-Rouet-Stora (BRS) transformation are comp-
leted by adding the quartic string-interaction term constructed explicitly here. The properties of the
3-string and 4-string vertices are fully clarified. We thus establish the nilpotency of the full non-
linear BRS transformation and the BRS invariance of our gauge-fixed action. This, on the other
hand, establishes also the gauge invariance of our gauge-unfixed action and the group law of the
gauge transformations, which were also reported previously. The general N-string amplitudes are
computed explicitly at the tree level and shown to reproduce correctly the usual dual amplitudes for
the on-shell physical external states. In particular we prove that the on-shell physical amplitudes at
the tree level are completely independent of the string length parameter a. The zero-slope limit of
our covariant string action as well as of the BRS transformation is calculated completely off the
mass shell. The resultant action has the same form as the usual covariant Yang-Mills action
—7i‘trF,,,,2 as for the gauge-invariant part, and the nontrivial & dependence appears only in the
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gauge-fixing terms.

I. INTRODUCTION

The remarkable progress made in the last two years in
superstring theory"? has revived physicist’s interest in
constructing string field theories in a manifestly covariant
manner, either in gauge-invariant form or in gauge-fixed
Becchi-Rouet-Stora- (BRS) invariant form. The construc-
tion of such string field theories is indeed very desirable
for various purposes; for instance, to discuss compactifi-
cation of extra dimensions, to reveal gauge symmetries
and the geometry of string field theory, to develop effi-
cient Feynman rules for higher-loop string diagrams, and
SO on.

The vital power of the covariant string field theory
clearly resides in the point that it enables us to reveal non-
perturbative aspects of the theory. For example, without
field theory, it had never been suspected that the string
theory could be formulated in a completely geometry-
independent manner.>* Further, it would be possible only
in the framework of string field theory to confirm the ex-
citing possibility suggested first by Freund® that all the
consistent superstring theories come from the unique bo-
sonic string theory in 26 dimensions.

This task of constructing a covariant string field theory
was initiated by Siegel® for free cases of open and closed
bosonic strings, based on the Kato-Ogawa’”® BRS formal-
ism>~12 of the first-quantized string. Subsequently,
gauge-invariant actions have been proposed by many au-
thors for a free bosonic string and for a free super-
string.!3~1°

At the end of last year we reported a manifestly covari-
ant field theory of an interacting bosonic string in two
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short papers'®!” (hereafter referred to as I and II) for the
open- and closed-string cases, respectively. There we con-
structed a gauge-fixed action and proved its invariance
under a nonlinear nilpotent BRS transformation. It was
also noted that it correctly reproduced the usual dual am-
plitudes for the string scatterings of physical modes.

Subsequently, in Ref. 18 (referred to as III), we present-
ed a gauge-invariant action with local gauge symmetry for
both open- and closed-string cases on the basis of the
string vertex functions constructed in the above gauge-
fixed action. [We became aware of a recent article by
Arefeva and Volovich!” in which they also found the
same gauge-invariant action as ours up to an O(g?) term
for the open-string case.] It was recognized that the nil-
potency of the previous BRS transformation almost
simultaneously guaranteed the local gauge invariance of
the new action. The group structure of local gauge
transformations was also fully clarified there.

Our formulation is based on the string vertex functions
which may be regarded as a natural covariant extension of
those of light-cone gauge string field theory,”*~2 and the
string field contains, in particular, the “length” parameter
a as its argument. A similar vertex was adopted also by
Neveu and West in their slightly different approach to
gauge-invariant string theory.?® A very different and
more geometrical approach to gauge-invariant string field
theory was proposed by Witten for the open-bosonic-
string case?’ first and extended to the open-superstring
case?® recently. In his theory, the string field contains no
string length parameter and the vertex has quite a new
structure in which the string midpoint plays a special role.
Other proposals for gauge-invariant interacting bosonic
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string field theories have been made in Refs. 29—33.

The purpose of the present paper is to give full details
of our covariant string field theory in a complete manner
and to show that it is actually a satisfactory theory. In
particular, since the proofs for various statements given in
I and II had to be very short by the nature of Letter arti-
cles, we fully spell out their details here. Further the
quartic open-string interaction term, whose necessity was
pointed out in I, is determined explicitly for the first time
in this paper. For length reasons we are obliged to con-
fine ourselves to the open-string case in this paper. How-
ever there should be no difficulty for the reader in con-
vincing himself of the correctness of the closed-string
field theory given in II after reading this paper. In any
case we will present the full details for the closed-string
case in a separate paper.

This paper is organized as follows. In Sec. II we ex-
plain some basic properties of our string field ¢ and BRS
operator Qp and notations used in this paper. The full
nonlinear BRS transformation of open string field @
schematically takes the form

8P =0pP+g P’V +g @V

=850 +gb,d+g%83® , (1.1)
referring to the 3-string and 4-string vertex functions V'
and V%), respectively. The 3-string vertex V is construct-
ed in Sec. III in such a way that the reason becomes clear
why the ghost factor should be multiplied to the naive
overla1pp1ng 8 functional. The O(g!) nilpotency
{83,865} =0 is proved there to hold actually in d =26
with this 3- stnng vertex.

Section IV is devoted to the construction of the 4- strmg
vertex, with which {83,583 }d> is proved to vanish again in
d =26 leaving particular “surface terms” corresponding
to end-point 4-string configurations. In Sec. V those “sur-
face terms” are shown to be canceled exactly by the spe-
cial terms from (8} )*® which were called “horn diagram”
contributions in I. (In connection with this the authors
must apologize for making an erroneous statement in I
that the horn diagrams vanish by themselves on the basis
of the observation that they contain two ghost factors at
coincidental interaction points. They are, however, found
to be multiplied by divergent determinant factors to give
finite contributions after all, and are canceled by the con-
tributions from the 4-string vertex as stated above.) For
this cancellation to occur, the coupling strength of the 4-
string vertex term (as well as its measure contained) is
fixed relatively to the 3-string’s one g; that is, the require-
ment of BRS nilpotency or the gauge invariance deter-
mines the relative weight of the 3-string and 4-string in-
teraction terms.

The other terms in (8} )*® vanish by the mechanism ex-
plained in I, i.e., the cancellations between pairs of dia-
grams connected by the duality. This duahty property is
essential also for guaranteeing the O(g®) and O(g*) nil-
potency. We complete the nilpotency proof of our BRS
transformation in Sec. V. The useful and important prop-
erties of the vertex functions proved there are summarized
in the last subsection by introducing a convenient notation
of “string products.”
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We present the gauge-invariant action and the gauge-
fixed BRS-invariant action in Sec. VI. Although they
were identical with those reported already in III and I,
respectively (except for the quartic interaction term not
discussed in I), we cite them here as well as the group law
of local string gauge transformations in the present nota-
tions for completeness. We omitted the discussion of the
gauge-fixing procedure which can be found in III.

In Sec. VII we show that our theory with gauge-fixed
BRS-invariant action actually reproduces the usual dual
amplitudes for general N-string scattering at the tree level
provided that the external string states are on-shell and
physical modes. In particular the explicit calculations of
4-string tree amplitudes are presented in detail. Based on
the general N-string amplitudes obtained there, we prove
that the on-shell physical amplitudes at the tree level are
completely independent of the length parameters a, of
external stnngs aside from the overall conservation factor
83N ,a,). A discussion is given there that if such an a
independence holds beyond the tree level one can con-
sistently define physical states free from a parameters in
such a way that the physical S matrix defined over them
satisfies unitarity.

We calculate in Sec. VIII the zero-slope limit of our
string theory and find a very encouraging result. The
gauge-invariant part has no explicit a dependence and
reproduces exactly the same form as the Yang-Mills
theory, and all the explicitly a-dependent terms appear
only in the gauge-fixing and the corresponding Faddeev-
Popov terms summarized in the form* Scr4+rp=08p(X).
Although being zero-slope limit, this proves the desired a
independence of on-shell physical amplitudes at the full
order level, since the on-shell physical amplitudes are in-
dependent of the choice of gauge-fixing terms as is well
known’>3¢1! in the usual Yang-Mills theory.

The final section is devoted to the discussion.

We add Appendixes A—I in the final part of this paper.
Most of them deal with various technical details of the
proofs for the statements given in the text. However, Ap-
pendix A is intended to give some basic definitions and
properties of the Neumann functions associated with
light-cone diagrams, which will probably be very helpful
for the reader to understand the whole content of this pa-
per. So the reader is recommended to read it first.

Before entering into the subject we give an important
remark on notational changes from the previous papers
I-III. There the string field ®[X,c,¢;a] was a bosonic
quantity carrying no ghost number, and was expanded
with respect to the ghost zero mode ¢, into

P=¢+cop . (1.2)
(This is indeed the usual convention adopted by Siegel®
and many other authors.) However, these ghost variables
c(o) and ©(o) are something like “momentum” variables
rather than “coordinates” and it is much more convenient
(and natural) to use their Fourier conjugate variables
im.(o) and im.(0) in constructing vertex functions, in
particular, the 4-string vertex V4. Therefore, we dared
to change our conventions and to adopt the Fourier-
transformed string field as our basic field ®:
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~ old
[f[dc dclexp {i f do(m.c+m,C) |P[X,c,C;al=P[X,im,im;a]l | —P[X,c,C;a] in this paper .

c?

(1.3)

Here note that we have also changed the meaning of the variables ¢ (o) and ¢(o) which actually stand for i7 (o) and
im, (o) in the old notations (and hence im; and iw. in our notations for ¢ and € in the old ones). The definition of the
ghost number Ngp is unchanged; ¢ and ¢ carry Ngp=+1 and —1, respectively, in both conventions (this Ngp is the net
ghost number which may be carried by the coefficient fields as well as the coordinates ¢ and T; do not confuse it with the
internal ghost number carried by ghost coordinates ¢ and € alone; see Sec. VI). However, our string field ® now becomes
Grassmann odd and has Ngp = — 1 since the integration measure [ dc d¢ 1°¢ in (1.3) carries the ghost number Ngp= — 1
of dc®. Fortunately, this notational change induces no change for nonzero-mode oscillators ¢,,c, (n50) and thus the
difference appears only in the ghost zero-mode part in the bra-ket representation which will be used extensively in the
following. Equation (1.3) reads, in the ket representation,

. old
[fdcoemgco(|¢)+coj¢))=-—i1rg|¢)+]1[:) —(—C|¢)+ |¢)) in this paper . (1.4)

As another notational change we reverse the o direction of the argument functions X (o), ¢ (o), and ¢(o) for the func-
tional ®[X,c,c;a] with a <0:

®[X(0),c(o),c(0);a] forax>0,
P[X(r—0),—c(mr—0),c(r—0o)a] fora<0,

DM X (0),c(0),E(0);a]— [ (1.5)

-

with the understanding that ®° in the left-hand side
(LHS) is the string field on which the previous change is
already performed. This change (1.5) makes the overlap-
ping & functional of string vertices look like an anti-
parallel connection instead of the previous parallel one
and simplifies the oscillator expressions of the vertices. It
should be emphasized that these are mere changes of no-
tations, of course, and the previous results reported in
I—III are all correct and coincide with those in this paper
although they have apparently different expressions.

X“(a)=—1—— xH4i l(az‘,f~oz‘i,,)cos(na) ,
v

(2.3)

II. STRING FIELD

The string field ® in our manifestly covariant formula-
tion is a functional of string coordinate X, (o) (u=1-—d)
and the FP ghost and antighost (Hermitian Grassmann)
coordinates, ¢ (o) and ¢(o):

P=P[X,(0),c(0),c(0);a] . (2.1
The field ® itself is a Grassmann-odd quantity with FP
ghost number Npp= —1. Besides (X,,c,C), ® also de-
pends on another (unphysical) variable a@ (— o <a < o)
which we call the “string-length” parameter. The necessi-
ty of introducing a as an argument of ® was pointed out
in T and will be explained in more detail in Sec. V. It
plays a role similar to p . in the light-cone gauge formula-
tion 20—

In the open-string case, to which we will confine our-
selves in this paper, the string parameter o runs from 0 to
m, and the coordinates (X,,c,¢) are subject to the follow-
ing boundary conditions:

2 ¥ (0)=clo)="7(0)=0 at o=0,m.  (22)
do

do

It is convenient to introduce the oscillator representation

where af, c,, and T, satisfy the properties [we use the
metric p*Y=diag(—, +,+, ..., +)]

[air:’a;'n ]="77'w5m +n,0 {C,, Cm } =8, +m,0 >

—~ =t
a_,,=a:r,, c_,,:c,:r, C_p=Cp, (2.4)
.0 d
ap=pt=—izg— co="".
Xy aco

The vacuum state of the oscillators is denoted by [0):
(ah,qsCy)|0)=0 (n>1). 2.5

In (2.3), P¥(0), 7.(0), and m,(0o) are the momenta conju-
gate to X*(o0), c(0), and T(0), respectively:

8
P 0)=—i ,
W)= =l o)
(2.6)
7(0)= —i—— 7 ()= —i—2
¢ dclo)’ T sEo)

Then, we can represent the nonzero-mode dependence of
the field functional ®[X,,c,c;a] (2.1) equivalently by a
ket vector
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| ®(x,C0;2)) = —Tp | p(x,a)) + | P(x,2)) , 2.7

while keeping the “coordinate representations” for a and
the zero-mode variables x and ¢,. In particular, we have
made explicit the dependence on the ghost zero mode Tj.
Similarly the Hermitian conjugate ot [X,,c,C;a] corre-
sponds to a bra vector

(D(x,cp;a) | = —Eo(d(x,a) | +(¢(x,a)| . (2.8)

Since ® has Npp=—1, ¢ and ¢ has Ngp=0 and —1,
respectively. In particular, physical modes of the string
are contained in the bosonic field ¢.

We can state the relation between the string field
®[X,c,c;a] in the functional representation and
| ®(x,¢p;a)) and (P(x,Cp;a)| in the bra-ket representa-
tion, more explicitly as follows. We denote the set of
coordinates (X, (0),c(0),c(0),a) by Z, and by z if the
“zero-mode” coordinates (X,,Co,a) are omitted. Then
the functional integration measure is defined by

[dZ]=

dx d‘o [dz],

. (2.9)
[dz]= ][] (dx,id6,d0,) ,

n=1

with Fourier coefficients x,, 6,, and 6, of X, c, and €.
The variables 6, and 6, are related to the oscillators c,
and €, in (2.3) as

®'[X,(0),c(0),c(0);a]=(QP)[X,(0),c

where ( is the twist operator:>’
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1

Cip= ‘/5

(n>1). (2.10)

The measure [dz] is Hermitian wh11e [dZ] is anti-
Hermitian by our convention_(dc, 0) = —dc,. [We define
the Grassmann integral as f dcoco=1. Then, the mea-
sure dc¢p is anti-Hermitian: (d¢, )T=—d'c‘o, and
8(¢y)=C;.] In terms of the eigenstates of Z operators, the
completeness relation and orthonormality in the nonzero
mode subspace are given by

[ 12)dz)z | =1,

(2.11)
(z]z')=8(z—z2')
=[] [8(x, —x,)i8(6,—6), )8(8,—0,)] .
n=1
Now the relation between the functional and bra-ket rep-
resentations is given by

(z|®(x,Cp;a)) =®[Z],

(2.12)
(®(x,80;0) | 2) =DT[Z] .

With these relations understood, it is easy to rewrite the
relations in one representation into those in another.

The field ® and its Hermitian conjugate @' are not in-
dependent. We impose the following Hermiticity require-
ment:

(QP)[X,(0),c(0),c(0);,al=P[X (7—0), —c(m—0),c(m—0)a],

‘Q’(amcmEn )Q_l=(_ )n(amcn,a—n) (n=0,%+1,%2,...),

In terms of the bra-ket representation, the Hermiticity condition (2.13) is expressed as

£, B(x,,8 saz) |_fdx1d-“’——<R (1,2) | ®(x1,E Vsa0) 102,

where (R(1,2)] is given by

(R(1,2) ]| =8(x; —x)8(c ' —& 28 a; +a3),{0 ] ,{0 | exp | —

and the subscript 7 in (0| means that +(0| is a bra vec-

tor of the rth oscﬂlators (a,c} ,c") Note that

(R(1,2)] satisfies the properties
(R(1,2)|[XV(0)—XF(a)]=0,
(R(1,2)[[¢"(a)—cP(a)]=0, (2.17)
(R(1,2)] [E<1’(o)—a<2’<a)]=o ,

where X', ¢ and ¢
(r) (r) -(r))

replaced by (a,, sCn sC

) are given by (2.3) with (a,,c,,¢,)

0),¢(0);—a]=®[X,(7—0),—c(m—0),c(r—0);—a], (2.13)
. (2.14)
Q=0'=0"1, a|0)=10).
(2.15)
3 [ Lala? —g el g Db 2.16)
n>1 n

In the open-string theory we can incorporate the Yang-
Mills group quantum numbers by letting @ be matrix
valued.®® From the requirement to be explained in Sec.
III, there are three possibilities for such groups: namely,
U(N), O(N), and USp(2N) (Ref. 39). In the U(N) case
(orientable string) ® is an N X N matrix in the fundamen-
tal representation. In the case of O(N) or USp(2N)
(nonorientable string), we have to impose the nonorienta-
bility constraint on :

oT=00 (|®)7=0|®)), (2.18)
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where T denotes the transpose with respect to the matrix
index of ®. When @ is expanded in terms of component
fields of definite mass, Eq. (2.18) implies that the even-
mass-level fields (m?2/2=0,2,4,...) belong to the an-
tisymmetric representation while the odd-mass-level fields
(m?/2=-1,1,3,...) belong to the symmetric representa-
tion. When @ is matrix valued, ®' implies the Hermitian
conjugation also with respect to the matrix index; in par-
ticular, the bra vector (®| carries a Hermitian-
conjugated matrix index relative to | ®).

The BRS operator Qp in the first-quantized theory”®
plays an essential role also in the second quantization:®

Qs =V7 [ dolim[—+(P*+X?) +ilc'c—mm,.)]
—c(P-X'+c'm +7,T)}

dCs _
_Ai212idici

Efo dUCt
t

o
(2.19)

In terms of the oscillators, Qp is written as

'—';— 2 [an—m'am+(n+m)6n—mcm]

m=—o

Op= i C_p

n=-—co

+a(0)8,, ]: , (2.20)

where : : denotes the normal ordering and a(0) (intercept
parameter) is a constant. Kato and Ogawa’ found that
the nilpotency of Qjp,

Qp°=0,

is satisfied only when d =26 and a(0)=1. It is con-
venient to make the ¢y and ¢, (=0/9¢,) dependence of
Q3 explicit and to rewrite it as

(2.21

Qp=coL +ToM +0p . (2.22)

Here, Qp stands for the part of Qg which contains neither
¢p nor ¢y, and
L=—+p*— Sla_pa,+nlc_nCa+T_ncy)]+1,

n>1
(2.23)
M=23 nc_,c, .
n>1
Free string action in the second-quantized theory was
given by Siegel:®

SO= 59 fdm<<1>(1) zy—- <1>(1)>
ac
——[dtu(e) [50—9—,QB o), @24
aco

where 1 and d1 denote the ‘“zero-mode variables”
(x,Co,a) and their integration dx d¢,(da/2w), respective-
ly, and tr represents the trace of the matrix index of ®.
Here, 8% is the BRS transformation at the free level de-
fined by
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(2.25a)
(2.25b)

83 | D)=05|®),
83(®| =(®|Qp=(83 | 0N .

Because of the property Q3=0, 83 is nilpotent [when
d =26 and a(0)=1]:

(83)*=0.

The BRS transformation (2.25b) for the bra vector follows
from (2.15) by making use of the formulas

(R(1,2) (25" +05")=0

(2.26)

(2.27)
and

[Q,05]1=0, (2.28)

and by noting the fact that the 8% operation anticom-
mutes with every Grassmann-odd quantity, in particular,
with d¢,. For a nonorientable string the BRS transforma-
tion (2.25) preserves the constraint (2.18) owing to the
property (2.28).

By carrying out the €, integration in (2.24), we get

S0=—8% [ d1tr(y1) | 4(1))
= [d1t[($(1)| L | (1)) +{e(1) | M [¢(1)],
(2.29)

where |¢) and | ) is defined by (2.7), and 1 and d 1 here
denote (x,a) and dx(da/2w), respectively. The BRS
transformation (2.25) is expressed in terms of |¢) and

| ) as
83 16)=0p|¢)+M [¥),

N ~ (2.30)
8p |¥)=—L |4)+Qs|¥) .

III. CONSTRUCTION OF NONLINEAR BRS
TRANSFORMATION I; 3-STRING VERTEX

A. Nilpotency requirement of the BRS transformation

The purpose of this section is to extend the homogene-
ous BRS transformation 8% (2.24) to a nonlinear one 85 in
such a way that the nilpotency (85)*=0 is preserved. In
the light-cone gauge formulation of the open-string field
theory,?°~?? it was necessary to introduce the 3-string and
4-string interaction terms in the action in order to repro-
duce the correct dual amplitudes at the tree level. Fur-
thermore, if one considers the loop diagrams, one has to
mix the closed-string system with the open-string one.?!

Correspondingly, in our manifestly covariant formula-
tion also, we expect 83 ® to consist of terms which are
quadratic and cubic in ¢ and possibly also terms which
contain the closed-string field. The reason of this will be-
come clear from the relation between the action and 6P
discussed in Sec. VI.

In this paper, we try to construct a nilpotent BRS
transformation 8p restricting to pure open-string system
in the following form:

8p =83 +805+8°8% , 3.1



34 COVARIANT STRING FIELD THEORY

where g is the coupling constant and 8® (85®) is quad-
ratic (cubic) in @. It turns out that (3.1) is enough to
reproduce correct dual amplitudes at the tree level. It is
an open question whether one is actually obliged to in-
clude the closed-string terms in 8z when the loop dia-
grams are taken into account.

Now, from the requirement of nilpotency, (85)*=0, the
following conditions should be satisfied:

(83)*=0, 3.2)
(85,85} =0, (3.3)
(85)*+ (83,83} =0, (3.4a)
(85,85} =0, (3.4b)
(83)*=0. (3.40)

The first condition (3.2) is satisfied when d =26 and
a(0)=1. In this section we construct (a part of) 85 from
the condition (3.3). In the next section 8% is constructed
so that it almost satisfies {63,865} =0. In Sec. V we shall
fully determine 85 and 8% from the conditions (3.4). As
we shall see, each of the conditions (3.3) and (3.4) holds
only when d =26.

B. The form of the 3-string vertex

Now, let us consider 8. We assume the following
form for 8} | ®):

3

2a

r=1

V(1,2,3) <6

O<o<m|a;|
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8p | ©(3)) = [ d1d2(®(1)[(D(2)]|V(1,2,3)),  (3.5)

where 1, 2, and 3 denote the sets of “zero-mode” variables
(x,,¢a,) (r=1,2,3) and

dr=dx,dcda,/27) . (3.6)

When & carries the Yang-Mills group quantum num-
ber, the right-hand side (RHS) of (3.5) also implies the
matrix multiplication of (®(1)| and (®(2)|. [We as-
sume that | ¥(1,2,3)) has no matrix indices.] Here, we
cannot take an arbitrary group and representations. First
of all, the Hermiticity condition (2.13) or (2.15) requires
that the Lie-algebra elements be Hermitian or anti-
Hermitian. Second, because of the form of 85 (3.5) the
Lie algebra should close under a simple multiplication
(not a commutator). From these conditions we are led to
the three allowed groups U(N), O(N), and USp(2N), and
representations® explained in Sec. II.

Now, from (2.25) and (3.5), the requirement (3.3) leads
to the following condition on the vertex V' (1,2,3):

3
S oy (3.7)

r=1

| ¥(1,2,3))=0.

A natural choice for ¥ would be the following one sug-
gested by the light-cone gauge string field theory:2°—2?

[ 86X 0)+6,X%(0,)—X3(03)18[01a1c'V(0))+Osa:¢ P 03) —ascP(03)]

XS[O,al_ZE(”(a,)—}—ezaz_zE{z)(az)—afzfm((ﬁ)] ’

0,(0)=0(ra;—0), O,(0)=60(0c—1ma,),

o o—ma, mlas| —o
—, olo)= , oylo)=——"—
@

OI(U)E 3( =

a; |as|

Here, we are considering the case a;,a,>0 and a;<0.
The RHS of (3.8) expresses the splitting of the string 3
into the strings 1 and 2 at the point oy=ma,/|a;|
(aj+a;=|a;|) [see Fig. 1(A)]. The extention of V to all
the regions of a, is given in Fig. 1. The factors of a, in
front of ¢'”(o') and € "(0) in the & functionals of (3.8) are
chosen so that every term in the BRS charge Q45 operat-
ed on V can be properly transformed into those in Q'
and QF. In fact, the & functionals in (3.8) also imply the
following connection conditions for the conjugate vari-
ables P (o), m (), and 7.(0):

0,0'"(0)+ 6,0 (0,)—0%03)=0
with

0'"o,)=a,”'P"0,), a," 7 (a,) , or a,7(0,) ,

and hence also for
0"o,)=a,"'40(0,), a,C{(a,), a,"2CV(0,) .

From the expression (2.19) of Qp and these connection
conditions, it is naively expected that V' (1,2,3) of (3.8)
satisfies (3.7).

— —— e —

A B C

FIG. 1. The structures of overlapping & functionals in 3-
string vertex, for cases (A) |a3|=|a|+ |a;|, (B)
lai| =]az| +|a3|, and (O) |az| = |a;| + ||, respective-
ly.
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C. Oscillator expression of the 3-string & functional

In order to see if this is really the case, we need a more
precise definition of the 8 functionals of (3.8); a represen-
tation by oscillator modes. The oscillator expression of
the bosonic part of the 8 functionals of (3.8) has been well
known and is given by?°—24

| Vx(1,2,3)) =(2m)% exp[E,(1,2,3)]|0),

3
py

r=1
(3.9
Ex(1,2,3)=1 3 N3,a",-a9,
n,m>0
rs
=+ 3 NEd"a%+ 3 Nid",-P
nm>1 n>1
rs r
1 p°
+tX o (3.10
r r

where the Neumann functions N J3, are given by

-1
- a, « - -
N =—aa;3 —n—+—;:— N.N; (nm>1),
aa; —
’r'so_____ ! er (Cl,Cz,C:;)E(l,‘l;O) (nZI):
as
— 5 ) 8 3
No=r | —=—2—-2 |, =S a,n|a,|, G.11)
a, as r=1
— a 7
Nh=—fy |- 2L 1" (qy—ayap=asy) ,
r ar
I'(nx)
fn(x)z s P=arPr+l—ar+lpr .

n'I'(nx —n +1)
[The properties of N ), are summarized in Appendix
A. The formulas (3.11) correspond to a special choice
Z,=1, Z,=0, Z;=w for the parameters Z, of the
Mandelstam mapping? (see Appendixes A and D). How-
ever, as shown in Sec. 4 of Appendix A, | Vy) of (3.9)
and | Vgp) of (3.13) are independent of the choice of
Z,_;.] In fact, we can show that | Vx(1,2,3)) given by
(3.9) satisfies the connection conditions

[6,0V(0))+6,0P(0,)—0(a4)]| V,(1,2,3)) =0,
0"(0,)=X"a,),a,”'P"(0,),a,” ' 4 (a,) . (3.12)

The proof is given in Appendix B.
The oscillator expression of the FP ghost coordinate
part of the 8 functionals in (3.8) is quite similar:

S (r)
o'y

r=1

| Vep(1,2,3)) =5

X exp[Egp(1,2,3)]]0) , (3.13)
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p(1,2,3)=i 3 EN,,,,,}/(’),,y(_‘_)m

n>1 rs
sz
=i 2 Nnmy (s) +l ZN (rlf’
nm>1 n>1
rs r
(3.14)

where the rescaled oscillators ¥\”, 7", and T are defined
by
YH —lnarc'(lr)’ Y" _ar ]E(nr) ’

(r)T (=)(n)

(r) = (s) . rs
{Yn ,Ym}_ln8n+m,08 7/ n =Y —n>
( (3.15)
= (r+1)_ r)
I'=a,70 +170
a Ar 1 _
- CBr+l)_ Cg)r) .
a4 a,

We can also show that | Vgp) of (3.13) satisfies the con-
nection condition (see Appendix B)

[6,0"(0))+6,0%(0,) -0 53] | VEp(1,2,3)) =0,

(3.16)
0"o,)=a,C(0,),a,72C (a,) .
Despite the above naive expectation, our vertex
| Vo(1,2,3)) =278 (3, e, ] | Vx(1,2,3))
r
® | Vgp(1,2,3)) (3.17)

turns out not to give the desired vertex | V(1,2,3)) of
O(g) BRS transformation (3.5). First of all, | V) of
(3.17) does not carry the correct FP ghost number: | V)
has Ngp=—1, but | ¥) in (3.5) should carry Ngp=0 be-
cause the field ® and the measure d 1d2 «de )'de {2 have
Ngp=—1 and + 2, respectively, and the BRS transfor«
mation &' should raise Ngp by 1. Second, | V) does
not satisfy the O(g) nilpotency condition (3.7). To see
this and to find the correct vertex, let us perform the
operation of 3, Qf” on | V) of (3.17).

D. Calculation of 3, 05" | Vo)

In calculating (3, 05)| V), we move the annihila-
tion oscillator part in Qp to the right of exp(Ey + Egp) in
| Vo) by making use of the formula

E(Qp+[Q5,E]

Qpef|0)=e

)| 0) (3.18)
and obtain an expression consisting solely of creation and
zero-mode operators. The result of this manipulation is
equivalent to making the following replacement, for ex-
ample, for (4+)? in Qp of (2.19):



As Ay —(AY) +[A4,ExDAT +[4+,Ex])
+[Ai"[Ai)EX]] s (319)

where in the RHS A’ denotes the creation and zero-

COVARIANT STRING FIELD THEORY

2367

mode operator part of 4.. We now notice an important
fact; the quantities in the RHS of (3.19) are singular as
the?' approach the splitting point.?* For example,

)(0=m—e/a,) behaves near the splitting point o=
as

a1—](A(J_r“+[A(i“,Ex])(_) 0.)_:__1__ ‘/_ 2 a_,,e+"""+ z E"erzineii"o a(i),,,
ay T n>0 m>01n>1
s
~— —l—exi”/4 1 P —ajaa; Y, LN, (3.20)
€—0 \/E (2m I a1a2a3| )1/2 n>1
and we also have
-—2 (1) AU) E _ d Nll ti(n+m)o d _1__ (3 21)
(491 x]llo)=—7 3, nmN e o T6m 2 .
T nm>1 €
where use has been made of the formulas
1 inog 77 1 —im/4 1 1
— > e'""'nN, ~ —e —_—— X —F,
Ayl "e—0 (2| @iaas])'? " Ve
| | 12 1 (3.22)
. aa,as m —
2 ino le _o—im/a | 17T NS —_
ag ngle " €~—>0 ¢ 2 ag m X \/E
T
[These formulas are obtained from (A23) and (A24) in 1 .o )
Appendix A.] The quantities (d/do)C, and C4 have —A (o, —i§,),
similar singularity at the splitting point. Ap)=1{
In order to treat such singularities more systematically 1 Ao, +iE,) ,
we follow Mandelstam’s technique used in his proof of a,
Lorentz invariance in the light-cone gauge string theory.*’
First, note that the BRS charge Qp of (2.19) remains in- a,C‘;)(a,-ig,) ,
variant if we make the substitution Clp)= o . (3.25)
arc— (Ur+l§r) »
A (o)—>A+(0Fi§), Cilo)—>CiloFiE), 1 )P "
Tu(0) T ) (3.23) o (0,—1§,),
og)— o%if), r
. . L1 %0, +ig,)
or equivalently, in oscillator language, a, o, +i5,),

_ n _
(QpyCrsCp)—>€"8(0p,CnyTr) -

The replacement (3.23) just corresponds to the time
development by an imaginary time r=i§ at the first-
quantization level. Then, by attaching the strip of the
& <0 region to each string of Fig. 1(A), we can consider
the complex p plane of Fig. 2;

_ ar(§r+iar)+iﬁn OSIm(P)S”|a3| ’
P a, (&, —io,)—iB,, —7|a;| <Im(p)<0
(3.24)

(§,<0,0<0, <m), (By,B2,B:)=(0,may,m|a3])

On this plane we define (operator-valued) functions by

L~

W

2
1
1

3
2

FIG. 2. The ongmal contour C, of integration (3.26)
representing 2 Q4 on the p plane (hght cone diagram).

o=z
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where upper [lower] equalities correspond to the region
O<Im(p)<m|as| [— 1r|a3l <Im(p)<0] Taking ac-
count of the & translatxon mvarlancc of Qp, the sum of
the BRS charges 3. _, Q4 can now be rewritten as

S of'= _z——gﬁc dpClp)|—A(p)

r=1

2dC(p) =
+ dp C(p)

(3.26)

where the contour of integration C, is depicted in Fig. 2.
(The contribution from the horizontal part of the contour
cancels between the two contributions from Imp 20.) The
coordinates (4 (p),C(p), C(p)) should be taken as
(A4",Cc'",C ") when p is in the strip of the rth string.
However, when (3.26) stands in front of | V), each of
(A4(p),C(p),C(p)) can be regarded as a single (operator-
valued) analytic function of p with a cut structure of Fig.
2, since it smoothly continues from one strip to another
across the boundary.

Since, as we mentioned above, (A4,C,C) is singular at
the splitting point and has no singularity elsewhere, the
contour C, of Fig. 2 may be deformed to a small circle
enclosing the splitting point (Fig. 3). Then taking into ac-
count the singularity arising from the first term in the
RHS of (3.19) [cf. (3.20)]

(A p)+[4(p),Ex]}2~(p—po) ", (3.27)

where pq is the splitting point, we find that 3, Q5" | Vo)
is nonvanishing and contains a piece proportional to
C(py)| Vo). (The lower splitting point at p=p; contri-
butes C(pg)|Vy). However, it is equal to Clpg)| Vo)

since the difference C(pg)—Cl(pg) < C (Tin)
— C_(0yy) xc(ojy,) vanishes at the splitting point [cf.
(2.2)].)

One way to remedy this defect and at the same time
raise the FP ghost number of | V) by one as is desired is
to take

| V(1,2,3)) =Clpo) | ¥5(1,2,3)) (3.28)
J

4 X iy dp(z) |

i< 2 0 (=P dz|LZ| Cl2

where the contour C, is depicted in Fig. 4, z, is the split-
ting _goint [p(z0)=po], and the new functions 4 (z), C(z),
and C(z) of z are defined by

= |22 L4(p)), Ca=Clpa),
(33D
Clz)= g—’fl C(p(2)) .

(For notational simplicity, we denote the newly defined
functions by the same symbol as the old ones. They

—A(z)} 42—~

RS U | —

2
1
1
2

FIG. 3. The contour C, can be deformed to infinitesimal cir-
cles enclosing the interaction points p, and pg .

as the vertex of the O(g) BRS transformation (3.5) (Ref.
16). The necessity of a ghost factor in the 3-string vertex
was first pointed out by Siegel® [Although
(d/dp)C(p)| Vy) is divergent at p=p, like 4(p)|Vy),
C(pg) | Vo) itself has a finite value.] Then the above non-
vanishing piece does not contribute to 3, Q| V) be-
cause [ C(py))*=

The singularity arising from the second term on the
RHS of (3.19), [4(p),[4(p),Ex]]~(p—po)~2, gives
another kind of nonvanishing contribution to
2 Q5’| Vo). We show below that this is also canceled
in 3,04 | V) when d =26.

E. Proof of 3, Q5" | V) =0

For this purpose it is convenient to make a change of
variables from p to z connected via a Mandelstam map-

ping

3
plz2)=3 a,In(z—Z,)

r=1

(3.29)

Then we have

dC(z)
Cl(z

) Zo)l Vo) ’ (3.30)

I

should be distinguished by their arguments z or p.) By
this change of variables the cuts of Figs. 2 and 3 disap-
pear and (3.30) can be evaluated by calculating the residue
of the pole at z =z,. Here, it should be noted that a part
of the singularity of the integrand (3.30) at z =z, is con-
tained in [dp(z)/dz]~". In fact, since p(z) is stationary at
the interaction point z =z,

dp(z)
aplz) __2 s

dz  |z=¢, z0—Z

(3.32)

we have an expansion
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FIG. 4. The contours C;, of integration (3.30) on the z plane:
The first one corresponds to C, of Fig. 2 and the second to the
reduced one of Fig. 3.

po—p(z)=a(z —20)+b(z—zgP+c(z—zo)+ -+,

(3.33)
where
1 a,
=pl(zy), =— —_—,
Po=pP\2o a 22(20_2 )2
: o (3.34)
b=—"3—"T"—, c—— .
3? (zo—2Z,) 2 (z0 z )
Hence, [dp(z)/dz] ! is Laurent expanded as
dplz) | 1 1 3b
dz T 2az-—zp  4qg?
c 9h?
- 8> (z—z¢)+ - (3.35)

In expression (3.30) we make a manipulation corre-
sponding to (3.18) and (3.19). This is equivalent to taking
contractions of pairs of factors in

c@) | -4@*+2%2e0) |y (3.36)
in all possible ways by making use of the formula
1
A,(z)A,( )— v 3.37
“ & T (z)—2,) o (3.372)
= 1 1
C(z))C(zy)=—— (3.37b)

mTZi—2zy

The operator O (=4,C,C, etc.) surviving after the con-
traction stands for the quantity

0'"'+[0,Ex+Egp] ,

and consists solely of creation and zero-mode operators.
A(z), C(z), C(z) and their derivatives with respect to z
are now nonsingular at z =z, due to the factor (dp/dz) in
(3.31). The singularity of (3.27) has moved to (dp/dz)~!
in (3.30). The contractions of (3.37) implies the quantity

0,(p)0,(P)=6(E—£)(0]| 0,(p)0,(p) | 0),
+0(E—E)(0]| 0,(p)0,(p) | 0).
+[01(p),[02(p),(Ex+Egp)]l:

where the suffix ¢ denotes the connected part and a —
(+) sign in the RHS should be taken when both O, and
0, are fermionic (otherwise). For example, from (2.3),
(3.25), and (3.14) we have

(3.38)

(3.39)

2 en(§,—§5)+l

n>1

Cp)T(p)= ﬂl l 0(E, —£,)

s

—0(g,—E,) S, "0 6

n>1
+ 3 mNGe" el (3.40)
n,m>0

where p and p are assumed to lie in the region of the rth
and sth string, respectively, and

E=E+io. (3.41)

The RHS of (3.40) can be read off from Egs. (A7) and
(A10) in Appendix A defining N 3, to be equal to

1
o

S A (3.42)
T dp z—Z

2-2 Np,p)

s

z part

Equation (3.37b) is an immediate consequence of (3.42)
and (3.31). Derivation of (3.37a) is quite similar.

Now let us turn to the calculation of (3.30). First, we
have a term with no contractions. Taking into account a
pole in (dp/dz)~! of (3.35), it gives a contribution to
(3.30)

2L Clz0) | = A(202+2%C(20)C(z0) |Clz0),  (3.43)
2a dz

which vanishes due to [ C(zy)]*=0 as we mentioned be-
fore.

There are three kinds of terms with one contraction:

—1
$dz| L) | C2)|-Ad@Aw
dz
+219(z)6(z) C(zg), (3.44a)
dz
_ ———
¢ dz —42(2) C(z)Z%S-(z)C'(z)C(zo) , (3.44b)
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[——

Cc22%C.2)T()C(zy) .
dz

¢dz

Care must be taken in evaluating (3.44a) and (3.44b) since
they contain the contraction of operators at the coincident
point. In order to separate out the short-distance
operator-product singularity, we go back to the expression
(3.26) in p variable and shift the coordinate p of one of the
contracted operators to p—ad (5=const).® Then we
have, instead of (3.44a) and (3.44b),

gﬂ(z) (3.44¢)
dz

—1
¢ az el BROEVITVIES
+29€ 8 ez,  (B45a)
dz
-1 ——
§ az |92 | il , (3.45b)
where z’ and z are related by
p(z')=p(z)—abd . (3.46)

Note that the factor [dp(z)/dz]~! in (3.44a) has changed
to [dp(z')/dz']™" in (3.45a). Pole residues of (3.45a),
(3.45b), and (3.44c) are calculated by making use of the
formula

dp(z’) 1 11 b1
dz' z—z?  8a & ' 16a’ &
3b? c 1
— |—40(1)
1607 T 4a? €
€ 1 o)
O|—,— ol|—1, 3.47
+ 55 + p (3.47a)
1
dp(z) 1 _ 11 1 8
dz z'—z 4a & +0 ) +0 €
(e=z—zq5) (3.47b)

and (3.35), respectively. [Equations (3.47) are shown in
Appendix C.] We evaluate (3.45) by performing the con-
tour integration first with & kept finite, and hence the
O (€e/8%1/8) term does not contribute. The O (8/€) term
vanishes after taking the limit 5—0. Thus we have

d
Vair (o) = o+ > (e, +c,)cos(na)
a n>1
__(r + 3 c¢”ycos(nay’)+
a n>1 n>1
= ?m +l—'l— > i&"cos(na("
ac g A 1 | 1 m>1
s
__9 I

ac

S ¢ cos(no”),Egp(1,2,3)

> Npacosimai”)

d—2 |1 d*C b dC
(3.452)=—i=5= | 2~ 2 (z0) — 25 7 (20)
2
+ %"};—:—2 Clzg) |Clzy) ,
(3.482)
2
(3.450)=i- 94 z0)C(z0) (3.48b)
a dz
2
(3440 =i2 £L20)C 20) 123 T2 (2)Clao) . (.480)
a dz dz

Summing up (3.48), the contribution to (3.30) of terms
with one contraction is found to be given by

. 1 d*C b dC
(d —26)i -EZ?(ZO)C(ZO)+_8—;EE;(20)C(ZO)

(3.49)

This indeed vanishes when d =26. We have now comp-
leted the proof that the vertex | ¥(1,2,3)) given by (3.28)
actually satisfies the O (g) nilpotency condition (3.7).

In the above proof the normal ordering of the BRS
charge Qp was automatically incorporated by the pro-
cedure of performing the contour integration before let-
ting 6—0. This procedure also implies a(0) (intercept pa-
rameter) =1 very implicitly.***! In Appendix E we
present yet another proof of (3.7), in which 3, Q3| V') is
evaluated directly by using its oscillator expression. In
this proof we can freely vary a(0) in Qp, and we find that
both d =26 and a(0)=1 is necessary (and sufficient) for
the vanishing of 3 Q5" | V).

F. Final form of 3-string vertex

Now that the vertex | ¥(1,2,3)) is found, our next task
is to rewrite it into a form which is manifestly symmetric
under the cyclic permutation of three strmgs The prefac-
tor C(pp) in (3.28) may be any of a,m- (o) (r=1,2,3) at
the splitting point o=0}" (e.g., 0" =m,0,7a,/ |a;| for
r =1,2,3, respectively, in the case a;,a;>0,a; <0 of Fig.
2). In front of | Vgp(1,2,3)) of (3.13), im(o}") is
rewritten as

(s)
Y=n

(3.50)
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and w'” is shown in Appendix D to be equal to

. Y 1"l = (s)
w"=i 3 X"Ny+— 3 Ni_mm |VYZn s
n>1 @y =1
s

(3.51)
3
X’s=8m(ar—l'—ar+1)/ar+ 2 e (6123: +1).
t=1
From (3.13) and (3.51), the FP ghost coordinate part of the vertex | ¥(1,2,3)) becomes

3 = (1)

— - 14
Vaa,in (o) | Vep(1,2,3)) =a, —5 w8 |3 —1—63‘) expli 3 No¥ 7% +i 3 Nf,'o‘y(i),,—o |0)
ac g s=1%s nm>1 n>1 a4
s,t
3 —
=[I0-c§wexp |i 3T Ny 7 |10) (3.52)
s=1 n,r:rzl
for any choice of r (=1,2,3). This is due to the following relations for w':
_ _ 3
a,w”—i 3 Nyoyp=a,w®—i 3 N5y, 3 aw'”=0. (3.53)

n>1 n>1 r=1
t t

Therefore, we reach the final expression for the total vertex | ¥(1,2,3)) (Ref. 16):
| V(1,2,3)) =pla,apa)Vala,ind (01| Vo(1,2,3))

3
=play,anay) [[(1—2 5w ™)exp[F(1,2,3)]10)8(1,2,3) , (3.54)
r=1
where
F(1,2,3)=Ex(1,2,3)+i 3 Nt (3.55)
nm>1
rs
3 3
8(1,2,3) =279 *8 |3 p, 8|3 «, (3.56)
r=1 r=1

In Ec{ (3.54) we have multiplied a function of a,, u(a;,a;,a3), which is not determined from the requirement
3, Q5| V) =0 alone. In Sec. V, we show that another condition (83)*+ {83,85} =0 of (3.4a) determines u(a) to be
given by

3
play,azas)=exp | —79 3, 1 (3.57)
r=14r
with 7 defined in (3.11).
The vertex (3.54) clearly satisfies the cyclic symmetry:
[ V(1,2,3))=|V(2,3,1))=|V(3,1,2)), (3.58)

whicllz is indeed a very important property in constructing gauge-invariant action'® and BRS-invariant gauge-fixed ac-
tion.

In the case of 8% in (2.25) the BRS transformation for the bra vector, 83 (® |, obtained from the Hermiticity condition
(2.15) coincided with (8% | ®) ). This must also be the case for the present O (g) BRS transformation 8L; namely, the
following relation should hold:

85(@(3)| =(83 | @3N = [ d2d 1(¥(1,2,3)]|®(2)) | B(1)) . (3.59)
The LHS of (3.59) is calculated from (2.15):
8p(®(3)| = [[dI(R(3,3)] (55 | ®(3)))Q®
= [d1d2 [ d1d2d3(R(3,3)| (R(2,2) | (R(I,D]|V(1,,2,3)2P0P0% | &(1)) | 2(2)) , (3.60)

where in the second equality we have expressed (®(7) | in 85 | ®(3')) in terms of | ®(r)) again via the constraint (2.15)
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()| = [ dr(R(r,r) | @A =— [dr(R(r'\,1) | Q7| D(r) . (3.61)
Since (R (1,2)| of (2.16) enjoys the property
(R(1,2)| (@\"+a™)=0, a,=0au,Vn>Tn » (3.62)

and the coefficient of ¥_, in w'” of (3.51) changes its sign under a,— —a, (r=1,2,3) while u(—a;,—a,,

—a3)=pla;,ay,as), the following relation holds:

[ drd2d3(R(3,3)| (R(2,2) | (R(,D||V(1,2,3)) =(V(1,2,3)| . (3.63)
From (3.60) and (3.63), Eq. (3.59) reduces to
[ d1d2(v(1,2,3)|QP020 | (1)) |@(2)) = [ d2d 1(V(1,2,3)]|®(2)) | &(1)) . (3.64)

If we remember the original meaning of the twist operation (2.14), it is clear that the operation of Q'"'Q2Q® on
| ¥(1,2,3)) simply implies to reverse the cyclic order of strings 1,2,3; i.e., we have

QY0203 v (1,2,3))= | V(3,2,1)) . (3.65)

Hence Eq. (3.64) actually holds by this relation. For a nonorientable string, our O(g) BRS transformation 8} preserves
the constraint (2.18) again owing to Eq. (3.65).

IV. CONSTRUCTION OF NONLINEAR BRS TRANSFORMATION II; 4-STRING VERTEX

A. Form of the 4-string vertex

Construction of O(g?) BRS transformation 8} is quite similar to the previous one 8} although somewhat more labori-
ous. First, we assume the following form for 83®

8% | ®4)=— [ d1d2d3(D(1) | (®(2) | (D(3)][V*(1,2,3,4)) . 4.1)

Then, we have

4
(63,65) | @(4))= [ d1d2d3(D(1)]| (D(2)|(D(3)] [2 05 [ 1v*(1,2,3,4)) . 4.2)

r=1

In this section we first try to construct | ¥'#(1,2,3,4)) so that (4.2) vanishes, i.e.,

(2 Q(r)

r=1

| ¥4(1,2,3,4)) =0 . (4.3)

However, it turns out that the resulting vertex | V(4 ) almost satisfies (4.3) but gives a bit of a nonvamshmg contribution
to (4.2). In the next section we shall calculate (85)% and show that it just cancels the nonvanishing piece of (4.2) and
hence that the nilpotency condition (3.4a) is satisfied.

In analogy with the 4-string vertex in the light-cone gauge string field theory,?"?? the vertex | V*') is expected to
satisfy the following connection condition (Fig. 5):

T QA —a
[0%(a,)—0 V()] | V) =0, g4= o , oy=— (0<0o<0y)
|as| a)
a —
[0 —0P(a)] | V) =0, 01=-2, 0y=—"7 (gy<a<may)
ag |az|
[0P(0y)—0P(a3)] | V¥) =0, oz=—”—|—|‘%'—|——3’—, 03———:3— 0<n<70) , (4.4)
2 3

ma3;—
[0%(09)=0"(00] | V) =0, o3=L, o,= ]; I" (mo<n <mas)
3 4

’7]0=0’0—ﬂ'( ’(14[ ——a;) s

0"=x,,a,7'4%,2,C{,a,72CY .
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FIG. 5. The structure of overlapping 8 functionals in 4-string
vertex.

Here, we are considering the case a;,a3;> 0, a;,a4<0. In
the general case, a, cannot be arbitrary but should satisfy
an alternating sign rule,

— =)
0r(”‘,+,~y+))

sgn(ay,ay,as,as)=(+,
4.5)

in addition to the conservation condition 3, a,=0. In
(4.4), 0y parametrizes the position of the interaction point
and varies over

0_<00L0,4,
o_=mmax(0, |as| —a3),
o,=mmin(ay, |ay]) .

Now, the argument for finding the correct | V'4') is
quite parallel to the one in the (previous subsection. First,
the simple “8 functional” | ¥§"(1,2,3,4)) satisfying the
connection condition (4.4) is given by

4
2p |8
r=1

[V§P(1,2,3,4;00) ) =(2m) +18

xexp(EY +Ef)]0)) ,

4 1 4
Ef'=3 3 Nurala%, , 4.6)
n,m >0

rs

(4) (4)rs, (r) =
Fp =1 ENnm'y n’V—-m7
n>1
m>0
r,s
where N 7 is the Neumann function for the 4-string

4
2 Q(’)[C(Zo)-}-C(ZO )] l (4)

h ‘45zo+g6 ]dz

5!*

-1

g(z

C(z)
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FIG. 6. The light-cone diagram of 4-string vertex and the in-
tegration contour C, in (3.26) for the 4-string case.

configuration (see Appendix A), and y ' and 7 'y ) are de-
fined by (3.15). This vertex | V") again is not the
desired vertex | V'*') of (4.1) because (i) it lacks the FP
ghost number by one, and (ii) it does not satisfy the condi-
tion (4.3). The reason why | V5" ) in (4.6) fails to satisfy
(4.3) is the singularity at the interaction point Calcula-
tions along the lines of the previous sectlon using the ex-
pression (3.26) show that > O | VY)Y contains two
nonvanishing pieces proportional to C(p,) and C(pg),
respectively. In the present case the contour C,, is given
in Fig. 6. Differently from the 3-string case C(py) and
C(pp) are not equal in this case because the interaction
point is not the end point of some string (except when

op=0_ or o,) and hence the difference C(po)
-C (po)occ(amt) does not vanish. Therefore, the above
nonvanishing pieces of 3 Qf" | V") are not totally can-
celed by multiplying either C(p,) or C(pg). However, we
show below that the vertex

| ¥9(1,2,3,4)) ——f doof (00)[Clpo)+C(pg)]

X | V§(1,2,3,4,00)) (4.7

with a suitable measure f(0y) is annihilated by 3, 0y’

leaving only nonvanishing contributions from oy=o04.
[The factor V/7r/2 in (4.7) is for later convenience.]

B. Calculation of 3, Q" | V*)

The calculation of

4
Sor

r=1

[Clpo)+C e VE(1,2,3,4;00))  (4.8)

can be done in almost the same manner as for the 3-string
vertex in the previous section. Corresponding to (3.30) we
have

Ci2) |[Czo)+CzHTI V). (4.9

—A(z)} 422 d‘;(z
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Note that in the 4-string case the interaction point zg,
which is a solution of (3.32) for

4
p(z2)=73 a,In(z—-Z,)
r=1

21,22

(4.10)

is complex, and the contour of z integration of (4.9)
should be performed around z, and z§ (Fig. 7). The pole
residues of (4.9) are calculated by taking contraction of all
possible pairs of factors in (4.9) by making use of the for-
mulas (3.37). Let us write down the contributions of vari-
ous contractions to the integral (4.9) around the point z.
First, the term with no contraction contributes

dC ~

_ 42429
Tz

iTC (C+C*), @.11)

where 4,C,C*, etc., stand for A(zy), C(zp), and C(z3),
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FIG. 7. The contour C, on the z plane corresponding to C,
of Fig. 6. It can be deformed to infinitesimal circles enclosing
the interaction points zo and z{.

respectively. Corresponding to the contractions (3.45a), contraction
(3.45b), and (3.44c) we have, in the present case, dol(2) -1 ic
p\z ac - *
,-d—2 1 dC b dC 2,92 dz C(2)2 2 (2)C(z)C(zq) , (4.13)
T2 |4a d? 4a? dz
dz 4a which gives
2 .
+ —3'113——-—(:2— cl(c+cC*), (4.12a) ___2_1_ 1 C—é—q . (4.14)
4a a a zo—zy dz
liz_g(c+c * (4.12b) In the above formulas a, b, and c are defined by (3.34)
dz? with r summation from 1 to 4. Integration around zg
2 d*C 3b dC gives the terms (4.11), (4.12), and (4.14) with z, replaced
e —;Tc (4.12¢) by z§ (and hence a, b, and c replaced by their complex
conjugates). Summing up all these terms and putting
respectively. Besides these three, there is another kind of d =26 we are left with a nonvanishing result:
1
4
i—} S 05'[Clz0)+C(z5)] | V6" ) =(D+(ID+(IID)
Tpr=1
*
M=—ircc* | L |42 29S8 | - L1402 295 &« | |y
dz a* dz
(4.15)
2d*C 3bdC 2 1 dc* 2 d’¢* 3b*dc* 2 1 dC
(ID= |- === 4= C*+iC 2%
a dz*  a® dz | a* zo-z] dz T Ta T e d T 28—z, dz Vo),
2
(mn=21m | 22__12¢ lcce pw)y
a

However, we can prove the following remarkable rela-
tions:

l AZ—ZEE _1_ A*? 2&6‘
a dz a* dz
=ﬂ_d___(E(4)+E(4)) (4.16)
T dog
24%C bdc 2 1 _dct_, d
a dz? 2d; T a* zo—zg dz =4 d OC’ @17

where 0y is the position of the interaction point [see (4.4)].

T
These relations are shown in Appendix F. [The position
of the interaction point is determined given a set of values
Z,_4 of the Mandelstam mapping (4.10). Here, we are
taking a special parametrization

Z,=Z,0p) (4.18)
by oo=1Imp(zy) such that the interaction “time” in the p
plane (Fig 6), To=Rep(z;), remains unchan%ed when we
vary oy in (4.18). The Neumann function N Wrs which is
determined by (A7), is a function of o, (and «,).] From
Egs. (4.16) and (4.17), (4.15) is rewritten as
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4 ¢ Therefore, if the o, integration measure f (o) in (4.7) sat-
v 05 Clao) +CE VS isfies oI s
d * (4) d 9% 6¢
—4-2 v 4 rig)=Im | 22=_ 6
4‘100 [C(z5)C(zg) | Vo )] dUof(Uo) Im 2 a2 flog), (4.20)
cotm |82 22 | icin vy . aae)  then 3,087 V) with | V'9) given by (4.7) becomes a
a® a? 0T E0 Tl TO “surface integral”:
_J
4 o =
S oy V<4>>=_,% I +da'0——di [f(00)C(2o)C(z8) | VP )= -—ig—[f(ao)C(zo)C(z(', I VEDt . 42D
r=1 - 0

In order to calculate (4.21) we need to know a concrete
expression of f(oy). The measure f(oy) cannot be freely
determined from the condition (4.20) alone. It must be
chosen so that the conditions for the nilpotency of the
BRS transformation, (3.4), are satisfied. As we shall see
in the next section, these conditions are equivalent to the
requirement that our theory reproduces the dual ampli-
tudes®” correctly, and it turns out that we should take the
following f(og):

flog)=J(gglexp (4.22)

4
Az (4)
—~S N7,
r=1

z, Z* z,
z, z;* Z;
zZ, Zy* Zj
Z, Z32 Z,

z=% 7o) |. 423

dO’o

1
1
J(Uo)z 1
1

The meaning of the determinant J (o) is as follows: Con-
sider the Koba-Nielsen amplitude*? of the 4-string scatter-
ing

[ f[dz,S(z,).

r=1

(4.24)

As is well known, we must fix the gauge freedom existing
in (4.24) under the projective transformation®’

AZ,+B

Z,—»Z8= CZaD "
r

(4.25)

The infinitesimal form of (4.25) with parameters 6a, 58,
and 6y is given by
8Z,=8a+8BZ,+8yZ,” . (4.26)

In the region of Z, which corresponds to Fig. 6, we take
some gauge Z,=Z,(0,) parametrized by the position of

the interaction point. By following the standard
Faddeev-Popov technique* of inserting
4
J1Z,) [ dg [ doo[] 8(Z8—Z,(09))=1 4.27)

r=1

and factoring out the gauge volume f dg, we are led to

the expression of the amplitude

[ dool(09)S[Z,(00)] 4.28)
with J(og) given by (4.23). Hence, J(0y) is the Faddeev-
Popov determinant for the gauge fixing of projective in-
variance.

The measure f (o) in (4.22) is invariant under the pro-
jective transformation (4.25) (cf. Sec. 4 of Appendix A).
When we take a special gauge which fixes the three of Z,
(Z,,2,,Z,) to constants, f (o) becomes

4
I 4z
i=1

f(UO)_— dVabchO

exp , (4.29)

< x4
-2 Nw"”
r=1

dVabcdeadech/[Za_ZbHZb_ZcHZC_Za| .
(4.30)

We show in Appendix G that f(o,) given by (4.22) or
(4.29) actually satisfies the condition (4.20).

Care must be taken in evaluating (4.21). At first sight
one might think that it vanishes because when oy=04,
the interaction point is the end point of some string
at  which C(zg)—Cl(zg)xc(oi)=0 and hence
C(29)C(25) | 5y=0, =0 (cf. Figs. 12 and 13 in Sec. V).

[Actually when oy=0+, we have zo=z3, namely,
dp(z)/dz =0 has a double root at z =z,.] However, this
argument is incorrect because f () is in fact divergent at
09=04, and a careful calculation gives a finite nonvan-
ishing result for (4.21). We defer the actual calculation of
(4.21) to the next section since we encounter the same situ-
ation (i.e., 0X «) also when we consider (8}; )2,

It should be commented finally that the consistency of
the O(g?) BRS transformation with the Hermiticity con-
dition, 83(®| =(83|®))', is again guaranteed by the
property

=04

Q(I)Q(2)Q(3)Q(4)‘ V(4)(l,2,3,4))= ‘ V(4)(4,3,2,1)> ,
(4.31)

which implies that the orientation of string is reversed by
the twist. Also important is the cyclic symmetry of V4
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| V9(1,2,3,4)) = | V*(4,1,2,3))
=|V%(3,4,1,2))
=|V*2,3,4,1)) . (4.32)

[Note that f(op) as well as the other parts in | ¥'*) in
(4.7) has cyclic symmetry as can be seen from (4.29).]

V. COMPLETION OF THE NILPOTENCY PROOF
OF BRS TRANSFORMATION

We complete the proof of nilpotency of our BRS
transformation in this section. We shall see that the nil-
potency is guaranteed in fact by a particular mechanism
realizing duality; that is, we know from light-cone gauge
string field theory that a full dual amplitude is generally
realized by a sum of several distinct types of diagrams,

J

| V(1,2,3)) =pla,aa3)G (o) | E(1,2,3))8(1,2,3) ,

|V 9(1,2,3,4) = [ T doof(00)G(0;) | E(1,2,3,4))8(1,2,3,4)

|
2—7cd |,
r a,

8(1,2,3,(4))=(2m)?+18 [§r;p, ]a [za ]a

| E(1,2,3,(4))) =exp[(Ex +Epp)(1,2,3,(4))]|0) ,

(Ex+Epp)(1,2,3,4)=3 | 3 N3.(3a",-a",

Jor4 0
rs=1 | n,m=0

Here G (o;) stands for the ghost factor at the interaction
point:

Glop=iVma,n (o)) (5.3)

with r being any of the strings participating to the vertex.
The exponents (5.2c) actually have OSp(d /2) symmetry
and can be written as

Arrs 1L Ml(r) N(s)
EX+EFP= 2 Nmn'z_a—mnMNa—n
n,m >0

(5.4)
rs
in terms of the OSp(d /2) metric

M 0
MmN = o i|™"
O _io
In this notation the creation and annihilation operators
@ ¥ m>7m are combined into an OSp(d /2) vector a¥f

MN

arlr\;l:(a‘r:nym Vm) s

which indeed satisfies OSp(d/2)-invariant (anti)com-
mutation relations by (2.4) and (3.15):

M _N MN
[am »Q@n ]¢=m77 5m +n,0 *

+iy D7)
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each of which contributes to a different part of integra-
tion region of Koba-Nielsen variables.?! This implies, in
particular, that the Koba-Nielsen integrand at a boundary
of two integration regions is realized commonly by two
distinct types of light-cone diagrams in their limits that
the interaction “times” of two vertices coincide. It is ex-
actly such diagrams that appear in the BRS transforma-
tion taken twice. Therefore cancellations can occur be-
tween those pairs of diagrams and the nilpotency of the
BRS transformation is satisfied.

A. OSp(d /2) structure of vertices

Before going to the nilpotency proof, we make here a
comment on the OSp(d/2) symmetry which the ex-
ponents of both the 3- and 4-string vertices possess. The
3- and 4-string vertices were given in (3.54) and (4.7) in
the previous sections in the forms

(5.1a)
(5.1b)

(5.2a)

(5.2b)

(5.2¢)

This OSp(d/2) symmetry is important below. Since
the fermionic degrees of freedom play a role of negative
dimensions, as is well known,*~* the internal degrees of
freedom in this covariant theory effectively reduce to
d —2 dimensional and, if d=26, coincide with the physi-
cal dimension 24 in the light-cone gauge string field
theory. [It may be necessary to remark that the
OSp(d /2) symmetry for the zero modes is illusory; indeed
QA —0=(ab=p",¥0,70) is not truly a covariant vector
since the ¥, component alone is zero by y,, =imac,,.]

B. (8})?

We now calculate (8})? and show that it vanishes leav-
ing contributions of particular diagrams which just cancel
the nonvanishing surface terms of {8%,8%] in the previous
section.

The O(g) BRS transformation 85 take the form, by
(3.5) and (5.1a),

8y | P(3)) = fd1d2(d>(1)l(¢(2)[G(a,)|E(1,2,3))
X (u8)(1,2,3), (5.5)

with  (u8)(1,2,3)=ula;,apa3)8(1,2,3). This s

equivalently rewritten for the bra state as
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85(@(3)| = [ d2d1(¥(1,2,3)]|®(2)) | (1))
= [d2d1(e2)|(e1)]| [d2d1(V(2,1,3)| Q7 |R(1,1)) |R(2,2)

= f d1d2(®(2)| (P(1)|Glay) f d2'd1U(E(2,1,3) | (ud)2,1,3)Q® |R(1,1)) |R(2,2)) , (5.6)
where use has been made of Egs. (3.59), (2.15), (3.65), and (5.1a) as well as G'=G and
G(1)|R(1,2))=G(2)|R(1,2)) . (5.7)

The second operator of 83 on (5.5) yields two terms
(85)% | d(4)) = f d1d2[(85(D(1) | ){P(2) | —(D(1) [ (85(D(2)|)]G (c}**) | E(1,2,4))(uB)(1,2,4) . (5.8)

which have relative minus sign coming from the Grassmann-odd property of (®(1)|. Let us consider only the first
term for a while. It is written by using (5.6) as

[ d1d2d3(@(1) | (®(2) | (®(3)| G(a*)G (07 | A(1,2,3,4)) , (5.9)
with an effective 4-string vertex

| A(1,2,3,4)) = fd2’d1’d5(E(1’,2',5)|(yS)(1',2',5)9‘5’(;[8)(5,3,4)1E<5,3,4)> |R(1,1)) |R(2,2)) . (5.10)

Taking into account the zero-mode dependence in | R )’s also, we can easily perform the integration f d5 over zero
modes and a of the intermediate string 5, and obtain

1A(1,2,3,4)>=al?s(1,2,3,4)p(—al,_az,as)y(as,a3,a4)fd2'd1'<E(1',2',5)19‘5)|E(5,3,4)> |R(1,1)) |R(2,2)),
5

(5.11)

where the factor 1/as comes from the d¢ ' integration and ps, ¢ /as, and as are now understood to be P1+D2
C E)”/a, +E£,2)/a2, and a;+ a;, respectively.

Now we must perform the contraction of oscillator modes of string 5 in (E(1',2',5)| Q®’| E(5,3,4)). This can be

21-24
’

done by the help of the following general formula:
T X BomNmiB_w+ 3 BB _m
= (detM)~"Zexp(+ B VN @M ~1F W BOM 1BV L L@y —1F DF @)

mn>1 m>1

T S BuNaBu+ 3 By'Bm

<O exp exp
mn>1 m>1

(5.12)
N =Vm NGV, Mpy=(1-N VR @), BO=VmBY
which is valid for the bosonic oscillators 3,, satisfying
[BmsBnl=mbp 4no - (5.13)

A similar formula holds also for the fermionic oscillators (ghosts in this case) if the determinant factor is replaced by

(detM)*'/2. In the present problem, j3,,’s are oscillators of string 5 and the matrices N.’, are the Neumann function

N f,f,, B,(,,” and B,(,,Z) are linear combinations of oscillators and zero modes of strings 1’ and 2’, and 3 and 4, respectively.
Thus (5.11) now takes the form

[A(1,2,3,4)) = :xl—-[det( 1—N N 55)]=@=272%(1,2,3, 4 )ulay,a,, —as)ulas,as,a,)
5

X [ d2'd1 {0 ;{0 |exp[Q(1,2,3,4)]0)3|0)4 | R(1',1)) |R(2,2)) , (5.14)

Q(1',2,3,4)={quadratic form in oscillator modes and zero modes of strings 1’,2’,3 and 4},

(5.15)
ﬁ fnsn =‘/’;N fpfn(aS,aS,a‘t)\/;{y ﬁ ,6716,, =(— )'"Wn—jv f,,s,,(al,az, —as)\/;( -,
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We must further take the contractions of oscillator modes
of strings 1’ and 2’ in the part

J d2d1 (0] ,(0|exp[Q@(1',2,3,4)]]0);]0),

X |R(1,1))|R(2,2)) . (5.16)

It is, however, not necessary to make a detailed calcula-
tion fortunately. Noting the form (2.16) of | R(1,2)), we
can again use the formula (5.12) and easily find that (5.16)
takes the form

CXp[Q’(1,2,3,4)] ‘ O)l l0)2l0)3 | 0)4 ’

(Q': another quadratic form) (5.17)

with coefficient 1. This gives sufficient information since
we know that the effective vertex | A(1,2,3,4)) is propor-
tional simply to the 4-string 8 functional, as is clear from
the &-functional meaning of the 3-string vertices
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3X3=09 distinct diagrams as depicted in Fig. 8 according
to the signs of a;_4. For instance, the diagram BA-1 in
Fig. 8 represents the case in which the 3-string vertices
| V(5,3,4)) and | ¥(1,2,5)) take the A-type and B-type
configurations (i.e., lag| =|as| + |as| and
|ay| =|ay| + |as| ), respectively. We can indeed con-
firm that | A(1,2,3,4)) satisfies the connection conditions
implying the 4-string 8-functional structure by the help of
expression (5.10); actually, for the case a;_3>0, a4<0,
corresponding to the AA-type configuration in diagram
A2-1, for instance, it is easy to show that

[610“’(01)+920(2)(02)+630(3’(a3)
—0(4)(0'4)] [ A(1)2)314)) =0 ’

0"=x",a,7'47,a,C{,a,C Y,

(V(1,2,5)| and | ¥(5,3,4)). o o—Ta, o—mla;+a;)
Since the 3-string vertex | ¥(1,2,3)) represents three ~ 717 o~ 2T 7 93T as ’
different string configurations according to the relative (5.19)
sign relations of a;_; 7|ay| —0o
oy=—"", O64(0)=0(mra,—0),
(A) |as|=|a;| +|ay|, (B) |a1]=|azi+|a3](5, " lag |
() lar | =las| +|ai] , 0,(0) =60 —ma8(r(a, +a)—0) ,
as shown in Fig. 1, respectively, the structure of a 4-string
8 functional implied by |A(1,2,3,4)) is represented by O5(0)=0(c—m(a,+a,)) ,
4 4
t— ----------- -47 """""" B Lt :— ----------- 4 1 Fomm- - e i -
| g ——— P g —— 3 3  Syp——— P pmp——— | 3 v | Sy p—— 1 3
T2 1 \R 2
A%-1 BA-1 CA-1
4 3 4 3 3
e - - - —————— _“_"_j R ke <-————-||———<——1 2 1 b - — o ———————————
- ---------- -I S - - - - - - - - - -4 —— ——w—— oot P 1
1 ) 2 - 2 o
AB-1 B*-1 CB-1
2 1 | 4 2 1
p------ - 1,_____&_-____‘ ’—5—‘(‘::;_’;;‘_'1,.___-‘ ..... 4 | el ootulties DU _‘_‘ ______ ,
3 3 3 B
2.
AC-1 BC-1 c*-1

FIG. 8. The 33 configurations of 4-string § functionals appearing in the twice operation of BRS transformation on ®(4), coming
from the first term of (5.8). The solid-dotted double line represents the intermediate string 5 whose coordinates are integrated out.



34 COVARIANT STRING FIELD THEORY 2379

for expression (5.10) by using the connection conditions
(3.12) and (3.16) of a 3-string vertex

| Vo(1,2,3)) « (£8)(1,2,3) | E(1,2,3))

H

as well as (2.17) of | R(1,2)). Notice in this calculation 1 '
that the orientation of o coordinates of strings 1 and 2 *
was effectively reversed by the presence of twist operator p——q
Q% in (5.10) and the natural answer (5.19) resulted. This
situation is already taken into account in Fig. 8 by revers-
ing the arrows of strings.

The 4-string & functional is uniquely determined by the
connection conditions like (5.19) up to a multiplicative
constant factor and is generally given in the form

| V67(1,2,3,4)) =e5-2340)8(1,2,3,4) ,

(5.20) } 2

4 )
E(1,2,3,4)= Nws+a” -a®, +iy" 79, ) |
r’éln,io nm 2 n m n m 1 1:6 5: 4

_________________

by using again the 4-string’s Neumann function N o l————-{
which is defined generally for N-string diagrams on a p T
plane in Appendix A. Indeed the 6 functionals depicted

in Fig. 8 correspond one to one to the 4-string diagrams in BA-1

the light-cone gauge string field theory with the time in-
terval T of two interaction times shrunk to zero. As ex-
amples we give such diagrams in Fig. 9 corresponding to
diagrams A%1 and BA-1 of Fig. 8. So we can obtain
N (Y™ in (5.20) directly from the formula (A7) referring to
such diagrams. Now noticing that the factor (5.16)

FIG. 9. The light-cone diagrams which reduce to the 4-string
configurations A%-1 and BA-1 of Fig. 8 in the T—0 limit.

[A(1,2,3,4)) = ai[det(l—ﬁ“ﬁ 55)]-d-272
5

[=(5.17)] contains the vacuum term

|0)=1]0),]|0),|0)3|0)4 (i.e., the term independent of X | VeP(1,2,3,4) ) ulay,a, —as)

the oscillator and zero mode) with weight 1 in coincidence

with eE£1234)|0) in (5.20), we can determine from (5.14) Xplas,azay) . (5.21)
the proportionality factor of |A(1,2,3,4)) to the & func- Performing similar calculations also to the second term
tional (5.20) and find of (5.8), we finally obtain, from (5.9) and (5.21),

(83| ®(4)= [ d1d2d3(D(1)|{D(2)[(D(3)]|

X G(a}”)G(a?“)ai[deu1—ﬁ“ﬁ 55))719 =22y, a5, —as)ulas,asas) | V(1,2,3,4))
5

+ G(a%”)G(oF“)ai[det(1—N“N">1-<“-2”2u<a2,a3,—a7>u<a,,a7,a4> | V§1(1,2,3,4)) | .
7

(5.22)

The effective vertex |A(1,2,3,4)), or the 4-string § functional | Vt(1,2,3,4) ), for the case of second term of (5.8) also
has the structure represented by nine distinct diagrams as shown in Fig. 10 similar to Fig. 8 for the first term, and the
light-cone diagrams corresponding to diagrams A2-2 and CA-2 are drawn for illustration in Fig. 11. The number 7 in
the second term of (5.22) is the name of the intermediate string with “length” a;=a,+a; and N7’ and N * are given
similarly to (5.15) by

NI =vVmN (anana)Vn, N8 =(—y"VmN (ayas, —a;)Vn(—)". (5.23)

Although we have used a common symbol | V§Y(1,2,3,4)) both for the first and second terms in (5.22) to denote the
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4-string 8 functionals, they of course depend on the overlapping structure of strings 1—4 as shown in Figs. 8 and 10. We
immediately notice, for instance, the same overlapping structure between diagrams A%-1 and A%-2 and hence the corre-
sponding 4-string & functionals | VS")( 1,2,3,4)) a2y and | v§P(1,2,3,4)) a2, must coincide with each other for a com-
mon set of values (a,a;,a3): Comparing the diagrams in Figs. 8 and 10, we thus find

| V67(1,2,3,4)) ,2,= | V6"(1,2,3,4)) 2, <> ay,03,03>0,

[ V6Y(1,2,3,4))caq when |a;| < |, ]

| V§Y(1,2,3,4))pc. when |a;| > ||
| V6"(1,2,3,4)) a2 when |a3] < |ay]
|V6"(1,2,3,4))cp, when |a;| > |ay|

1V6)(1,2,3,4) g = | V6(1,2,3,4)) ap2 <> 1> 0, ap,a3<0,

= t V§)4)(1,2,3,4))Ac_2 — a;<0, apa;>0,

|V6"(1,2,3,4)) ap.1= o a3 <0, anar >0, (5.24)

|V6"(1,2,3,4)) cp=| ¥"(1,2,3,4))pc2 < @3>0, a1,03<0,
| V69(1,2,3,4)) aci = | V34)(1,2,3s4))c2-2 @3>0, a,a,<0.

Here we have indicated the regions of a values to which these 4-string & functionals correspond, assuming a4 <0. (If
as> 0, all the signs of a;_; should be reversed. We assume a4 <0 for definiteness, hereafter.) The regions of a;_j in
(5.24) exhaust all the possibilities except for the cases of a, <0, a;,a3>0. These exceptional cases correspond to particu-
lar shape of diagrams BA-1, C%-1, CA-2, B2, in Figs. 8 and 10, each of which possesses a branch. We call such dia-
grams “horn diagrams.” It is exactly these types of configurations that were left nonvanishing as surface terms in the
previous calculation of 3, oy | V4) in Sec. IV. We will see below that they actually cancel each other.

Before that, we first show that the other ordinary diagrams all cancel between the first and second terms of (5.22) (Ref.
16). For such ordinary regions of a;_s, the 4-string & functionals | Vf)“ (1,2,3,4)) of the first and second terms equal
each other as noted in (5.24), and further the two ghost factors also coincide up to sign:

4 4 4
leieteleleletuis iniiieiaieleleleielelets I el ity 3 boommomooee- S ialstaiets -
1 | e 4 1 :--—<---Jp-——-<_q. 1 F----=----4
2 3 2 2 3
2. BA-2
A*-2 CA-2
3 2 2 3
a ——— ; 4 3 4 = =
oo SR b bl 1 pommmm e - ) Sebobud bt PRI s st *——;—-‘
1 ' 1 ' 1 '
AB-2 B?-2 CcB-2
1 4 1 4 1 4
P ;= —————— - - - - - — - - - ] .———<———|f——-<---—-1 3 2 ———— b -~ - - -~ -
e - - e e e o — =) | - - - - —If-——<—f ——f k- - - - - - 4
2 3 2 3
Ac_2 BC'2 02'2

FIG. 10. The other 3X 3 configurations of 4-string & functionals appearing in (85 )*®(4), coming from the second term of (5.8).
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sgn(as)G(a}zs)G(a?‘): ——sgn(a7)G(a§37)G(a}") ) (5.25)

as is easily verified by examining the interaction points of the diagrams in Figs. 8 and 10. Therefore we need to prove
the equality

Ial | [det(l—ﬁ(%ﬁ 55)]_(4"2’/2u(a1,a2,-—as)y(as,a3,a4)
5
1

h las|

[det(1—N 8y M=% (ay,a3, —ap (e, anas) . (5.26)

This is indeed a nontrivial equality. Nevertheless it does hold at d=26.

Such determinant factors have already appeared in the calculations of 4-string amplitudes in the light-cone gauge
string field theory. For instance, consider the decay amplitude of string 4 into strings 1—3 (corresponding to the case
a,,a2,a3>0), to which just the two light-cone diagrams A%-1 and A2-2 drawn in Figs. 9 and 11, respectively, contribute.
As was shown by Cremmer and Gervais?? in detail (and actually almost the same formulas appear also in our covariant
framework as will be seen in Sec. VII), the contributions of the diagrams A?-1 of Fig. 9 and A%-2 of Fig. 11 to the ampli-
tude are given, respectively, by

- [ 1 5 667 55\1—(d —2)/2, T/as
T =] dT— —ldet1 N “N )] e
Tolay,ap,a6) Tolas,a3,a4)
Xexp [— 3 23 0 Hext(1-4) | VY(1,2,3,4)) (5.27)
r=1,2,6 a, r=>5.3,4 ar

1

0 AT AT —
‘7A2-2= f_wdT [det(l_NST8N77)]—(d_2)/2e T/a,

las|
Tolay,a3,ag) Tolay,a7,a4)
xexp |- 3 —22E 3 TR Hext(1—4) | Vi(1,2,3,4)) (5.28)
r=2,38 ar r=1,7,4 ar

where l T l

(N"Tr)mn =ﬁ:nrnexp[_(m +n)T/a,],

ag=—as, ag=—ay, (5.29) T '

1 |
TO(aarahac): 2 arlnlar| . 3 : :
r=a,b,c : 8 7 : 4

The (ext(1—4)| denotes the external states, and the ef- ) !
fective 4-string vertices | V§¥(1,2,3,4)) in (5.27) and 2 ! !
(5.28) are given by the same equation (5.20) as the previ- . -
ous 4-string § functional | VS”( 1,2,3,4)) if the Neumann 1 '
functions N f,";,i” there are replaced by those for the dia-
grams A1 and A%-2. [And, of course, the longitudinal 2
and scalar modes a*=* (m >1) as well as the ghosts A*-2

v and 77 are set to be zero in the light-cone gauge

string field theory. If all the modes are retained, Egs.

(5.27) and (5.28) give the amplitude in our covariant T

theory (see Sec. VII).] "““—_{
The particular property of the string model is that it

reproduces the dual amplitudes.*’”*” Through the Man- X X
delstam mapping 3 ! 8 7 !
.
plz2)= 3 a;In(z—-Z2;), (5.30) 2
i=1

each N-string light-cone diagram corresponds to a set of
real parameters Z,_y up to the gauge freedom of projec- 1 4
tive transformations. If we fix this freedom by choosing
Z,=1, Z;=0, and Z,= «, then the 4-string light-cone
diagram is uniquely specified by one parameter Z;=x.
By examining the Mandelstam mapping, it is easily seen CA-2

that the diagrams A%1 of Fig. 9 and A%2 of Fig. 11, FIG. 11. The light-cone diagrams corresponding to the 4-
which are also parametrized by T and correspond to the string configurations A2-2 and CA-2 of Fig. 10.
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regions T>0 and T <O, respectively, correspond to the
parameter x in the regions 1<x <xp and xp<x < .
Therefore, in order to reproduce the dual amplitude which
is given by an integral lwdx f(x) of a smooth function
f(x) over 1<x < oo, the amplitudes (5.27) and (5.28)

should give f dx f(x) and f dx f(x), respectively,
with a single functlon f(x). Thls is indeed the case at
d=26. Cremmer and Gervais?? have actually proven the
equalities

i= e . N @
AVdT |°P E} 00/
Tolay, s, ag) Tolas,a3,a4)
| | [det(1—N %N )]~ 1% Tra 5exp — —9%—5—— O—Sa—:’——-i— (T>0),
as =1,2,6 r =5,3,4 r
- r ( ) r (@19, ) 630
TolQHy, A3, A T » &7,
[det(1 )]~ 12 Tm’exp -3 100273087 et Uatibes 1 (T<0),
| as| r=2,3,8 a, r=1,74 a,

by a direct calculation Here again N % is the Neumann
function N " (with r =s =j, m =n =0) for the dia-
gram A2-1 or A2 2. This fact in particular implies the
equality of the integrands of (5.27) and (5.28) at the
boundary T=0 (x =x,) at which the diagrams A2-1 and
A2-2 become the same and the corresponding Neumann
functions N () coincide. Hence the vertices | Vi¥) in
(5.27) and (5.28) reduce to the same 4-string § functional
| V§Y) in (5.20). This equality at T=0 just proves the
desired Eq. (5.26) in d=26 if the a-integration measure is
chosen as

Tolaty,0p,a3)

ula,azaz)=exp | — (5.32)

r=1 ar
as was announced in Sec. III. Although we have dis-
cussed explicitly only the case of a;,a,,a;>0, clearly Eq.
(5.26) is guaranteed by similar equations to (5.31) for any
other (nonhorn diagram) cases tabulated in (5.24). Thus
we have shown that the duality is the origin of the cancel-
lation of nonhorn diagrams in (8})%. We shall next see
that this duality guarantees also the cancellation between

the horn- dnagram contribution to (83)*® and the surface
term of {8%,6%]®.

C. Cancellation between (8} )*® and {53,655}

Now let us turn to consider the contributions of horn-
diagram configurations to (83)2® [which correspond to
the region a, <0, aj,a;>0 of integrations da,da,da; in
(5.22)]. In such a conﬁguratlon, the ?ositions of two in-
teraction points o> and o7>* (or, 02" and o}™) coincide
as is clear from the diagrams BA-1 and C2-1 of Fig. 8 (or
CA-2 and B%-2 of Fig. 10), and hence the ghost factors
G(01)G(03™) and G (0")G(0}™) vanish. From this
fact we claimed in our paper I that the contributions of
hom diagrams vanish by themselves and concluded
(85)*=0. This is, however, not correct, unfortunately.
The fact is much more interesting than was expected.
The loophole is that the determinant factors det(1—N N)
are in fact divergent for such configurations as will be
seen shortly, and (5.22) gives finite result by 0X 0.

In order to obtain a definite answer, we need a regulari-
zation. The most natural one is to take

G(a}”)G(as“ [det(l NN 5517121 v§P(1,2,3,4))

=}iT0wC(zg)C(zo P l[det(l——N“N D712 vP,2,3,4)), (533
G(0P)G (al™) 17 [det(1— N B8 7)]=2| ¥#(1,2,3,4))

=%i21017C(23)C(28)I 71[det(l— N BN vi0(1,2,3,4)) ,  (5.34)

by referring to the corresponding light-cone diagrams like diagram BA-1 of Fig. 9 and diagram CA-2 of Fig. 11 with fi-
nite time interval 7. In (5.33) and (5.34) we have reexpressed the ghost prefactors G(o;) in terms of C(z) defined by
(3.25) as G(o;)= \/;rC (zp), and ordered them so that the interaction time of the right factor C(z§) is larger than that of
the left factor C(z8), viz.,

T,—T,=p(z8)—p(z5)>0. (5.35)
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[We need not take the real part of the RHS since for horn diagrams with finite time interval like diagram BA-1 of Fig. 9
p(z8) and p(z}) have a common imaginary part.] With this particular ordering of ghost prefactors, we can replace 1/as
and 1/a; on the LHS of (5.33) and (5.34) by their absolute values 1/|as| and 1/|a;|. Note that zg and z8, which are
solutions of dp(z)/dz=0, are real and approach a common value as T—0. [In fact, Egs. (5.33) and (5.34) hold for ordi-
nary diagrams as well as horn diagrams as is understood by examining Figs. 8 and 10.]

Exactly the same problem of 0X « appears in the nonvanishing “surface terms” of {83,83} | ®(4)) in the previous

section, which read, by (4.2) and (4.21),

(8% 83}|<b(4))_—fd1d2d3(<l>(1)l(<b(2)l(<I>(3)|

Here, the vertex | V" (0q)) is the 4-string & functional
corresponding to the conﬁguration of Fig. 5, and z, and
zg denote the interaction points at which Imp(zy)=0y,
and Imp(z§ )= —0¢. At op=0y4, since the two interaction
points z, and z§ coincide, we have C(zo)=C(zg) and
hence the ghost factor C(zy)C(z3 ) vanishes. In this case
also, however, the measure f(o,) diverges at op=04+ (as
will be shown shortly). Here again the natural regulariza-
tion is to use the expression (5.36) itself, i.e., referring to
Fig. 6, and to take the limit 00—>04.

Now we want to show that (85)%| ®(4)) of (5.22) (to
which now only the horn-diagram configurations contri-
bute) and {83,565} | ®(4)) of (5.36) actually cancel with

J

(85| @(4) = [d1d2d3(D(1)|(D(2)](D(3)]

x lim[g_ (T)C(28)C(2§) | V§P(a_)) +8, (TIC(2)C(z8) | Vi (o

N 66N 55)] 12, T/as

g_(N= [det(1—

Isl

~ _ —T/a
EN 1%t

g4 (= [det(1—N

1
las]
where we have used the fact that we can take the limit
T—0 for the vertex part | ¥$"(1,2,3,4)) in (5.33) and
(5.34) separately. In this form (5.37), the correspondence

to (5.36) is clear. Indeed the functions g.(T) in (5.37) are
written as

4
I14z:

i=1

e Py

exp (5.38)

- i N&gvj)
j=1

(al’aZr _aS)p(a5ya3’a4) ’

[f (00)C(20)C (28) | V(0 1220 * (5.36)

each other. First we notice that the 4-string vertex
| VP (0e)) in (5.36) at the pomts 00=0+ exactly have the
same configurations as | V§(1,2,3,4)) in (5.22). Actual-
ly the configuration of | V“)(oo)) in Fig. 5 reduces to
those drawn in Figs. 12 and 13 at o0p=0, and o_, respec-
tively, and we immediately see that the configurations of
Figs. 13(a) and 13(b) and Figs. 12(a) and 12(b) just coin-
cide with those of diagrams BA-1 and C?-1 of Fig. 8 and
diagrams CA-2 and B2-2 of Fig. 10, respectively. There-
fore the first term in (5.22) corresponds to the op=0_
term of (5.36) and the second term to og=0,. Taking ac-
count of the regularization (5.33) and (5.34) with (5.35),
we now rewrite (5.22) in the form

N1,

(5.37)

asz, —ay ):u'(al’a77a4)

by the Cremmer-Gervais equality (5.31), while the mea-
sure f(0g) in (5.36) is given by (4.29):

HdZ

T

(5.39)

4 .
_ 2 N&*)w
j=1

This parallelism is by no means accidental. Here again
the duality plays a key role. Consider the three diagrams

A-——/ >
3 A ——
— 2 -
2/ /
4 1
1
FIG. 12. The configuration at the end point og=0, of the

4-string vertex | Vi"(ao)), for cases (a) |a4| > |a;| and (b)
|as| < |ay|, respectively.

-

FIG. 13. The configuration at the end point op=0_ of the
4-string vertex | V§(oy)), for cases (a) |as| > |a;| and (b)
|as| < | as|, respectively.
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(i) BA-1 of Fig. 9 (0<T < ),

(ii) Fig.6 [o_=m(a;— |a;|) <o <o, =7ay], (5.40)

(iii) CA-2 of Fig. 11 (— 0 <T<0).

As is well known in the light-cone gauge string field
theory,“’22 these three make up a full dual amplitude for
the scattering 14-3—2-+4. Indeed if we fix the projective
invariance by

X =X_

: BA-1 of Fig. 9 at T =0 [1st term of (5.37)]}«<Fig. 6 at ocyp=0
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Zz'—‘l, Z3=O, Z4=oo > (5.41)

the diagrams in (5.40) correspond to the regions of Z, =x,
(i) 1<x<x_, (i) x_ <x<x,, and (iii) x, <x, respec-
tively. As before, the two apparently different diagrams
on both sides of the boundary x =x, or x_ must give
the same integrand on the boundary. It is this duality
realizing mechanism again that guarantees the cancella-
tion between (5.36) and (5.37).

Let us see the cancellations between the diagrams at
x=x, andat x =x_:

’

x=x,: CA-2 of Fig. 11 at T =0 [2nd term of (5.37)]«<>Fig. 6 at oy=0, .

The RHS of Egs. (5.37) and (5.36) are evaluated as

}imo‘rrgi(T)C(zg)C(zS) [VEi(o4)) = ;imo[(zg—zg)gi(T)]ﬂ'C'(z% )C(z5) | Ve (o1))

and

— lim “—;— flag)C(z0)C(z8) | VP (0g))=— lim

ao—vai

respectively, where C’'(z)=dC /dz and zj =(z5)* are the
common interaction points at x =x4;limy_z{
=limT_+ozg=lima_,¢,+zo=lim,,_,a+25 =z}. From (5.43),
(5.44), and the fact that g.(T) of (5.38) and f(oy) of
(5.39) have a (projective invariant) common factor which
takes the form in the “gauge” (5.41)

4

I 4z

i=

4L
pl— > N&Y |=dxh(x)

j=1

[A(x) is regular at x =x,] (5.45)

[see (A12) for the expression N 4], we need only to
show the equality

dx dx_

dUO

. i .
}1m0(28—28) =+— lim (z_z§)

- 2 ao—»ai

(5.46)

The equality itself can easily be inferred if we recall the
relations

(28)—p(z8)=T,—~T, (x>x,,x<x_),
PlZo)—p\Zp b + (5.47)
plzo)—plzg)=2i0y (x_<x<x,),

but, in order to show that the limits are actually finite and
equal, we now perform a little calculation.

The interaction points z8 and z§ or z, and z§ are the
solutions of dp(z)/dz=0 with

p(2)=aqln(z —x)+a,yIn(z — 1) +aslnz .

By differentiating (5.47) with respect to x and using the
formula

(5.42)
(5.43)
“(zo—28 )f (a0) |7C(25)C(z3) | Vi (04)) (5.44)
M
dp(w)/dx =[(3p/3z)(dw /dx)+03p/3x],_,,
=(0p/03x), —y
for w =z&% or z{*', we find
alz§—z8) 4
(z§—x)z§—x) dx Ta=Tp) brzxyx<x),
(5.48)

a(zo—z3) dog

(zg—x)Nz§ —x) =4 dx (x_<x<xy).

From (5.48) and zo—z§ =i |zo—zg |, Eq. (5.46) reduces
to the following
— (op=0,4),

limsgn(z8 —z8)=
oo gMZo—2o + (op=0_),

[T,—T,=p(z§)—p(z§) >0] (5.49)

which is indeed valid as can be seen from diagram BA-1
of Fig. 9 and diagram CA-2 of Fig. 11. In addition, Eq.
(5.48) says that dT/dx and do,/dx are zero at x =x.
and hence that the functions g4+(T)« |dx/dT | and
flog)« |dx/doy| go to infinity at T=0 and oy=o04,
respectively, as was announced above. The limiting value
of (5.46) itself is F | z§ —x+ |2/ | a;| and is indeed finite.
The cancellations for the other pairs of corresponding
diagrams are also seen quite similarly. In any case, the
cancellation condition reduces to (5.49), which in fact
holds for every horn-diagram configuration. Thus we
have completed the proof of O (g?) nilpotency
(83)*+ (53,85} =0, (5.50)
under the condition that the measure f(o,) of a 4-string
vertex (4.7) is given by (4.29) [or (4.22), equivalently].
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D. A comment on the necessity of string-length parameter

It would be appropriate to add a comment here why
such an unphysical parameter a need to be included in the
arguments of our string field.!® The use of the 3-string
vertex of the 8-functional form of Fig. 1 does not directly
imply the necessity of @. Even without a in the string
fields, one can construct the same overlapping 8 function-
al by setting one of a,’s, say a3, equal to —1 and includ-
ing an interaction point parameter oo and its measure
(og) only in the definition of the vertex

V)= [ doofalao) | V(og))

(but rot in the string field). Since our 8§ functional only
depends on the ratios a;/a; and a,/as, one can use the
same § functional by identifying oy with —a,/a; (and
thus —ay/a3;=1—0y).

In such a case, however, it becomes impossible even for
the non-horn-diagram contributions to (85)%® to cancel.
For instance, diagram A%-1 of Fig. 8 and diagram A2-2 of
Fig. 10 have the same &-functional structure and
therefore must cancel with each other also in this case. In
order to compare these two diagrams with common ratios
aj‘ay:|az|, we need to make different changes of vari-
ables o, and oy of two 3-vertices (see Fig. 14)
for the two diagrams A2-1 and A22. To obtain
apay:|as| =y:x —y)(1—x), they are op=y/x, op=x
for the former and oy=(x —y)/(1—y), oo=y for the
latter. Taking account of the Jacobian factor for the
change of variables doydoy—dx dy, we find that the can-
cellation requires the following equality for the measure
[I(O'o):

X —

B y
l—y

X

_ NS _ 1
I p(x)x = ) T—y (x>y). (5.51)

[We here understand that the full measure is this (o)
times the conventional measure (5.32).] On the other
hand, also in this case, we must include all the three types
of 8-functional configurations A4, B, and C in Fig. 1, since
the cyclic symmetry of the vertex is absolute necessary for
constructing gauge-invariant or - BRS-invariant (gauge-
fixed) actions as will be seen in Sec. VI. So we need also
the cancellation between diagram AB-1 of Fig. 8 and dia-
gram BA-2 of Fig. 10, for instance, which are redrawn in
Fig. 14. By changing the variables as 0y=1—x, oy=y for
the former and oy=y /x, 0p=(1—x)/(1—y) for the latter
to get common ratios a;:a;:|a;| =(1—x)x:p, we find a
requirement

|

8% |04 =— [d1d2d3 [ "doof(oo){(@(1)](D(2)[(D(3)]|G(07)8(1,2,3,4) | E(1,2,3,4))

or equivalently for the bra state [by using 83(® | =(8% | ®))']

AB-1 BA-2

FIG. 14. The diagrams A%-1 and A%-2, and AB-1 and BA-2,
in (83)°® for the case when the string field contains no a pa-
rameter.

_ _ |y |-|1—x X —y
(1—x)gly)=pg | —
2 Xu\y)=u X u 1=y |x¥1—y)

(x>y). (5.52)

These two requirements (5.51) and (5.52) already contra-
dict each other except for the trivial solution fi(o()=0.
Indeed multiplying both sides of (5.51) by those of (5.52),
we get

1—x
l—y

-y
x(1—y)}

x—y
I—y

2x)p(l—x)= i

as far as 1#0. Differentiating this with respect to y and
taking the limit y —0, we obtain an equation for the func-
tion g (x)=f(x)E(1—x),

g(x)+(x —1)g'(x)=0,

143
X

which is solved to give

C

(x)=
gx x(1—x)

2

(c is the integration constant). This is, however, asym-
metric under x<—1—x and contradicts the definition of
g(x).

E. O(g?) nilpotency {8},83} =0

Let us next prove the O(g>) nilpotency {8},8%}=0.
The O(g?) BRS transformation 82 is given by (4.1) and
(5.1b) as

(5.53)

83(04) | = [d1d2d3 [, " doof(00)(E(1,2,3,4)]8(1,2,3,4)G (o) | ®(3)) | (2)) | (1))

=— [d1d2d3 [ " doof (oo (D) (D(2) | (D(3)|G(oy)

X fdl’d2'd3'(E(1’,2’,3',4)|73(1’,2’,3’,4)Q“"|R(3’,3)) |[R(2,2))|R(1'])),

(5.54)
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where use has been made of Eqgs. (2.15), (4.31), (4.32), and (5.7), and the relations (d1)'=—d1, G'=G, 3'=35,
|R(1,2))=—|R(2,1)).

In quite the same way as we obtained (5.22) in Sec. VB we easily reach the following expression by using (5.53) and
(5.6):

8385 | @(5)=— [d1d2d3d4(P(1)| (®(2)|(D(3)|(D(4)|

[ doif(0§)G (0F**)G (o} 2")——[detum-“” 22(ay,a5 —ax) | V6 (1= 5) ) pig. 15
+ fdagf(ag)G(U}Y45)G(a§3y)—;—y[det(Y)]“‘d D (ayas, —ay) | V5 (1—5) ) gig 16

+ [ dagf(a(,Z)G(a}m)G(ai‘z);‘;[det(zn-‘d “P ey —az) | V5 (15 kg 17 | »

ay=a,+a;, ay=a,+as, az=a3+a,, (5.55)
det(x)=det(1—N F*N 4=%) for x =X,Y,Z,... .

Similarly we get by using (5.54) and (5.5)
8385 | ©(5))= [ d1d2d3d4(D(1)|(D(2) | (D(3)] (D(4)]

x| [ dagﬂag)c;(a}z“)a(a,“s) [det(A)]—“’ “22(a y,a8as) | V5 (1=5) g, 18

+ [ dolf(0d)G o} *)G (a7 ___[det(Y)] —-DY @y, a5,—ay) | VE(1=5)) kg 16

X | V})S)(I—S))Fig_ 19, ag=—(as+as), ag=—(a;+as) . (5.56)
|
Here in (5.55) and (5.56), | ¥§'(1—5)) denotes the 5- [ V5 (A-5))
string & functional defined by the same form equation as Ve (A1) = 5)
(5.20) with the Neumann function N ‘2 substituted cor- | Vo' (C-2)),
responding to 5-string configurations depicted in Figs. |V§,5)(B-1)) ,
15—19. The functions N (** and N ™ (with N=3,4) Ve Aa-2))=1"
in the determinant factors are given, also similar to the [Ve'(C-3)),
previous one in (5.15), by Ve (B-2)),
VA= ) (5.58)
N%)xx )m‘/;N%)xx‘/;(_)n , | Vo (A-4)> ,
(5.57) ) | V5 (B-3)),
< = Ve (B-4)) =
N> —v/m N M=/ | | V& (B-5)) ,
in terms of the Neumann functions N[5, of relevant 3- | Ve (C-4)),

(5) _
and 4-string vertices. | Ve (C-5))=

| V6 (C-1))
As before we find the followmg equations for all the 5-
string & functionals | V') corresponding to the configu-  Where the arguments of V{' indicate the diagrams in
rations shown in Figs. 15—19 by comparing the diagrams:

7/& 7T WAK

FIG. 15. The 5-string configurations appearing in 6582®(5); FIG. 16. The 5-string configurations appearing in 85863®(5);
the first term in (5.55). the second term in (5.55).
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FIG. 17. The 5-string configurations appearing in 838%®(5);
the third term in (5.55).

Figs. 15—19. Each of these equalities means that the
LHS for one region of parameters o, and a’s coincide
with the upper one of the RHS and the LHS for the other
region with the lower one of the RHS. So the cancella-
tions occur between these 2X5 pairs of configurations.
As before, by the reason that the calculation of BRS
transformations taken twice is almost identical with that
of scattering amplitude for particular light-cone diagrams
in which the time interval of two interaction points is
zero, the factors of determinant and measures in (5.55)
and (5.56) are again exactly identical with those in the am-
plitudes in the light-cone gauge string field theory. More
precisely, the following products of factors
1

f(ao)m[det( 1—-N 3N "]~ -2 (a;,a;,a5)

(5.59

for each pair of corresponding configurations are
guaranteed to coincide with each other by the duality if
d=26 and the measures u(a;,a;,a3) and f (o) are chosen
as determined before, since each pair of diagrams corre-
spond to a common boundary point of the Koba-Nielsen
variables. This equality of the quantity (5.59) corresponds
to Eq. (5.26) of the 4-string case. [As a matter of fact, no
literature has appeared which gives a direct estimation of
determinant factors appearing in 5- or more string scatter-
ing amplitudes, and no direct proof exists for the equali-
ties of the factors (5.59) or similar ones in higher N-string
amplitudes. However, Mandelstam?®**® has proved in
another way that the light-cone gauge string field theory
actually reproduces the Koba-Nielsen amplitudes for the
general N-string case. His proof, therefore, turns out to
give an indirect proof of such equalities for the general
N-string case. (See Sec. VIL)]

Therefore we need to take care of only the sign of 1/¢,,
i.e., sgn(a,) (r=X,Y,Z,A,B) and the order of two ghost
factors in (5.55) and (5.56). Since the ghost factors are or-
dered as G(oF"™ )G (07"™*) commonly for all the

5 1 5
g \§.4 B-5 27\\ a
% &\ 7 //3 S
\ 3 /
5 Aw/é
A-5 e c-5

FIG. 19. The 5-string configurations appearing in 8385 ®(5);
the second term in (5.56).

5 4

. 5 . L2 4
| 7 v

A-4 B-4 4

FIG. 18. The 5-string configurations appearing in 8§385®(5);
the first term in (5.56).

terms in (5.55) and (5.56), we have only to examine
sgn(a,). As an example, consider the first pair of dia-
grams of (5.58), A-1 of Fig. 15 and A-5 of Fig. 19. From
(5.55) and (5.56), the former is proportional to
sgn(ay)=sgn(a;+a;) and the latter to —sgn(ag)
=sgn(a;+as). We recall that our 4-string vertex
| ¥1¥(1,2,3,4)) constructed in Sec. IV is nonvanishing
only for the configurations with alternating signs; i.e.,
sgn(a;,aa3,04)=(+,—,+,—) or (—,+,—,+) [Eq.
(4.5)]. So, from diagram A-1 of Fig. 15, we see that
sgn(a;+a,)= —sgn(as). On the other hand, in this con-
figuration we have |a;| < |as| as is seen from diagram
A-5 of Fig. 19 and hence sgn(a;+as)=sgn(as). Thus
sgn(ay) and —sgn(ap) are opposite and the contributions
of diagrams A-1 and A-5 actually cancel. As another ex-
ample, consider the other region of o, and a’s in which
the A-1 configuration becomes identical with C-2. In this
case we have |a;| < |a;| as is clear in diagram C-2 of
Fig. 16. So, by (5.55), the diagram C-2 contributes with
sign sgn(ay)=sgn(a,+a;)=sgn(a;). The sign sgn(ay)
of the A-2 contribution 1is indeed opposite;
sgn(ay)=sgn(a;+a,;)= —sgn(a;) again by the alternat-
ing sign rule as is seen from diagram A-1 of Fig. 15.

Similarly, it is easy to see the cancellations for all the
other cases in (5.58), and the sum of (5.55) and (5.56) van-
ishes. We thus have finished the proof of O(g?) nilpoten-
cy (85,85} =0.

F. O(g*) nilpotency (8%)*=0

Now let us go to the final part of the nilpotency proof
of our BRS transformation. With quite the same pro-
cedure as in the previous cases, it is easy to obtain, from
(5.53) and (5.54),

ﬁ%—ﬁ = Tls

i
AN

\f L Z,

I

71 2 z,
FIG. 20. The 6-string configurations appearing in (83 )*®(6)

of (5.60).
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[ d1d2d3d4d5(P(1)[(D(2)] (D(3)| (D) | ((5)|

[det(X )]~ 4-272 | p®(1-6))

[det(Y)] @-2721yO(1-6))y

+f 34sz)f(01226)G(0;4SZ)G(0}226)';1_[(16“2)]—(‘1—2)/2 [ V8(1_6))Z ,
z

ay=a;+a+a;, ay=a,+a;+a,, az=a3+as+as,
det(x)=det(1—N W*IN %% for x =X,Y,Z .

The 6-string & functionals | V¥ (1—6)) xY,Z are defined
by Eq. (5.20) with the Neumann functions N &7 substi-
tuted which correspond to the configurations depicted as
X—Z in Fig. 20, respectively. Each of the configurations
X—Z corresponds to either one of the two diagrams dis-
tinguished by indices I and II depending on the values of
two o 0

Now we can understand the following equalities for the
6-string 8 functionals in (5.60) from Fig. 20:

IV = 1 V6w I VE )y, = 1 V),
_ 6)
|V 2= V5, -

As before duality guarantees that the following products
of factors

flog)flog)—

(5.61)

(4) (4)y1—(d —-2)/2
N 4]

[det(1— (5.62)

1
||
in the coefficients of (5.60) are equal for each pair of cor-
responding configurations given in (5.61), if d=26 and
f(oy) is given by (4.22). So we examine only the signs of
ay, y,z and the order of two ghost factors. For the former
we have a simple relation in this case

|

(5.60)

sgn(ay)= —sgn(ay)=sgn(az)= —sgn(ag) , (5.63)

owing to the alternating sign rule (4.5) of our 4-string ver-
tex. From this, for the cancellation between X and Y or
Y and Z configurations to occur, the two ghost factors
must be placed in the same order, while in the opposite or-
der between Z and X configurations. This is just what
happens. For the configurations X and Yj, the second
4-vertex (i.e., the vertex of the second BRS transforma-
tion) of Xy corresponds to the second one of Y} and the
first of Xy to the first of Yj, as is seen from Fig. 20.
Therefore the two ihost factors are in the same order and
coincide: G (a/*")G (07 ***)=G (67*")G (0;"). The
same is true for Yy and Z; configurations. For Zj and
X; configurations, however, Fig. 20 tells us that the
correspondence of the first and second vertices is opposite
and so is the order of two ghost factors.

G. Properties of the 3-string and 4-string vertices

Before closing this section, we summarize now the
properties of our vertices which we have proved up to
here.

It should be noted that we have actually proved more
than the nilpotency (85)*=0. For instance, in O(g), we
proved not merely the nilpotency

(83,85} | ©(3)) = [ d1d2{[({@(1) | QF" N P(2)| —(D(1) | ({(D(2)| @§)]| ¥(1,2,3))

—(®(1) [(@(2)| Q5| V(1,2,3))} =0

but the equation

2 04| V(1,2,3))=0.

r=1

(5.65)

The latter is clearly stronger since the former claims the
identity only when all the three string fields (®(1)],
(®(2)|, and (P(3)| in (5.64) are the same string but the
latter implies that (5.64) holds even when they are re-
placed by three different string fields.

The same remark applies also for all the previous
O(g") nilpotency proofs. Actually recall that the

(5.64)
[
O(g¥ ") term of (85)%| @) generally took the form
Jd1d2--- dN(D(1) | (DQ2)]| - (DN
S (ghost factors) | V¥ 1) (5.66)

We have seen there that the cancellations occur between
pairs of terms which possess the same 8-functional config-
urations, hence in particular the same sets of values of a,
(r=1,2,...,N). That is, (5.66) vanishes for each set of
values of «,, i.e., before the dada, - - - day integration.
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This implies that (5.66) holds in fact even when
(®(1)| —(D(N)| are replaced by N completely different
string fields since (®(r)| at two different values of a,
can be conipletely independent even for a single ®.

In order to express these stronger identities concisely, it
is useful to define 2-string and 3-string products for arbi-
trary string fields ®, ¥, and A:

@+ ¥)3)) = [ (@(1)[(W(Q2)||V(1,2,3))d1d2,
(5.67a)
[ (PoWo A)4)) = [ (B(1)](W(2)|(A3)]|
X | V#(1,2,3,4))d1d2d3 .
(5.67b)

[Notice that the measures d1d2(d3) are placed on the
end for the convenience to operate 8 from the left natur-
ally.] Since it is more convenient, in this context, to use
the functional representation instead of bra-ket notation,
we rewrite these into the functional forms with the help of
(2.11) and (2.12):

@+ W)[Z;]= [ B[Z,1¥Z,1V([Z,,Z,,Z,1[dZ,dZ,] ,

(5.68a)
(PoWoA)[Z4]= [ ®[Z,]¥[Z,]A[Z;]
XVW[Z3,2,,Z1,Z,]

X [dZ,dZ,dZ,] . (5.68b)

J

0(g): Qp(PxV)=Q0pPx¥V+(—)® dxQp¥,

Here we have used the Hermiticity condition (2.13)

o'[z]1=9[Z],
~[ 1=42] (5.69)
Z=(X*m—o0),—clm—0),e(r—0);—a),

as well as the property (3.65) of a 3-string vertex under the
twist operation which reads

VIZ,,Z,,2,]1=VI2,,2,,Z;] ,

(5.70)
VIZ,,Z,,Z;1=(2, | (22| (2,||V(1,2,3))

in the present functional representation and a similar one
(4.31) for the 4-string vertex V¥ Henceforth we adopt
(5.68) as a basic definition of string products for general
(not necessarily Hermitian) string fields.

Now with these notations (5.68) our full BRS transfor-
mation 8 takes the form

SpP=0pP+gP*xD+g’Podod , (5.71)

and it is straightforward to write down several identities
implied by its nilpotency
0=(83)*®
= —Qp(8pP)+g (65 P*xDP—D%55P)
+8%85Po Do D — Po §5Po D + Do Do Sz D) (5.72)

at each O(g"). They, however, hold in stronger forms as
explained above. In view of the forms of weaker identities
from (5.72), it is easy to see that those stronger identities,
which we have actually proved are written in the follow-
ing form:'8

(5.73a)

0(g?): —Qp(®oWoA)+(QpPoWoA+(—) ®ldoQpWoA+(—)I®I+I¥IdoWoQyA)

0(g): (=)2(PoWoA)*Z+D*(YoAoZ)=(P*¥)oAoS —Po(¥kA)oZ+DoWo(Ax3),
0(g*: (—)IZI+IZ(PoWoA)oZoE+(—)!Z!do(Wo Ao )oE+PoWo(AoZ0o=)=0.
These identities hold for arbitrary (matrix-valued) string fields ®,¥,A, . .

1 if Grassmann-odd.

=(—) P+ IYI+AI[(PxW)x A—Dx(¥xA)], (5.73b)
(5.73¢)
(5.73d)

., where | ®| is 0 if ® is Grassmann-even and

The identities (5.73) represent actually the properties of the 3-string and 4-string vertex functionals which we have
constructed in Secs. III and IV. Equation (5.73a) is a distribution law of Qp operation on the * product, Eq. (5.73d) is
an associativity law for the ( o o ) product. Equation (5.73b) shows that the distribution law of Qp operation is violated
on the ( o o ) product but is compensated by also a breaking of associativity for the * product. [It is interesting to note
that Eq. (5.73b) is replaced in the closed-string case!”'® by a  Jacobi-type identity
Ox(WaA)+(—) I IFI+IADY g (A D)4 (—) [ ATUPI+HIYDA 4 (pxW)=0.] It should be emphasized again that all
those identities hold only if d =26, as we have seen in this section.

For later convenience we define bilinear, trilinear, and quadralinear forms of string fields by

V= [ [dZ]t(®[Z1¥[Z))= [ [dZ]te(@[Z]¥[Z])
=[d1d2u(R2,1 2% | 0(1) | ¥(2),
[QYAL =0 (¥ A)= [ [dZ,dZ,dZ; t(P(Z,¥[Z,]AZ; 1)V [Z4,2,,Z,]
[PWAZ], =D (Yo AoZ)
=(—)I®I+I¥I+]AI+]Z] f[ledZZdZ3dZ4]tr(<I>[Zl]‘P[ZZ]A[Z3]E[Z4])V“’[Z4,Z3,ZZ,ZI]. (5.74c¢)

(5.74a)
(5.74b)
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If the string fields are all Hermitian, these are simply rewritten also in the bra-ket notations: The first one is connected

to a more familiar inner product,
&= [ d1te(®(1) | W) = [ dZ (@[ Z]¥[Z]

and the latter two take the form

[®WAL= [ d1d2d3tr(D(1) | (¥(2) [ (AB)| | ¥(1,2,3)),
[OWAZ]=(—) I+ I¥I+IAI+IZ] [ g1d2d3d4tr(D(1) | (W(2) | (A3)|(Z(4)[|P1¥(1,2,3,4)) .

Finally, we note that the important cyclic symmetry
properties of our 3-string and 4-string vertices, (3.58) and
(4.32), are expressed in these notations as'®

[PWA]y=(—)I®II¥I+IADWAD],
=(—) AP+ 1¥D APV, ,
[PWAZ],=(—) I ®IU¥I+IAI+IZD+WASP],
—(—)IBU@I+ ¥ +IAD+H[ZOWA],

(5.76)

etc.

VI. ACTIONS

Now that we have constructed the full BRS transfor-
mation satisfying nilpotency and clarified all the neces-
sary properties of the 3-string and 4-string vertices, it is
quite an easy matter to write down a gauge-invariant ac-
tion as well as a BRS-invariant gauge-fixed action. Al-
though we found originally the latter first'®!” and next
the former,'® we present them here in the opposite order
since we think it more logical and transparent.

A. Gauge-invariant action

In analogy with the usual gauge transformation of
Yang-Mills theory,

8A4 =de+ig[A,e],

6.1)
A= T A dx¥, e=3 T,
a a

we are led to consider the following gauge transformation
in string field theory:

SP=QpA+g(DPxA—AxD)
—g%(®o Po A — Do Ao D+ Ao Po D) (6.2)

with A being a (string functional) matrix-valued transfor-
mation parameter. Since our string field ® is
Grassmann-odd, Hermitian, and carries FP ghost number
Ngp=—1, the parameter A must be Grgssmann—even,
anti-Hermitian (i.e., satisfies A\[Z]=—A[Z]), and carry

|

(5.75a)

(5.75b)
(5.75¢)

Ngp=—2. The last term in (6.2) may look strange in
comparison with (6.1) but is found necessary as we will
see shortly. [The string gauge transformation (6.2) indeed
reproduces in the zero-slope limit the Yang-Mills gauge
transformation (6.1) as we will show explicitly in Sec.
VIIL]

The gauge-invariant action is now easily found as'®

S=0-Qp 0+ 2g®’+ 3g%0*, (6.3)
with notations introduced in the previous section:
®-Qp0= [ d1tr(®(1)| Q| (1)), (6.42)
P =[PPP],

= [d1d24d3t(®(1) [ (®(2) | (D(3)]|¥(1,2,3)) ,
(6.4b)
P=[PDPDPD],
= [d1d2d3d4u(®(1)|(D(2)| (®(3)[(D(4) |
X | V(1,2,3,4)) . (6.4c)

Indeed the invariance of the action (6.3) under the
transformation (6.2) is seen as follows: By using the defi-
nitions (5.74), the cyclic symmetry (5.76), and also the fol-
lowing properties of the inner product (5.74a) or (5.75a),

Ov=(—)®¥y.0p,
(Qp®)-¥=(—)"*1®D.Qp¥,
we first notice that 8S can be written in the form
85 =280-(Qp®P+g P+ P+ g Do Po D)
=250-85®
=26pP-[ QpA+g(PxA—AxD)
—g PoPoA—DPoAo P+ AoDod)], (6.6)

with §5® denoting the BRS transform (5.71) of ®. This
is further rewritten with the help of cyclic symmetry
(5.76), in particular, as

(6.5)

88 =2((QpA)-85P+g{[A(8pP)P; —[ADP(53D) ]3] +8*{[A(8p )PP~ [AD(55D) D]+ [ADPD(55P)]4})
=2A[—Q5(85P)+8 (8, P*xD— D255P)+g55Po Po D — Do 5zPo D+ Do DoSpP)]

=2A-8p(85P) .

(6.7)

This vanishes by the nilpotency of our BRS transformation (85)*=0, i.e., (5.72). It should be noted that the cyclic sym-

metry property of our vertices was crucially important here.



34 COVARIANT STRING FIELD THEORY 2391

Next we clarify the group structure of gauge transformations (6.2). Although only the weaker identity (55)°®=0 was
necessary for proving the gauge invariance in the above, we now need all of the stronger identities (5.73). The calculation
of the commutator [8(A;),8(A,)] of two gauge transformations with parameters A; and A, is, of course, straightforward
but somewhat cumbersome. So it is better to proceed as follows: We first calculate only the terms containing Qp in the
commutator to guess the final result, and then verify the guess. Now from (6.2) we have

[8(A),5(A,)]®=5(A,)[g (D% Ay— Ayx ) —g (Do Do Ay— Do Ay ® + Ao Po ®)] —(1>2)
=[g(QpA ¥ Ay —Ay%xQpA;)—gH(QpA10PoAy+PoQpAo Ay—QpA10 Ao @ — Do Ay QpA,
+A20QBA10(D+A20¢OQBA1)+ tee ]-(14—)2) > (6.8)

where the ellipsis represents the other terms containing no Qp. By the distribution law of Qg on the * and ( o o ) prod-

ucts [(5.73a) and (5.37b}] this is rewritten as

[8(1\1),8(1\2)]q)= Qg[g(Al*A2)+g2(q)°A10 Az——Alo(bOA2+A|° A2°q))—( 1‘—’2)]
—g*[(Qp®PoAoA;—A10Qp®Po A+ A Ap Qp®)—(12)]+ - - - .

(6.9)

The first term on the RHS takes the form of the O (g°) gauge transformation QA and the second is a term proportional
to the O (g°) equation of motion Qz®=0. This suggests that the final answer takes the form

[B(Al),8(Az)]¢=8(A3)¢—-g2[(S'¢OA]Az—AIOS,¢O A2+A10 A20S’¢)—( 1(—)2)] ’
As=[g(A;*A;)+g PoAoAy—ApPo A+ A A ®)]—(1-2),
S o=+5(3/30)S=(QpP+gP* P +g’PoPo®)=5;P,

where S =0 is the equation of motion. Equation (6.10)
is actually confirmed by calculating all the other terms by
the full use of the stronger identities (5.73).

The result (6.10), which was already reported in III, is
very interesting: First, it shows that the algebra of gauge
transformation closes only on-shell, S ¢=0. Further,
even on-shell, the third gauge transformation parameter
A; given by (6.10b) depends on the string field ® explicit-
ly, implying that the “structure constant” of this algebra
is field dependent. These properties are reminiscent of the
same situation in supergravity*® and may suggest the ex-
istence of some auxiliary string-field variables which
make the algebra close off-shell. The off-shell closure is,
however, not absolutely necessary.

Finally we should comment on a restriction on ® and
A, which should be imposed if the above action (6.3) can
be said to be a gauge-invariant action in the proper sense.

The string field ®, or its ket representation | ®) more
precisely, is generally expanded into states of the form

By m,
q)l,m,ﬁ

|0) (m;>1, m>0) (6.11)

and we call such components possessing p ghost and g an-
tighost oscillator (or zero) modes (p,q)-form, or simply
(p —g)-form by dropping the discrimination among
(p —q +r,r) forms with arbitrary r >0 (Ref. 13). Notice
the difference between the number (p —gq) and the ghost
number Ngp which we have used up to now in this paper.
The number (p —g¢q) is an “internal ghost number” carried
by the ghost variables ¢ and € alone, while Ngp is the net

(6.10a)
(6.10b)
(6.10¢c)

ghost number which may be carried also by the coefficient
fields w‘,t‘ln,ﬁ“"(x,a). Therefore, our assumption that the
string field ® carries Ngp = — 1 does not exclude the com-
ponents with p —gs=—1 but simply specifies the ghost
number assignment to the coefficient fields allowing all
the (p,q) forms. So the coefficients ¢(x) of (p —g) forms
carry the ghost number Ngp= —(p —g)—1. Probably the
gauge-invariant action in the proper sense should not con-
tain the component fields @(x) carrying nonzero ghost
number Ngp since it has to be meaningful also as a classi-
cal field theory. If one thinks so, one can restrict the
string field ® to its (p —g)= —1 form sector ®_, in the
gauge-invariant action S. Indeed this restriction is con-
sistent with the gauge invariance if one also restricts the
gauge transformation parameter A to the —2 form sector.
The above proofs of the gauge invariance and of the
group law (6.10) remain unchanged with these restrictions.

The authors, however, do not know whether this re-
striction is absolutely necessary or not for the “true”
gauge-invariant action. For the requirement of gauge in-
variance alone, no restriction is necessary as we have seen.
Further there is another, equally consistent, restriction to
require the ®=o0dd form and the A=even form, in which
case the component fields @ appearing in the action are all
Grassmann even (i.e., usual Bose fields). See III for more
details. This issue will not finally be settled until the
gauge-fixing procedure is made clear. The gauge-fixing
procedure becomes quite a nontrivial problem in the pres-
ence of interaction as was pointed out in IIL

B. BRS-invariant gauge-fixed action

Our next task is to construct a gauge-fixed action which
is invariant under a nilpotent BRS transformation. In the
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free-string case, the usual procedure of gauge fixing works F(1,2.3) 2 1 N5 oD g
. . 1Ly Q)= 7 —ma_
and one can obtain the gauge-fixed action from the ,’,zzl . ,,,2>0 mn@—m@=n
gauge-invariant one as was made clear by many authors:'*
Namely, starting from the gauge-invariant action (6.3) (s)
with P restricted to the —1 form sector (and g=0), and n ,"2>1N’""Y Tn¥ O | (6.17b)
choosing the gauge |¢)=0, one actually reaches the

gauge-fixed action after adding an infinite sequence of
ghost’s ghosts. Interestingly, the resultant gauge-fixed ac-
tion turns out to be Siegel’s free action® (2.24) or (2.29)
though historically Siegel’s action was found prior to the
gauge-invariant one.

This gauge-fixing procedure does not work in the pres-
ence of interaction terms as was pointed out in IIL
Therefore we do not discuss the gauge-fixing problem any
more. Fortunately we know already a BRS-invariant
gauge-fixed action. It was found in I prior to the gauge-
invariant one, just like in the free case. Further it was
shown in III to be equivalent to the gauge-invariant one,
at least, at the tree level and also as classical field theories.

Our BRS-invariant gauge-fixed action is given from the
gauge invariant one (6.3) simply by setting the ¢ com-
ponent equal to zero:

S[é]=(D-Qpd+ 2gd*+

Here recall that ¢ is the Cy-independent part in ® as de-
fined in (2.7):

| ®(x,80,a)) = —Cp | d(x,a)) + | P(x,a)) . (6.13)

Therefore the action (6.12) contains only the ¢-component
string field which carries the FP ghost number Ngp=0
and hence is Grassmann even. [However, remember that
¢ contains any (p,q) forms as was noted before.] By per-
forming the integration over €, the action (6.12) can be
written in the form

1870y . (6.12)

Sig]=¢-Lo+3g4’+ 12%*, (6.14)
with the notations defined by
¢-Lo= [dite(sp(1)|L (1), (6.152)
$'= [d1d2d3tr(¢(1)]($(2)] (4(3)]
X [v(1,2,3)), (6.15b)

¢*= [doo [ d1d2d3d4tr(4(1)|($(2)| ($(3)|
X{$(4)||ver (1,2,3,4)) . (6.15¢)

Here, r and dr (r =1—4) are now those for zero-mode
variables other than T, denoting (p,,a,) and
dp,da,/(2m)%*!, respectively, and the reduced vertices
|v(1,2,3)) and |v(4)(l 2,3,4,)) are given, from (5.1),
(5.2), and (6.4), by

[v(1,2,3)) =pla;,a;a3)8(1,2,3)eF 123 0) | (6.16a)

4 Fi¥(1,2,3,4)
|vey(1,2,3,4)) =£(00)8(1,2,3,4)e 7 |0), (6.16b)
(6.17a)

8(1,2,3,(4)=(2m)? +18 [Za ]8 [);pr ] )

4
(4)
FP1,23,4)= 3

rs=1

1 (4)rs (r) (s)
2 z N —m —n

n,m>0

+i 3 Nomyo 7Y, (6.17¢)

n,m>1

Notice that the functions F and F. are just the previous

exponents Ey+Egp and E (4)+E {4 with the ghost zero-
mode parts omitted.

The BRS transformation 8343 in this gauge-fixed sys-
tem is given again by setting ¥»=0 in the original BRS
transformation (5.71) of the ¢ component:

Bpd=550 | yo= [ dcodss IM . (6.18)
Before giving the explicit form of this in terms of ¢, we
now prove two things: (i) This new BRS transformation
83 is nilpotent on the mass shell, i.e., nilpotent when the
equation of motion 85 /8¢=0 holds; (ii) the gauge-fixed
action §, (6.14), is invariant under this BRS transforma-
tion.

To show these, we first recall the particular property
which the previous gauge-invariant action S, (6.3), had;
that is, the change of S under an arbitrary variation 6 of
® took the form

8S =260-(Qz D+ g D% D + g Do Do ) =265,
(6.19)

This property is inherited by the gauge-fixed action S [#]
in the following form since S is S with ¥ set equal to
zero:

85 =2(8®-85P)y_o= —28¢(85¥)y—0 » (6.20)

with the understanding that &= —¢,6¢ since ¢ is fixed
to be zero in S. Here the dot in the last quantity means
the inner product at the ¢—1 component level (i.e.,
without ¢, integration) Now we can prove the above first
statement (i), i.e,, the on-shell nilpotency of the new BRS
transformation &g. From the definition (6.18), 83¢ is
identical with the original 6z¢ aside from the terms con-
taining at least one factor of :

S =0pd+P3f(,0) .

The (off-shell) nilpotency of the original BRS transforma-
tion 8p leads to

(6.21)

0=(85)2¢=85)2b+(85¥)¢—of ($,0)+0(¥) .

Sine this is an identity in ¥, the ¥-independent parts van-
ish by themselves. Thus we have an equation

(8526 =—(859)y—of (4,0, (6.22)
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proving the desired on-shell nilpotency of SB since
(851)y—o=0 is just the equation of motion of the present

system S as is seen from (6.20):

88 /8¢=—2(851)y_0=0 . (6.23)

Incidentally this explains why we adopted the action S of
the form (6.14) for the gauge-fixed system. In fact, origi-
nally in I, the action S was constructed so as to yield
(8p¥)y=0=0 as its equation of motion.

Next we prove (ii), i.e., the invariance of S under 63¢
Again by using (6.20) and (6.21), the change of the action

S under SB¢ is given by

8pD-55P=(QpP+gPD* P+ g2do Do P)?
=QpP-QpP+2805®

(PxD)+g [(PxD)-(DxD)+205D
+283( D% D) (Do Do D)+ g4 (Do Do ®)- (Do Do D) ,

~

858 =—2854-(85%)y0
=—2(8p¢)y—0"(8p¥)y=0

which can be rewritten in terms of the BRS transforma-
tion of the original field @, §3P=c,85¢ + 3z, as

A

8pS=— f dco(Codpd+3p1)-(Codpd+8p¢) | y=o

However, the last quantity 83®-83P vanishes even before
setting ¥=0. Indeed it follows straightforwardly from
the previous identities (5.73), (6.5), and the cyclic sym-
metries (5.76) that the expression

(6.24)

-(Po Do D)]
(6.26)

vanishes separately in each order in g: The O(g°) part is trivial since QpP-Qp®==P-Q5’®=0 by Q5?=0, and the

O(g") part results from the identity (5.73a) as
QP (P+P)=

Similarly the O (g?) part is simply a rewriting of Eq. (5.73b):

205D (Do Do D)+ (O* D)-(Dxd)=

T{(QpP)DD];— [D(Qp D)3+ [ DD(Qp D)
=3P [Qp(P*DP)—QpPx P+ P*QpP]=0.

Is}

(6.27a)
2+ {[(Qp@)PPP ), — [ D(Qp )PP, + [ PD(Qp P) D], — [PDPD(Qp D)]4)
+3{ —[D(DxD)D];+[DPD(DPxP)]3}
=1 ®-[ Q5 (Do Do ) — (Qp Do Po D — Do QDo P+ Do Do QD)
—(P*D)x D+ Dx(DxD)]=0. (6.27b)

In quite the same manner, the identities (5.73c) and
(5.73d) lead to

(P*P)(PoPoP)=0
(Po o D)+ (Po Po ®)=

(6.27¢)
(6.274)

respectively. Thus (6.26) vanishes and Eq (6.25) proves
the invariance of the gauge-fixed action S under the BRS
transformation 83 [It may be interesting to note that the
vanishing of (6.26) implies that our gauge-invariant action
S in (6.3) with no restriction on the internal ghost number
of @ is invariant under the BRS transformation; i.e.,
658 =265P-85P=0 (the authors would like to thank
K.-1. Kobayashi for pointing out this fact). This should
be distinguished from another trivial invariance of S
under the local gauge transformation (6.2) with its param-
eter A set equal to AP: SA=ADP)DP=-—-A(Qpd
+2gP* P+ 3gPo Do D). ]

Finally in this section let us give the explicit expressmn
of the new BRS transformation 83¢ defined in (6.18):
From (2.22), (3.54), (5.1), (5.71), (5.68), (6.13), and (6.18),
we obtain

Bp0=0p0+gd*d+gdodod , (6.28)

r

where the * and ( o o ) produces are now those at the ¢-
component level and are defined by

| (@*)3)) = [ d1d2(s(1) | ($(2) |w|v(1,2,3)),

(6.29a)
|(¢ogod)4))= [ doo [ d1d2d3(s(1)|(4(2)]
X (#(3) | u®
X [vg)(1,2,3,4)) . (6.29b)

Here |v) and | v“)) are the vertices given in (6.17), w""

was defined in (3. 50) or (3.51) and u'” is its analogue for
the case of the 4-string vertex:

.1 1
u=i— 3 |—=8"cos(noy’)
a, n>1
s

_ 2 NM)'SCOS(mO'(’)) (s) .
m>1
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VII. SCATTERING AMPLITUDES AND UNITARITY

It is now an easy matter to calculate string scattering
amplitudes based on our gauge-fixed action (6.14). In this
section we present an explicit calculation of the tree-level
4-string scattering amplitude for general external string
states, and also show that the general N-string tree ampli-
tudes in our theory correctly reproduce the usual dual am-
plitudes if the external string states are on-shell and physi-
cal. The unitarity problem will be discussed lastly.

A. Feynman rules and light-cone diagrams

The canonical quantization procedure may be difficult
to apply to our string field theory since the interaction
terms are nonlocal with respect to the center-of-mass time
Xu—o of each participating strmg However, if we rely on
the usual path-integral reasoning,’® it is easy to read Feyn-
man rules from the action (6.14). For simplicity we con-
fine ourselves to the orientable string with U(N) gauge
group henceforth. Then, the string propagator is given by

A AvA 1»_< le )zs'smmm
X 8(a+a')d(p +p') , (7.1

or equivalently, in bra-ket notation,

« | lp,a))(hip’a) | N =— —2‘?55&;;@17)“1

X8(a+a')dlp +p’),

(7.2)

where (i,j) denotes the U(N) matrix index. If we use the
usual simplified Feynman rule in (zero-mode) momentum
space to take account of the momentum-conservation law
in advance, we should drop the momentum-conservation
factors

Qmd+18(a+a’)s(p +p')

in (7.1) or (7.2). Therefore for the diagrams containing
loops, we attach the momentum zero-mode integral

d
[ Lpda (1.3)

iQ2m)d+!

(as well as the trace with respect to internal modes and
matrix index) to each loop. To each 3-string vertex we
put either one of the following two factors according to
convenience:

28v[Z,Z,,Z5]~2g |v(1,2,3)) , (7.4)

20(Z1,2,,251~2(v(3,2,1) | , '
with | v) given in (6.16a). To the 4-string vertex we at-
tach

e [Z1,25,Z5,2Z,]~28% | v} (1,2,3,4)) (7.5)

(or its Hermitian conjugate) with Iv“”) given in (6.16b).

In the simplified rule, the a- and p-conservation factors in
|v) and | v“’ ) should be discarded. Note that the factor

+ and + appearing in the action S, =(2g/3)$>
+(2g2/4)¢* were dropped in the rules (7.4) and (7.5).
This is because they always drop out when the operators
#* and ¢* are contracted with other fields or external legs
as we will count the statistical weight explicitly below.

We should note the parallelism of these rules to those in
the light-cone gauge string field theory.??> In the latter,
the L operator in the propagator (7.1) or (7.2) is replaced
by

—P+P— +Ltrans . (7.6)

Here L., is exactly the same operator as L if the
OSp(d /2) mode operators (a,¥,,7,) are all restricted to
the O(d —2) transverse one a, alone. Quite the same is
true also for 3-string and 4-string vertex operators (7.4)
and (7.5) by the formal similarities of vertex structures be-
tween ours and light-cone gauge’s.

From these observations, we can draw the following im-
portant conclusion: All the tree amplitudes in light-cone
gauge string-field theory with the p_’s of all external
states set equal to zero, coincide with those in our covari-
ant theory with all OSp(d/2) operators of external strings
reduced to O(d —2) transverse ones. Some explanation
would be necessary. If the p_’s of all external states are
set equal to zero, the p_’s of all propagators also become
zero in the case of tree diagrams. Therefore the propaga-
tor (7.6) in the light-cone gauge case reduces to L, and
thus to an O(d —2) version of the OSp(d/2) symmetric
one L of covariant theory. Therefore the calculation of
tree amplitudes in both theories becomes quite the same
formally. By the symmetries O(d —2) and OSp(d /2) in
both theories, the amplitudes take the same form if they
are written by using invariants under O(d —2) and
OSp(d /2), respectively. Here we should recall the point
mentioned in Sec. VA. Since the two-dimensional fer-
mionic degrees of freedom work as a negative dimen-
sion,*~—46% the integration over (or equivalently contrac-
tion of) internal OSp(d /2) variables yields the same result
as that for O(d —2) variables. Therefore, the numerical
factors appearing in the calculations in both theories coin-
cide with each other.

We think that this argument is sufficient to derive the
above conclusion. Nevertheless we present explicit calcu-
lations of 4-string scattering amplitudes in the next sub-
section for completeness. One can convince oneself from
those calculations that the above statement is true.

We should explain about the diagrams used in the fol-
lowing calculations. We can draw the usual Feynman dia-
grams also in this string field theory as shown in Fig. 21,
and they are surely simple and helpful to count all the
possibilities. They are, however, inconvenient for the ex-
plicit calculations of string amplitudes since they do not
contain information about the intrinsic direction of each
string, for instance. For various other reasons the so-
called light-cone diagrams,’®~2? which we use also in our
covariant theory, are much more useful.

As a preparation for the next subsection, it is con-
venient to summarize here the Mandelstam mapping® for
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FIG. 21. Feynman diagrams for the 4-string amplitude and
their correspondence to the light-cone diagrams in Fig. 22.

the 4-string scattering processes,’

ready mentioned it briefly in Sec. V.

Mandelstam mapping gives a connection between the p
plane of a light-cone diagram and the upper half complex
z plane:

although we have al-

4
plz)=r+io= 3 ajn(z~Z,), (7.7)

i=1

with string length parameters o; satisfying 3f_, a; =0.
Here the Z;’s are Koba-Nielsen variables which are real in
the present open-string cases. With a given set of a;’s,
each choice of a set of Z;’s corresponds to a light-cone di-
agram into which (7.7) maps the upper half-plane. How-
ever, the variables Z; are not uniquely specified by the
light-cone diagram, since we may combine the conformal
transformation (7.7) with a one-to-one conformal
transformation of the upper half-plane onto itself. The
most general form of such a transformation is given by

s Az +B
Cz+D

with real constants A4, B, C, and D, which is called the
projective (or Mobius) transformation.’’” [Since the multi-
plication of a common factor to 4, B, C, and D does not
change the mapping (7.8), it is conventional to require
AD —BC =1.] Therefore, if all Z;’s are simultaneously
transformed by (7.8), they remain to correspond to the
same light-cone diagram as the original Z;’s.
If we define new variables by

(7.8)

s z—2Z, Z,—2Z,
z—-2Z, Z,-2Z,°
x_Za—Z4 Z,-Z, (7.9)
Zy—Z, Z,—Z, "’
the Mandelstam mapping (7.7) is rewritten as
p(z)—To=ayIn(1—Z)+a3In(Z —x)+aulnz ,  (7.10)
with
To= —(ay+a3)ln(Z,—-2Z,)
—(a3+ag)n(Z,—2Z,)—aIn(Z,—2Z,)
+asln(Z,—-Z3) . (7.11)

By using the arbitrariness of the projective transformation
(7.8) we can fix three of the four Z;’s to arbitrary con-
stants. The mapping (7.10) corresponds to a particular
choice

Zl=w, Zz=1, Z3=X, Z4=O, (7.12)

(d) (c)
T

(e)
T2 T
2 s 2 s 2 a
1T g 1 3 " B
T T n /
1 / /
~ 2, o
pe A —p—
X, 0 7 X1 X X o
\
v o/ \n {
3 3
2 2 [2 4
1 4 1 ¢ . 3
I3
(a) (b) (9)

FIG. 22. Light-cone diagrams for the 4-string amplitude
with a;,a,>0 and a3,a4<0 and the corresponding regions of
the Koba-Nielsen variable x =23 (Z,=,Z,=1,Z,=0).

up to an infinite time (T,) translation. The correspon-
dence between the value of x and the light-cone diagram
now becomes one to one. The interaction points z, are
solutions of dp/dz =0. The corresponding values Z. of
z 4 are given by

Z+ = —2a)) " [ as+as+(ay+ayx
tlaytay | Vix —x )x —x_)],
(7.13a)
x4 =(0p4as) 7 — (a3 +aja4) 2 2a apa3a4) ] .
(7.13b)

In the following we confine ourselves to the case
a,a,>0 and a3,a4 <0, in which case real roots x, exist
in the region 1 <x_ <x, <. When x&[x_,x ], the
corresponding light-cone diagram consists of two 3-string
vertices with interaction times

T,=Rep(z_), T,=Rep(z,), (7.14)

and the difference T =T, —T; represents the time inter-
val of the propagation of an intermediate string. 7T is of
course a projective-invariant quantity.

Outside the interval [x _,x ], we have two points of x
realizing T =0. We denote the larger one by x, which re-
sides in 0 <xg <1 and the smaller one by X, <0. With
points x4+, 1, xq, 0, and Xy, the region of x outside the in-
terval [x_,x,] is divided into six intervals which are
mapped into six types of light-cone diagrams as shown in
Fig. 22.

On the other hand, when x takes the value inside the
interval [x _,x ], the two interaction points Z, in (7.13)
become complex such that z_ =(z,)*. This case corre-
sponds to the light-cone diagram possessing a 4-string
vertex as shown in Fig. 22(g).

B. 4-string scattering amplitude

We now calculate the 4-string amplitude explicitly in
this covariant theory. For definiteness we take a,a; >0
and aj,a4 <0 in the following calculation, though we will
see in the next subsection that the on-shell physical ampli-
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tudes are independent of the choice of a’s, at least, at the
tree level.

First let us count the possible types of s-channel dia-
grams and their statistical weights, in which the grouping
of “initial” states (@(1),p(2)) and “final” states
(@(3),p(4)) is fixed. As usual, this is done by counting all
the possibilities of how to contract the four external states
@(r) (r=1—4) with the second-order Dyson operator
+(3g¢*)($g¢°). First of all, 1 is canceled by the two
possibilities of choosing one operator +g¢> to be contract-
ed with the initial states. Next, for a chosen operator
%g¢3 for the initial side, there are three possibilities
which ¢ of ¢° is contracted with ¢(1), and also for the fi-
nal side %g¢3 we have a factor 3 corresponding to which
¢ is contracted with @(3). At this stage the Dyson opera-
tor looks like [2gq(1)¢%][2g@(3)4%], showing that the
coupling constant at each vertex becomes 2g as announced
before. From this stage, there are 2X2 possibilities de-
pending on which ¢ of 2g@(1)¢? [2g@(3)¢?] is contracted
with @(2) [¢(4)], but they yield four light-cone diagrams
different from each other as shown in Fig. 23. Compar-

Tu=(20 [ d5d6¢'(4)p' (3 (435) |~

in a rough notation, or, more precisely, by

Tra=120tr(@(1) | {9(2) | {@(3) | (@(4)| [~ d7|AL(1,2,3,4)),
|841,2,3,4) = [ d¥d4d6(v(3,4,6)| 0®e™”|1(1,2,6)) |R(3,3)) | R(4,4))

= [d5d6(R(5,6)| Q%™ [5(1,2,6)) |v(3,4,5),

with (R(1,2)| now understood to be the R operator
(2.16) with the ¢y mode omitted. Here we have used the
propagator (7.2), the Hermiticity of the ¢* term (6.15b),
and also the trick

1 ® 7L
—=J, dre™. (7.18)

The effective 4-string vertex |A(1,2,3,4)) introduced
in (7.17) is quite an analogous quantity to the previous

|A(3,4,1,2)) = | A(1,2,3,4))

defined in (5.10) in the nilpotency proof of (8})? in Sec. V.
The only difference is the presence of a time-development
operator e™ in (7.17) and so the previous | A(1,2,3,4)) is
nothing but | A(1,2,3,4)) at 7=0 (aside from a Ty-mode
factor, of course). Just similar to Eq. (5.20), the effective
4-string vertex | A,) should be proportional to the follow-
ing vertex |v{¥) given in terms of the Neumann function
corresponding to the light-cone diagram of Fig. 22(a):

_1 } v*(1,2,6)p(2)p(1)
56

FIG. 23. All the possible s-channel diagrams.

ing with Fig. 22, we see that diagrams A and B of Fig. 23
are the same as (a) and (c) in Fig. 22. Diagrams C and D
in Fig. 23 are obtained from A and B by exchanging 1 and
2, and are missing in Fig. 22. This is the case also for #-
and u-channel diagrams; the diagrams with 1 and 2 ex-
changed are missing. Therefore, the full amplitude is ob-
tained first by summing all the contributions of the dia-
grams in Fig. 22 and finally by adding its answer and the
same one with 1 and 2 exchanged.

With this understanding, let us start with diagram (a) in
Fig. 22. Its contribution to the transition amplitude .7~ is
given by

(7.15)

(7.16)
(7.17a)

(7.17b)

4
F#(1,2,3,4)

[ v3¥(1,2,3,4)) =e |0)8(a,p) ,

rs=1 m,n>0

4
FP(1,2,3,4)= 3 [% S o7, -Nira's,

+i 3 AT ] :

mn>1
(7.19)
4 4
8a,p)=2r 2+ | 3 p 18| 3 a, |,
r=1 r=1
where we have introduced a variable
T=|a¢|T, (7.20)

implying the time interval T, — 7T ;=T in Fig. 22(a). (A
definition of N ¥)™ is given in Appendix A for general
N-string light-cone diagrams.) We show this fact general-
ly for an N-string effective vertex | A") in Appendix H.
The proportionality factor can be determined by using the
formula (5.12) and the form (6.17b) of the 3-string vertex
operator | v(1,2,3)) in the same way as in Sec. V, and we
find
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|8,41,2,3,4)) =plas,anashla,a,age’ “[det(1—N $ N §)]-14=272 [ oi#(1-4)) ,
N3 ) =(— )™V N 35,V (— e I Hm/eslTz (7.21)
(1’\"(}6]),,,,,=Vm1Vf,',”,,\/;1_e#“m+")/a°]T‘, as=—ag=0a;+a,>0.

Here, to obt)aln a symmetrical expTreLs§10n, we Thlflye calculated this by dividing the time-development operator
e=e T TV 1%6] 1nt6 two parts e 2 " and e """ and by operating them on the final and initial vertices, respec-
tively. However, of course, the determinant factor det(1—N }SZN (}61) depends only on 7=T,—T,; and we may take

T,=T,T,=00r T,=0,T,=—T, for instance. The factor e/%—e7 comes from the constant part (+ 1) of L in e™:
L=—5p*— 3 [a_p-ap+nl(c_,Co+C_nca)]+1. (7.22)
n=1

Now the amplitude of Fig. 22(a) is found by (7.16), (7.20), and (7.21) to be

122 [7 dT—det(l—— N 801719272 S a aas e, an a0t ext(1,2,3,4) | (1—4)) (7.23)

with an abbreviation
(ext(1,2,3,4) | =(@(1) | (@(2) | {@(3) | {(@(4) | . (7.24)

As anticipated, this result is exactly the same as that in the light-cone gauge strmg ﬁeld theory?? if we simply discard the
longitudinal and scalar modes a'”%=% as well as ghost modes ¥ _,, and ¥ _,, in | vT ’). Indeed we have already cited this
form of result for light-cone gauge string field theory in (5.27) or (5.28) in Sec. V for slightly different diagrams.

As mentioned before in (5.31), we have Cremmer-Gervais’s identity:?

[det(l_ 56 )]-1% T/t | — s Tolay,azae) > Tolas,aq,as)
r=1,26 ar r=34,5 a,

fez, |

d Vabc

exp (7.25)

4
_ 2 N&))"
r=1

for the regions T > 0 in the LHS and 0 <x <x, in the RHS, respectively. [Incidentally, the factors (—)™(—)" in the def-
inition (7.21) of (N ¥  )mn are missing in the original equation of Cremmer and Gervais, but the above equation is correct

since they should have a twist factor necessary for the propagator in their definition.] Therefore the contribution of the
diagram Fig. 22(a) with 0 < T < oo is written in terms of Koba-Nielsen variables as

I14z;

T ra=+(2g)? foggo ‘;Vabc exp triext(1,2,3,4) | vi(1—4)) . (7.26)

_ NM)"
; 00

It is possible to rewrite it into a more familiar looking form. By extracting only the purely zero-mode parts %p, -ps N s

4)
from eFé' |0} in (7.19) and using the expression

N =(1-8,)In|Z,—Z,| +8,5 | —

2—1n|z Z|+ ’l, (7.27)
i(£r)

given in (A12) in Appendix A, we obtain
T a= 2m)+1s [za, ]8 [21» ]%<2g)2
r r
14z

i
X ngx <xg dVabc

2 2

II11z-z Ipi’Pj+(a}./a,-)[1—-(1/2)p,~ 1+(a; /ap[1—(1/2)p;2]
i<j

2 T(r)

a

r r

%(1,2,3,4)

X exp (+p,2—1) |tr(ext(1,2,3,4) |e" |0) . (7.28)
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Here 7 denotes the interaction time of string r defined
in ApPendix A [explicitly, W=rP=T, and
7 =T, in this case of Fig. 22(a)], and the prime of
F'“) means the omission of m =n=0 terms from
2 +a'”, N Pa', in the definition (7.19) of F{*.

In quite the same way, we can calculate the contribu-
tion 7y, of Fig. 22(b) and obtain the same form of ampli-
tude as (7.28) with the integration region replaced by
xg<x < 1. Therefore the sum 7,47, correctly gives
the complete s-t dual amplitude with integration over
0<x <1; indeed, for instance, the amplitude (7.28) with
0<x <1 just gives the well-known Veneziano amplitude®!
if the four external states are on-shell §round states

(3p,>=1), since the last factor tr{ext|e Fi |0) becomes

simply the Chan-Paton factor>® tr(A;A,A31,) in such case.

Similarly, the diagrams of Figs. 22(d) and 22(c) give the
s-u dual amplitude of the same form as (7.28) with in-
tegration region over — oo <x <0 and the external states
ordered as (ext(1,2,4,3)].

For the case of the z-u amplitude, however, we need the
quartic string interaction term for the first time. Figures
22(e) and 22(f), which are constructed by using the usual
cubic interaction term twice, give only the amplitude of
the same form as (7.28) with regions 1<x <x_ and
x, <x<+o [and the external states ordered as
(ext(1,3,2,4)|]. So the region x_ <x <x_, is missing
for the full ¢-u dual amplitude to be reproduced correctly.
It is just this region that necessitates the existence of a
quartic interaction term as has long been known in the
light-cone gauge string field theory.?"??> For complete-
ness, let us calculate the contribution of Fig. 22(g) possess-
ing a quartic interaction vertex and confirm that it actual-
ly fills the missing region with correct weight.

First count the weight of Fig. 22(g). There are four
possibilities in choosing one ¢ from ST = Zg2¢% 1 be
contracted with one external state, say ¢(1). Once this is
fixed, the rest is unique since the order of external strings
are fixed in Fig. 22(g) as ¢(1)@(3)@(2)p(4). Therefore the
amplitude of Fig. 22(g) is given by

(a) (b)
2 T 2
1 3 1 ‘—..—‘——3
4 : 4
L a
. ™ )
o / /
L2 : 2 3 : 3
1 e 1 4 1 2 1 L2
3 '——3' 4 4
(d) (c) (e) (f)

FIG. 24. Light-cone diagrams for the 4-string amplitude for
the case a; >0 and a,,a;,a4 <0 and the corresponding regions of
x.
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T =458 faj daoof (o)

xtr{ext(1,3,2,4) |[vg (1—4))  (7.29)

from (6.15¢) and (6.16b). Here we have pu]led the mea-
sure f(0g) out of lv“’) in (6.16b) and so |v, 4)) in this

equation should be understood as

[0 (1—4)) = 2m)1+1 [za, ]5 [zp, J

F*(1-4)
%

Xe |0) . (7.30)

If we use the measure f(oy) determined in (4.29), Eq.
(7.29) becomes

T 1g= 4 58%)
14z

x_<x<xy dVg,

X exp[——ZN&?"]

Xtr{ext(1,3,2,4) [vg) (1—4)) ,

(7.3D

which has just the same form as (7.26) with correct weight
4% 2g?=7(2g)* and hence fills the missing integration
region of #-u amplitude exactly.

Up to now we have assumed a;,a;>0, aj,a;<0. We
can calculate the amplitudes also for other cases quite
similarly. In Fig. 24 we have given light-cone diagrams
for the case a;>0, aj,a;3,a4<0 as an example. (Again
they cover only half of the possible diagrams and the oth-
er half can be obtained by exchanging 2 and 4 in those di-
agrams.) For any set of a’s we obtain the same form of
dual amplitudes as obtained above. The only difference
resides in the point that the Neumann functions appearing
in those equations are defined graph by graph and depend
on the set of a’s. Nevertheless we will see in the next sub-
section that the amplitudes become independent of the a’s
if the external states are set on the mass shell and are
chosen to be physical modes.

As we have seen explicitly, all the above calculations
are quite the same as in light-cone gauge string field
theory. This property persists in any general N-string tree
amplitudes as explained in the previous subsection.
Therefore if we know the results in the light-cone gauge
string field theory, we can immediately write down our
answer; the translation rule is to set p _ —O and to replace
the O(d —2) invariants p,-p; and ai,’,) -a¥ by OSp(d/2)
invariants p,-p, and ai,’,) alf +21y£,f)'77 ,f). As a matter of
fact no one has ever calculated the general N-string am-
plitudes directly in oscillator language as Cremmer and
Gervais performed for the 4-string case.”’ However Man-
delstam®**® has calculated the amplitude based on the
path-integral technique and obtained a general formula
for the N-string tree amplitude in the light-cone gauge
string field theory. Translating his formula into our
language, we find the general N-string tree amplitude in
our theory:
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Tn=QmP+1s [za, }a [Ep, }(%)N"3(2g)N_2

I14z:

i=1
% f ldVabc

i<j

><tr<ext( 1—N) |exp
m,n>0
rs

with the prime on ¥, denoting the omission of m =n =0
terms.

C. a independence of on-shell
physical tree amplitudes

The on-shell amplitudes in the light-cone gauge string
field theory should be Lorentz invariant, and this Lorentz
invariance is actually confirmed in the case of tree ampli-
tudes.’ This implies in particular that the a=(2p )
dependence of on-shell tree amplitudes are only through
the Lorentz invariant a,p_;+p_,a; +2p, ps despite the
fact that the Neumann functions (or the vertices) depend-
ed very nontrivially on the a’s. Therefore, if the p_’s are
set equal to zero, the tree amplitudes no longer depend on
the a’s except for the conservation factor 8 3, a,). From
the above-mentioned correspondence between our covari-
ant theory and the light-cone gauge theory, it is quite
natural to expect that the on-shell physical tree ampli-
tudes in the covariant theory are also independent of the
a’s. We show in this subsection that this is really the
case, although the proof is not so trivial since the physical
modes in our theory are not given by simple transversal
modes but by somewhat complicated DiVecchia—Del
Guidice—Fubini (DDF) modes.”

Now we start with the identification of physical modes
in our theory, According to Kugo and Ojima'®!! the
physical states are specified by the subsidiary condition

Q 5l|phys» =0

in this string field theory, where Q p is the second quan-
tized BRS charge which generates the BRS transforma-
tion on our string field ¢:

(7.33)

[Q5,$]1=056=0pd+8bxd+8’pod0d . (7.34)
In our scattering theory we need only state vector space
constructed as a Fock space of asymptotic string states.
Then it is generally known!'! that the physical state space
defined by (7.33) is given by a Fock space constructed by
asymptotic physical one-string (or one-particle) creation
operators, aside from unimportant zero-norm states. Note
that (7.34) yields

[Q5.4*]1=05¢"

for asymptotic string field ¢*. Therefore the physical

(7.35)

H IZi—Zj ’p,--pj+(a]-/a,-)[1—(l/2)p,~2}+1ai/aj)[1—(1/2)pj2]e

) xgrs o (8) : (r) xgrs = (s)
m N @y +i E Y—mNmnY-n

%2' a'”

raf

Té)r) .
xp | 3, (7p,2—1)

0> , (7.32)

m,n>1
rs

f

states are spanned by one-string creation operators corre-
sponding to the physical modes | phys) defined by

Oz | phys) =0 . (7.36)
[Note the difference between ||phys)) in (7.33) and
| phys) here. The latter is a one-string wave function
while the former is a many-string state.] This Eq. (7.36)
is just the physical state condition imposed by Kato and
Ogawa in their first quantization formulation.” As was
proved by them, the physical modes |phys) are spanned
by DDF modes alone, again apart from zero-norm modes.

As is well known the DDF operators A4,
(i=1,2,...,d —2) are constructed as*>

a,=¢ %zm_lPi(z)

m 1 _
Xexp |—— 3 —a, .z "],
Pt nxo

(7.37)
PH2)= Y ahz"".

Here and henceforth we use the indices (+,i) to specify
the components of arbitrary vector v,:

1
Vy = —“(U25 ivo) ’
V2 (7.38)

v; (i =1,2,...,24) ; transversal components .

With these DDF operators (7.37), the wave function
| @(1)) of a physical one-string state is generally given in
the form

|p(1)= 2a:,,‘lv.‘.'.",‘,,”(p)A'_‘,,,lAlfm2 e A’—"-m" |0) .
(7.39)

Here the coefficients a:,,'l-.‘ . .";,,n (p) specify the polarization
and matrix of the state. The on-shell
L | ¢(1)) =0 imposes a constraint

P=1—-3F my
K

condition

(7.40)

on the momentum p,,.

Now that we have identified the wave functions of the
on-shell physical states, we turn to our main subject to
prove the a independence of on-shell physical amplitudes.
For that purpose let us first rewrite the previously ob-
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tained general N-string tree amplitude (7.32) by introduc- 7, —nr, (1—p,2/2)r, 0
ing new coefficient N,,, defined by f (@) [0) = flaTpe e 10,
— — — (7.42)
Nyw=N mnexp(—nN g—nN g) . (7.41) —
™ " ® ® it is easy to see that the choice 7,=N ¢ leads to the fol-
If one notices the relation lowing expression for the N-string amplitude (7.32):
1

N
I1 4z,

7N=(21r)"+‘8[2a,]8{2p,} g - Zf’;;, M1z -2z |""wy, (7.43)
r r abc  rcs
(r (s) (’)
J/N=tr<ext(1_1v) 112, -2, | @/ et g |- 1w
r<s r a,
xexp |3 3 a”uNma+i 3 y".Nm7 Y, 0>. (7.44)
m:s>0 m:s>l

If the external string states (@(r)| in (ext(1—N) | are all on-shell and physical, then the L”’s in (7.44) can be set equal
to zero and further the ghost operator parts iy N¥ can be discarded since the DDF operators contain no ghost oscillators.
Thus, for on-shell physical amplitude .7y, the matrix element .# 5 reduces simply to

My =tr{ext(1—N)|e ¥ |0) , (7.45)
F:_____l_ 2' (r) N a(s) (7.46)
X=2 mn—n - .

m,n>0

Now the a dependence of the N-string amplitude .7y is contained only in N,,,,, of (7.46) aside from a trivial conserva-
tion factor 8( 3, a,). We now show that .# is in fact independent of the a,’s. So let us examine how .# y, (7.46),
changes when we vary the ;’s keeping their total conservation ¥, a, =0:

MNztr<ext(1—-N) 5 2' a”, a(_‘_’,,SN,,,,,eFX 0). (7.47)
m,n>0
rs

For this change of the new coefficient 8N,,, we have the following identity whose proof is given in Appendix I:

N . 1 n—1 ’
SNpn=— 2, 8a; | N:+n0+ o 2 (m —Kk)Np, _ anko+'—‘ > (n—Kk)Npy , _kNio | »

i=1 I k=1 S k=1
y (7.48)
2 8(1,:0

(The same identity was in fact used by Mandelstam in his Lorentz-invariance proof in the light-cone gauge string
theory.>®) Because of (7.48), Eq. (7.47) turns out to be written in the form

8.//N=tr<ext(1—N) S /7350, e o> . (7.49)
n>1

This is shown as follows. First note that the BRS transformation of the antighost ¢ ", is given by
(09 e =—+ za(_'),,+,,, () +(ghost terms) , (7.50)
but the ghost terms do not contribute to (7.49) since both the physical external state (ext| and e'x | 0) contain no ghost

modes. Second, the first term on the RHS of (7.50) can be rewritten in front of eFX | 0) into the form containing no an-
nihilation operators al (m > 1) by using (7.46); that is, > 8f5{Qp,¢ ", e Fx |0) in (7.49) is evaluated as
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r 1 < (r) (r) FX
2 afn -7 2 A _pnym —m 2 a (n+m)am e 10)
n>1 m=
r
n Fl
= 2 8fn l_% E (—c)n—t—m a——m E szmla r)n+m)'a(i)1 € X|0>
n>1 m=0 m>11>0
r s
1 (r) a (s) r m! r rs "ol X rs Fi'
=1 3 a0, | ~8fninbs— 3 8film —kING_jn— 3 8fin —KINS, i |e¥]0) . (7.51)
mnz k=1 k=1

Comparing this with Eq. (7.48), we find that (7.49) actual-
ly coincides with (7.47) if we take the coefficients §f; in
(7.49) as

&f = 2801 N,:'O (7.52)

i=l1
Thus we have proved Eq. (7.49). Now recall that the
physical states are annihilated by Qp as was seen in (7.36)
and contain no ghost modes. Hence the operation of
{@9,'”.} on the physical external state (ext(1—N )|
yields zero, and so Eq. (7.49) proves the desired o in-
dependence of .# y:

8.4 y=0. (7.53)

Therefore, in view of (7.43), we see that the general N-
string tree amplitudes .7y are independent of the choice
of a,’s except the total conservation factor 8( ¥, a,) if the
external string states are on-shell and physical.
Incidentally, we can now easily understand that our
on-shell physical amplitudes 77y really coincide with
those in the light-cone gauge string field theory. Indeed,
although the string-length parameters @, are identified
with 2p’, in the light-cone gauge case, we can now take

a,=2p", (7.54)

also in our covariant theory since the on-shell physical
amplitudes are independent of the choice of a,’s. Hence
the only apparent difference is that the amplitude .# y in
(7.45) in our case contains the full covariant oscillator

a"% in e |0) and the complicated DDF operators 4°_,
in the external physical state (ext|, while both of them

|

-shell physical __ ight-cone gauge
T qpeshell p =2md [Ea, ].7‘1\? gauge |
r

N
4z
ygfht-cone gauge _ (o.)dg [Epr ZgN—Z f r=t
r dVabc

r<s

Xtr(ext( AL —ab)

[

are simply transverse operators a' , in the light-cone
gauge case. In order to see that this difference also disap-
pears, we decompose our exponent factor Fy in (7.46) into
the transverse part and others:

)'(___ 2 a(r)uNrs (s)

Q_np
mn>0

1 r)xN (r) (s)

-2 2 a na—n+ 2 a_ na—n—-
m,n>0 mn>1

rs rs s
+ 2 a—m +Nm0p + 2 a mopP + -

m>1 m>1

(7.55)

The important point is that the last term vanishes when
p’, xa, as we are choosing now in (7.54), owing to the
identity (A20) in Appendix A,

N —nNT"—
2 noPy < Xe  ONIa,=0. (7.56)

s=1 s=1

Noticing tha} the DDF operators 4., defined in (7.37)
consist of a' and a, oscillators alone, we see that the
second and third terms in (7 55) can also be dropped out

in the calculation of (ext|e i |0), since the &'”,, , oscil-

lators contained in those terms commute with 4,, and an-
nihilate the bra vacuum (0|. Therefore only the trans-
verse mode part survives in (7.55), and then the DDF’
operators A,, in (7.37) also can be replaced simply by a,.
Thus we have shown that our on-shell physical ampli-
tudes reduce to those in light-cone gauge:?

I11z-z""

' (r)l rs _(s)
exp |7 2 Nmn A_p
m,n>0
rs

0> , (157
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where the Neumann function N, here is that of the dia-
gram with string length a, =2p”, .

D. Unitarity

If we expand the string field ¢ with respect to its inter-
nal modes, ¢ can be viewed as a set of an infinite number
of local fields. Most of them are in fact unphysical fields
since our string field contains unphysical ghost coordi-
nates ¢ (o) and (o) as well as X%o) and X?*(0). Those
unphysical particles should not contribute to the (on-shell)
physical amplitudes by appearing as on-shell intermediate
states. This is the problem of physical S-matrix unitarity,
or simply unitarity.

As we have calculated explicitly, the on-shell physical
amplitudes at the tree level actually satisfy this require-
ment. For instance, the appearance of
[det(1—N N)]~'9~272 means that the intermediate one-
particle states are essentially only those related with the
transverse-mode excitations. Or more directly we have
seen that our tree amplitudes coincide with those in (clear-
ly unitary) light-cone gauge string theory.

However, as for this kind of unitarity problems, our co-
variant theory is guaranteed to be consistent from the be-
ginning even beyond the tree level. This is because our
string field theory is constructed so as to possess the BRS
symmetry; that is, we have a conserved and nilpotent BRS
charge Q  at this second quantized level. As Kugo and
Ojima have shown quite generally,!! the subsidiary condi-
tion

Q 5||phys)) =0

guarantees the physical S-matrix unitarity provided that
all the physical one-particle (string) states have positive
metric. Based on only the conservation and nilpotency of
Q 5, they showed that the unphysical particles can appear
only in zero-norm combinations in the physical subspace
specified by (7.58) and hence as intermediate states in
physical particle scatterings. Their argument is valid also
for string field theory since a string field is merely an in-
finite component local field. The above assumption for
the positivity of physical one-particle (string) states was
proved to hold actually by Kato and Ogawa’ as was men-
tioned already in the previous subsection. Therefore the
-unitarity in the usual sense holds in arbitrary loop order in
this theory.

There is another and much more nontrivial problem of
unitarity in this theory, which comes from the fact that
the string-length parameter « is unphysical. Truly physi-
cal states of course contain no information of a and there-
fore we have to specify how they are connected to our
“physical” states with «, in such a way that unitarity
holds within the world of the truly physical states. For
instance, if we identify the truly physical one-string states
with our “physical” ones having a fixed value of a, say
a=+, then the unitarity is clearly violated since the one-
string states possessing other values of a are easily created
in the scattering and they are unphysical in such a defini-
tion.

A very important fact in connection with this is that
the tree-level on-shell physical amplitudes are independent

(7.58)
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of the a’s except the total conservation factor 8( Y, ,) as
was seen in the previous subsection. If this particular
property persists in higher loop orders also, the problem
of a will be solved consistently as follows: The above
property says that the on-shell physical N-string ampli-
tudes 7y, take the form

N

2 a

r=1

T Nays =210 Ty (7.59)

with completely a-independent (reduced) amplitude Ty.
Then if we go to Fourier conjugate space, say @ space, of
a parameter, the on-shell physical amplitudes turn out to
take the form

N-—-1
I1 5@, —ay)

r=1

T Nys= Ty . (7.60)

This implies that the S matrix is completely local in &
space and translation invariant. That is, the scattering
takes place only among string states possessing the same &
and never produces state with different & from that of ini-
tial states. Therefore the unitarity holds on each point in
& space separately, and thus we can consistently define
physical (one-string) states as those having an arbitrary
but fixed value of @; for instance, we can define the physi-
cal string field as

Ponys@=0)= [ da dppla)

with ¢, (@) possessing physical polarizations.

The a independence of on-shell physical amplitudes has
not yet been proved beyond the tree level, unfortunately.
This problem of a independence is, however, essentially
identical with that of Lorentz invariance in light-cone
gauge string field theory. So similarly to the Lorentz
transformation M;_ in the light-cone gauge case,>* one
can try a transformation such as

d 1 |5 1
b= __ = —a* 7
p da !QB:; na—ncn}

a

8¢ = ¢ (7.61)

to see whether it, or a similar one, is a physical symmetry
of the action which leaves the action invariant in the
physical subspace: 85 = {Q 3, x }. If the transformation
of the form like (7.61) is a physical symmetry it is easy to
see that it guarantees the a independence of on-shell phys-
ical amplitudes at full order level.

In connection with this we find a very encouraging fact
that the zero-slope limit discussed in the next section. As
will be shown there, our action reduces to a gauge-fixed
form of the usual Yang-Mills action. The gauge-invariant
part has no explicit @ dependence and hence it is exactly
—+F, “vz if we identify

A, (x,d=0)= [ dad,(x,a)

with the usual gauge field 4,(x). The nontrivial a depen-
dence appears only in the gauge-fixing and Faddeev-
Popov ghost terms and therefore our theory in this limit is
physically equivalent to the usual Yang-Mills theory
without a.
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VIII. ZERO-SLOPE LIMIT

We consider the zero-slope® limit of our covariant
string field theory in this section. That is, we calculate
the explicit forms of the gauge-fixed action (6.14) and its

|$(x,@)) = | 0)p(x,a)+[a” | 0) A4, (x,a)+c_ |0 (—i)C(x,a)+E_; | O} —)C(x,a)]+ - - -
= |0)<p(x,a)+[a‘fl !0)7]MNAN(.X,a)]+ T,

where @(x,a) is a tachyonic field and 4,(x,a), C(x,a),
and C(x,a) are massless fields. All the component fields
are matrix valued and satisfy Hermiticity conditions

x'(x,@)=X(x,—a) for X=¢,4,,C,C . (8.2)

[Equation (8.2) is easily confirmed by the | ¢) version of
string Hermiticity condition (2.15).] In (8.1b) we have
used the OSp(d /2) notation explained in Sec. V A:

1

arjth(aﬁ"}/n =inac,,V,=a” C,)

and the OSp-vector massless field is now defined by
AM(x,a)=(4*(x,a), —iaC(x,a), —ia~'C(x,a))

=AM*(x,—a) . (8.3)

In the zero-slope limit a’—0, all the massive com-
ponent fields become infinitely massive and decouple
since (a')~!/? gives the unique mass scale in this theory,
and hence only the massless component fields 4* sur-
vive.5> However, not all the effects of massive fields
disappear in this limiting theory since they may give finite
contributions by propagating inside the Feynman dia-
grams with external lines of massless fields alone. To ex-
amine which types of diagrams can have such finite ef-
fects, we denote all the massive fields symbolically by
U(x,a) and the massless ones by A4 (x,a), and rewrite the
gauge-fixed string action (6.14) in terms of them in the
following schematic form:

1

§= [ax22 | yna+vu|o-Lu|u
2T

al

+g i i (a,)(d+2n-—6)/4anAmU3—m
m=0n=0

m=0n=0

4 ©
+g2 2 2 (ao)(d+n—4)/ZanAmU4—m} ,

(8.4)

where d is the space-time dimension, /N is a nonzero num-
ber (mode number minus 1) and 3 denotes derivatives
which may operate on either 4 or U. The form (8.4) is a
result of simple dimension counting: We have assigned to
A and U the canonical mass dimension 5(d —2) of a usu-
al bosonic field in d-dimensional space-time, and the cou-
pling constant g is dimensionless, a’ having dimension

2403

BRS transformation (6.28) in the limit that the Regge
slope parameter a’[M ~%] approaches zero. It should be
noticed that we perform this calculation completely off-
shell.

Let us define component fields by expanding the string
field | #(x,a)) with respect to oscillator modes as

(8.1a)
(8.1b)

[

—2. The Yang-Mills theory in d-dimensional space-time
has a coupling constant gyy of dimension —+(d —4),
which hence must be related with the present string cou-
pling constant g by

gYM=(a')(d—4)/4g X (8.5)

The zero-slope limit is taken in such a way that this
Yang-Mills coupling constant gyy is fixed.>> Therefore
we rewrite (8.4) by using gywm as

AOA+U U

’

s da
§=[axT>

O--+N
a

3 ©
+8vm 2 2 (al)(n—l)/ZanAmU3—m

m=0n=0

4 ©
+gYM2 2 2 (al)n/ZanAmU4—-m

m=0n=0

(8.6)

Similarly the BRS transformation (6.28) of massless com-
ponent fields can be written in the form:

~ 2 )
bpA=084+gym X X (a)/3"amU*™

m=0n=0

3 ©
+gYM2 E E (al)(n+l)/ZanAmU3——m .

m=0n=0

(8.7)

We have to count the power of a’ for arbitrary Feyn-
man diagrams whose internal lines consist of only massive
fields U and external lines of only massless fields 4. This
omission of massless fields as internal lines is because we
are looking for the quantum action of massless fields in
the zero-slope limit. The Feynman rules are read from
the action (8.6). We call the vertices corresponding to the
third and fourth terms ¥; and V), respectively, which
came from cubic and quartic string interaction terms. We
immediately notice that the V; vertices have a power
(a')~!/? while the V, vertices have no power, aside from
(@')*? compensating the dimension of derivatives 9"
Taking into account also that the massive field propaga-
tors carry a power (a')!, we see that the Feynman dia-
grams with P propagators, n; V; vertices and n4 V4 ver-
tices are proportional to

(D —ny+2P)/2

(a') ) (8.8)
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where D is the total number of derivatives contained in
the diagrams. Recalling the well-known relation between
the numbers of loops (L), propagators (P), and vertices
(V=n 3+ny ),

L =P—-(V—1)=P—n3—n4+1 , (89)

we find that (8.8) becomes
AN(D+L+P+ng—1)/2
(a") .

Therefore the possible Feynman diagrams which contain
massive particles inside (i.e., P>1) but can give finite
contributions in the zero-slope limit a’—0 are only those
satisfying

P=1, D=L=n,=0,

(8.10)

(8.11)

i.e., one-propagator tree diagrams containing no deriva-
tives and no ¥, vertex. Clearly such diagrams have the
form shown in Fig. 25 and can be constructed only by us-
ing the A2-U-type V; vertex twice.”> All the other dia-
grams surviving the limit a’—0 are of course those which
are already contained in the action (8.6) and consist of 4
fields alone.

From a similar power counting we can find the BRS
transformation in the zero-slope limit. In this case the
relevant Feynman diagrams are obtained from the above
considered ones by replacing one of their vertices by the
vertex appearing in the RHS of BRS transformation (8.7).
So the power of a’ of such a diagram is given by

(o) PP

This implies that no diagrams containing massive internal
lines can contribute in the a’—0 limit. Therefore the
BRS transformation in the zero-slope limit is given by the

J

(8.12)

S 2
Si=%8¢* a0

FIG. 25. The only surviving diagrams in the zero-slope limit
that contain the massive particle propagator (dotted line) inside.
The vertices stand for the massless-massless-massive ones with
no derivatives.

terms alone which are already contained in (8.7) and con-
sist of A fields only. Notice in particular that the
O(gynm?2) terms in (8.7) coming from quartic string vertex
V* do not survive the limit a'—0.

Now we are ready to calculate the explicit a’—0 limit-
ing form of the action S and BRS transformation 85 of
our covariant string field theory. First we immediately
calculate the kinetic term ¢-L¢ of (6.15a) by retaining
only the massless field components in (8.1b), i.e,
|¢)=a™,|0)nun AV (x,a):

So=¢-Ld
da_ 1 .M N
= f dx-E-T-r—tr-z-A (x, —apun04%(x,a) . (8.13)
In this OSp(d /2) notation, it is also easy to calculate the

cubic interaction term by using (6.15b), (6.16a), (6.17b),
and (3.10):

3 dpda 3 M.t
=[ Il T |(2mi s [21’1 ]5 [zai }%gvmtf 147 piainmw,
i=1 (2m) i i i=1
Ny(3) Ny(2) Ny(1) — —
X<0 a;’ a;” ay" (a8 NDat$ N @Y P lexp | — 3 go_ 0)
i i
3 dpda;
=/ |1 T @S [zpi ]5 [za,. ]
i=1 i i
(ap,—amp
X3><%gYMtf[AM(Phal)WMNAN(Pz,az)Au(Payaa)]ﬂ—a‘zp—‘— . (8.14)
—a3
Here we have used the relations Nﬁ:ef"/a’w"/a’, Ni=(1/a, )ef°/a’, and P#=a;p4 —a,pf in Egs. (3.11). By using a
relation
apr—apr=7lasp—pr)+psler—ay], (8.15)
we can rewrite (8.14) into the x-space representation:
A 3 dai M N
S1=8ym f dx | [1 Er 27w [Za,- ltr{ —i3,AM(x,a))[4*(x,a7), AN(x,03) Inmn
i=1 i
—(ay—ay)/as[ AM(x,a)npn AV (x,07) 18,4 (x,03)} . (8.16)
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Next we need to calculate the direct O (gyy?) term o< gyp2d4* contained in the Zg2¢* term of the action S and the di-
agrams in Fig. 25 with massive particle exchange. If we add both of these contributions as well as diagrams of the form
of Fig. 25 with massless particle exchange, it just becomes the 4-string amplitude calculated in the previous section with
the a'—0 limit taken. Since the factor a’ appears in the string amplitude always accompanied by momentum variable p,
in the form (a’)!/?p,, we need only the 4-string amplitude evaluated at ¥ p, =0. This indeed agrees with the previous ob-
servation that the relevant diagrams in the a’—0 limit, i.e., Fig. 25, should contain no derivative factors in the vertices.
However, we should note that the 4-string amplitude contains the contributions from massless particle exchange dia-
grams also, which actually possess ambiguous factors (p; +p; )2/(px +p;)* if all the momentums are set equal to zero
from the start. To avoid this ambiguity, we keep only the variables

s=—(p1+p)% t=—(p1+ps)? u=—(p,+p;)?, (8.17)

nonzero but set all the p,’s in the other places equal to zero; that is, we can take p,>=0 and a'”, N %, p*'=0 from the be-
ginning without ambiguity.

Since p,2=0 implies on-shell condition for massless particles, it is convenient to use the expression (7.43) for the 4-
string amplitude in previous section, which now reads, for the case of 4 massless external states A(1)—A(4),

4
S a, 28°*

r=1

TI=Qu)r+1s

ﬁ{ép,

r=1

4
I1 4z,

v f r=1 H lz 4 (p"p‘tI‘(A(l)A(Z)A(3)A(4)
dVabc r<s ’ ’

1 2
E 0> . (8.18)

1 _M(r)arrs N{(s)
270—1 11MMNG —1
rs

This ordering of A4(1)—A(4) corresponds to the s-t amplitude case. We need the expression of N7 for rss of 4-string
light-cone diagrams, which can be easily obtained by using the general formula (A 14) as

N =NTexp(—Np—N&)=1/Z,—Z,)?. (8.19)

By taking the previous gauge choice Z;, = w0, Z, =1, Z,=0 for the projective invariance and using the Veneziano vari-
able x =Z3, (8.18) is evaluated as

TH= (2m)+15 [za, ]a lzp,. }2g2tr[A“‘T(1)A“2*(2)AM3T(3)AM”(4)]
r r
1 1
X [(_)I2|I3|77M1M377M2M4 fo dxx—s/z(l_x)-t/2+nM1M2nM3M4 fo dx x 3271 —x)"1"2
1
+ e M Mgy [ dxx 1 —x) 722 (8.20)

where (—)!2! 13! is the sign factor which becomes — 1 when both M » and M; are ghost indices. There still exists s-u
and t-u amplitudes corresponding to the external state ordering A4(1) A(2) A(4) A(3) and A(1) A(3) A(2) A(4), respectively,
and also the amplitudes obtained by exchanging 1 and 2 from these s-¢, s-u, and t-u ones. Since each amplitude has
three terms like in (8.20), there exist (4—1)!X3=18 terms in all. These 18 terms, however, result from various ways of
contraction between external four massless states and the following simple effective action with only two terms:

a, 4 dpda, 4 ;
Sh= f I —= FEY (2m)¢+1s [Za, ]8 [Zp, ]2gYM2%tr II AM‘(p,-,a,-)
r=1 (2m) r r i=1
1 1
X [(~)‘2"3*nM1M31;M2M4 [, @xx = 20— 4 2 gy, [ dxx 2T HL—x0) T2 (8.21)

Here the A¥(p,a)’s are now field operators. In this expression s and ¢ are actually associated with a’ as a's and a't;
therefore the x integrals in (8.21) are evaluated as
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r —%-t—i—l r _g{s“
1 , ’
[ dxx =21 —x)==" 2= =1+0(a),
r —%(s+t)+2}
al al
ri—Ss-1r ——2t+1]

1 , .
[, dxx =71 —x) 1= =—*F4ol@)

r [——a?l(s +1) ]
(8.22)

+0(a’) (s+t+u=0).

CNES

The action (8.21) still contains the contribution from massless particle exchange diagrams which should be subtracted.
The massless contribution to the action is easily calculated by using the previous expression (8.14) of S | for the three-
massless interaction term. Recalling that the momenta contracted with external legs are now being set equal to zero and
p,2=0, we calculate it as

Sw‘tznasslms exchange __ f ﬁ dpr)d(irl Q2 )d+18 {2 a, ] [zpr l
r=1
%(ZgYM)ztr[ A Pl;al)'l]M M2 Mz(pz,az)AMs(pg,a3)nM3M4AM‘(p4,a4)]v/{ , (8.23a)
where
ap —apk —agp3
ata, ( ( —(p1+p2),—(a+a))A,(—(p3+ps), (a3+a4))> 3+a4

_ (e —ap Nap; —aps)
(a,+a2)2(p1 +D; )2

1 (ag+aa3) o
— s 2 8.23b)
2 (a;+ay)? 2s (

~massless exchange . .
So in the genuine O(g?) action Sz given by S =S, , the momentum-dependent (i.e., nonlocal in x space)

parts proportional to u /s exactly cancel between (8.21) and (8.23), and we finally obtain, in x-space representation,

~

1 2 aas+aa
Sz—zgYM fdx ___l_i.__.__z_i

Ma (a1+a2)2

II

i=1

HA (x,e;)

(=) 20300 ar Magy e, + 2700 24,00,

278 [Ea, ]tr

(8.24)

Thus the action in the zero-slope limit is given by §o of (8.13) plus 3‘1 of (8.16) plus §2 of (8.24). However, since it is
written in terms of OSp(d /2) vector field A ¥, it would be better to rewrite it in a familiar notation in terms of Yang-
Mills field A# and Faddeev-Popov ghosts C and C. A straightforward substitution of (8.3) leads to

o= fdx%%tr[%A,,(—a)DA"(a)—iC'(—a)DC(a)],

A

S gYMfdx

—id A, (a))[4M(ay), 4" (a3)]— [A (ay),A*(a,)]0A4(a3)

P 8 Z o

—f,,l,,,z{Z‘(al),C(az)}aA(ag)—aM_C-'(al)[A"(az),C(ag)]

a,—as3
+ Cla))[4*(a),3,C(a3)]
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S, =gym? fdx(2 )SSlZa,]

r

%A,,(a,)Av(az)A“(ag)A"(m)+

+2i* (@)@ 4Mas)C (ay)
2

00+ anay

2 A, () 4P
P ey AwlaA )

aja) a1a2+a3a4

+2

azay (a2+a3)

aa, | ajas+aras

a4+ a0

(a, +a2)2
Qs — aj —
——C(a;)C(a4)— ——C(a3)C(a4)
asj Qay

aa;+azoy

aay | (a)+ay)?

where we have omitted the common argument x of the
fields and

fapa,=

The above expression (8.25) of the zero-slope limit ac-
tion looks very complicated, and in particular various
coefficients in S 1 and 3’2 have very nontrivial dependence
on the “string-length” parameters a. Nevertheless we will
see shortly that those complicated a-dependent terms are
all absorbed concisely into gauge-fixing and Faddeev-
Popov terms and the rest becomes the usual a-
independent gauge-invariant Yang-Mills action. For this
purpose let us turn to derive the zero-slope limiting form
of BRS transformation (6.28). As explained before, the
massive fields do not contribute at all in this case and we
have only to calculate directly (6.28) by retaining only the
massless field components |¢)=a™, |0)yuydAV(x,a).
|

—~(a12+a1a2+2a22)/a1(a1+a2) . (8.26)

P _ 3 |0>3TIMN(—)1M|/SLAN(CZ3)

= H[A (—a,)nMN <O|a| ]w(3)2 'z-a_l 7]KLN“0_1 exp

i=1

= {—-C( ‘——al)AM( —GZ)TIMN ‘2(0 l aJIV(Z)'f'( —)!NEAM( —al)C(

M
+A4" (—a)A4 2(—612)77M,N177M2Nz12<0|ax a

C(a;)C(a,)C(a;)Cla,)

T (et ay)?

Ay (a)A (ay)A4,(as3)AY(ay,)

C(a)C(a;)C(a3)Clay)

(8.25)

I

The 0(g°) part QB¢ is immediately calculated since only
the —p,(c_ af+a (c,) part of Qp is relevant here:

)IM18G4N(x,a)= —ia* ]0)3,C(x,a)
+ic_1]0)3,4*(x,a) .
(8.27)

The O(g!) part (6.29a) can be calculated relatively simply
again by using the OSp(d/2) vector notation. With the
help of Eq. (3.51) which says

a™, 10)npn(—

3) (1 7o/ _

/e, 2@
w=|cle ™y — —

c(_”lef"/m3 (8.28)

as

- 5 /o, +1o/
for the relevant pieces here and also of N =™ %" 70'%

(rs£s), we find

[0)123

70
2 ar

—a)nuy 12¢0]ay

,(2) N () ay—ay (3)
—¢C

1K
S +aX U nkeat ) 10) 12
a3 rs

= —C(-—-al)AM(—az)'f)MNaly_(ls) }0)3+('—)“v[AM('_al)C(—az)nMNa]X(lw |0>3

a,—a
—l_‘—lAM( _al)TIMNA (
Qas

where we have omitted the common argument x and
f da 1d(12

(2m)
in these equations. The O(g?) part does not survive the

8((1[ +a2+a3)

az)C(3) |0)3 )

(8.29)

a’'—0 limit as explained before and so Egs. (8.27) and
(8.29) give the total BRS transformation in the zero-slope
limit. Again by using (8.3) they are rewritten in the ex-
pressions for Yang-Mills and Faddeev-Popov ghost fields
A,, C, and C, separately:
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8314,,,((13): aMC(a3)
daldaz

+igym f

*[2]
X[A“( _al)’C( —"(12)] >
(8.30)

da,daz
8BC(G3)=

—7igym f

3]
X {Cl(—a)),C(—a)} ,

836(a3)=iB(a3) »

where we have multiplied a factor i to make 83=i35
coincide with the conventional BRS transformation in
Yang-Mills theory and introduced the ‘Nakanishi-
Lautrup field”*® B(x,a) to denote here

B(a3)= a-A(a3)

daldaz

+8ym f

*[2]

ay
i_‘[A”( — Q) ),A”( —az)]
aj

+fapa, [ C(—a1),C(—ay)]

(8.31)

with f, o, defined in (8.26).
The BRS transformation (8.30) has very similar form to

the usual Yang-Mills one®~!! and in fact takes exactly the
same form as the latter if we perform Fourier transforma-
tion with respect to the variable a:
=~ da  _iaa
!a = ~ b ’
X(xd)= [ SZe =" (x,a)

- (8.32)
X(x,a)= [ dae'*®x(x,a) .

Indeed in this Fourier conjugate space &, (8.30) becomes

85 A, (x,8)=03,C (x,@)+igym[4,(x,@),C(x,d)]

=D,C(x,a), (8.33a)
85C (x,@)= — +igym{C(x,&),C (x,&@)} , (8.33b)
85C(x,@)=iB(x,d) . (8.33c)

The existence of the @ parameter, therefore, implies that
the present theory represents an infinite number of copies
of usual Yang-Mills theory. We now see that we can con-
sistently identify the usual Yang-Mills field 4,(x) with
A,(x,@) with some fixed value of &, e.g, A, (x,a=0).
Indeed, with straightforward but a little bit tedious alge-
braic calculations, we can rewrite the above complicated
action (8.25) into the following concise form:

5=5,+5,+5;
= [ dxd@ul —F,, (x,@F*(x,@
+i85(C(x,&)G (x,&))] , (8.34)

where F,,, and G are field strength and gauge-fixing func-
tion, respectively, given by

F(x,d)=0,4,(x,&)—03,4,(x,&)+igym[4,(x,&),4,(x,&)] , (8.35)
dalda3
G(x,a3)=— 3B (a;)+3-4(a3)+gym f ) [Ea, ] [A (—ay), A"(~ozz)]—+—f,,,l ‘12{ —ay),C(—ay)}
(8.36)
with 7(,1,,,2 being any function of a; and a, satisfying the following relation with the previous f aga, of (8.26):
fal,az +.7—(al+a2),a2 =fa1,a2 . (8.37)

A remark would be necessary on the meanmg of the B(x,a) field in (8.34). The B(x,a) field here is the Nakanishi-
Lautrup field*® in its proper sense, which is not the previously defined dependent variable given by Eq. (8.31) but an in-
dependent (auxiliary) field subject to the following BRS transformation law:’—!!

85C(x,@)=iB (x,&@), 83B(x,&) =0 (8.38)

Notice that the first equation of (8.38) has the same form as (8.33¢) but the meaning of B(x,&) is different. In fact the
previous BRS transformation (8.33) is nilpotent only on-shell just like the string BRS transformation 53 was, while the
BRS transformation here given by (8.33a), (8.33b), and (8.38) is off-shell nilpotent. The BRS transformation 85 in (8.34)
is the one in this sense. The previous Eq. (8.31) now holds merely as an equation of motion with respect to B-field varia-
tion. This is seen from the following more explicit form of the gauge-fixing and Faddeev-Popov part of the action (8.34):
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Serirp= [ dx d@trisy(C(x,&@)G (x,@)

= [dxtr| $B(—a)B(a)—B(—a)34(a)—gymBla3)

_ a
+i0#C(—a)-D,Cla)+gyy—

+gYM2fa4,al+a26(a3)6(a4)C(a1)C(a2)

Here again we have omitted the obvious a-integration
symbols such as
f dadaydas
(27)?
[Note that 7“1"12 in G appears in this expression only in
the combination -7“1,‘12 +f—-(a,+a2),a2 of (8.37).] If we
eliminate the B field by using the equation of motion
(8.31) or by path integration over B, we actually recover
the previous action (8.25) from the present one (8.34) with
expression (8.39).

The action (8.34) gives our final result for the zero-
slope limit form of the covariant string field theory. It
shows that the gauge-invariant part —4F,,%(x,d@) just
coincides with the usual form of Yang-Mills theory and
that all the terms possessing nontrivial a dependence ap-
pear only in the gauge-fixing and corresponding
Faddeev-Popov terms Sgg,pp of (8.39). Since the physi-
cal S matrix is independent of the choice of gauge fixing
as is well known in the usual Yang-Mills theory,>3%!! the
present theory has the same physical S matrix even if we
choose a gauge local in &, e.g., a gauge-fixing function
G (x,@)= —3B(x,d)+93-A (x,d) instead of (8.36). Then
the action (8.34) takes the form

Sla;+a)+aj) .

S= [ dxdau[ —F, x,a++BXx,d)
—B(x,8)3- 4 (x,a)

+id3*C(x,@)D,C(x,d)] . (8.40)

This action clearly describes an infinite (continuous) num-
ber of copies of usual Yang-Mills system; the worlds with
different values of & are quite independent of one another
and realize separately the same physical S matrix as the
usual Yang-Mills one. Therefore, as announced before,
we can consistently identify our gauge field with a fixed
value of @, e.g., 4,(x,@=0), with the usual Yang-Mills
field 4,(x). The physical S matrix is unitary on each &@
separately even in our original zero-slope limit system
(8.34). Note that this is a result valid at full quantum lev-
el contrary to the tree-amplitude arguments in the previ-
ous section.

IX. DISCUSSION

We have presented the covariant string field theory in
full detail for the bosonic open-string case. We have es-
tablished the BRS invariance and its nilpotency for the
gauge-fixed action on the one hand, and the gauge invari-

a —
i—[Ay(@), 4H(e)]+ S a0, | Clar),Clay)}
3

—Qy —
C(a3)[A“(a1),D#C(a2)]

(8.39)

r

ance and its group law for the gauge-invariant action on
the other. It is remarkable that the condition of critical
dimensionality d =26 was required at every order level of
coupling constant g to prove the BRS nilpotency and
gauge invariance. Also remarkable is the deep connection
between duality and those invariances of the present co-
variant theory.

Now there remains no doubt that our string field theory
is a consistent and satisfactory one at least at the tree level
(or as a classical field theory). We have shown that the
on-shell physical amplitudes in our theory correctly repro-
duce the usual dual amplitudes for general N-string
scatterings with arbitrary external states.

A characteristic point to our covariant string field
theory is the existence of string-“length” parameter a.
Although this parameter is certainly unphysical, it is inev-
itable in our formulation. We suspect that the presence of
the a parameter is essential to any consistent formulation
of covariant string field theory. Indeed recall, for in-
stance, the pregeometrical string field theory* in which a
natural generation of string kinetic term was possible
thanks to the presence of the a parameter freedom. One
may, however, prefer other covariant formulations which
are free from such an unphysical parameter a. Actually
as such an example there is Witten’s formulation of open
string.2”2%57 However, we think that Witten’s theory
needs further precise confirmations as for its gauge invari-
ance and reproducibility of usual dual amplitudes with
such an accuracy as presented in this paper.

On the other hand, the a independence of the tree on-
shell physical amplitudes was proved in our formulation.
We expect that this a independence holds at any loop or-
der level. Indeed we have shown it is actually the case in
the zero-slope limit. The structure of our “Yang-Mills”
action (8.34) obtained in that limit is very suggestive; the
explicit a-dependent terms are all contained in unphysical
gauge-fixing parts. We suspect that essentially the same
situation occurs even before taking the zero-slope limit.
We are now actually trying to prove it by looking for a
physical symmetry of our action under some transforma-
tion of ¢, like (7.61), changing its @ parameter and hope
to be able to report it in the near future. If such an expec-
tation is the case, the on-shell physical N-string ampli-
tudes of L-loop diagrams have the following particular
form of a dependence:

X T (a indep) .

—1
2T

— o0
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[This is understood easily if we take the “Yang-Mills” ac-
tion of the form (8.40) literally.] The divergent factors
c’°do¢,/211' can be factored out unambiguously and ab-
sorbed in the overall multiplicative parameter of the ac-
tion such as # or g. The a-independent part T (a indep)
gives the true physical amplitude for which unitarity
clearly holds. [Recall that T (a indep) stands for the usu-
al Yang-Mills amplitude for the case of zero-slope limit.]
The closed (bosonic) string field theory was already for-
mulated in our paper II. Now that we have presented the
full details of the open-string case here, the reader should
be convinced that the closed-string field theory is also
correct. We have not tried to construct a string field
theory of a mixed system of open and closed strings in
this paper. In the light-cone gauge formulation it was
necessary to include the closed-string field explicitly in the
open-string system.?! However this is not so clear in the
covariant formulation. In fact there are some indications
that the closed string is already contained in our pure
open-string system. For instance there appears a particu-
lar diagram at the one-loop level drawn in Fig. 26 which
is absent in the light-cone gauge case in which the string
can propagate only in the positive 7 direction. The inter-
mediate state of this diagram looks like a closed string, al-
though it must be confirmed by explicit computation
whether the closed-string pole is actually generated or not.
There remain certainly various interesting subjects to be
studied further. (i) The gauge-fixing procedure should be
clarified for the gauge-invariant action. It was pointed
out in III that the usual successive gauge-fixing pro-
cedure'* applied to the free-string theory does not work in
the case of the interacting theory independently of the de-
tailed form of the string vertex. How is our gauge-fixed
action derived from the gauge-invariant one? (ii) The ex-
tension to superstring! (including heterotic string?) is a
pressing issue. We expect no serious difficulties in this
task. (iii) We have recently proposed a “pregeometrical
string field theory”* which is completely independent of
the space-time metric. The action is the closed-string ac-
tion'” consisting of a cubic interaction term alone.” We
clarified explicitly the mechanism of how the kinetic term
is generated by the condensation of the string field. The
remaining problem is to find true solutions of the equa-
tion of motion ®*P=0 (Ref. 4) which corresponds to
various possible background metrices. Also missing is the
general algorithm to solve such an “algebraic” string field

FIG. 26. A candidate diagram which may yield a closed-
string pole at the one-loop level in the pure open-string system.
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equation. (iv) A much more challenging problem would
be the ‘“‘spontaneous” generation of superstring field
theory from the bosonic one in d =26. At present only
suggestive arguments exist.> The more general problem of
spontaneous compactification into lower dimensions
should also be studied.’® We can in any case attack them
with our machinery of covariant string field theory now.

Note added in proof. The authors have recently suc-
ceeded in proving the a independence of the on-shell
physical amplitudes of any loop order level, as was expect-
ed in Sec. VII. Further it is easily shown based on this
knowledge that the closed-string pole is actually generated
in the pure open-string system at the one-loop level. The
details will be reported in a paper in preparation.
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APPENDIX A: PROPERTIES
OF THE NEUMANN FUNCTIONS

Consider a Mandelstam mapping®® from the upper half
complex z plane to the string strips in the p plane (Fig.
27):

N
plz2)= 3 a;n(z-Z;),
i=1

where a; and Z; (i =1—N) are real parameters satisfying

N
Zai=0 .

i=1

(A1)

(A2)
In each string strip in the p plane we introduce a complex
coordinate §,:

(A3)
(A4)

& =§,+io, (§,<0,0<0,<m),

P=ar§r +T{)r)+iﬁr ’

where 7’ is the interaction “time” for the rth string (cf.

Fig. 27) and B, =7 3_}a,. The interaction time 7{’ is
given as

N
78’ =Rep(zy )= 3 a;In|z{’ —Z; |

i=1

(AS)

3

- 4
2 3 ;
L 5
1 ! I '
4

T @ .;‘:u W= 7™
FIG. 27. A typical light-cone diagram to which the upper
half complex plane is mapped by Mandelstam mapping (A1).
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for a suitable z{’ satisfying

d
i p(z) (A6)

N a;
- i§1 29—

In the 3-string case of Fig. 2 or the 4-string case of Fig. 6,

z=2z,

the solution of (A6) in the upper half-plane is unique and
7y is common to all strings.

The (Neumann) functions N[5, corresponding to a
light-cone diagram like Fig. 27 specified by the parame-
ters (a;,Z;) are defined as the Fourier components of the
Neumann function N (p,p) (Refs. 20 and 22):

Np,.ps)= =8| 3 %e—"|§’—§"cos(na,)cos(n&',)—2max(§,,§s) +2 ¥ Npge nertm gcos(na,)cos(mas)
n>1 n,m>0
=In|z—Z| +In|z—2*|{=3In[(z =)z —Z*)(z* —2)z* -7 *)]} , (A7)

where p, and g; are assumed to lie in the region of the rth and sth string strip, respectively, and

=P(Z)=ar§r+7{)")+iﬁr ’
ﬁszp(i)=as§s+7'0 +ip;

It is often convenient to rewrite the expansion (A7) as

n>1

Npops)=—85 | 3 —zln—(a);’"+a):__")(co"_+cu*_")—2max(§,,§;) +1 > N
n,m

where
w0, = [ §, +io ~s_e§s_ & +id , (A10)
and
(0,,@,) (& >E&)
(a)+’w_)= r s gr §S (All)

g' <§S

Various formulas for the Neumann functions N}, are
derived from (A7) and (A1).

(@5,0,)

1. Integral formulas for N},

We have the following expression for N J,,:

_ In|Z,—Z;| (r#s),
N o= (A12)
-3 Xiin|Z,~2, 1+ ) (r=s),
i(s£r) @r
TS X7 ST 1 dz 1 —ng,(2)
—Nr-L1¢§, 2 1 1),
no=Non ' omi 2—Z (n2

(A13)

1 —n,(2)—mE (2)
m ¢Z' 2mri ¢Z’ 2mi (7 — z)2e

(n,m>1), (Al4)

where &,(z) and ,(Z) are given by (A8a) and (A8b).

Equation (A12) is derived from (A7) by putting Z—Z;
(which implies &£ — — co) first and then by taking the lim-
it z—Z, (§,— — ). In the case of r =s, it is necessary
to substitute the following expression for £, coming from
the 8,5 term of (A7) before taking the second limit:

(A8a)
(A8b)
Ne (o +oy"N&T+a:™) , (A9)
>0
|
§—;—2aln|z Zi|—— T:{’, (A15)
r i=1 r

which is obtained by taking the real part of (A8a).
In order to derive (A13), we first differentiate (A7)
[(A9)] with respect to &,:

33 o @I +E M +1

n>1

d ~
a;r N(pr»Ps )—arx

+3 X nNpuol@7+a;™)
n,m>0
1| oz 1 1
= —+
2 | 9L, z—7 z-—-Z*
(£, >&) . (A16)

Here we have assumed that &, ng and made use of the
formula

d d 113 .0
=, == — Al7
3, e, 2|0 B0, (Al7)
By taking the limit Z—Z; (0w, —0) in (A16), we get
Byt 3 AN Sot= |22 |1 (A18)
n>1 agr
uation (A13) is obtained by  performing
dw, ;" 'X(A18) around the contour enclosing
0,=0(z=2,).

Equation (A14) is similarly obtained by differentiating
(A16) with respect to §:
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N( , no; "&}
ag’ 3§s ProPs)=0r7 ngl
% nmN 3, ola ™
>1
-1
2 ag, (z-—-z)2 ’
(A19)
and then considering
$do,Pda, 07" 'a "% (A19) .
2. Other properties of N 7,
S N, = ¢ (n=0) (A20)
27 o n21,
= s a, s
Nom= _; - EaN,, mO (A21)

These formulas are easily obtained from (A12)—(A14)
and the relation

Yo dp(z) dg,(z)
= = A22
E, z—Z; iz 4 (A22)
3. Singularities at z§’
n = ng dp(z) 1 1
L r— —38, , A23
gl a, N no? dZ zZ — Z: r 8" ( )
n o= L, dp(z) | & @
2N ~ N
n§1 nm€ e dz 21 z (r ~Z, a
(m>1). (A24)
Equatlon (A23) is nothmg but (A18). The LHS of

(A24) is divergent at z=z] (Ref, =
ed by using (A21) for large n:

0) and is approximat-

LA 2 ;NN (A25)

n— as i=1

(A25) and (A23) lead to (A24).

Vaxo,) | Vx(1,2,3)) =vV7X"0,)

=27 |id

(303

X0 +i|— 3

n>1

=(2m)%& [zp ]

(27)9% [Zps ]exp(EX) |0)

nzl
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4. Projective transformation of N ;,,
Under the (infinitesimal) projective transformation
8Z,=8a+8BZ, +6vZ,*, (A26)

the interaction time 3’ of (A5) and the Neumann func-

tions N 7%, change by the following amounts:
8y [ =8p(zy) =6y 2 aZ; , (A27)
i=1
SN p=56B+8v(Z,+Z,), (A28)
= 1 —ng,(2)
8N Ro=by gﬁz’ e 21, (A29)
8N7,=0 (n,m>1). (A30)

Equations (A28)—(A30) are most easily derived from
(A12)—(A14). From the above formulas we see that

1 (r) (s)
X=7 2 Nnma—-n A,
n,m>0
ns

is invariant under (A26) as long as ay’

is conserved, i.e.,
N ad'=o0.

APPENDIX B: PROOF OF THE CONNECTION
CONDITIONS (3.12), (3.16), and (4.4)

In this appendix we show that the 3-string vertex
| Vx(1,2,3)) of (3.9) and | Vp(1,2,3)) of (3.13) satisfy
the connection conditions (3.12) and (3.16), respectively.
The following proof applies straightforwardly to the proof
of (4.4) for the vertex (4.6) in the 4-string case.

Let us start with the connection condition for X,

[6,:XV(0)+6,XP(0,)—X3a3)] | Vx(1,2,3))=0.

(r)

(B1)
Letting the oscillator expansion of X :,’)(a,) of (2.3),
X"M(a,)= —‘}— x+i 3 —lay'—al, eosina,) | (B2
n>1
to operate on | Vy ) of (3.9), we get
—iy, —a(’) ) cos(na,)+[X'"(o,),Ex] | |exp(E,)|0)

(r)

%a_,,cos(na,)-{-— S NZ.a®,cosng,) || Vx(1,2,3)) .

n,m>0
s

(B3)
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By comparing the coefficient of the oscillator ¥, we

find that the connection condition (B1) is satisfied if we
can show that

20| 2

6, 3 N ocosimo,)

s r=1,2, m>0
— 3 Niocosimas) | = (B4)
m>0
and
> o 8”—cos(na,)+ > Npxcos(mao,)
r=12 m>0
=—-83’;ll'cos(na3)+ S NX,cosimay) (n>1).
m>0
(BS)

[The &'(,,p;) part of (B3) automatically satisfies (B1) be-
cause ©,;4+6,=1.] That Eqs. (B4) and (BS5) actually hold
can be seen by noticing that they are equivalent to the fol-
lowing identity:

N(p.ps) | g, =0=N(p3,ps) | g,=0 (r=1or2), (B6)

for the Neumann function (A7) for three strings with
a,,a; >0 and a; <O (see Fig. 2). This identity is trivial be-
cause p, with §,=0 and p; with £3=0 are the same point
on the p plane.

Next is the connection condition for

AD(0,)=(PPTX" Yo,

=(1/\/1_r)2a£,”eiiw' .
n
Similarly to (B3) we have
(r) 1 (,) Fino
00, | Vx(1,2,3))=—= | ¥ al
’ ‘/—7; n>0
tino
+ 2 nNnma——m
n,m>0
s
X | Vx(1,2,3)) (B7)
]
2
1 r 1 1 &
— V; 2,3 —_——
a, CPa,) | Vep(1,2,3)) = a, ‘/;_n=_
1 +"l0'
- \/; a, 2

Finally, consider the connection condition for ¢'”
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and the connection condition (3.12) for 0'"=(1/a,)P"”
and (1/a,)X'" are satisfied if

26

r=12 r

"cos(no,)+ 3, mN ,,cos(ma,)
m>1

=— |8%cos(na;)+ 3, mN Y,cos(mos) | (n>0)
as m>1
(B8)
and
> 6,— |—8%sin(no,)+ 3, mN p,sin(mo,)
r=12 a, m>1

8%sin(na;)+ 3, mNy sin(mos)
m>1

It

1
as

hold, respectively. [Both in (B8) and (B9) with n =0,
> .ps should be multiplied.] Again, (B8) and (B9) are
guaranteed by the identities

(n>0) (B9

d 1
N(p,,ps) ————N( »Ps) (B10)
ar agr P’ pS r=0 ag P3 Ps §3=()
and
1 d 1
— N(p,,ps =——— , , B11
a, 30, (prsPs) (oo @ a N(p3,p5) (oo (B11)
respectively.

The connection condition for C{'=z"Tix", (3.16)
with 0" =(1/a,)*C ', leads to (B8) and (B9) since

S lexp(Egp) | 0)

ino

"+ S nNE7 e’ (B12)

n,m>0
s

"1 Vep(1,2,3)) .

and 17(5'). For 17'(5’) we have

1 1
a,imio,) | Vep(1,2,3)) =—= |a P —9y'" eos(no,) |8 S —c 8 |exp(Epp) | 0)
| FP ‘/; ng] r ?as 0 FP l
1 E 1 1 s
== FP]O)——I‘—/—; —n§1 ;y‘l),,cos(na,)+n§oN,,,,,y” ncos(na,) | | Vep(1,2,3)),
- m>1
s

(B13)
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and hence the condition (3.16) for 0" =a,in"’
sufficient to show

[01cV(a)) 46, (0,)—
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¢ (03)]| Vp(1,2,3)) =0
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{7 is satisfied owing to the previous identity (BS) for X'”. As for ¢ it is

(B14)

for ¢'=(3/d0)c. Indeed, then, since c'”(c,) vanishes at the string ends, (B14) can be integrated to yield the connection
condition (3.16) for 0" =a,c'”. The connection condition (B14) leads to the previous equation (B8) for n > 1 because

, 1 1
c(a,) | VFP<1,2,3>>=—~\7;— 3 (y' 4+ )cos(na,) | Vep(1,2,3))

1 (s)
L1 N D] Vee(1,2,3)) . B1S
\/_1? o ngly cos(na,)+nmz>xn ¥ mcos(na,) | | Vepl )) (B15)
T
. 2
APPENDIX C: DERIVATION OF (3.47) f3 — ?157 % % 2 3b Lo . (Co
From (3.33) and (3.46) (1)
i 47 1 3.35):
po—plz)=alz —20)*+b(z —z0)} Equation (3 _b]) now follows from (3.35) 2
+elz—zo)t+ -, (3.33) dplz) | _ 11 >+ 35 3b e 9"\
dz 2a 4(12 2 8a3
p(z')=p(z)—abd , (3.46)
we have +0(eé), (3.35")
2,b 3 €4 - b ca ...
LPHo o =btdt_fter o,y
1
(€D (z'—2)"'=(f—e)"'= [Ef,,ﬁ"l
where nzl
[=2'—2zy, €=2—2p. (C2) =};1—-;~ (; +0(8)
By expanding f in terms of 8 as ! )
1 1 3b
=€+ L (€)8" (C3) — = 2 22
f glf Oterx+ |52 +4a+0(e)l
inserting in (C1), and comparing the coefficients of 8" +0(8) (C7)
(n=1,2,3) we get ’
e 3b 36, o) 1) The left-hand side of (3.47a) is rewritten as
+ + € +0(e _
f x dp(z) |z 1 8
f L_3b_ (2 92 dz | dz (z'—2)
5 ———— | = e+0(e), (CY
(f1) 26 4a Then from (C2) and (C3) we have
J
dz’ 1 d S f.8"
—_— 1 n
dz (z'—z) [ +n§l d }lnzl
2
1 1 d |1 2 fa |1 d | /2 f2 /3
=|—| S+ |- |- —+ |= 3|5 | -2 |+0®). (C9)
[fl ] 62 dE f! fl (f1)2 8 dé (fl)Z] lf]2 ]
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Equation (3.47a) is a consequence of (C4)—(C6), (3.35),
and (C9).

APPENDIX D: DERIVATION OF EQ. (3.51)

In this appendix we prove Eq. (3.51), i.e., the equality

1 %Brscos(na(” 3 Np,cos(imot’)

ag m>1

n—1

EN”-—mm’

s m=1

=X"Nj+—

3
=8rs(as-1"as+l)/as+ 2 e
t=1

123

(e “ =1, qp=a;, ay=a;). (D)

First of all we should notice that the Neumann function
defined in (3.11) and appearing here is the one for which a
special parameter choice Z,=1, Z,=0, and Z; =0 is
made in the Mandelstam mapping (A1). To deal with this
choice properly, let us first consider the case in which we
set Z,=1, Z,=0 but keep Z; >>1 finite. Then the Man-
delstam mapping (A1) is given by

p(z)=aln(z — 1)+ aylnz +a;ln(z — Z35)
(Zy>>1).

Introducing a new variable Z by (a projective transforma-
tion)

(D2)

J

ﬁ(ﬁnﬁs)EN(Pnﬁs

=—8s | —2!;(@:"+w:"")(w"_ +ot")—

n>1

2415
E( 23)2/(2 23) (D3)
the above p(z) is rewritten into the form
p(z)=p(2)+Ty ,
(D4)
p(Z)=aiIn(Z—1)+a,ln? ,
with a very large “time” translation To= —aln(—2Z;)

—a,In(1—2Z3). Now, the RHS of the basic formula (A7)
of the Neumann function is written as

In|z—Z|+In|z—Z*| =In|2—5| +In|2—5*|
+2In|z—Z;| +2In|Z—-Z, |
—2In|Z5(1—-2Z3)] . (D5)

On the other hand, Eq. (A7) itself in the limits z—Z;
(§,— — o) and Z—Z; (§,— — oo ), respectively, leads to

In|z—Z;| =838+ 3 Nie gcos(mr,?s) ,

m>0

1n|z'—Z3 ' =6r3§r+ 2 N;%)e

n>0

(D6)
"g’cos(na,) R

which further yield by taking Z—1,0 (§;,— —o0) or
Z—>1,0(§1,2——*—00)
In|Z5;(1—Z3)| =N+N & (D7)

By substituting (D6) and (D7) into (D5) we find that the
basic Equation (A7) or (A9) is now rewritten in the form

)—2[In|z—Z;| +In|Z—Z;| —In|Z5(1—-Z3)]| ]

2max(&,,E,)

+1 3 NPl +0!"@T+5 5™ —28,38, —28,:&,

nm>0

x|,

=In|2—F| +In|2—

N;sm =N;Sm_8n01vg.:n

This equation for Nis easily seen to be in fact indepen-
dent of Z; and we can safely take Z;— oo (although not
necessary). So Eq. (D8) is regarded as a basic equation for
the Neumann function & for the parameter choice Z; =1,
Z,=0, Z3;= 0, in place clf (A7) or (A9). Indeed it is

these Fourier components N 3, in (D8b) that were given
in (3.11). One can easily derive formulas (3.11) from
(D8b) by using (A13), (A20), and (A21). The p(%) in Eq.
(D4) gives the Mandelstam mapping for this parameter
choice, and defines the following variables similarly to
(A4), (A5), and (A6):
pB)=an(t—1)+a,Inf=a,t, +% +iB, , (D9)
r) Reﬁ\(f(r))__zalnl/\é)r)_z | ,

i=1

(D10)

—5,,‘01_\’.;:2)-}-8,,06,"0(1-\_’(1)8-{—1_\7%8) .

(D8a)
(D8b)
r
pE) | 5 @ D11)
dz ?=f i=1A — 4Ly
B?I D4) §, is identical with the former {, and
"—=1"' —ReT,, B,=B,—ImT,. From (D10) and (D11)
we ﬁnd explicitly
a
P —pP =g =22 (D12a)
Qs
3
30/ =%=70'=3 ayIn|a; | =79 (D12b)

From now we drop the carets since we treat only caretted
quantities hereafter.

Now we return to the subject of proving (D1). Taking
the limit Z—Z; (§,— — « ) in Eq. (D8a) we obtain
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111!2-—25 | =5n§r—8r3§r+% zﬁnmo(w;z+w:n) .

n>0

(D13)

Operating w,9/dw, on (D13), we get

az
ow,

@y

=(z—Z) |8,s—8,3+ 3, nN oy ] . (D14)

n>1

(Note that 3/0w, is a differentiation with o, fixed and so
©,8/3w,£,=~.) While the differentiation ®,3/dw, of

J

(D8a) yields with an abbreviation "=(&"+a& ")
_Srs 2 w:ﬁs_n"' 2 nﬁ;smw:lﬁ;n__za’:;

n>1 n,m>0
0z

[0}
raw’ ’

when &, <£,. Replacing w,9z/3w, by the RHS of (D14)
for s =2, we find

(D15)

s > 0fQ;"— 3 nNZ0fQT"=2 3 nN Py’ —28,;— |24+ —= 82—8,3+ 3 nNoswr | . (D16)
nx1 nm>1 n>1 z—z z-z* n>1
On the other hand, differentiation w,d/dw, of (DY) leads to
a a
I oz —a, . (D17)
z—1 z ow,
Substituting (D14) for s =1 into this, we obtain
22 & (D18)
ay+—=— — .
Tz 8,-8,+ 3 nN oy
n>1
Now, in formula (D16), we put Z on the interaction point z§'= —a,/a; of (D12a) which corresponds to taking &, =0
(>&,) and &, =0". Then, Q™ =2cos(mo'") and (D16) becomes
— — a, |1 —
l&,s > cos(naff)— 3 nNp,cosimaf) |of= 3 nN ol —8,;—as a+— l {8r2_8r3+ 3 nN jow;
n>1 nmx1 n>1 z n>1
(D19)
Because of (D18) the last two terms equal
—8,3+ | B | 18,1 —8,3+ > Nonap | |8,,—8,3+ > N ono!
a, n>1 n>1
a3 A2 arl n Nringr2 n+m
=" 2 [(8,1—8,3)N no+(8,2—8,3)N nolnw; + 2 nmN 30N p oo, (D20)
ar \p >1 nm>1
Then, by a little calculation with the help of the formulas given in (3.11),
—1
— a a - =
Niom=—awa; | —+— | NiN;, (nm>1), (D21)
= — ey DF T (e1epe3)=(1,—1,0) (n>21), (D22)
the RHS of (D19) is shown to give
aa aa — nl _
b [ (8201 = 8102)+ ——(8,1=8,3) = ——(B,2—8,3) ]N;+ S Niomm |nof. (D23)
n>1 r r m=1
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It is easy to see that the quantity enclosed by the large
parentheses here is just a; times X* given in (D1). There-
fore, comparing the coefficients of nw, of the LHS of
(D19) and of (D23), we obtain the desired equation (D1).

APPENDIX E: DIRECT PROOF OF (3.7)
IN TERMS OF CREATION-ANNIHILATION
OPERATORS

We present in this appendix an alternative proof of the
O (g) nilpotency equation (3.7). This proof is a straight-
forward one by a direct computation of 3)_,0” | ¥) in
terms of creation and annihilation operators of oscillator
modes and necessarily becomes more lengthy and tedious
than the one given in Sec. III. Nevertheless it has an ad-
vantage in manifesting how the intercept parameter a(0)
is required to be 1 in addition to the condition d=26.

For convenience we Fourier transform the 3-string ver-
tex | ¥(1,2,3)) given in (3.54) into the old c, representa-
tion:

é Cé)r)z,-t)r)
r=1
= —y(al,az,a3)8( 1,2,3)W2F(1’2’3) l 0) 123 »

W= W(l)w(l)w(f&):L
31

[ deiVde Pde Pexp | V(1,2,3))

3
2 €ret W(r)w(s)w(t) ,

S rst=1
rns,t (El)
wW=c{ +w'” [w'” given in (3.51)] .
In this representation Qp and L take the forms
Op=coL +->M+Q
B 0 aCO B »
(E2)

L= _%pZ_ 2 [a—n'an +i(7—n7n "'?—nyn)]

n>1
+a(0),

where a(0) is the intercept parameter which we will see
soon to be fixed to its critical value 1 also by the condition
3.7, 32_,04" | V) =0. More precisely we show that the
equation

3
QB WeF|0)=01 QBE 2 Qér) ’

r=1

(E3)

holds for each fixed set of values of (p,,a,) (r=1,2,3)
satisfying conservations
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if and only if the critical values a(0)=1 and d=26 are sa-
tisfied.

Multiplying e ~% by (E3), we can rewrite it equivalently
as

_?l._ i €rer W(r)W(s){ QéF)’ th)}

rst=1

e FQsWef|0)=

~woif | |0)=0,

Q5 =eFQpeF =05 +[Qs,F1+3[[Q5,F1.F] .

Here in the definition of Q" the terms of higher power

in F do not survive since Qp contains only terms at most
quadratic in annihilation operators. By multiplying W
(u=1, 2, or 3) with (E4) and using (W'")*=0 for each r,
we see that the equation
wigs”, W} |0)=0 (ES)

should hold for any r as necessary conditions for (E4).
Further, differentiating (E5) with respect to c{’ and sum-
ming it over » =1-3, we obtain

% i eﬂ[w(f)w(:){gl(’ﬂ W(l)]

rst=1
— Wé (LYW 71]]0)=0. (E6)
r=1
By using (E6), Eq. (E4) is rewritten as
w ,‘f’—é[L"’,W"’] [0)=0. (E7)
r=1

As a result, the proof of (E3) or (E4) is reduced to that of
(ES) and (E7), which we can write in the forms

{ Q;F)’ W(")] | 0) | c{,”:—w“) (s___1’2’3)=0 ’ (ESI)
3
QI(;F)-—E[L(’),W(’)] t0> =0,
r=1 e =—w" (s=1,2,3)
(E7")
since
3 3
W= I‘I w's) = H(68’)+w“))

s=1 s=1

is a 8 function 8( W' ")8(W2)s(Ww'®).

After some straightforward algebraic computations by
using commutation relations, we find that Eq. (E7') is
decomposed into the following four sets of equations,
each implying an infinite number of identities among the
Fourier components N 5, of the Neumann function:

1 1 St d—2 m° | = (r)
> —i— > nim—n)—— Ny, _,—mwn+a0)Jwy ty",=0, (E8)
m>1 m | a, n=1 2 2 s

1 2,75 1 T 1 m—l_”
21 r_nT’ wm_arsP' 2Pra_lvm“‘_a—l) z Nm—u,n Y =0, (E9)
m> r n=1

rns
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m,n>1
rs

n—1

+a, 3 kin—k)Np,_«Ni—a; 3 nkNiNn _in

k=1

1 &
nN %, wi —--——(n +k)N

2 T m +nk
m,nk>1 k
7,8t

n—1

+—2k(”'—1)Nﬁn INIk—Z_zm(k_l)N wiN ki

Qs 11
Here wy? is defined from w'”

(r)=i2 2 w;ls,y(s)m/m ,

s=1m>1
or, more explicitly,

)in (3.51) by the relation

m—1
wg:xrs'nNin '*'ar“l 2 mNs:x—-n,n ’

n=1
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2 (l/na,a,) {Sna,(m +n )N:n +n +6rsnﬁ :n ""arasmﬁ :"w’?

with X™ given in (3.51), and a in (E9) and €, in (E10) are defined by

3

a=a10a; €x= € .
t=1

m—1
P-a”, y¥ =0, (E10)

k=1

k—
' ay e =0. (E1D
A =1

(E12)
(E13)

(s)

As a matter of fact Eq. (E7’) contains another type of term proportional to oscillators 7 7 v 7Y%, which yields, how-
ever, the same equations as (E11). On the other hand, Eq. (E5’) consists of only the terms quadratic in ghost oscillators,

which read
t
> — 3 = (n—mWwp ,n+mwSws +
mnzlmn Qs r

After all these five equations (E8)—(E11) and (E14) are
equivalent to the O(g) nilpotency condition (3.7).

Let us start with the proof of the first equation (E8).
We should note that those terms in (E8) come from the re-
normal ordering of BRS charge at the vertex, and hence
depend on the values of space-time dimension d and the
intercept «(0). For the functions f,(x)=T(nx)/
n!l'(nx —n +1) given in (3.11) which are related to the
components N7, and N/ of the Neumann function we

2 — m—1 —
“mnNS,+ S nim+kws _ N& 179y =0 (for r=1,2,3).
2 k=1

(E14)
r
If we define another function X(w) by
X(@)=Lo2y0)= 3 nfy)e", (E17)
Y dw n>1

then, by differentiating (E16) twice and eliminating y, we
find

w—a—X—X-{—(l—Zy)Xz—f-y(l—y)X3

=0. (E18)
have a generating functxonal y(w) introduced by Mandel- dw
stam,? .
Further the application of an operator
y)=y 3, fry)e", (E15)
1
S _ Xy =2 |,9 —3w—§—X
which satisfies an equation 3y(l—y) ow
1=e’"" —we” . (E16) to this yields an equation (at most quadratic in X)
J
3 |’ 9 a | d
1-2 L Xx—0oZX|+37(1—-p) | X o= | X—3 |0 —y+ 7 X0 —=—X=0.
( Y) v wamX]+ y(1—7y) © X-3 wan +2(1—y+y )Xa)an 0 (E19)
It is easy to see that, by using Eqs. (3.11) and taking ¥y = —a, , ;/a, Eq. (E19) reads in its component form
— a, ~!(p— —
(@ 1=ty )+ DN+ |m+ SN S mm2nmm) g (E20)

Ap i1 a, 1 |n=1

n=1 m
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If we use this identity, Eq. (E8) is reduced to the form

1|1 mgh|d—26 = rr
—|— —— |In(m—n)N},, _
MZZXm a, n§1 2 ln m nm—n
r

+[a0)=1] S wy |y",=0. (E21)

The LHS corresponds to the quantity (3.49) appearing in
the previous proof in Sec. III, and vanishes if and only if
the critical conditions d=26 and a(0)=1 are satisfied as
is clearly seen.

Next is the second equation (E9). It actually holds sim-
ply by the momentum-conservation condition

3_,p¥=0. It is interesting to note that we could have
determined uniquely the ghost front factor W of the ver-
tex | V) from this equation alone if W is assumed to be
cubic in ghost operators.

For the proof of the remaining three equations, we need
one more relation [(E28) below] which gives a connection
between mN 3, and mN |,,. It is derived as follows. Dif-
ferentiation w,3/3w, of Eq. (D8a) in the previous appen-
dix yields, when &, > &,

~ ~
— (0] w
2 mNzan(5?+5:n)=—8m S., + s»-t
m,n>0 @, — W W, —Og
1 1
+ —+ e
zZ—Z zZ—2Z
X, 0% £ 2(8,3—8,) -
dw,
(E22)

5.!
Applying an operator f d&;3/9d@; to this (i.e., subtrac-
tion of the value at @, =?)), we obtain

— @
E MNﬁnw;"5§=—5m s..
m,n>1 (P O
i 1 _ 81 _5s2
z—57 z-—1 z
><w,-£j~, (E23)
r

which, by the help of (D14) for s =2, is rewritten as

l_i]_aﬂ]
V4

X 8r2_8r3"{"al z nﬁ;w:

n>1

@,
VAl m~n S

> mNp,o7di=—05,
mn>1

@, — &

"'Ssl

(E24)

As is well known,2%?2 the relation (E16) enables us to

2419
solve (A1) with respect to z:
z(w)=exp |a; 3, N ol |, (E25a)
n>1
To 2..n
2(wy))=wexp |—+a; 3, N3 |, (E25b)
a; n>1
T —
z(w3)=w; " lexp 2 tirta S Nlot (E25¢)
Qas nx>1

If we introduce X, (r=1,2,3) by slightly redefining the
above X in (E17) as

X (o,)=a, 3 nNjo}, (E26)
n>1
then (E25) can be expressed by X, as

(o)) ay a2X1 ( a2X2
Z(w)=—"""—7, zla))=—"",

VT a4 asX, 7 ay—asX,

(E27)

2o)=—2_1

N A

Here we have used the first derivative of (E16) to elim-
inate the exponential dependence on the N ,’s. Owing to
(E27) we can eliminate z and Z from (E24) and obtain the
desired formula after some calculation:

S mNEola =8, ——r
m,n>1

W5 — Wy
8y + XX, —(a/a,’as) X, X,

-1 -1
€rs +Q, 0 Xs'—asar Xr

X,.

(E28)

Now the third equation (E10) is understood to hold be-
cause it is proportional to (E28) if rewritten in the form of
a_differential equation for the generating functionals of
NZ,and N,

The procedure meant by this is as follows: First, we re-
place the oscillator variables P-a'”,, and ¥'*, /n in (E10)
formally by the powers ;" and @ ; of the variables w, and
@, of the generating functionals

~ N NS m~n
N(wr’ws)z z Nmna)rws»

mmn>1

(E29)

and X,(w,) [or X,(@;)] of N3, and N/,. Then we can
perform the summation over the indices m, n, and k in
(E10) and rewrite it in terms of those generating function-
als. For instance, the first and fourth terms in (E10) are
rewritten in the following way:

k—1 "
S (m4+n)Np . x™"=3 kNix* 3

mmn>1 k>2 n=1

A
x

k>1 x =y
L[X@ xp)
=(x—y) ' |——y——"x]|,
a, a;
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n—1

S 3 kin—kNp,_kNix™y"
mn>1k=1
> nNZ.x™"| |3 kNiy*
m,n>1 k>1
) Xs( )
_ ON(x,y) eV (E30)
ax a,

It requires considerable efforts to prove the remaining
equations (E11) and (E14). To prove them, we again
rewrite them in the form of differential equations for the
generating functional of N}, and N by replacing for-
mally the oscillators a_”mam 9% ?' the vanables

Lka,@"a"+&MoMa ¥ in (E11), and v,

mna,a,+(0l'é ! —& Tof)

in (E14). Then the above identity (E28) enables us to
eliminate N(w,,@;) from those equations. Since Eq.
(E18) holds also for X,’s in (E26), we can further rewrite
them by using (E18) in the forms depending only on X,’s
without derivatives. The coefficients of X,’s in the resul-
tant equations can be shown to vanish by straightforward
calculations.

APPENDIX F: PROOF OF EQS. (4.16) AND (4.17)

First, let us calculate 4 =A4(z,), dC/dz=(dC/dz)(zy),
and C=C(z;y) appearing in Egs. (4.16) and (4.17). They
have the meaning of (3.38): For example,

Alzg)= 1imi’%z’{A(p>‘-’+[A<p>,EX]}, (F1)

z—2,

where A(p) in the RHS is given by

_ 1 1 3 (g
A(p)_a,\/'r_r 2«

n=—c

¥ (&=g+io,)  (FD)

with arbitrary r. From (4.6) we have

znzv,,,,,e a*, . (F3)

n>1

[A(p),EX]=~‘71_1T~;1— s

r m>0
s

[We omit the prefix (4) in the Neumann functions N (4.

Since

A(p)(—) (‘/;ra )—l 2 a(r) —n§,

n>0

in (F1) does not contribute, and we have, from (F3), (A23),
and (A24),

1 a,
A —_ sr (s) .
(zo) ‘/;T;ZO_Zr o +,,§',aN (F4)
s
Similarly from
dac dp(z) |dC(p)'~  |dC(p)
2 (20)_z1_.z° o dp + dp »Erp | | »
(F5)
Clzo)= lim ﬂ{C(p)“’HC(p) Eml},  (F6)
Z—DZ
with
[
Clp)=a, cine™r (F7)
V2
dClp) _ 1 dC _ . 1 1 § o, F8
dp @ dt, Vea 2 T
2
-~ __1__ _1__ < —=(r) "C,
C(p)-—‘/;r o nzwcne
_ & S

and Egp given by (4.6), we have
1

(ZO)—" vV 2 zO—Z S SNy, ,  (F10)
r r nzl s
s
E(Z — 1 2 ar 78” + 2 ____er?(s)
0 - ‘/;r . _‘Zr a, "21 a, n0/ —n
(F11)
Likewise, A*=A(z5), dC*/dz=(dC/dz)(z5), and

=Cl(z§) are obtained by replacing z, by z§ in (F4),
(F10), and (F11), respectively. Note that the above formu-
las are valid for both the 3-string and 4-string vertices.
(In the 3-string case we have zg=z;.)

dp(z)/dz=0(z—2zy) (z~2z¢), From (F4), (F10), and (F11) the LHS of (4.16) becomes
J
1 dC ~ 1 dc* —~ 4 1
— |42 25=C|—— |4**—2==C* Il B (r) __(s) rs ) =, (s)
a dz a* az ™ 2M>0 MomaZn: “—m+’n>§"20Mmr 77 Em | (F12)
where M,,, is given by
M =3 Im Ao NN (m> 1) (F13)
e azo—Z 20—Z; a;, " =
a; Qs n =, |
I L vE .
E m azo-—Z ez |a Naog (2D, (F14)
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a, Qs

1 1
a zo—2Z, zo—2Z;

a,a;

M3 =Im (F15)

For fixed values of @,, the Neumann functions N 3, defined by (A7) depend on Z,_, through the Mandelstam map-
ping (A1). In the following we take a special parametrization of Z, by the o coordinate o of the interaction point lying
on a fixed time 7¢:

Z,=Z,(0y) . (F16)

That is, when oy varies over the range 0 _ <oy<o0 ., Z, of (F16) realize

4
oo=Im Y a,In(zy—Z,)

r=1
with
4
7o=Re Y a,In(zy—Z,)
r=1

unchanged. For such a parametrization of (F16), (d /dog)Z,(0y) is given by

1
—Z,(gg)=I F17
do. % (00 m a ZO-—Z, ( )
with a defined in (3.34). Indeed, when (F17) holds, we have
d a, dz, dZ,
—_— 1 —Z, )= -
dao ;ar n(zo r) ; Zo—z,. dO’O dO’O
_ a, Im 1 1
- ’ Zo——z, a Z()*—Z,.
_dfig_ @ 1 g
2i |a < (202, a* zo—25 £ T |20—2Z, z§-2Z,
=i (F18)
by using Eq. (3.32) and the definition of a in (3.34). This implies
d d
——o09=1, =0,
dO’O (o)) do %o ——To (F19)

as is required by ¥ a,In(zo—Z,)=7y+io,. Now the Neumann function N },, is a function of oy, and (4.16) is proved if
we can show that

M'?"'_Ed—oNn (n,m>0). (F20)

For N & (F20) is shown by differentiating (A12) and using (F17) and (3.32). For N = (n > 1), the integral representation
(A13) is useful. We have

N 1 1 dz, n a;/a, dZ; | _ng (2)
nO— 952 e +
r 2m z—Z; |doy z—Z; § z—Z; dog
a,~/a, dZ, dZs —ng,(2)
_¢Z’ 2mi z— Z ; z2—Z; |do, do, ’ F21)
where use has been made of a,(d /dz),(z)=3,,a;(z—Z;)~!. Then, from
9Zi 9% 7z )im | L : (F22)
dog do, LETZ)—E=Z)lm e =z |

(F21) is further rewritten as
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1 1
2m| > (Zo—Z; N2o—2Z,)

—n;‘,(z)
¢z, 2mi z— Z —-2

where the second integral drops out again owing to (3.32).
Equation (F20) for n,m >1 is shown from (A21) and
(F20) with m =0. Thus, we have finished the proof of
(4.16).

In order to show (4.17), first recall that C=C(z) is
given by

C(z)=C(p)' = +[C(p),Erp]

S NEeyS,, (F24)
n>0m>1
5

=C(p)("—i—‘/l—;

where C(p) ~ is the creation and zero-made operator part

of (F7). C(z) given in (F24) is analytic around z=z, and
has an expansion

C(2)=co+c1(z—2g)+Fcx(z—2o P+ - -, (F25)
where

|
d dC(z) 4po 1
—Cl(zg)=1lim | ———+ | —i—
dog 0.5z, dp dog l vV "25,,21
s

ai 1 —ng,(2)
¢Z' 2mi z2—2Z; € ;Im
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1 _a 1|1
az20—2; 20—Z%Z; |a,
% —N" M7, (F23)
a (zo Z)Nzo—2Z,) 0= n0
|
CO=C(ZO), Cl=%§‘(20) ’
(F26)

_dc
Cr= dz? (zg) .

Then, from (3.35) we have

dClz) _ 92 | (2 zo)—-——l—O(z 20)
dp "dp dp
1 1 3b 1
= ‘— 22 77 + 2’ c1— 2ac2+0(z—zo) ,
(F27)
from which we obtain the formula
d*C
=—=(2p)
C3 d22 0
—lim |—2a9€2) | 1,3 . (F28)
72, dp z—zyp 2a
On the other hand, from (F24) we have
rs ‘:, (s)
——N Yim | (F29)

day

where the limiting procedure is necessary because each term on the RHS separately diverges at z=z,. On the RHS of

(F29), dpy/doy=i because

Po="To+i0p+const (F30)
(see Fig. 6), and from (F20) we have
d =7 n; ( ) a; aj 1 n = nt )
—N7} T = —3§; —N DN F31
nztl,zmzl dog ™" 2 "l 20"Z Zo— a, "+,,§, a, noe ,,,22, a oY Zm (F31)
§ s
From (A23) and (3.35) we have the Laurent expansion
1 no=n ng,  |dpz) |1
—8,+ Y —N,, —
r v n§] r "Oe dz Z-—Z’-
_1 1 3b 1 11
=% |77 24 |70-2, T 2a (zg_z,2 1O 7% (F32)
Then, by making use of the formulas
a; 1 a;
I J —_ i J
E ar Zo— Z 20—2; |29—Z; lzo_zj ’ (F33)
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1 1 o i 1 .3 q; i 1 a;
—SIm|— =i— - s (F34)
a ? a zo—Z,- ZO—Zj (ZQ—Z,')Z 202 ZO_Zj a‘ 20_25 Za —‘Z]
and (F30), (F29) is rewritten as
d L1 dC(z) 1 1 3 | dC 1 1 dC , . 3b dC
4 Ccz)=ilim |9€@) _ 1 | _ 3b18c ,y— a5 =2 oL . F35
dog (20) tanz)O dp 2a z—zy 2a J dz (2o) 2a* zy—z§ dz (z0)+ 4q? dz (zo) ( )

Equation (4.17) follows from (F35) and (F28).

APPENDIX G: PROOF OF (4.20)
We show in this appendix that Eq. (4.20) actually holds:
9%  6c

d
—Inf(oy)=Im YR

do (G1)

First of all we note that this equation is invariant under
projective transformation (4.26):

8Z,=a+BZ,+vZ> (r=1-4). (G2)

Indeed the invariance of the LHS, or equivalently of f(o)
in (4.29)

4 NI
[1(dz,e " ®)

r=1
S == e (G3)

is clear from the invariances of d¥V,, and dZ,e N [see
(A28)]. The invariance of the RHS of (G1) is seen as fol-
lows. The equation
4 a;
dp | _ — =0 (G4)
dz |;=z, =) 20—Z;

determining the interaction point z, says that z, also re-
ceives the same projective transformation as (G2), and
thus zy—Z, transforms as

8(zo—2Z,)=(B+2yzo)z0—2Z,)
—y(z0—Z,)*. (GS)
Accordingly a, b, and ¢, defined by

1 3 a,
T 5 b:——-——— T o3
r=1 (20“Zr)2 35 (ZO—Zr)3

d8a=—2B+2yzpla ,
8b=—3(B+2yzy)b—2va , (G7)
6c=—4(B+2yzy)c—3yb ,

from which one can easily verify the projective invariance
of the quantity 9b%/2a3—6¢ /a>.

Now since we have checked the projective invariance, it
is enough to prove (G1) by taking a particular gauge; we
take Z,=1, Z,=x, Z3=0, and Z,= oo, then Mandel-
stam mapping becomes

p(z)=ayln(z —1)+a,ln(z —x ) +a;lnz (G8)
and Eq. (G4) now reads
a, ay Qa, [0 4
= — =0, G9
; Zo——Z, Zo—l Zp—X + Zy ( )

or equivalently

agzo+[(@y+a3)+(ay+a3)x Jzg—ax =0, (G10)
and determines the interaction point z, as in (7.13):
Zo=“(a23+al3x +ia13A)/2a4 ’ (G11)
aBAE{——[a132x2+2x(a1a2+a3a4)+a232]}1/2 . (G12)

Here we have used a convenient notation a;; =a; +a;.
In this gauge (G3) becomes, with the help of Eq. (A12),
f (o o) =

;x |x_1|A,21x iAue—Bfo

a; 1
YT q * a; ,gl a, )
where 7, and oy are the real and imaginary parts of p(z,)
and hence we have

. d/dx @, dry . doy
c=i é a, : (G6) p(zo)=To+ioyg=> x—zg =7d—x—+l—‘;‘ (G14)
4 r= ( _Zr ,
1 1%o ) With (G13) and (G14), the LHS of the desired equation
transform as (G1) is given by
|
d d*x / dx dx | An  An d7o
=1 — —
doy, nf(ao) doy?/ doy doy | x—1 x Bdao
Im[(1—zg Nx —z¢)?] x—zp|2 | 4 A Re(x —zg)
_ 0 . 0 | ol 2 An | p 0 , (G15)
a,(Imz,) ayImz x—1 X Imz,
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hereafter the prime denotes d /dx.
On the other hand, the RHS of (G1) can be estimated in this gauge as follows. First, differentiating (G9) a few times
with respect to x, we obtain

3

a,
— — % (21-8,,)=0,
,% (zo—Z, 2 07 2)
3 a,
23— , -0, G16
r§l (z0—Z, ) 52 +2 (zo—Z )2 (G16)

6 —8,,)'—6 )zg + —zy' =0,
,21 (zo——Z (z0=0n 2, (zo-—Z 7 F0=8r)2G ,21 (z o—z 2
which give the following relations for a, b, and ¢ defined by (G6):
2azy=a,/(zg—x)*,
3b(zp)*  2zp(2zp—1)
o T zy=o0, (G17)
a Zg—X
12¢(zp)*  6(zp)X =323 +320—1)  62025(1—2)
0 4 0 0 - 0 020 0 tzizl —3(z5)*=0.
a (zg—x) Zp—Xx
By using these we find
92 6 1 [@—x?|z5" [z |’ z5 1 1
S-S E= i | 2| +2(zg—x) Y 1+ = |=2|zo—14+— | }. (G18)
2a a a; Zy zy zy F2) Zg 2y
We can further eliminate z and z;' from this expression by using
z_(’)'__ —2i(agzo+ay3) _z_b:_ —6(2a4zg+a3)aszo+a;3) (G19)
25 a3A C oz (ap;A)? ’

which follow from Eq. (G10) with differentiation (d /dx)* and (d /dx ). Thus the problem to show (G1) is reduced by
using (G11), (G15), (G18), and (G19) to prove the equality between

92 6c aJdm[(1—z5" ) x —2z4)?]
—asa4(Imzg)Im PSRy Tmz, —a,a4B Re(x —2zp)
(x —zq)? . a 2a
=Im l—o— 2a42(1—z6—zo')—a4a,3+——173— +i(x —2zq) 2c:z‘,zf)—azz(2+a4,B)+——,li —a;3A z{,+—1,-
aj3A Zp 20 29
(G20)
and
A A
-——a4]x—20]2 “__IZT == =a2[A12x+A23(x-1)] . (G21)

Now (G21) is a very simple quantity linear in x, and so we need to rewrite (G20) further. Substituting

20+20 = —a 3/ay in the first term and collecting the terms with the same power in z{ we rewrite it as
apy (x+id—zg)? apA
(G20)=Im [—1,—3———————0~+2ia4zb x—zo+i D
Zg A 2(14

x—zo iax2+a4B)

ay(2+a4B) 2
(113A 2a4(a4—a2)

a4(a4—a2)

+al3Aa4(a4~—a2)

1
2 ] ] . (G22)
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The last term can be thrown away since it is real. An im-
portant fact there is that zpA has a constant (i.e., x-
independent) absolute value; indeed from (G10) and (G11)
we have

' A . as
ZoRA=—1|Zg— —
a3
ia aa,+aza
=By A T (G23)
204 ap
a;a,a3a
| 268 | 2= ——~ (G24)
agaps

Because of this fact and the form (G23) of zyA4, it is now
easy to see that the imaginary part of the first term of
(G22) as well as of the second and third terms is actually
linear in x, as (G21) is. By substituting (G11), (G12), and
(G23), one can check that (G22) actually coincides with

(G21).
J

Ty=(2m)+1s {);a ]a [zp](%)N’3(2g)N“2tr<tp(l) (@) | - (@] [ "[dr][A"(1,2,..., M),

where
N-3
[dr]=]] dn:
i=1

and each of the parameters 7; comes from (7.18) applied
to each propagator of the intermediate string. Therefore
| A™M(1,2,...,N)) generally takes the form

Ay = [ [H(R(i,j)) ]H(QeTL) [Hm] .

The meaning of this expression will be well illustrated by
taking an explicit example, Fig. 28, for which (H2) is
given by

| A pig 5= [ d6d7d8d9I(R(9,8)| (R(6,7) | QQ®

(6) (8)
L 5L
1 e 2

(H2)

xe |v(1,7,8))

X |v(2,3,6)) |v(4,5,9)) .

As was explained in Sec. V A, the 3- and 4- string vertices,
the propagator L, and the reflection operator |R(1,2))
have the OSp symmetry. Therefore the calculation of
| AY) may be performed in a completely OSp-invariant
manner and hence it is convenient to use an OSp-

[1

FIG. 28. A typical light-cone diagram in which the shaded
region corresponds to the effective vertex | AY).

2425

APPENDIX H: EVALUATION OF THE GENERAL
N-STRING EFFECTIVE VERTEX

In this appendix we evaluate the general N-string effec-
tive vertex | AY(1,2,...,N)) aside from the measure by
using the path-integral method, i.e., we give a derivation
of the exponent factor bilinear in bosonic and ghost
creation operators in the N-string amplitude (7.32). Equa-
tion (7.19) will be shown as a special case of the 4-string
effective vertex | A,(1,2,3,4)). Actually the N-string tree
amplitude in the light-cone gauge theory was given by
Mandelstam® by using the path-integral technique, and
the following argument is an application of his method to
the covariant theory.

The general N-string effective vertex
|A™(1,2,...,N)) is defined as a generalization of the
N =4 case, (7.17): The N-string tree amplitude is written
in terms of it as

(H1)
T
covariant notation here:
PM(0)=T/1?"=_wa,’,”cos(no)
=L Mcos(no)
Va &b
= |P¥o),—ac'(o),—c(o) |,
aM=(a",yn,7n) (n£0),
(H3)

ag' =(af=p*,0,0)=py’ (n=0),
M
n

a,’,"—}—aﬁ_’,, (n>0).

Il

p

Similarly to this P*(c) we have an OSp extension XM(¢)
of the coordinate variable X*(o), by which the Lagrang-
ian of first quantized theory is given by
33, X3, XNy pgnm®.

In terms of the path-integral language, our task to
evaluate the vertex |AY)) is equivalent to obtaining the
Neumann function defined in a region corresponding to
the vertex, which is a shaded region, for example, in Fig.
28. We shall consider, instead of only the shaded region,
the whole region of Fig. 28, whose boundaries are speci-
fied by large but finite values of £,, i.e., £2. With these £°,
we rewrite | AY) into two factors,

e +&L(e—EL | AMY) (H4)

with L =3V_ 91" and evaluate first the latter factor
e~£°L| A™) by the path-integral technique and then mul-
tiply the former factor to take the limit £&2— — oo.

Denoting by N, the Neumann function of the finite re-
gion of Fig. 28 bounded by £2, we obtain through the usu-
al path-integral procedure the following expression for the
second factor of (H4):
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e LA ~exp | o= 3 [ d0,d5,PM (o, ) PYE, N (0,655, 8) | (HS)
rs

The Neumann function given in (A7) is the one corresponding to the infinite region. However, the Neumann function
N, here is a different one, which satisfies the boundary conditions that the normal derivatives of N, to the boundaries
&, =£° as well as to the horizontal boundaries of Fig. 28 vanish. This condition can be satisfied by adding a homogene-
ous solution N, of the Laplace equation to the Neumann function N of (A7). An appropriate homogeneous solution N,
is

No(ar’gr;gs’g)= —8s 2 "2—9
nzln

12674, (cos(na, )eos(nd,)

+2 3 1_\7f,’,,,[(e"g'+e"(2§9—§’)—8,0)(em5’+emu§(‘)_§”—5mo)—e"g’emg’]cos(na,)cos(m&}), (H6)
n,m>0

and the Neumann function N, over the finite region is given by N, =N +N,. Note here that N, goes to zero in the lim-
it £— — o and thus N, recovers the Neumann function N over the infinite region.

Precisely speaking, N.=N + N, does not give a truly correct Neumann function. N, represents merely a first reflec-
tion wave from the boundary 52 and we need an infinite sequence of reflection waves. Fortunately, however,
N.=N+ N, already gives a correct answer if the limit 5‘,’ — — oo is taken later. Thus N, has an expression at the boun-

dary &, =§(r):

N.(0,,E55,ED=—8, 3, %cos(na, )cos(n &y )+ 8,5 262
n>1

+2 3 (2—8,0)(2—80)N fme

n,m>0
Substituting this into (H5) we find

"§9+mfgcos(na, Jcos(may) . (H7)

2
- 1 g1 P s nE4+mE?
eS| AM) —exp | = B~ M mane "+ ZET 5 3 N M napi | (H8)
n>1 n r n,m>0
r r,s

From Eq. (H3) we have

ar=2 o +2m=2—| (m>1) (HO)

mM

and thus

apexp —% 2 —,l,-m‘.””nmp,‘."” =0 (mx1). (H10)

n>1

r

Therefore the first terms in the exponent in (H8) are found to give a functional expression of the ground states of oscil-
lating modes of all the N external strings:

1 < 1
exp |— 5 3 —p M mawpy™ [ =10) 1w (H11)
4 st

r
Now we can rewrite Eq. (H8) into

2
r

- p = 0+mE?
LAY ~exp STt 3 Fme™ W pls™ | [0),y (H12)

r n,m>0
r,s

In order to obtain | A’Y’) we have to operate

2§?L(r)
’

exp

on (H12) from the left. As a result the term 3,£%(p,2/2) in (H12) disappears and the oscillators a\” in p\” are replaced
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by a(f) "50.

|AM) —exp |5 3 No [(e —Sno)a(”N-i-a‘_'),],V]nNM[(e —Smo)a(’m-i—a(i),ﬁl [0)1_w - (H13)
n,m>0
s

Taking the limit of £°— — «, we finally arrive at the desired expression of the oscillator part of Eq. (7.32), since all the
annihilation operators drop out:

1 (r)N, ()M
7 }E N}ma—nnNMa—m
n,m>0
r,s

| AN ~exp [0) 1w - (H14)

APPENDIX I: PROOF OF EQ. (7.48)

In the Mandelstam mag}pmg (A1), let us consider an infinitesimal change of the parameters a; (i=1—N) which
preserves the constraint ,;_,a; =0:

N
28(1,=0

i=1

a,-——»a,-+8a,» (Il)

Equation (7.48) is a consequence of the fact that the Neumann function N(p,5;) (=In|z—Z| +1In|z—Z*|) of (A7)
is invariant under the variation (I1) since it changes neither z nor Z. In order to calculate 8N (p,,5;) we need an expres-
sion for 8£,. Under the variation (I1) we have, for 7’ of (A5),

N
87 =Re[(p+8p)(zy +825)—p(zy’)]=Re —ﬂuo )8zy) +8p(zy”) | =Re 8p(z§")= 3 da;ln|zy’ —Z;| ,  (12)
i=1
where use has been made of (A6). Then from
N
a,&,+70=Rep(z2)=7 a;ln|z—Z | (I3)

i=1

we get

N
86,=— | 3 baln|z—Z; | —ba,&, —b1f | =

r li=1

N
2 da; —

,|n|z=2Z; | —=In|z{’ —2Z;]) . (14)

r

Equation (I4) can be further rewritten by making use of the formulas obtained by putting Z—Z, (£,— — o) in (A7):

In|z—Z, | =84+ 3 NP cosna,), In|z§'—Z, | =S NZwos(na’), (15)
n>0 n>0

where o is the o, coordinate of the interaction point of the rth string. We have

8¢,

0,0l = 2 da; 3, Noe" &_ 1)cos(noy) , (16)

@ i1 n>1

where use has been made of the property (A20).
Now, let us calculate 8N(p,,3;) at 0, =0y and &, =0
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0=56N(p;,ps)

=26, ze”"'5"5"cos(na"’>cos<na‘“)—~25a S Nio|e  —e* | costkal)
nx>1 i k>1
L 3 6a; 3 N Zofexp[k max(§,,E,)]1—1]cos(kal”)
roi k>1

+2 ¥ N n—- ZoSa szo(e ——l)cos(ka

n,m>0 i k>1

m——~28a S N " _1)cos(kat®) eng’+m§‘cos(na(’))cos(ma(,”)
i k>1

+2 3 51V,?me"§’+ g‘cos(na, )cos(mo¥)+ (8o terms) , 17

n,m>0

where (80 terms) represents terms containing 8o, or 677.

(r) _(s)

It is enough to consxder the case o; ,0; =0 or 7. Then these

(80 terms) drop out since they are proportional to sin(noy”) or sin(mo'?’). Further, the first term in the large

parentheses 28,,( ...)in (I7) is rewritten as

b e-ntg,— s 2&1 o Nkoie —ekg‘lcos(ka"’)——z&z. S NFmoe neptm g‘cos[(n +m)ai]
n>1 i k>1 n,m20
— 3 NFoexplk max(&,,&)]cos(kay”) |,  (I8)
k>1

where ¥ denotes the summation excluding # =m =0. Then, by comparing the coefficient of e

the following formulas:

brtmé,s in (I7) we obtain

SN 5=6,— 3 6a; 3 N ocostkal) (19)
a, = k>1
n—1 _ .
O i~ i (nBN G maN &)+ 3. b (5 N;'+,,.o+‘ S (n—kN N 2o
Qa, k=1
1 m! AT TS AT Si
+ LS m—kNT, N |=0 (n4m>1. @O

As k=1

Equation (7.48) is an immediate consequence of (I10) and the defintion (7.41).
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