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The similarity between the two-body 7 decay into the pion and the neutrino and the pion decay
into the muon and neutrino suggests the possibility of radiative = decays (r—mv,y and 7—pv,y)
analogous to radiative pion decay. These three-body decays can provide a means for determining
the 7-neutrino mass. The decay 7— v,y is useful for determining the sign and magnitude of the

structure parameter y.

I. INTRODUCTION

All known properties of the 7 particle’ are consistent
with the hypothesis that like the muon, it differs from an
electron only in mass and in probably having its own asso-
ciated neutrino, justifying its characterization as a third
lepton. The radiative decay mode r— v,y accompanying
the decay 7— v, [which has a branching ratio of 10.9%
(Ref. 2)] is then closely related to — v,y and could be
used as a further check of the e-u-7 equivalence as well as
to gain information on the structure-dependent terms in
the radiative 7/v matrix element. The process could also
be used to study the problem of the neutrino mass.
Another important mode of the hadronic 7 decays is into
pv,; therefore the rate for its accompanying radiative de-
cay into pv,y will be correspondingly frequent. The rate
of this process can be calculated with reasonable as-
surance also.

Section II presents the calculation of the radiative decay
process T—v,y. Previously published results contain er-
rors and/or misprints for the related process m—Iv,y,
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which are noted and corrected. Section III presents a rela-
tively unambiguous calculation of the decay —pv,y. A
discussion of the numerical results of the two decay pro-
cesses are presented in Sec. IV. The possibilities of
neutrino-mass measurement from the decay are con-
sidered in Sec. V.

II. THE DECAY 7—7v,y

The matrix element for the radiative 7— v, decay re-
ceives contributions from so-called inner bremsstrahlung
(IB), in which the photon is emitted by one of the ingoing
or outgoing particles, and the direct or structure-
dependent (SD) terms, in which the photon is emitted by a
virtual intermediate particle during the course of the de-
cay process (see Fig. 1). The general form of the matrix
element for the decay process

T7(s)—>m"(p)+vq)+y(k),

where the arguments in parentheses denote the corre-
sponding four-momenta can be written as’
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where J"=1u,(q)y*(1—v5)v(s) is the leptonic current. G is the universal weak constant, e is the electric charge of the
proton, and €” is the photon polarization. F*(¢) and F“(t) are the vector and axial-vector form factors depending on the
square of the momentum transfer, ¢, and are required to be real by time-reversal invariance. The differential decay rate
with respect to the energies of the photon ({=2Ey/m,) and of the pion (y=2Em/m ), is found to be
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where I, the total decay rate for the two-body decay process T— v, is
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The other quantities are given by
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with INT representing the interference terms, and
A=(1—n+r),
B=(1-§—r),
B=(1-=8)1—-C—n)+r .

The constants, multiplying the IB, SD*, and INT? terms
are

2 2m, N
Cp=Cf," [1— L
T
7
m
Csp=C——|F"|?,
4
3 12
m, F m,
Cinr=C 1—
=T [ 2L |1 | 22|
with
_ G?e*cos’0
1287°

The vector form factor F*(0) has been obtained from the
m°—yy decay by replacing the photons with a lepton
pair.> From the conserved-vector-current hypothesis,® one
can relate the isovector part of the electromagnetic
current and the strangeness-conserving weak vector ha-
dronic current. So the vector form factor F¥(0) is related
to the 7°—yy decay amplitude d through the relation®

1
V0)—= — ——
F"(0)= \/id
and so

|F"0)| = 1

1 [2h@®=yp) |
a m™m 20

Using the 1980 value for the 7° lifetime (+0.828 x 10~!®
sec) (Ref. 7) the value of | F¥(0)| =0.0265. The above
equation does not say anything about the sign of F*(0)
and so it is undetermined. Likewise, the ratio of the
axial-vector and vector form factors y =F4/F" (Ref. 8) is

also undetermined in sign. The value of f,=0.945 (Ref.
9). Unlike the case of the radiative decay process
m—lv;y, the maximum value of ¢ can be large compared
to the square of the p-meson mass, which presumably
controls the variation of FY given by

p
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in the simple pole model. So the approximation ¢ =0 is
not strictly valid. However, since the precise dependence
of the form factors on ¢ is not known, an average value of
| F¥(¢)| is assumed (~0.0265).

The partially integrated decay rates for the SD¥ and
INT? terms are suitable for the study of the structure-
dependent parameter y. The photon energy spectra of the
SD terms are (assuming a cut of n=1)
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FIG. 1. Feynman diagrams for the process r—mv,y. (a) and
(b) represent the contributions to the inner bremsstrahlung. (c)
and (d) represent the vector (V) and axial-vector (A4) contribu-
tions, respectively.
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The photon energy spectra for the interference terms are
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It may be mentioned here that there are some discrepancies between Refs. 3 and 10 regarding the expression for the
differential decay rate for the accompanying radiation pion decay process m#—/v;y¥. In Ref. 3 a misprint was noted in
the IB term of Ref. 10 but unfortunately, Ref. 3 itself incorrectly reported the SD contribution. The discrepancies are

clarified and the new expression is quoted below:
ar
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with x=photon energy; y=Ilepton energy (both normal-



34 ANALYSIS OF RADIATIVE 7 DECAYS

ized to u/2, u being the pion mass, and m being the lep-
ton mass). The expressions for the SD terms differ from
Ref. 3 in that the coefficients of b and a are interchanged
and there is a disagreement in sign of a term in the ex-
pression for b.

A useful way of checking the validity of the SD terms
of radiative pion decay is to see whether these terms have
the physically required symmetry properties between the
lepton and neutrino energy z =2E,/u=(2—x —y) (Ref.
11). In the electron mode, the term r can be neglected,
and so the SD terms a and b become

a=xz(1—-z)+xy(1—y)—2(1—py)l1—-2),
b=x(1—x)[(1—y)+(1-2)]

which are symmetric in y and z.

III. THE DECAY 7—pv,y

The radiative decay process 7—pv,y is represented by
the four diagrams of Fig. 2. The first three diagrams con-
stitute the IB contribution while the last term gives the
structure-dependent contribution. The momentum of the
p meson is very small compared to the W-boson mass.
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FIG. 2. Feynman diagrams for the process 7—pv,y. (a)—(c)
are the contributions from the IB terms, (d) is the direct term.

The matrix element for the process
T7(s)—>p~ (pP)+vAq)+ (k)

is given by
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with g, being a scalar parameter of dimension M 2 and ¢7 being the polarization vector of the p meson.
The differential decay rate of the process 7—pv,y is given by
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Here, X is the photon energy and Y is the p-meson energy (normalized to m./2) and
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where now

r=mp2/(mf2) .

IV. DISCUSSION OF RESULTS

In this section we briefly review the results of the calcu-
lations presented in the previous section.
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TABLE 1. Total widths (energy units dimensionless).

Inner Structure
Process bremsstrahlung dependent Interference
T—TV,Y 1.721x 1073 (147)*x1.886 X 107°+(1—¥)*x 1.078 X 10~° (14+7%)X5.302X107°+(1—y)x8.343x10~°
Inner
bremsstrahlung Direct Interference
T—pV,Y 1.163x10~* 1.205x 1073 1.176 x 10~*
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FIG. 3. Dalitz plots for the individual terms of the process 7—mvy. (a) is the SD™* term, (b) is the SD~ term, (c) is the INT™*
term, (d) is the INT~ term, and (e) is the IB term (in arbitrary units).
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FIG. 4. Dalitz plot for total contribution in the process
T— v,y (in arbitrary units).

For the decay process 7— v, y, the total rates of the in-
dividual contributions for photon and pion energies
greater than 669 MeV ({o=m,=0.75) are given in Table L.
The values of the multiplicative constants are

a —4
Rp=—2—T,v,=1.266X10~*,
IB 27r(1——r)2 T

2

Rip FY
Rgp=—o | Z_ | =2.489% 1078,
D= 41—2m,/m,) | frr X

Rg(l—m,/m,) | F¥ ,

Rinr=———Y 7 |2 | -3.550% 10~
NI (1—2m,/m,) | fm X

with I',v,=10.9% (Ref. 2).

The IB, SD¥, and INT? terms have very distinctive en-
ergy distributions. A comparison between Figs. 3(e) and 4
reveals that the IB contribution is significant throughout
most of the kinematic region. Following well-known ar-
guments by Low,!* the inner bremsstrahlung contribution,
which depends only on the nonradiative decay amplitude,
exactly yields terms of order £~! and £° and dominates at
low photon energies.

The SD amplitudes, which are quadratic in ¥ and the
INT amplitudes are relevant for the study of the
structure-dependent parameter y (Ref. 14). Because of
their linear dependence on ¥, the INT terms are useful for
determining the sign of y. The kinematic regions suitable
for the study of the individual terms are as follows (Figs.
3 and 4).

IB: 540 < pion momentum (p) < 800 MeV/c.

SD: 625 < pion momentum < 800 MeV/¢

500 MeV < photon energy (E,).

SD: 170 < pion momentum < 530 MeV/c.

INT: 350 < pion momentum < 700 MeV/c.

INT: 170 < pion momentum < 500 MeV/c.

The photon and pion energy spectra for the individual
contributions in the appropriate energy and momentum
ranges are shown in Figs. 5 and 6.

Likewise, the total decay widths for the process
T—pv,y are given in Table I for p-meson momenta
greater than 892 MeV/c and photon energies greater than
535 MeV (X,=0.6, Y,=1.10). Here,
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FIG. 5. Photon energy spectrum for 7— v,y in the photon
energy range 350—900 MeV.
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FIG. 6. Pion energy spectra for 7—mv,y. (a) Contributions
for IB, INT*, and SD* in the pion energy range 535—800
MeV/c. (b) Contributions from INT~ and SD~ in the pion
momentum range 178—700 MeV/c.
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The decay width I';, =22% (Ref. 2). The Dalitz plots
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FIG. 7. Dalitz plots of the individual contributions for
T—pv,y (a) is the direct term, (b) is the IB term, (c) is the INT
term (in arbitrary units).
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FIG. 8. Photon energy spectrum for 7—pv,y in the photon
energy range 350—700 MeV.

are shown in Fig. 7.
The photon and pion energy spectra are shown in Figs.
8 and 9.

V. REMARKS ON THE NEUTRINO MASS

Particle decays into three bodies including a massive
neutrino are more suitable than the two-body case from a
kinematic point of view. This is due to the fact that the
neutrino can be produced with an arbitrarily small veloci-
ty. That is, the neutrino energy becomes a function of its
mass rather than the square of the mass. Hence, measur-
able effects linear in the neutrino mass can be expected.

The maximal photon energy in these three-body decays
is

Emax=1—(/m+m,/m)?.

The corresponding pion energy is

Ne =

=1 1.
max 1+m,/mv[ Hp/metmy/m.)]

The shift in the end-point energy of the photon depends
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T T T
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loalt = 18 ]
> 107 m
hd
=
© 10 ~
INT
10° - DIRECT .
0+ -
1 ! 1
08 03 1 K 2

RHO MESON ENERGY (Y)

FIG. 9. p-meson energy spectrum in the p-momentum range
714—1070 MeV/c.
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linearly on m:

(m =0)

max

(Ak)=ko_ (m=£0)—kq
=m,(u/m )1+m,/2u) .

For a r-neutrino mass of 142 MeV/c? (Ref. 15), this
corresponds to an energy shift of 16.73 MeV. "A mass
determination by establishing the exact boundary of the
Dalitz plot from a measurement of the differential rates is
possible although a determination of the partially in-
tegrated rates over the selected regions of the domain

might also be used to determine the neutrino mass.

In conclusion, it may be remarked that a study of the
radiative processes 7— v,y and 7—pv,y not only conso-
lidates the evidence for 7 being a sequential lepton, but
also provides a means of determining the upper limit of
the 7-neutrino mass and the sign and magnitude of the pa-
rameter y (the ratio of the pion form factors).
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