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We develop time-dependent perturbation theory for quaternionic quantum mechanics. We set up
the analog of the Weisskopf-Wigner formalism for the decay of a degenerate set of states, identify
the mass and decay matrices, and verify unitarity. The results support the conjecture that the
asymptotic-state structure of quaternionic quantum field theory resides within a complex subspace
of quaternionic Hilbert space. With a natural ansatz for the CP behavior of the quaternionic Ham-
iltonian, the formalism is shown to imply the existence of an effective superweak CP nonconserva-

tion in K decays.

I. INTRODUCTION

Time-dependent perturbation theory' plays a central
role in standard, complex quantum mechanics. Through
the “golden rule”? it describes the transition rates for de-
cay processes, and through the Weisskopf-Wigner formal-
ism® it describes the line shape and other decay dynamics
of metastable states. In a recent series of papers,* we have
formulated a quaternionic extension of standard quantum
mechanics, in which the wave function ¥ is quaternion
valued:

V=Wo+iV,+j¥,+k¥;, (1)
with W | , ; real and i,j,k the quaternion units’ satisfying

i2=j2=k2=—1 ,
(2)
j=—ji=k.
The inner product and norm in the quaternionic theory
are

(¥,®)= [ Yo,

_ 3)
¥l =(w,9)= [ P¥,

with W=W,—iW¥, —jW,—kW¥; the conjugate of ¥, and the
inner-product-preserving (or unitary) dynamics is
N _ _Fv, 4)
ot
with H a quaternion—anti-self-adjoint Hamiltonian. Our
aim in this paper is to establish an analog of the standard
time-dependent perturbation-theory analysis for the
quaternionic quantum mechanics formulated in Egs.
(1)—(4).

To begin, let us assume that H is the sum of an unper-
turbed Hamiltonian H, and a time-independent perturba-
tion V, both of which are quaternion anti-self-adjoint. To
simplify the formulation of the problem, we invoke the
spectral theorem® for quaternion—anti-self-adjoint opera-
tors, which when applied to H|, tells us that

Hy=I1,H, , (5)

with Iy*=—1, [Iy,Hy]=0, and H, a quaternion—self-
adjoint operator with positive-semidefinite eigenvalues.
[In other words, H, is the formal positive square root:

Ho=(—Hy"'2] The spectral representations for I, and
H, can be written® in the form

Iy=Y|n)i{n|,

(6)
Ho=3 [n)E,(n|,

with | n) a complete set of eigenstates of H,. There is
no loss of generality in assuming that the kets |n) are
real and so commute with the quaternion uniti, which im-
plies that

Iy=i ¥, |n)n|=il=i, (7)

and permits us to neglect the formal distinction between
the operator I, and the quaternion unit i. (Of course,
having made this assumption, the eigenkets of any opera-
tor O which does not commute with H, will in general be
quaternion valued, since the transformation function
(o |n) is quaternion valued.) Thus as the starting point
for our perturbation analysis we write

H=iHy+V,
H0=E1n>En<n |, E,>0,

n

with ¥ a time-independent perturbation.

Let us now_ introduce some useful notation for matrix
elements of V. Since (n |V |I) is a quaternion matrix,
we can write

<n I i}!l>=i70nl"'ivlnl'f‘jf/:ZnI'}'kf}bzl ’ (9a)

with V,,, a=0,1,2,3 all real. The condition that ¥ be
anti-self-adjoint tells us that
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'_<n I I7'I>=—(I‘\;Onl"if/-lnl_jf;ZnI“ki;}nl)

=(l| 1% |n)
=Vorn+iVin+jVoin+kVip » (9b)
which implies that
l70,,,= — 170,,,, skew symmetric ,
- - - ~ — _ ~ 90)
Vie=Vins Vor=Vamw Vim=Vim Symmetric .

It will also be convenient to introduce so-called symplectic
components V,, Vg by writing

(n | V1D =Vou+iVeu »
Van=Vou+iVin » (10)
17;anl'—‘ Voni—iVan
so that Vanl and 173,,1 are C(1,i) complex and, from Eq.
(9c), satisfy the conditions
Venr=—Vam Vau=Venn , (an

with an asterisk denoting the C(1,/) conjugation i— —i.
Thus the starting point for our perturbation analysis takes
the final form

H=iHy+V,+jVs, (12)

with I7a a C(l,i)—anti-Hermitian matrix and Vﬂ a
C (1,i)—symmetric matrix in the basis | n) of real eigen-
kets of H (which have eigenvalues E, >0).

II. TIME-DEPENDENT PERTURBATION THEORY

Let us now analyze the following time-dependent per-
turbation theory problem: Let |s,) be a degenerate set of
eigenkets of the unperturbed Hamiltonian H,. Then to
second order in the perturbation 17, we wish to find at
time ¢ the state W(¢) which obeys the quaternionic dynam-
ics of Eq. (4), and which at ¢ =0 reduces to a general
quaternionic linear combination of the states |s, ):

oW(1)
at

WO0)=3 [s,)K, .

=_—HWY(1),
(13)

The solution to this problem is greatly facilitated by the
use of complex variable methods in the subspace C(1,i),
and so it is natural to introduce a symplectic decomposi-
tion for ¥ by writing

W=V, +¥, (14)

with W,,¥geC(1,i). By analogy with standard time-
dependent perturbatlon theory,! we expand V¥ on a basis of
unperturbed zeroth-order eigenkets | /Yexp(—iE;t) of the

time-dependent  Schrodinger equation, with time-
dependent quaternionic coefficients ¢;(z):
=" |e ) . (15)
1

Making a symplectic decomposition of ¢; and K,
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ci(t)=ci(t)+jeglt) ,
Ka =Kaa+jKaﬁ ’
we then find

(16a)

iEgt

\P 2|1)e C]a ’

C[a(O) = 2 Sl,saKaw CIB(O) = 2 SI,SEKaﬁ ’
a a

CIB ) (16b)

where we have used the fact that

e Bl = je ! (17)
in moving j to the left in the B piece of the equation.
Combining Egs. (12)—(16), and making use of the quater-
nion algebra of Eq. (2), we get the following complex
C(1,i) equations for the coefficients c,, g(?):

— P pue" T ) 4803 84 Ko
.
%Cn,s: _ 2( 17,3,.16 ~i(E, +E,>zcla
Ve T ) 1 zs,,s Kz, (18)

Cralt)=cpp(t)=0, t <0.
In writing Eq. (18), we have followed the standard pro-
cedure’ of converting an initial-value problem on the
domain 0 <t < « into a problem defined on — o0 < < o0,
by reinterpreting the ¢ =0 initial conditions as step func-
tions at ¢ =0, with a boundary condition that all ¢,’s van-
ish for ¢ <O0.

To solve Eq. (18) we introduce Fourier transforms with
respect to ¢ as follows:

2171 f— ke

Cnplt)= 2171 f—w

which can be combined into the single quaternionic for-
mula

i(E, —E)t

Cnalt)=— CnalE) ,

(19a)
—i(E, +E)t

C,,ﬁ(E) )

c,,(t)=c,,a(t)+jcnﬁ(t)
=5 f* dE """ [cpol E) +jeug E)]e

(19b)

From Eq. (19), we see that vanishing of the ¢’s for ¢ <0 is
guaranteed if c,,(E) and c,g(E) are analytic in the upper
half of the E complex plane. Substituting Eq. (19) and

—i(tE, +E)t

. 1 = <E,
is)=—-— [ dEe (20)

into Eq. (18) gives the following equation for ¢,, g:
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(E—E, )Cna(E)= —i 2[ f/danICIa(E)ﬁ‘ ?EnICIB(E)]
1

+2 8n,saI<aa »
‘. _ @1
(E+E, )C,,B(E)=i 2[ VBnICIa(E)" V;nIcIH(E)]
!

—3 6, Kap -

To solve these equations to order ‘172, we note that the
c,’s for ns£{s,} are O(V), whereas those for n ={s,} are
~1. Hence we can immediately solve for the former in
terms of the latter, giving, for ns4{s,},

oo E) = —i %[ Vans, 5,0l E)+ V fns, €5, ()]

X(E +ie—E,) '+0(V?),
(22)

cngl E)=i %[T/B,ubcsba(m— V ans,Cs, 8 E)]
X(E +ie+E,) " '+0(V?),

where we have replaced E by E +i€ in the energy denom-
inators to achieve upper-half-plane analyticity. From Eq.
(21), the equations for n ={s,} are

(E +ie—E)c; ol E)=—i 3[Vas, €1 E)+ V b 1618 E)]+Kaa
1

=—i D[ Vas,s5,Cs,al )+ V fs,5,¢5,8 E) ]+ Kua
b

= 3 S Vsl Vass, 5l BV + V s, gl EVE +i€—Ep~!

I£{s.} b

+V B 1LV 15,0, 60E) = Vs, €5, E))(E +ie+EN™' ) +0 (V)

(23a)

(E +ie+E e, g E)=i J[V p; 1c1al E)—V 5 1c16(E)] —Kap
!

=i 2[ vﬁsasbcsba(E)"’ I74:"1‘:‘,s,',csbﬂ(E)} _KaB
b

+ 3 2{V&al[vazsbcsba(EHVélsbcsbg(E)](E+ie—E,)“l

Is£{s.} b

+V s, 1LV bis, syl E) =V S 0, d EVIE +ie+Ep~'}+0(V?),

where the second line of Egs. (23a) and (23b) is obtained from the first line by substituting Eq. (22).

(23b)

Grouping similar

terms together, and using a summation convention for the repeated index b, Eq. (23) gives the following set of coupled
linear equations which determine the occupation coefficients Cs,0,8 for the initial degenerate group of states:

(E+ie—Es)8ab+iI7asasb+I£c] Vma,mhbb—ﬁg,a,mﬁﬁbb Cspal E)
Pt 3 Vorg TE Vhn+ Vbt g ricr g ot || sl BV =Kaa

(E+ie+Es)8‘,b+il7;£asb—l#%c} ~ﬂ‘°’E+ile—E1 V;,sff;sa,mﬁzkb ]cs,,g(E)
+ _WB"'S"—IE:;‘C; V&a,mhbﬁﬁga,mﬁﬁkb coalE)=—K,p. (24

For the subsequent analysis, it is convenient to use the familiar formula

1 _ P
E+E;+ie E+E;+ie

—imS(E +E))

(25)

to split the intermediate state sums in Eq. (24) into generalized mass and decay matrices, giving
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(E +ie—E )b, — gg+% ab |Cs,al E)+ {—M“E+ —ref c,bg(E K,., (26a)
o | I rpa ; -
—Magp+—=Tab |cs, ol E)+ |(E +i€e+E;)dy — +—I‘ ab |Cs, plE)=—K,p . (26b)
2 b b
|
The coefficient matrices in Eq. (25) are given by the fol- Yo =y.®ys",
lowing formulas, in which we have made use of the anti- T (28a)
Hermiticity conditions of Eq. (11): Zop=2,92 ",
ag J{:E with
M= ~ ~
‘//{aﬁg “I{aﬁg ;Isa V;i‘lsa
y a = 7 ’ Za = fond > (28b)
P P V gis —Va
=X+ 3 Yoot g +Zab,1-‘—_‘E+E Bl P
ety ! ! (272) the decay matrix I is positive definite, and so contributes
aa  paf to Eq. (26) with the same sign as the explicit ie. As a re-
= e 8P sult, Eq. (26) is guaranteed to give solutions for Cs,a,8(E)
ab " ab which are upper-half-plane analytic, and thus Egs. (19)
and Eqs. (26)—(28) give the desired solution to our time-
=27 3 [Yu,8(E —E|)+Zs8(E +E))] ; dependent perturbation-theory problem.
I£(s, }
_ I‘; _ i"/ *
X Wasys, 1 Bty «T III. THE DECAY OF A SET OF C(1,i) INITIAL STATES
ab = .7 = =Apa >
WVasys,  Vasys, Let us now apply the formalism of the preceding sec-
7 AR tion to the case K,;5=0, in which the decaying states have
als, 7 als, als, 7 Bls, T wave functions which are initially C(1,i). This will be
Yop1= % Ve vr |7 Yoo 5 (27b) true, for example, if the decaying states are produced
Pls, " alsy T Bls, * Blsy from C(1,i) asymptotic states by physical processes which
749 % s 7 involve only the unperturbed Hamiltonian H,. Substitut-
s Bis, ” Blsy Bis, " als, gt ing K,=0 into Eq. (26b), we can solve for ¢, g(E) in
bt - I7(11:‘, I‘;Blsb ?alsa I7;1:,, T terms of Csba(E)’ giVing

In Eq. (27b) the superscript T indicates transposition of
the indicated 22 matrices, and we see that the general-
ized mass and decay matrices .# and T" are Hermitian.
Since the coefficient matrices Y,, and Z,, admit the fac-
torization

]

iV, +O(V?)

E =
st E) E +ie+E;

Cs,olE) . (29)

Substituting Eq. (29) back into Eq. (26a), the second term
on the left-hand side of Eq. (26a) then becomes

Cspal E)

(30)

and so it just supplies the missing /54 {s.} terms in the Zz; pieces of .#%* and I'*®. Thus, we can rewrite Eq. (26a) for

: VBss Bss
___./,{aﬁ Lraﬂ E — — ____.__—b VJ
e br e = | -3 oy
aba
Q,SC
-3¢ . (E),
2 ErierE, B
Csba as
(E+l€ E )Sab _‘/”aatot(E) 5 Faatot(E) Csba(E)

'//(aatot( E P

ab+ 2

bl—_—_
e P E—E

18(E E1)+2

rg(E)=2r 3
I (s, }

15 (E +Ep),

2 bl
o E+E1 ’

Kaa >

(31)
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which has the same structure as the equation for the de-
caying state amplitude in complex quantum mechanics.
In other words, for C(1,i) initial states, the quaternionic
decay problem formulated in Sec. II reduces to an effec-
tive complex quantum-mechanics decay problem, given by
Eq. (31).

We now follow the classic Weisskopf-Wigner~ treat-
ment of decaying states, and make the approximation of
replacing the energy-dependent mass and decay matrices
appearing in Eq. (31) by their values at the energy E =E;
of the decaying group of states. This approximation is
motivated by the observation that the dominant term in
the coefficient of ¢, , in Eq. (31) is the zeroth-order term
(E +ie—E)84, and s0 ¢, o(E) is small unless E =~E;.
Quantitatively, when the first-order term in the mass ma-
trix X5 is zero (as will be the case in our discussion of K
decays below), the error of assuming constant mass and
decay matrices will be of order I';/E;, with I'; the max-
imum decay rate of the group of states {s.}. With this
approximation, we have

3

(E+i€"Es)6 mab+ yab csba(E) =Ksa

Moy = M5 (Es)

1

=Xap+ X Yoy +2 bl 0 (32)
T T Es E’ T EAE
Yao=Tap NE)=2m 3 Yz 8(E,—E)),

Is{s,)

or, Fourier transforming back to time as a variable,

4 — +iE;

dt 8ab +imab+%7’ab

Coul=Koadlt) . (33)

Equations (32) and (33) are the standard starting point for
the discussion of decaying systems, with the new feature
here being the presence of the Zgy; terms in the mass ma-
trix.

An unusual aspect of Eq. (32) is the presence of energy
denominators E;+E,;, which are not invariant under a
uniform shift E;—E;+A of the unperturbed energies.
Such a shift is induced in the complex case by multiplying
the wave function by exp(—iAt); in the quaternionic case,
this multiplication gives

3 i
atlll(t)—

W'(t)=exp(—iAt)¥(1) , (34)
H'=exp(—iAt)H exp(iAt)+iA
=i(Ho+A) +Vy+je? Vg .
Hence when the wave function is rephased, in the quater-
nionic case two things happen: the unperturbed energies
are shifted according to E;—E;=E;+A, and the time-
independent perturbation Vg is_changed to a time-
dependent perturbation exp(2iAt)Vg. When the analysis
of Sec. II is repeated for such a time-dependent perturba-

tion, the resulting formulas are the same except for a
change in the energy denominators of the ZZJ; terms to

—~H'V'(),

E!+E/—2A=E, +E . (35)

Thus the mass and decay matrices of Eq. (32) are left in-
variant under the transformation of Eq. (34), as they must
be under a simple change of variables which does not af-
fect the underlying physics. The argument just given
shows, however, that when we specify that the perturba-
tion ¥ in Eq. (8) is time independent, we no longer have
the usual freedom to shift the unperturbed energies by a
uniform constant.®

A second unusual feature of Eq. (32) is the fact that the
Zgyy terms contribute to the second-order mass matrix,
but not to the decay matrix, which naively would appear
to contradict unitarity. But since the quaternionic
dynamics of Eq. (4) is manifestly unitary, unitarity must
be satisfied order by order in V, and we shall now verify
this by explicit calculation to order V2. To simplify the
analysis, let us consider the case in which the group {s.}
contains only a single state s, so that the indices a and b
can be dropped, and let us take the initial-state amplitude
K, to be unity. Equation (32) then becomes

-1

¢ E)= |E +ie—E,—m+—+v|

2
m=X%+ Y P +>Z !
Is#s Es_El ! Es +E1
y=213 YS(E,—E) (36)
Iss
Y[aaz i I7(115}2 ’
Zfe=| Vg |?

Since the dynamics of Eq. (4) is norm preserving, substitu-
tion of Egs. (15) and (16a) into the norm ||W¥|| gives, for
all times ¢ > 0, the unitarity sum rule

1=II‘I’||=2[ lealt) |2+ | erglt) | 7]

= |csa®) 24+ | c1al?) | +2|c,3(t)|2 37
Is£s
To verify perturbative unitarity, we must calculate each of
the three terms on the right-hand side of Eq. (37) to order
V2 and check that their sum is unity.
We begin with the first term on the right in Eq. (37).
Substituting Eq. (36) for c¢,,(E) into Eq. (19a) and (for
t > 0) closing the contour down, we get

Csolt) mexp( —imt —3yt) , (38a)
giving
[ csqt) |2 ~exp(—yt)=1—yt . (38b)

We turn next to the second term on the right in Eq. (37).
From Egs. (22) and (29) we get (for /5£s)

Valscsa(E)

E)m—i—0

Cla( ) lE—+—i6——E1
_ir/als

~ , 39
(E +ie—ENE +ie—E,) (392)
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and substituting this into Eq. (19a) and closing down gives

'—ip [ —_
als (1 I(EI Es)t
E’ ES

Clalt) = ). (39b)

Hence the second term on the right in Eq. (37) is given by
sin’[ 3¢ (E; —E,)]
(E,—E,)*

2 Icla(t) | 2z42 I i;als l 2

Is£s Is£s

(39¢)

When the set of states / forms a continuum around s, we
can make the “golden rule” approximation,’

sin’[ 3¢ (E; —E,)]

E_EJ ~ 3 t8(E;— (39d)
11— L
and Eq. (39¢) becomes

S lcald) | 2xt2n S | Vo | *8(E;—Eg )=yt . (39)

Is£s Iss

Thus the first two terms on the right in Eq. (37) exhaust
the unitarity sum rule, up to the errors inherent in the
Weisskopf-Wigner and golden rule analyses.

We turn our attention finally to the third term on the
right in Eq. (37). From Egs. (22) and (29) we get (this
time for all /)

lVﬁLY
~(E +ie+E;)E +ie—E; )

(40a)

substituting into Eq. (19a) and again closing down gives

VBIS
t) =~ 1—
C[B( )~ E1+E (

~iE[+E)t

). (40b)

Hence the third term on the right in Eq. (37) is given by

sin’[ 3¢ (E; +E,)]
(E;+E,)?

Slagt)|*=43 | Vs |? (40c)
1 1

We can estimate the sum in Eq. (40c) by noting that the
time ¢; characterizing the decay of the initial state s is
ty~y~'; for such times the argument of the sine is very
large (since E;/y >>1) and the sine function is very rapid-

ly oscxllatmg, and so we can approximate
sin’[ +¢(E;+E,)] by its average value of 5. So Eq. (40c)
becomes
2 Bls |2
Pg= c1p(t) 2 , (40d)

showing that the total probability in the B (or intrinsically
quaternionic) amplitudes does not grow linearly with time,
but rather at large times approaches the constant value of
Eq. (40d).

To estimate the magnitude of Pg, we rewrite Eq. (40d)
as

STEPHEN L.
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P2 | Vs | i I ﬂss12
2. (E|+E,) (2E,)
Vs |?

<4 , (40e)
~ Es (E;+E,)?

since for / near s the individual terms in the sum are ex-
pected to be similar in size. We now express the right-

hand side of Eq. (40e) in the form

Vas|2 2 pw
‘2 (A‘EszIs)z LR iE 276 E)
Yo E)=2m 3 | Vg | 8(E,—E) , o
Is#s
and approximate y g(E) to be a constant by writing
YR E)~yglE) =273 | Vg | *8(E; —E,)
’; "
B
|5 g
giving finally
2
Py~ %( ;—z >EL : (40h)

Hence Pg is of the order of the errors inherent in the
Weisskopf-Wigner analysis. For example, in our applica-
tion to K-meson decays in the next section we have’

2

v,
( —:—B— > ~l77+_|~2><10_3,
V av

a

(41)
N AMg

Es MK

~107", Pg~10"1,

and Pg is very small indeed.

The fact that Pg remains bounded and very small
means that an initially C(1,i) state does not decay, under
the influence of a quaternionic perturbation Vﬁ, into an
intrinsically quaternionic state. Put another way, a com-
plex C(1,i) asymptotic state space is stable with respect to
quaternionic perturbations; this fact lends strong support
to our conjecture!® that the asymptotic state space of a
quaternionic quantum field theory resides within a com-
plex subspace of quaternionic Hilbert space.

IV. AN APPLICATION: A MODEL FOR CP
NONCONSERVATION IN K DECAYS

We proceed now to apply the calculation of the preced-
ing section to a model which we have introduced'® for CP
nonconservation in K decays. Following Ref. 10, we iden-
tify

Hy=H strong + electromagnetic >
Vq=1iH 4, =CP even , (42)

Vg=V,—iV3, V,=CP odd, V3;=CP even,
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so that under the quaternion-extended CP operation

(CP),=jCP (43a)
all terms in H transform uniformly:
(CP),~'H(CP),=— (43b)

We take the set of states {s.} to be the degenerate eigen-
states | K;) (which is CP even) and | K,) (which is CP
odd) of Hy, with zeroth-order rest-frame energy E, =M.
Under the usual assumption that H., has no AS =2
piece, the first-order contribution X5 to the mass matrix
of Eq. (32) vanishes, and we have

ZRk,1 ZK(k,0 (Vg )+ (V3

aa aa - = = =~
ZK2K1,1 ZK2K2,1 i( V31K2 VZIKl — V21K2 V3IK| )

where we have used the fact that the intermediate states /
can be chosen to be CP eigenstates, with the consequence
that

Vak, Vak, = Vi, I7311<2 =0, (45b)
since one of the two factors must always vanish. Substi-
tuting Eq. (45a) into Eq. (44), we have

Mmap =m¢;7)eak+Amab7 Yab ‘“Yabeak ’ (46a)

with the quaternionic contribution Am,, given by

Amg g, Amg g, m, im’

. ,
AmK2K1 AmK2K2 —im my

1
Mgp = S —,
ab ,ﬂg‘j,(z "”’M —E 2 ab, My +E,

Yab= 2T 2
1K K,

(44)
% 8(My —E)) .

The terms are the usual'' weak contributions mJ

and Y, to the K-meson mass and decay matrices; since
no other terms contribute to y,, and since we are assum-
ing Hyy to be CP even, we see that in our model no
direct CP-nonconserving effects are present in K-meson
(or other) decays. All CP nonconservation must arise
through the Zz; term in the mass matrix. To study the

weall(

form of thlS term, we substitute VB V,—iV; into
1=V fis, Vpis, » giving
i(Vag, Vo, — Vak, Vaik,)
- ~ , (45a)
(Vax, )2+ ( Vi, )?
M
Vo, , P+ Vg, ) oty
my,= ,
b My +E
s I~/311<1 ‘721K2 - i7211<] 17311<2
-4 Mg +E,

Equation (46) describes a CP nonconservation which is
phenomenologically of “superweak” form,'? but arises as
a second-order perturbation theory effect. Physical conse-
quences of such an interpretation of superweak CP non-
conservation are discussed in Ref. 10.
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