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An instantaneous nondemolition measurement technique for composite quantum-mechanical sys-
tems (those which consist of several separate subsystems) is described, and that technique is applied
to the design of verification experiments for some nonlocal variables and states. Relativistic restric-
tions on the measurability of nonlocal properties are derived, and other, less familiar, varieties of

measurement are discussed.

I. INTRODUCTION

There are a number of well-known difficulties in the in-
terpretation of the measurement process in nonrelativistic
quantum theory; and the theory of relativity produces new
restrictions on the measurement process: The measure-
ment of certain nonlocal variables is known to contradict
the principle of causality. It was once thought that in rel-
ativistic quantum theory only local variables are measur-
able; but lately it has emerged' that this is not so: certain
nonlocal states can be verified by experiment. On the oth-
er hand not all of them are measurable, and indeed there
are states whose measurement would contradict the prin-
ciple of causality. In this paper we will generalize the re-
sults of Ref. 1 and will give a description of the measur-
able operators and the measurable states in a composite
system.

In this work we start with the assumption that we can
measure any local operator, and we investigate which non-
local operators and states are measurable. We are interest-
ed in the following question. Does it have physical mean-
ing to speak about nonlocal variables at a particular time?
The measuring procedures we seek, in response to this
question, will consequently be instantaneous.

The organization of the paper is as follows. In Sec. II
we describe the method for verifying that a nonlocal
operator has a given value. This will also include a
description of the measurement of modular variables. We
will use those operator measurements in Sec. III for verifi-
cation of nonlocal states. We will demonstrate the general
measurement procedure in an explicit example: the verifi-
cation of a nonlocal state of a system consisting of three
subsystems separated in space. The restrictions on our
method which follow from the causality principle will be
discussed in Sec. IV. We will see there what nonlocal
operators and states cannot be measured by the methods
of the previous sections. Then in Sec. V we will propose a
new kind of verification for quantum states using local
“exchange” interactions that is suitable for those ‘“‘un-
measurable” states. We will also describe an example of a
nonlocal measurable operator with nondegenerate eigen-
states (measurable, that is, in the familiar, von Neumann,?
sense).

II. MEASUREMENT OF NONLOCAL VARIABLES

First we shall need to explain what we signify by “mea-
surement” in this particular section. It is different from
the usual definition of measurement in quantum mechan-
ics. We define a measurement here as the nondemolition
verification that a certain variable A4 has a given value a.
If before the measurement the observed variable has the
value a then the experiment will produce the result “yes,”
and the state of the system will not change. If our initial
state is a linear combination of eigenstates of the observed
operator with different eigenvalues of 4 then the experi-
ment will produce the result “yes” or “no” with appropri-
ate probability. In case the answer is “yes,” the final state
will be the projection of the initial state on the degenerate
space of eigenstates of 4 with eigenvalue a. If the answer
is “no,” then the final state will be orthogonal to that
space. The difference between this and the usual defini-
tion of measurement in quantum mechanics is that we do
not require that the other eigenstates of the observed vari-
able (with other eigenvalues than a) be unaltered during
the measuring process. The only requirement is that if we
start with a state wherein the 4=£4a, then A4a at the end
of the measurement as well.

Our first nonlocal variable will be the sum of the local
variables 4, and A, that are related to spatially separate
parts of the system. We are interested in nonlocal mea-
surement; that is, after the measurement we would like to
know the value of the sum A+ A4, without knowing the
values of 4, and A, separately.

We have to verify that 4,+A4,=a. By redefining
A,—A,—a we see that our problem is the verification
that

Our measuring device consists of two separate parts
which have canonical coordinates g, and ¢g,. We prepare
this composite device in the nonlocal state

q1—q,=0, m+m=0, ()

where 7; is the momentum conjugate to ¢;. We can do
this by local interaction when the two parts of the
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measuring device are initially brought together. Then we
separate those parts and position them at the appropriate
parts of the observed system.

The next stage of our measurement procedure is the lo-
cal interaction between appropriate components of the
measuring device and those of the observed system. The
interactions are short and simultaneous. The time of the
measurement is defined by the time of this interaction.
The Hamiltonian of the interaction is

Hi, =g (t)(q141+424,) , (3)

where g (¢) is nonzero only during a short interval of time
[ 20,20+ €] and it satisfies the normalization condition
t0+€

[’ gndr=1. @
0

Then in the Heisenberg picture
13'1=—g(t)A1, 1'7'2=—g(t)A2 . (5)

A, and A4, are not changed by interaction (3), and we
can take € small enough so that 4, and A4, will not be
changed (as a result of their own dynamics) during the
time of the interaction. Then, using initial condition (2),
and normalization of g (¢) (4) we find from (5) that

(7Tl+7rz)t>t0+e=—(A1+A2)t=co . (6)

The last step of our measuring procedure consists of local
measurements of 7; and 7,. We will perform those mea-
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surements immediately after the local interactions at time
t =ty+e€. This completes the measurement of A+ 4,.

Indeed, we see from (6) that knowing =, and m, after
the interaction gives us the value of 4;+A4,. At time
t =ty+e€ there is no local observer that knows the value
of A,+A,. Such knowledge would require bringing the
results of the local measurements of 7; and , together,
and that would require some additional finite period of
time. But since the values 7| and 7, have been indelibly
recorded at time t =ty +¢€ (by means of those final local
measurements), then the measurement of 4,+ A4, (given
that the “measurement” of 4,4+ A4, is taken to mean the
indelible recording, in some macroscopic form, of the
value 4,4+ A, at time ¢y +€) is unambiguously completed
at that time.

The measurement is nonlocal. After the measurement
we know neither 4; nor A4,. It is nondemolition. If in
the initial state 4;+ A, =0 then the interaction Hamil-
tonian acting on the initial state gives us zero:

Hiy | ¥in) =g (t)g,(A;+4,)=0. %)

We have shown that our measurement procedure is the
nondemolition verification that 4,4+ 4,=0. Now, sup-
pose that we start with the initial state

a]A1+A2=0)+ﬁ|A1+A2=b), b#:O. (8)

Then the measurement will induce the transformation

(a]A1+A2=0)+B[A1+A2=b))]m+7r2=0)—>a|A1+A2=0) |7Tl+7T2=0)+,BIA1+A2=b) |77'1+77'2=——b>

We see that our procedure will satisfy all the require-
ments of our definition of measurement. More than this,
it is a measurement of 4, + A4, in the usual sense of quan-
tum mechanics. Indeed if we start with the state
IA] +A2=b> then

Hine | ¥in) =g (0)g1b | ) . (10)

This Hamiltonian is not equal to zero as in (7), but it
acts only on the measuring device, and therefore all eigen-
states of the operator A;+ A4, are unchanged during the
interaction.

yes, probability |a |2, |4,+4,=0)

7 |no, probability |B|2% |A;+A,=b) . ©)
T
The interaction Hamiltonian is
N
Hin=g(t) Y, qi4; - (12)
i=1
Then we find 3/, 4; by local measurements of
N N
i=1 t=t, i=1 t=ty+e€
We can also measure any linear combination

We can generalize this method to the measurement of
the sum of N local operators 3V, A; related to N
separate parts of the composite system. The measuring
device will consist of N parts and it will be prepared in

the initial state

Qi"Qj=07 l,] =1,2, ... ,N )
. (11)

Ef.vzlaiAi. We define A/ =a;A4; and then measurement
of 3V a;A4; will be the measurement of 3", 4;. We
can also measure I_If\;l A; (in case the eigenvalues of the
operators A; are positive): This is equivalent to measur-
ing zf;lA,-", where A;/'=InA;; but we cannot measure
all possible functions of 4;.

A more general class of nonlocal variables that we can
measure are the modular sum of local variables:
(2?’:, A;)moda. In case the system consists of two parts,
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the measurement of the modular sum is equivalent to
measurement of the sum

(A;+A,)moda =b <= B, +B,=b ,

where
Aymoda, A,moda<b,
B1=14,moda —b, 4, moda >b ,
(14)
B2=A2moda .

But if the system has more than two parts then mea-
surement of the modular sum is a new problem.

For performing this measurement we will use the same
Hamiltonian and the same measuring device. The differ-
ence will be in the initial state of the measuring device:

q‘._quo, i,j=1,2,. . ,N Py

N
>

i=1

(15)
moda =0, g; modgaﬂzo .

We have the same Hamiltonian; therefore, again
SV, 4; will be equal to the change of 3 7, during
the interaction. But now Ef;, r; in the initial state is de-

fined only modulo a. So the measurement of 3", 7

after the interaction will give us the value of
(3N, 4;,)moda:
N N
> 4; |moda= |— 3 m moda . (16)
i=1 i=1 t>ty+e€

We now show that this measurement procedure is the
nondemolition verification that (3~_, 4;,) moda =0. We
will see that the time-translation operator during the mea-
surement, which acts on the initial state of the system and
the measuring device, does not change that initial state:

P tgte
exp | =5 [, Hidt | 9= [¥in) an
This is equivalent to
ty+e
%fx: H;,dt | mod2r | ¢;,) =0 . (18)

4; and g; do not change during the interaction; therefore,
using (4) we get

1 fp+e 1 N
Zf‘o Hintd”l/’in):g‘higlf‘illl/in) , (19)

and taking into account the initial state of the system and
the measuring device we deduce that Eq. (18) is satisfied.
Therefore our measurement is a nondemolition measure-
ment.

If we start with a state that is a linear combination of
eigenstates of the operator 2?':1/1,-, then the measure-
ment will be described by a transformation that is similar
to (9); it is easy to see that it satisfies all other require-
ments of our definition of measurement.

III. MEASUREMENT OF NONLOCAL STATES

Now we are going to describe the method for measuring
nonlocal states using sets of measurements of the type
considered in Sec. II. What we mean by measurement of
state |$) is the nondemolition verification that the state
of the system is |¢). If we start with the state
|¢)=a|¢)+B|b,) where |¢,) is orthogonal to |4),
then the measurement will produce the result “yes” with
probability | a |2, and the final state will in those cases be
| ¢); it will produce the result “no” with probability | 8|2
and the final state in those cases will be orthogonal to
| ¢) (but will not necessarily be | ¢,)). To begin with we
study a system that consists of two separate parts with K
orthogonal states in each. We will designate local bases in
each partas |i);and |j),, i,j=1,2,...,K. The general
state of the system can be written as

K

[)=3 Byli)li)s 20)
ij=1

We can always find new bases in the separate local

parts such that the state |¥) will have the form (we will
call it canonical)

K
[¥y=23 ai[i)]i);. 21
i=1
More than this, we can choose local bases such that all
a; will be real and non-negative.
We will prove this statement in matrix language. U'
and U? will be unitary transformations that relate the new
and the old bases in local parts of our system:

MW= Uslt), 1j)r=3Usls), (22)

(| £); and |s), are new bases).
Then the statement we wish to prove will be equivalent
to

2 Uiiﬁij szs =a,8 (23)
ij

or in matrix notation (a=a,5,,)

U'TRU?=aq . (23a)

We have to show that for any matrix B there are uni-
tary matrixes U' and U? such that the matrix U'7BU?
will be diagonal. Any matrix 8 can be decomposed into
the product of a Hermitian semipositive matrix H and un-
itary matrix U:

B=HU . (24)

The matrix H can be diagonalized by a similarity
transformation with a unitary matrix U’. The diagonal-
ized matrix will be non-negative and we will call it a:

U~'HU =a . (25)
Now we define
vl=urr-HT, vi=u-'v, (26)
then

U'TBU*=U'"'HUU " 'U'=a .
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Therefore any state |¥) can be brought to the canoni-
cal form (21). Now we will give the measuring procedure
that verifies the state | ¢ ), the canonical form of which is

K
l¢>=—\/%2 lidilida 27

i=1

The measurement of the state will include measure-
ments of two nonlocal operators. The first is verification
that 4,+ A4, =0 where

Ay |idy=—i i)y, Aglid,=i]i),. (28)

This measurement is a nondemolition verification that
our state has a canonical form in given local bases without
defining the coefficients ;. The next measurement has to
specify a;; in our case, it has to verify that all a; are
equal.

We define unitary local operators that will act in every
local part of the system:

Uplin=i+1), U|K)=]|1),
Uplida=i+1)y Uy [K)=]1);.

It is easy to see that among the states that have canoni-
cal form in our basis only the state |¢) (27) will not
change under the transformation U, U,:

U,Uy | ¢)=|¢). (30)

Now we define B and B,:

29)

Piou,, eP=u, . 31)

Then, taking in account that B; and B, commute we

have U, U, —e'®17%2) 4nd therefore Eq. (30) is equivalent
to

(By+B;)mod2mr=0 . (32)

So the second measurement that will complete the veri-
fication of our state is the measurement of the modular
sum of B, and B,. B, and B, are Hermitian local opera-
tors; therefore we can relate them to physical variables.

In a similar way we can verify the state that has the fol-
lowing canonical form:

N
'¢>=71N_2 lin1lin)2s (33)

n=1

where {i,} is any subset of the set of indices {1, ...,K}.

We start with nondemolition local measurements (it is
enough to perform them in one part only) which verify
that the local state is not |i,);, where {i}=~{i,}.
After measurement of the sum of 4+ A4, [see (28)], then,
rather than using (29), we will define

Uy ligh=lint)1, Uplin)i=1i),

(34)
Ui lin)2=lins1d2 Uzlinda=1i1)s,
and the rest of the procedure is exactly the same as above
[see (30), (31), and (32)]. As we will see in the next sec-
tion, states for which the a;’s are not of the same magni-
tude cannot be verified by this procedure.
Now we will generalize this method to the composite

system that has M > 2 separated parts. We will measure
the state

K
l¢)=—‘/l_K—i§1]i)1|i)2-“ i s - (35)
Again, the measurement procedure has two stages. The
first is a verification that the state has only terms such as
I1Y_, |i).. and the second stage is a verification that all
these terms have equal coefficients 1/VK .
For completion of the first stage we have to perform
K —1 measurements of the sum of two local operators.
The operators are

Alll>l=_l|l)ly

(36)
Ap|idy=ili), 1=23,...,.M
and the measurements are verifications that
A +A4;,=0, 1=2,3,...,M. (37)

The second stage is exactly the same as in the case of
the two-part system. We define U,, and B,, as in (29)
and (31) and our state will be specified by the equation

M
I Unid)=14) (38)
m=1

that is equivalent to

= 5.

and we know how to verify this last proposition.

We will demonstrate our methods on a simple example
of the measurement of the nonlocal state of the system
that consists of three parts with two orthogonal states in
each part. The state that we are going to verify is

mod27=0, (39)

18)=—5 (111 D3] 13+ 12)112)12)3) (40)

Our measurement procedure will have two stages. The
first is a verification that the state has the form (in a
given basis)

[¢)=a;| 1) [1)2]1)34+a3]2)1[2),]2);3 (41)

and this will be done by two measurements. One will be a
verification that the state has the form

[@)=a | 1) [1)a] -+ Ds+az|2)1[2)2] -+ )3,
(42)

and the other will show that the state is of the form

[@)=a;| 1] = Dl Ds+az|2)] -+ )2]2)s.
(43)

The last stage is a verification that a;=a,.

We will use a measuring device that consists of three
separate parts with two orthogonal states in each part. It
is similar to our system. The local states of the measuring
device shall be designated as |i),,, i =1,2; m =1,2,3.
The local interaction between parts of the measuring de-
vice and parts of the system will be



[ D | D= | D [ L s
| Dm [ 20m—= | D [2)m
12)m | D= 120 |20
[ 2)m 1 2)m— 120 [ LD -

The local measurements will be the measurements of
operators 4 ,,:

Ap | Ddm=ili)m . (45)

For performing the first measurement of the first stage
we will prepare two parts of the measuring device (MD) in
the state:

1¢MD>=—}5<|;>11;>2+|z>1|z._>z>. 46)

Then we perform the local interaction (44). This will not
change our state |¢) (40). After the interaction we will
perform local measurements of 4 and 4 ,. We see that
only if the results are 4 =1, 4,=1,0r 4 =2, 4,=2
does the state have the form (42). We will repeat the pro-
cedure for parts 1 and 3 and we will verify that the state
has the form (43) also. Therefore it has the form (41).
now we have to verify that a;=a.

Our method tells us to define the unitary operator U,
(30):

Up | Dm=12Yms Un|2)n=11)m s 47)

or in matrix representation

01
10

Up=

The operators B,, are defined by

iB
e "=U, ;

1 -1
-1 1 |-
Now we will change the local bases in such a way that

B,, will be diagonal. The required unitary transformation
is

Therefore,

B, =

1 1 1
then
00
B, —m 01

and we have to measure
[2 B, ] mod27=0 . (49)

In the new basis our state | @) is

1¢)=-}Z<;1>1;1>2|1>3+ll>,|2>212>3

+ 1201 122]2)3+[221]2)2]1)3) (50)
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and if the state has the form (41) but a;5a, then it will
have other terms such as |1);]2),]1);, for example,
that do not satisfy Eq. (49).

To verify that (3, B,,) mod2m=0 we will prepare the
measuring device in the initial state:

[Yapd == D111 | Dt [ 101]2);12)s

+ 2011121205+ [2)1]2)211)3) . (5D

We will perform the local interaction (44) (in the new lo-
cal bases). We see that state |¢) (50) will not be changed
by this interaction:

|¢) | Ymp)— [ 6)¥mp) - (52)

Now we will perform local measurements of 4 ,,. If and
only if the results satisfy the equation

[24,,, ]mod2=1, (53)

then we will have verified that the state is | @).

In our example the system and the measuring device
may have physical realizations. They may consist of three
separated spin—% particles. The local measurement of
A, will in that case be a Stern-Gerlach experiment.
There is no theoretical problem with the realization of the
interaction Hamiltonian related to the local transforma-
tion (44). This is the reason we chose this way for verify-

ing our state rather than using our general method [see
(15)].

IV. WHAT WE CANNOT MEASURE

The measurement of nonlocal states which we have
considered so far all consist of sequences of measurements
of nonlocal operators. These separate nonlocal operator
measurements all consist of a number of couplings of the
measuring apparatus to local operators of the measured
system (the operators A4,, of Sec. III), and consequently
those nonlocal operators all invariably possess complete
sets of eigenstates which are also eigenstates of all of the
local operators (the 4,,) in question.

We have been unable to imagine, and we suspect that
there do not exist, any measuring procedures for nonlocal
states which satisfy the requirements of relativistic causal-
ity, and which satisfy the definition of state measurement
given in Sec. III, which are not of the general type just
described.

We shall prove, in this section, that any nonlocal state
of any composite system which is measurable by such
procedures as these (which, as we just said, we believe to
be the only procedures available) must necessarily have
the following property: If the system in question is divid-
ed in any way whatever into two nonempty parts, and
bases of the state spaces of these two separate parts are
chosen so that the state of the composite system (written
in these bases) has the canonical form (21) (which, as we
have shown above, can always be done) then the absolute
values of the nonzero coefficients a; must all be equal.

It should be noted that such states as these (states
which have the property just described) are precisely those
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which were shown in Sec. III to be measurable, and con-
sequently, the results of Sec. III, when combined with
those of the present section, imply that states are measur-
able (by means of such procedures as we have here
described) if and only if they have the property just
described.

Our proof will proceed as follows. We shall first
describe the restrictions on measurable operators which
arise as a consequence of the requirement of causality, and
then we shall show that there exist quantum states that
cannot be specified by specifying the values of any com-
bination of measurable operators.

We shall designate as | i),, the eigenstates of the local
operators that we will use in our measuring procedure
[A4,, of the formula (12)]. Then the eigenstates of the
nonlocal operator will be Hf: —1!im Ym, where i, may
have all possible values. Some of these states will be de-
generate. (If not, what we do amounts to the verification
of a local state.) We shall start with considering the case
of a two-part system. For example, the measurement pre-
viously described, that which verifies that the system has
the canonical form in a given basis, has degenerate eigen-
states |i);|i), while other eigenstates |i);|j),, i5j
have different eigenvalues.

The causality principle gives us the following restric-
tion on the degenerate eigenstates |i),|j), of a measur-
able nonlocal operator. If |iy);|ji1)2 |ii)1lj2)2
| i2)1]Jj1), are degenerate then | i;);]j,), is also degen-
erate with the above states. We shall prove it by showing
that if | iy )| j, ), is the eigenstate of the nonlocal opera-
tor with a distinct eigenvalue then we can send informa-
tion from one part of the system to another faster than
light. The proof runs as follows.

We shall prepare the measuring device that will per-
form the nonlocal measurement of the operator at time
t =ty. Before the measurement we prepare the state | ),
in the second part

[¥)r=ay|ji)r+ar|j2)2 apa#0. (54)

In part one we decide to prepare state | i;); or state |i;);
at the time t =ty —e€. In part two we perform a local veri-
fication measurement of state | '), at the time ¢t =ty +e€.
If at the time t =ty —e we prepare state |i;); then the
nonlocal measurement will not change the state | ), and
the result of the last measurement in part two will be posi-
tive with probability 1. But if the initial state of part one
was |i), then the state of part two after the nonlocal
measurement will be either |j, ), or |j, ), with appropri-
ate probabilities, and the probability of a positive result in
the verification experiment of |#), will be less than 1.
Therefore, local actions in part one can change the proba-
bility of results of local measurements in part rwo that
take place a time 2¢ later. Since € may be arbitrarily
small, this completes the proof of the statement.
Nondemolition verification that the operator has a
given value is defined as the nondemolition verification
that the state can be any linear combination of degenerate
eigenstates with that eigenvalue. In our case the operator
measurement will tell us that in the basis of the eigen-

states of the local operators our nonlocal state has the
form

|¢)=3 By lidi]j)2, (55)

where the matrix elements fB;; are nonzero only if
|i)1]Jj), is one of the degenerate eigenstates of the ob-
served operator. The meaning of what we have just prov-
en about degenerate states of the operator is that we can
bring the matrix B;; to the block composed form by ap-
propriate reshuffling of the eigenstates |i); and |j),.
Thus all the information about the state |¢) that we can
get from one measurement of such an operator is that the
state has the form (55), wherein the B;; are known to be
zero outside of the given block and their values within
that block are unknown. Our method of state measure-
ment is a verification that the matrix B;; has the given
block forms in different bases.

For any state, we can verify that it has canonical form
in a given basis: > a; |i)]i),. We can assume that all
a; are nonzero. (If some of them are zero our method
simply and automatically ignores the appropriate states
i), and |i),) The first stage of the measurement of
the state is the verification that in one basis (the basis of
canonical form) the matrix f is diagonal. It is the matrix
a and it is nonsingular. If we change the local bases by
transformations U'! and U? then the matrix will be

B=U"TqU? (56)

and it will be nonsingular again. Our measurement veri-
fies that B has block form. But a matrix in block form
may be nonsingular only if it is block diagonal. So all
that any single measurement can do is to verify that in
some basis B has block-diagonal form.

By mixing the eigenstates of the basis inside the blocks
we can bring the matrix /3 into the diagonal form (but not
necessarily into the matrix a). We can perform the mea-
surement verifying that it is diagonal in the basis and
clearly this will give us no less information than the origi-
nal verification of block-diagonal form. Therefore what
we have to investigate is to ascertain which are the states
that cannot be specified by knowing that they have canon-
ical form in various different bases. We shall prove that
there are such states, and that for each state, its canonical
form has at least two nonzero distinct | a; | .

We can see that the density matrices in every local part
of the measured system have the same block-diagonal
form as the matrix . Indeed

Pi=23BuBy|id11G 1

~ - ] (57
Pi=2BuBj|i)2:6j 1 ,
t
or in matrix representation
p'=BB", p*=B'B; (57a)

therefore if B is diagonal then p' and p? are also diagonal
and pj;=pj;= | 7:|?8;. The set of characteristic values
of any matrix is basis independent and therefore the set
{1vi|} is equivalent to the set { |a; |}. If all the |q; |
are distinct, therefore there is a one-to-one correspondence
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between characteristic values |a; |2 and the local eigen-
vectors or, in operator language, between the eigenvalues
|a; | % and eigenstates |i); (or |i),). In this case the
state has canonical form only for one set of basis eigen-
states. We can verify that the state has canonical form in
one basis and this is the maximal information about the
state that we can get by means of nondemolition experi-
ments.

If some |q;| are equal we can mix between appropri-
ate local eigenstates of the basis (|i);, in one part and
| i), in the second, wherein all | i) correspond to equal
eigenvalues |a; |?2), and then we can verify again that the
state has canonical form in the new basis. By this pro-
cedure we can specify relative phases between appropriate
a; (for all sets of equal |a;|). If all |a;| are equal then
we can specify phases of all a;, we find the value |q; |
from the normalization, and consequently we verify the
state. We demonstrated this procedure explicitly in Sec.
III. However, if there are distinct | ;| we cannot mix
the states corresponding to these eigenvalues |«; |, there-
by getting canonical form in the new basis. Therefore we
can verify neither relative phases between these a; nor rel-
ative absolute values and consequently we cannot verify
those states.

The conjecture that there is no other causal way to per-
form nondemolition verification of a nonlocal state, ex-
cept for by a set of nondemolition operator measurements
using only local interactions, gives us the following result.
The only nonlocal measurable states of a system with two
separate parts are the states that have canonical form with
all |a;| equal. We can generalize this statement for
composite systems with many parts. We divide any sys-
tem into two subsystems and then the measurable states
have to be of the form

l6)

K
"/_lf‘zllil’i)lwz‘)z, (58)

where |v;), i=1,2,...,k are orthonormal states in
part a, a=1,2. From this follows that for any measur-
able state of a composite system the density matrices in
each separate part of the system must be similar to the di-
agonal matrix, where all its nonvanishing values must be

equal.
V. OTHER VARIETIES OF MEASUREMENT

Let us discuss again our nonlocal measurement. We
verify by a nondemolition experiment some nonlocal
property of the system. In Sec. II that property was that
the nonlocal operator has a certain given value and in Sec.
IIT that property was that the system is in some given
nonlocal state. The measurement is instantaneous in the
sense that was described in Sec. II. It is nondemolition
only for states that have the property for which we are
looking. If we start with some other state then the mea-
surement will give the answer “yes” or “no” with ap-
propriate probability. If it says “yes” then the final state
has the property, while if it says “no” then the final state
definitely does not have the property.

If we use our definition of measurement then the state

|¢)~3a1|l)1|1)2+a2]2>1|2)2, |(11|#la2|7&0

(59)

is unmeasurable. We can prove that the measurability of
|#) contradicts the principle of causality. But there are
other kinds of measurement for which |¢$) is measurable
(and it is this which gives us possibility of speaking about
the state | ¢)).

First, we can prepare state |¢). We prepare locally the
states

1
a;|1)1+a,|2); and —\7:-2—(|1)2+[2)2). (60)

Then the initial state of the system will be
1
"/‘i‘(al [ Di4a | 2001 1)+ [2)7)

1
=7—5(a, l 1)1 | 1)2+a2 | 2)1 i 2)2)

+—‘/l—2—(a,|1)1|2)2+a2|2)1|1)2). 61)
Now we verify by the measurement procedure of Sec. II
that the state has canonical form. This will give the
answer “yes” with probability + and in these cases the fi-
nal states will be | ¢). The experiment, of course, may or
may not be successful.

Another variety of measurement is a particular kind of
nondemolition verification that the state is |¢). We
know how to accomplish this for every nonlocal state
|#)>. This verification measurement does not satisfy all
the requirements of our definition of state measurement.
It is nondemolition for the state |¢) but this time the fi-
nal state will be |$) in any case, without dependence on
the initial state.

In this measurement we will use a measuring device
which has a Hilbert space isomorphic to our system and
we will prepare it in a state |¢) that corresponds under
the isomorphism to |¢). Then we will switch on some
local simultaneous interactions that will produce an “ex-
change” between the state of the system and the state of
the measuring device. The interactions that will do that
are interactions between every separable part ¢ of the sys-
tem and the corresponding part of the measuring device.
These will be described by the transformation

[ j)e— 170 D)y s (62)

where |i), is a set of orthogonal states in one separate
component ¢ of the measuring device.

We see, indeed, that this transformation leads to ex-
changing of the states

[9) 1¢)— ) [¢) .

Therefore if we prepare the measuring device in a given
state | @), then the final state of the system will always be
|#). This measurement procedure brings, instantaneous-
ly, all information about the state of the system (indeed
the state itself) into the measuring device. Now, albeit the
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Hilbert spaces of the measuring device and the measured
system will be isomorphic, their Hamiltonians may be
very different. Indeed, the free Hamiltonian of the device
may be effectively zero, so that the effect of the exchange
will be to freeze the state of the measured system at the
instant of the exchange in the measuring device. But
there is another sense in which it is difficult to claim that
the measuring process is complete after the exchange. It
is not only that there is no local observer that can im-
mediately know the result of the measurement (that we
have encountered before), but also that we cannot perform
local measurements on the measurement device and there-
by obtain a set of results (in separated places) that, after
being brought together, will give us the answer. We need
to bring the parts of the measuring device itself together
in one place. Then the state of the measuring device will
be local and we have assumed that we can measure any lo-
cal state.

This “exchange” measurement has another limitation as
well. It may be used only as a state measurement. We
cannot produce an “exchange” measurement of an opera-
tor. This is true not only for the usual definition of an
operator measurement but, also, for verification of the
given value of the operator in the case that there are de-
generate eigenstates with this value. We can perform this
verification using the methods described in Sec. II for a
quantum system that is correlated to another system. We
can do this without destroying the correlation. However,
this is something that clearly cannot be accomplished by
an “exchange” measurement without touching the “other”
system. Let us come back, now, to the measurement that
was discussed above.

The usual definition of measurement in quantum
mechanics is different from the one we have outlined here.
We want to inquire whether our measurement procedure
satisfies the requirements of the usual definition of mea-
surement. If it does, then there is a complete set of
orthogonal states that are unaffected by the measurement
procedure. These are the eigenstates of the measured
operator. We can see that the measurement procedure of
Sec. II is, indeed, measurement in the usual sense. It is, in
particular, the measurement of the nonlocal operator
> A;. The eigenstates of that operator will not be
changed (except in overall phase) by the interaction Ham-
iltonian (12) when the initial state of the mechanical de-
vice is given by (11).

So we know how to do a measurement of certain nonlo-
cal operators in the usual sense. All the measurable non-
local operators that were considered in Sec. II have degen-
erate eigenstates. Those measurements do not specify the
state of the system completely. This was done in Sec. IIIL.
But the measurement procedure of Sec. III is not a mea-
surement of an operator. It has no complete set of eigen-
states. So we cannot generalize our earlier statement: We
cannot say that any complete orthogonal set of states that
are measurable in the sense of Sec. III defines a measur-
able operator.

Let us give an example of a nonlocal operator the
measurability of which would violate causality. The
operator will have the following set of nondegenerate
eigenstates:
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I¢2>=—‘/I—i< 1)1 Da= [2)1]2)0) 63)
[93)=11)1]2)2 |¥a)=1[2)1]1),.

We will contradict the principle of causality in the fol-
lowing way: (i) preparing state |2), in part two at time
t << to; (ii) preparing state | 1) or |2), at time t =ty —¢;
(iii) measurement of the operator at time ¢ =t; (iv) local
verification of the state |2), at time t =ty +e€.

The probability of the result of the local measurement
(iv) in part two at time ty+ € will depend on our choice at
time ty—e€ in part one, albeit part one is separated by an
arbitrary distance from part two.

Therefore not every nonlocal operator with measurable
eigenstates is itself measurable. Thus the following ques-
tion arises: Does there exist a nonlocal measurable opera-
tor with nondegenerate eigenstates? The answer is yes.
The nonlocal operator that we will take will have the fol-
lowing nondegenerate eigenstates:

!¢.>=%2<|1>111>2+ 12),12)2),

|¢2)=‘—/I—5(|1)1|1>2— [2)112)2),
. (64)
l¢3>—-ﬁ< [1)112)2+ [2),]1)2),

t¢4>=7}5<11>112>2- 12)112),) .

We will take the local operators A4; (28); then | ;) and
| $,), as well as | $3) and | ¢,) will be degenerate eigen-
states of the operator (A4; + 4,) mod2 that we know how
to measure. Next we will perform the appropriate local
unitary transformations (48) and we will measure the
operator (A, + A4,) mod2 as it is defined in the new bases.
Now the degenerate eigenstates will be |¢;) and |#;) as
well as |#,) and |¢,). For the measurement that con-
sists of these two measurements, the states | ;) are eigen-
states and they are nondegenerate.

There is no contradiction between the measurability of
this operator and causality. This happens because the
probability of any given result for any local measurement
in all separate parts of the system is the same for all four
eigenstates.

VI. CONCLUSION

In this work we have presented a method for the mea-
surement of nonlocal states in composite systems that
have N separate parts with K orthogonal states in every
part. The general form of the measurable states is

1 K
i¢>=7_1;'_~=

i

N
I 14 - (65)
1

1j=



Some of those states are familiar ones. If K =N =2,
(65) is the Einstein-Podolsky-Rosen (EPR) -Bohm state
that was used later by Bell in his original paper about the
Bell inequality. If N =2 and K-— o0, then the state is
similar to the original EPR state. We proved that at least
for N =2 these are the only measurable nonlocal states,
all of which have the following local property: any local
measurement in any separate part has the same probabili-
ty to produce any given result. In other words the density
matrix in all separate parts is proportional to the unit ma-
trix. This explains why these measurements do not con-
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tradict causality. Finally we saw that there are measur-

able nonlocal operators. The eigenstates of those opera-
tors have a form (65).
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