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We present the symmetric Hadamard representation for scalar and photon Feynman Green’s
functions. We use these representations to give a simple definition for their associated renormalized
stress tensors. We investigate the connection between the accuracy of the WKB approximation and
the vanishing of the trace anomaly for these fields. We show that, although for scalars there is a
direct connection, this is not true for photons, and we discuss the relevance of these results to the ap-
proximation of renormalized stress tensors in static Einstein space-times.

I. INTRODUCTION

In a recent paper,' we, together with Page, showed how
to derive approximate values for the renormalized elec-
tromagnetic stress tensor in static Einstein space-times
from a knowledge of its conformal transformation law.
Of central importance to this work was the condition to
be satisfied by the curvature of space-time in order that
the photon Feynman Green’s function be well approxi-
mated, in an appropriate sense, by its WKB approxima-
tion. We had in mind the analogous situation of confor-
mally invariant scalar field theories. There, one knows
that the requirements that the Feynman Green’s function
have the Hadamard form and that it be symmetric in its
space-time arguments together imply that the covariant
Taylor-series expansion of the regular part of this func-
tion, W(x,x'), contains a conserved, symmetric, second-
rank tensor t°?, whose trace is the curvature scalar 2v,
(Ref. 2). In this case, a necessary condition for the WKB
approximation to be a good local approximation in a
neighborhood of any point x of the space-time is that
vy(x) should vanish. It is possible to restate this condi-
tion as “the trace of the renormalized stress tensor must
vanish,” provided we agree that the renormalized stress
tensor has a trace proportional to v;. It is generally
agreed that this is so; in fact, the renormalized stress ten-
sor is taken to be proportional to the tensor ¢t mentioned
above. However, especially for higher-spin fields, it need
not be the case that the vanishing of the trace of the re-
normalized stress tensor implies that the WKB approxi-
mation is good and vice versa: the trace of the renormal-
ized stress tensor is ambiguous in that it is definition
dependent whereas the condition for the WKB approxi-
mation to be exact to a given order is an unambiguous
constraint on the space-time curvature. The problem con-
fronting us in writing Ref. 1 was to find this condition for
the photon Feynman Green’s function. In that paper we
inferred the condition from a knowledge of the trace
anomaly of the renormalized photon stress tensor, as cal-
culated by point-separation techniques, and threatened to
give a direct analysis of the Feynman Green’s function at
a later date. Section III of this paper contains that
analysis. It is presented in a way which follows closely
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the corresponding analysis of the scalar Feynman Green’s
function—this is reviewed in Sec. IL

This analysis of the photon Feynman Green’s function
is one reason for writing this paper. Another is to provide
a much needed simplification in the definition and calcu-
lation of renormalized stress tensors. Our dissatisfaction
with the current status of these objects arose from an in-
vestigation of the literature in an attempt to disentangle
from the vagaries of renormalization statements about
well-defined propagators. Here there are a number of
comments worth making; many have been made before
both by ourselves and others and we repeat them now in
an attempt to set the record straight.

The essential role of a renormalized expectation value
of a stress tensor operator in a given state | 4 )—let us
call it TR*®[A]—is that it should provide an absolute
measure of the energy-momentum density of matter that
is in the state | 4). For any given state | 4) there is an
ambiguity in the definition of TR%[A4] which can be
parametrized by the addition of any symmetric, con-
served, geometrical, second-rank tensor.> There are many
such tensors—the ambiguity extends far beyond those ob-
tained from actions quadratic in the curvature. The ambi-
guity of the coefficient of the CJR contribution to the vec-
tor trace anomaly* is merely the tip of the iceberg. In
practice, this difficulty manifests itself where different
methods of regularization lend themselves, more or less
naturally, to different definitions of what is to constitute
renormalization. Regularization techniques are them-
selves conditioned by the chosen representation of the
Feynman Green’s function—there are three serious con-
tenders: a mode-sum representation, the DeWitt series
representation based on the Schwinger-DeWitt proper-
time integral, and the Hadamard series representation.

In giving a prescription for renormalization it is impor-
tant that one gives a method that can be applied to all
space-times. Hence one needs to give a representation of
the Feynman Green’s function valid in all space-times. It
is very difficult to say anything about mode sums in any-
thing other than highly symmetric space-times and we
shall not discuss them further. This leaves two possible
representations and here is the first simplification that can
be made: We would argue strongly that the DeWitt series
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representation of the Feynman Green’s function should be
abandoned in favor of the Hadamard series representa-
tion. Both representations agree in their description of
the singularity structure of the Feynman Green’s function
but the DeWitt series representation has the profound
disadvantage that, in general, it is known not to con-
verge.’ Its only legitimate use is for massive theories
where it provides an asymptotic solution of the wave
equation, valid when the Compton wavelength of the par-
ticle is much less than the characteristic radius of curva-
ture of the space-time; but here again this information is
easily extracted from the Hadamard series. The interested
reader can find the details in Ref. 6.

If it can be agreed that the DeWitt series representation
be dropped then one also removes the need for dimension-
al and £-function regularization of the stress-tensor opera-
tor. These methods can be applied to the Hadamard rep-
resentation’ but the singularity structure of the Feynman
Green’s function is already made manifest as a function
of the geodesic distance between its two space-time argu-
ments and any further parametrization is unnecessary.

This leaves those methods of renormalization which
make use of the Hadamard series represeptation of the
Feynman propagator. Most significant among these is the
work of Adler, Lieberman, and Ng,8 as later corrected and
J

TabE 2g
agab

=(1-26)06°¢"+ (26— 1 )g .00~ 2604+ 268404 + (R — L Rg 16— tm g 0p?

It will prove convenient to write this tensor as
T =[7 $(x)p(x"))]= lim 7 Y$(x)p(x")) ,
X —Xx
(2.5)
b

where 7 %= 7 %(x,x') is a differential operator defined in
any way so as to give the limit (2.4), for example,

7 ab__ (1— 2§ )gb,bvavb’ +( 2§_ % )gabgc,cvcvc’
—2EV°Vb 4+ 2£g%V VE

+§(Rab__;_Rgab)_%m2gab , (2.6)
where g,° denotes the bivector of parallel transport,
which is defined by the equation 0°°g®.. =0 together with
the boundary condition that it be equal to the identity ma-
trix when x'=x.

The inhomogeneous wave equation

(O—£&R —m?)G(x,x")= —8(x,x") 2.7
admits the Hadamard solutions!"!2
i AlZ2
Gx,x")=—5 —+Vinlo+ie)+W |, (2.8
81 o+1€

where 20(x,x’) denotes the square of the geodesic distance
between x and x’,

A= —g V4 x)det(0,q)8 1/ Hx")
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modified by Wald.® What we propose as a definition of
TRr®[A4] is essentially a more tidy version of this work—
no disrespect is intended. Our definition is given in Secs.
IT and III for scalars and vectors, respectively.

In Sec. IV we shall discuss the consequences of our
analysis for the approximation scheme of Ref. 1. In Sec.
V we conclude with some remarks on how renormalized
stress tensors should and should not be used.

Our space-time conventions follow those of Hawking
and Ellis'® and we shall work in natural units
(=G =c=k=1).

II. SCALAR FIELD THEORY

Here we shall review the essential elements of, and
describe the renormalization of the stress tensor for, a free
scalar field theory in a curved space-time. The theory will
be taken to have action functional

S[él=1 [ d*xg'$(O—ER—m?)¢ . (2.1)
This action gives rise to the field equation
g-m%i—:(m—g}z —m?$=0, (2.2)

and the classical stress tensor T defined by the equation

(2.3)

(2.4)

r
is the biscalar form of the VanVleck-Morette determinant.
V(x,x’) and W (x,x’) are regular biscalar functions pos-
sessing expansions of the form

Vix,x')= i V,(x,x")o",

° 2.9)
Wix,x' )= W,(x,x")o",

0

where again V,(x,x’) and W,(x,x’) are regular biscalar
functions. Imposing Eq. (2.7) for xs£x’ it follows that V'
and W satisfy the equations

(O—ER—m?)V=0 (2.10)

and
o(O—ER—mP)W =—2V —20%V,,—VA~'?A!2 )
—(O—ER—mHAV? 2.11)

In turn these equations yield differential recursion rela-
tions for the coefficients ¥V, and W, (Ref. 12). These re-
cursion relations completely determine the coefficients V,
(n >0); they also determine the coefficients W, (n>1)
once Wjy(x,x') is given. Wy(x,x’) is undetermined and
corresponds to the freedom to add to G (x,x’) solutions to
the homogeneous wave equation.

In the quantum theory the Feynman two-point function
for a unit-norm state | 4 ) is defined by the equation
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G(x,x")=i{A | T(¢x)d(x))|4), (2.12)

where T denotes time ordering. By definition G 4(x,x’)
must be symmetric in x and x’, and satisfy the inhomo-
geneous wave equation (2.7). We shall consider only those
states whose related Feynman two-point functions have
the Hadamard form:

i A]/Z

G =——
47 82 | o+ie

+Vinlo+ie)+ W, (2.13)
The symmetry of the Green’s function G, (x,x') is
equivalent to the symmetry of the regular biscalar
W A (x,x I).

As is clear and well known, the naive expression for the

expectation value of the stress-tensor operator in the state
| 4),

(AT A)Y=[7T%G4(x,x")],

is divergent and therefore meaningless. This reflects the
deeper problem that the stress-tensor operator has not
been defined. If | B) is another unit-norm state whose
Feynman two-point function has the Hadamard form
then the difference in stress-energy density between the
states | A) and | B) is well defined and is given by the
equation

(A|T®|A)—(B|T*|B)

=[7 G 4(x,x")—Gp(x,x"))]

=[7 OW 4(x,x")— Wz(x,x"))] .

(2.14)

Unlike the tensor [ 7 %°G 4(x,x’)], the tensor
W=7 W a(x,x")], (2.15)

is clearly well defined, and it is of interest to study its
properties. Later we shall relate it to the renormalized
stress tensor but here our discussion is quite independent
of this.

%[ W 4] is symmetric, but, as we shall now show, it is
not, in general, conserved. Under the infinitesimal coordi-
nate transformation

x%—>x%+6x°,
the metric and scalar fields transform as
8ab —>8ab —Bxa;b “'axb;ar ¢_"¢‘"¢;a5xa .

The action (2.1) is invariant under this transformation, so

S;Z%Zib: +—§—i—%";=o. (2.16)
1t follows that

T, =¢'(0—ER —m?)é . (.17
In turn this implies that
™ [W4l=[g% V (O—ER —m> )W 4(x,x")] . (2.18)

Equation (2.12) gives

(O—ER —m?)W(x,x')
=—6V(x,x') =2V (x,x"),,0°+O(0)
(2.19)

where 0°=0°% v (x)=[V;(x,x")], and we have used the
fact that

=—6v,(x)+2v(x).,0°+0(0) ,

Vix,x")=v,(x)—30,(x).,0°+0(a) , (2.20)

see Appendix A [and Eq. (2.31)]. Thus, we find that

W[ Wal=—2v,. (2.21)

The trace of 7°°[ W ,] is readily computed to be
P [ W4 ]=—60,(x)+ +(66—1)Dw,(x)—mw4(x) ,
(2.22)

where w4 (x)=[W ,(x,x")].

Elsewhere® we have argued that the quantum theory
should properly be formulated in terms of differences
such as in Eq. (2.14). Here, however, we wish to make
contact with standard renormalization theory and obtain
an absolute measure of the stress-energy density of the
state | 4). We define the renormalized stress tensor to be

TR“b[A]EE—lﬂ?('r"”[ Wol+20,8%) .
Clearly this definition is closely related to that of Adler,
Lieberman, and Ng® as modified by Wald;® however, we
feel that it has the advantage of being more direct.

The tensor TR°°[A] is obviously conserved; its trace is
given by

(2.23)

TR"a[A]=§1—2—[2v1(x)+ (66 —1)0w 4 (x)
T

—miw,(x)] . (2.24)
For the conformally invariant theory (§=+,m?=0) we
obtain the standard trace anomaly

1

Trtal 436 =5,m*=0]="5vi(x). (2.25)
T

The definition of the renormalized stress tensor given
here satisfies Wald’s axioms® and so agrees with other def-
initions up to the possible addition of conserved geometri-
cal tensors. Among these, a standard ambiguity lies in the
choice of the implicit length scale making the argument
of the logarithm in Eq. (2.8) dimensionless. In our
prescription this ambiguity corresponds to adding to
W ,(x,x’) an arbitrary multiple of V(x,x’) (which is a
symmetric, geometrical solution to the homogeneous wave
equation). The resulting additional tensor
[ V]=[7*V(x,x")] is a conserved, geometrical tensor
derivable as the metric variation of an action at most
quadratic in the curvature. Of particular interest is the
conformally invariant theory for which it can be shown
that

™[ V]=—55B%, (2.26)
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where B% is the Bach tensor, which is defined by the
equation

Bab__=_g—1/2_.8_ fd“'xgl/zccdefCCdef 2.27)
Sgab
zzcacdbRcd+4COCdb;cd . (2.28)

From the definition (2.27), B% is symmetric, conserved,
and trace-free. We give useful alternative expressions for
B in Appendix B.

It is of interest to discuss ™[ W,] in relation to the
symmetry of the Green’s function G,(x,x’). Since
V(x,x") and A(x,x’) are symmetric'® the symmetry of
G 4(x,x") is equivalent to the symmetry of the regular bis-
calar W (x,x’).

An arbitrary regular biscalar U(x,x’) can be expanded
in a covariant Taylor series:

Ux,x')=u(x)+uy(x)o’+ —;-ua,,(x)a"a”

+ T gy (X)0%0PT 4 - - . (2.29)
If the biscalar is symmetric in x and x’ then the odd coef-
ficients in this series are determined in terms of the even
ones. The general symmetry constraint on the coefficients
can be written

n [n
2 |
r=0
This follows from taking the symmetric nth derivative of
the Taylor-series expansion of the equation
U(x,x')=U(x',x) and noting that [0, q,---4,]=0 for

r>3. The lowest-order coefficients are related by the
equations

u(alal' i aie, gt an)=( ——1)"u,,la2 g, (2.30)

Ug=—TUsa > (2.31)
Ugbe = — T U(abse) + ¥ U abe) - (2.32)
Using these equations to write
W(x,x")=w(x)— yw.q(x)o®+ Twgp(x)o%0®
— [ Wiabie)(X) = §W;(abe) (%)]
Xoabo+ - - (2.33)

one can express [ W] and Tx® in terms of w and w®.
This relationship can be inverted to give

w=_ 7 —30,8%+ 1 (126w
2

+ 3 (26— 3)0wg® +ER“Pw (2.34)
= —8mTr%—v,g%+ (126w
+1(26—+)0wg®+ER*w . (2.35)

Conversely, we may ask, given a regular, symmetric bis-
calar, W(x,x'), when does the Hadamard distribution de-
fined by Eq. (2.8) having W as its regular part satisfy the
inhomogeneous wave equation (2.7) to order o? The
answer is straightforward: Using W(x,x') we may define
a symmetric second-rank tensor Ty % by Eq. (2.35). Then

Eq. (2.7) will be satisfied to this order if and only if Tx%
is conserved and has trace given by Eq. (2.24). In particu-
lar, for the conformally invariant theory, given a sym-
metric tensor ¢° satisfying the equations

%, =0 (2.36)

and

__1,
4772

there exist Hadamard Green’s functions satisfying Eq.
(2.7) to order o for which the renormalized stress tensor is
t%. It should be stressed that this is a local statement: it
may be that there exist global obstructions to obtaining
this Green’s function as the vacuum expectation value of
a time-ordered product of field operators for a Fock vac-
uum state.

We appreciate that many of the equations in this sec-
tion appear elsewhere in the literature. We have presented
them in a way which we feel makes most plain the logical
structure of the theory. The key element in our develop-
ment has been the well-defined Hadamard representation
of symmetric Feynman Green’s functions. The regular
parts of these functions contain information about the
energy-momentum content of states of massive and mass-
less matter. However, the definition of a renormalized
stress tensor is a matter of convention. Our convention,
contained in Eq. (2.23), has been chosen in such a way as
to be in agreement with those generally accepted,* but has
been based as firmly as possible on the physical Green’s
functions of the theory in the physical space-time.

t,

1 (2.37)

III. ELECTROMAGNETISM

Electromagnetism presents the technical complication
of gauge invariance. In terms of the vector potential,
A, (x), the Maxwell action is

Su=—+ [ d*xg!F,F®, 3.1)

where F,, =A,.,—A,.p, and is invariant under the gauge
transformation A,— A, +A., for an arbitrary scalar field
A. The wave equation derived from this action is

04, —R,%4,—V,(4,%)=0. (3.2

Gauge invariance implies that this wave operator is singu-
lar. Hence to continue our discussion of Green’s func-
tions we follow the standard procedure of adding to the
action (3.1) a gauge-breaking term and introducing a com-
pensating complex ghost field c(x). We choose these ac-
tions to have the form

Soa=1 [ d*xg'/%(4,? (3.3)

and

Son=—7% [ d*xc*Oc . (3.4)
This choice of Sgg, corresponding to the covariant

Lorentz gauge A,°=0, has the advantage that the wave

equation derived from the combined action Sy, +Sgg,

OAd,—R,%4,=0, 3.5
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admits Feynman Green’s functions with the Hadamard
form. This means that the vector Feynman Green’s func-
tion G,(x,x’) can be written as'?

172
A 8ab’

G
a o+ie

+Vapln(o+ie)+ Wy | (3.6)

)
where V,,(x,x’) and W,,(x,x’) possess expansions simi-
lar to those for the scalar field.

The ghost field ¢ (x) is a complex scalar field satisfying
the minimally coupled wave equation

Oc(x)=0. (3.7)

We shall denote its Feynman Green’s function by
G(x,x").

The theory defined by the total action
S=Sy+Sge+Sgn corresponds to electromagnetism
when the Green’s functions G, and G are related by the
equation'?

Gup®+G.p =0, (3.8)

which expresses the gauge invariance of the action. Equa-
tions (3.7) and (3.8) require that G has the Hadamard
form appropriate to a minimally coupled scalar field. In-
serting the Hadamard expansion for these Green’s func-
tions into Eq. (3.8) one obtains the equations

Vo' ®+ V.5 =0 (3.9

and
(A2g, 0+ AV 2y 4 Voo + Vo,

+0(Wa®+ W0 )=0, (3.10)

where V and W are the biscalars appearing in the Ha-
damard representation of the ghost propagator. Equation
(3.9) is an identity on the geometrical bitensors V,, and
¥, while Eq. (3.10) is a constraint on the state-dependent
bitensors W, and W.

The classical stress tensors Ty, Tgg®, and T, are
defined in the standard way in terms of metric variations
of their associated actions. The expectation values of the
bare quantum operators in the state | 4 ) can be expressed
as coincidence limits of second-order differential opera-
tors acting on G 44 for T)® and T, and on G, for
Tp®®. One can show formally that Eq. (3.8) implies that®

(A4|Top®™+Tch® | 4)=0.

Requiring that any procedure for renormalizing these
stress tensors should respect gauge invariance implies that

<A | fGBab+?Ghab|A>ren=o . (3.11)
We shall require that Eq. (3.11) be maintained. Thus we
need to consider only the Maxwell stress tensor, and from
here on the argument is presented so as to parallel that of

Sec. II as closely as possible.
The classical Maxwell stress tensor is given by

TMab=Fachc _ _i_gachchd
=(AC;a-—Aa;C)(Ac;b—Ab;C)

——%gab(AC;d—Ad;c)(Ac;d“Ad;c) . (3.12)
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We can write

Ty =[7 ¥ (4,(x)Ag(x')] , (3.13)
where, for example,
7abed' _ fabed' _ LgabF ecd (3.14)
with
f ot =(g, g, V" — 8.8 V)
X (g%V°e—g%ve) . (3.15)

In the quantum theory, following our procedure for
scalar fields, rather than consider the meaningless object
[7 4G 4.4] we shall study the well-defined object

oUW =7 W aea] - (3.16)

By definition this tensor is trace-free, but, as in the scalar
theory, it is not conserved. Its divergence can be calculat-
ed by repeating the argument of Sec. II. Under the infini-
tesimal coordinate transformation given in that section

A, —>A,—08xb,4,—8x%4,., .

From the invariance of Sj; under this transformation it
can be shown that

Tr®., =(A%9— 4% [04, —R, A, —V,(4.)] .

(3.17)
In turn this implies that
[ Wa]l=[(g"g" Vo —g*g"'Vy)
X (8O —Rp—V,VOIW 400] . (3.18)
The wave equation for G 4, implies that
(8 T—RyIW gog=—6V1pq — 2V g0+ - - -, (3.19)
while Egs. (3.8) and (3.9) imply that
Viea'*=—Vi,g+0(c'?) (3.20)
and
Woaea’=—Waa—Via0"—Vi04+0(0>"?) .
(3.21)

Furthermore, it can be shown that [see Appendix A and

Eq. (3.32)]

g% V1% (x,x") =0, %(x) 4+ [ — v, %. . (x) +v, %] (x)]o°

+0(o) . (3.22)
Combining these equations it follows that
Tab;b[WA]=4Ulab;b—%Ulbb;a+vl;a , (3.23)

where v, (x)=[V,(x,x")].
We can now define a renormalized stress tensor by the
equation

1
Tr*[4]= g{“"b[ Wal—40, "+ 30,%8"—v1g®) .

(3.24)
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This tensor is conserved and has a trace,

T;,,[A]:#w,g—zu,) , (3.25)
in agreement with the standard point-separation value for
the electromagnetic trace anomaly.*

Again there is an ambiguity in our definition corre-
sponding to the freedom to add to W g (x,x’) an arbi-
trary multiple of V,(x,x’). Using the expansions of Ap-
pendix A and the geometrical identities of Appendix B,
one finds

V1= B"

where, as before, B®® is the Bach tensor defined by Eq.
(2.27).

Now we turn to a discussion of 7°°[ W] in relation to
the symmetry of W .. For G 4,(x,x’) to represent the
expectation value of a time-ordered product of field
operators it must be symmetric. Since V(x,x’) is sym-
metric'? this requires that the regular bivector W ;(x,x’)
be symmetric.

To give a Taylor-series expansion for a smooth bivector
U,(x,x’) one first parallel transports the primed index
back to the point x (Ref. 12). The resulting object
85 Uap(x,x’) is a second-rank tensor at x and a scalar at
x'. One can now write

(3.26)

86 Uap (X, X" ) =g (X) + tUgpe (X)T€
+ T Ugpea(x)00?

1
+ ¢ Ugbege (X )OO+ - - -,

(3.27)
where, by definition,
Ugpe - (X)=Ugp(c ... (%) .

Suppose now that U,(x,x’') is symmetric in the sense
that Uy (x,x')= Uy, (x’,x), then we have

gbb'Uab’ngb'Ub’a =gbb’gaa'(ga'cUb'c) ’ (328)
and hence
Uap +uabcac+ e
=28, (Upg +Upgeo+ ). (3.29)

Differentiating and taking coincidence limits we obtain a
series of constraints on the expansion coefficients in the
Taylor series. These constraints determine the symmetric
part of the odd coefficients and the antisymmetric part of
the even coefficients. The general symmetry constraint on
the coefficients can be written as

30

_ n
uab(a,a2~~a,;a,+1~-a")"("‘l) Uba(aya, - a,)

(3.30)
[

The first four constraints are

Ugp =U(gb) > (331)
Ughe = — %u(ab);c+u[ab]c s (3.32)
Uabcd = U (ab)ed — U[ab)(c;d) » (3.33)
3
Uabede = — 7 U(ab)(cd;e)
+%u(ab);(cde)+u[ab]cde . (3.34)

For convenience, we now drop the subscript 4 on
W 4a6(x,x"), and introduce the following notation for its
Taylor-series coefficients:

Sabc e =W(gb)c e » (3.35)

Qabe - - e =W(ablc - e -

We shall also need the Taylor-series expansion for the reg-
ular part of the symmetric ghost propagator, viz.,

1 1
Wx,x')=0—30.,0°+ 5040%°+ - - .

(3.36)

Now we can transcribe the equations of the earlier part
of this section into constraints on the Taylor-series coeffi-
cients for g,% W,, and W. The wave equation (3.19) re-
quires

b’ =R [aSp)c > (3.37)
Sabe* =R (aSp)e —6V1ap » (3.38)
and
5620 = 1550 0 + Ra "y + 5 (Osp),4
+ TR Cp — TR s +2015%, (3.39)

We note that Eq. (3.19) imposes further restrictions at the
same order as Eq. (3.39), but Eq. (3.39) is all that we shall
use in the following. Furthermore, Eq. (2.19) for the
minimally coupled scalar ghost field yields the constraints

@,%=—6v, (3.40)
and

0 ’=5(00),s + 7R 0 —v1;q - (3.41)
Finally, the gauge condition (3.21) gives the relations

Al =100+ 35" (3.42)
and

Sacs = ¥ac’;b + T%ach + TRa"Sep

+®ab — §O;0p —V1ab+V18ab - (3.43)

We can express °°[ W] in terms of the above Taylor-
series coefficients. Using Egs. (3.37)—(3.43) we can write

b Lo ciab L ab; ; ;
~ [VV]=7SCC a +7$ab c;c _sc(a b)c+Rc(asb)c___sccab_zac(ab),c+2wab

— 0% 4% — +g(Os, — 25,4 — 20w + 1005 — 120, )

(3.44)
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and, correspondingly,
SWZTRab[ W] — %scc;ab+ %sab;c;c
+2a)ab_w;ab___

_Sc(a;b)c+Rc(asb)c

It can be explicitly demonstrated that 7°°[ W] satisfies Eq.
(3.23) and that Tz®[W] is conserved having a trace given
by Eq. (3.25).

In Sec. I we showed how the tensor 7° was contained
in the Taylor-senes expansion of the Feynman Green’s
function. Here 7 appears naturally in the Taylor-series
expansion of the “once-traced” field propagator

gea{A | T(F*“(x)F?¥(x")) [ 4) .
We shall discuss this further in the next section.

IV. TRACE ANOMALIES
AND THE WKB APPROXIMATION

Here we shall discuss the relevance of the analysis of
Secs. III and IV to the approximation scheme of Ref. 1.
We shall be more precise in a moment but it is worthwhile
first to sketch the general ideas: In a general curved
space-time the Hadamard representation separates the
Feynman Green’s function into two pieces, its singular
and regular parts. In certain special space-times the
singular part alone is a solution of the Green’s function
equation (for our purposes it is sufficient that it be so to
order o). The condition that this happens can be stated in
a number of different ways depending on the precise cir-
cumstances: viz., the singular part be a solution, the
WKB approximation be exact, and the Gaussian approxi-
mation'* be exact (in all cases to order o). When this con-
dition, however stated, is satisfied one might expect that
the renormalized stress tensor derived from that Green’s
function would be zero and, correspondingly, that the re-
normalized stress tensor in some state | A) would be
given by 7°[W,]. This is so for scalar fields but as we
shall describe in detail below it is not necessarily so for
photons.

For scalars the argument runs as follows: We are in-
terested in the condition that
' i Al72 )
Giging(x,x )EF P +Vin(o+ie€) 4.1)

be a solution to the inhomogeneous wave equation (2.7) to
order o. It is clear that this condition is equivalent to the
requirement that W(x,x’)=0 be a solution to Eq. (2.19)
and this will be the case if and only if

vi(x)=0 (4.2)

We wish to stress the important point that this is a
geometrical constraint on the space-time curvature and is
not necessarily related to any property of the renormalized
stress tensor. (For example, recall that we could have de-
fined our renormalized stress tensor to include an arbi-
trary multiple of the metric variation of the action having
Lagrangian density R2. This additional conserved tensor
has a trace proportional to COR.)

_}gab(Dscc—zscd;Cd'—zaw +4vlcc‘— 8U1 ).
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2(1 (ab);c

(3.45)

r
It is worth noting that for conformally invariant field
theories on space-times conformal to Einstein space-times
V(x,x')=0(c?. It follows that the above argument ap-
plies equally well to the Gaussian approximation of the
Feynman Green’s function given by Bekenstein and Park-
er,' viz.,
: 172
G Gauss(X,x ") = g;‘_z. O'A+iE .
For photons it is desirable to phrase the analogous dis-
cussion in terms of physical, gauge-invariant objects. Of
fundamental importance is the field propagator, defined
for a unit-norm state | 4) as

(x')N]A4).

For the purposes of our discussion of stress tensors it will
be sufficient to consider the “once-traced” field propaga-
tor

(4.3)

(AIT(Fab ch

goa{A | T(FPx)F¥(x")) | 4) .
In the classical theory we can write

€ FOxX)F Y (x") =g, f P44 (x)44(x"),  (44)
where f %4’ is defined by Eq. (3.14). In the quantum
theory we shall study the regular part of the once-traced

field propagator defined by

P%(x,x") =g, f W, 1(x,x") . (4.5)
The Maxwell equations impose constraints on the bivector

P*'(x,x’')—we have

P Wl=[g"P*]— 18[gsP* ], (4.6)
and by Eq. (3.23) the Maxwell equations require
8 [ W] =(40,%— %vlccg“b—;-vlg“b);b 4.7)

We are interested in the conditions under which the
singular part of the field propagator alone is a solution to
the Maxwell equations. Clearly, a necessary condition is
that setting P%'(x,x’), the regular part of the once-traced
field propagator, to zero be consistent with the Maxwell
equations. This implies the geometrical constraint on
space-time that

(4v1“b——%v1c‘g””+u1g“b);b=O . (4.8)
This equation corresponds to Eq. (4.2) for the scalar
theory. Written in full it requires that the symmetric
second-rank tensor,
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b 3 1 1 .
4vla __ivlccgab+v1gab=_?CcabdRcd+_6_RacRcb_%RRab_%R,ab

1

+ 7208 ®(13R 4o R %/ —148R 4R+ 55R2+3800R) , (4.9)

be divergence-free.

There is an important difference between the scalar
constraint (4.2) and the vector constraint (4.8) in that, in
general, there is no reason why the vector constraint
should be related to the vanishing of its associated trace
anomaly. Even in the important, and relevant,' special
case of ultrastatic space-times that are conformal to Ein-
stein space-times there is no connection. For these space-
times, using the formulas given in the Appendix of Ref.
1., it can be shown that

(4Ulab’_‘ %Ulccgab'*'vlgab);b

=— 5z (50R+R¥»°. (4.10)

The point-separation photon trace anomaly in these
space-times is given by
1 1

= Z']—r?(vlcc —2U1 )= — WDR .
It is rather remarkable that the right-hand side of Eq.
(4.10) is the gradient of a scalar, albeit not one proportion-
al to the trace anomaly—in a general space-time this will
not be true.

This disagreement is disturbing in that it suggests that
the renormalized photon stress tensor does not accurately
reflect the structure of the Feynman Green’s function.
Not least is that the vanishing of the vector trace anomaly
does not imply and is not implied by the accuracy of the
WKB approximation. It may well be that the difficulty
we experienced in Ref. 1 in successfully approximating
the renormalized photon stress tensor is attributable to
this discrepancy. It is possible that a better approxima-
tion would be obtained by finding those space-times in
which the divergence of the tensor

TR 4.11)

3
4ulab_7v]ccgab+vlgab

vanishes rather than finding those space-times in which
its trace vanishes. In Ref. 1 where we did manage to ob-
tain a good approximation both of these conditions were
satisfied. It is certainly the case that the vanishing of the
divergence is a physical condition whereas the vanishing
of the trace is a condition required by a particular renor-
malization ansatz.

V. SUMMARY AND CONCLUSION

In this paper we have tried to make plain the local
structure of scalar and vector Feynman Green’s functions
which have the Hadamard form. We have not allowed
ourselves the use of sometimes nonexistent integral repre-
sentations such as the DeWitt series but have worked with
the Hadamard series representation. The state dependence
of these two-point functions is contained in the bitensor
W (x,x') (we suppress any tensor indices) that forms the
regular part of their Hadamard representations. The

T
necessary requirement that Wi(x,x’) be symmetric im-
poses conditions on the coefficients of its Taylor-series ex-
pansion [Egs. (2.30) and (3.30)]. For scalar fields, the
condition that, to lowest order, W (x,x’) is itself a solution
of the scalar wave equation implies that the scalar v,(x)
must vanish. For electromagnetism, the condition that, to
lowest order, the gauge-invariant part of W(x,x’) is itself
a solution of the appropriate vector wave equation implies
that

(40, — 30,.8% +v,8%),, =0 . (5.1)

In Ref. 1 we assumed that this condition, the condition
for the photon propagator to be well approximated by its
WKB approximation, was that

Ulcc—2U1=O . (52)

The discrepancy between Egs. (4.1) and (4.2) may well ac-
count for the difficulty we experienced in Ref. 1 in ex-
tracting accurate approximations for renormalized photon
stress tensors from their conformal transformation law.

In this paper we have been careful to separate state-
ments about properties of two-point functions from state-
ments about renormalization. In the light of what we
hope is the now transparent local structure of two-point
functions, there are some comments concerning renormal-
ization that we would like to make.

In quantum field theory, the difference between the ex-
pectation values of the stress tensor operator taken in two
distinct states | 4) and | B) whose associated Feynman
Green’s functions have the Hadamard form is an a priori
well-defined quantity. In addition, this difference can be
expressed as the difference of the tensors ™’[W,] and
7°[Wpg], which are themselves well-defined quantities.
For conformally invariant scalar fields, these tensors
separately must satisfy the equations

=20, (5.3)
and

7"”;,,=—201;“ . (5.4)
For photon fields, the analogous equations are

,=0 (5.5)
and

=40, — 30,8+ v,8%),, . (5.6)

Renormalization theory seeks to give an absolute mea-
sure of energy-momentum to any given state
| A) —Tr[A]. Clearly any sensible definition of this
quantity must be closely related to [ W ,]. In addition,
if it is to be thought of as a stress tensor then it must be
conserved. The tensors 7°[ W] [Egs. (5.4) and (5.6)] are
not always conserved—there is no reason why they should
be; at the same time it is easy to construct from them ten-
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sors that are conserved. In Secs. II and III [Egs. (2.23)
and (3.24)] we gave the following definitions for the re-
normalized stress tensors.

For scalar fields

TR""[A]E;LZ(T"”[ W,]+20.8) . (5.7)
T
For electromagnetic fields
1
TR¥[A]l= — (W, ]1—40,*
(4] Py [(W4]l—4v,
+ 30180 —v1g%) . (5.8)

In the spirit of Wald’s axioms these definitions are
equivalent to others in the literature—they can differ at
most by a conserved, local geometrical tensor. We hope
that they are an improvement in that they and their prop-
erties are easily accessible from known, regular, functions;
they clearly satisfy the necessary, and crucial, relation

ab ab 1 b b
TR%[A]—-Ty [B]"—"gi‘(Ta[WA]—Ta[WB]). (5.9

Now we come to the serious question: given that we
have a renormalized stress tensor, what do we do with it?
Insofar as it assists in the bookkeeping of the energy-
momentum content of different states of matter in given
space-times it may be a valuable asset—the more so if it is
an accessible quantity, and, as we have said, we hope that
this paper helps in this respect. However, we know of no
satisfactory justification for its being used, as it frequently
is, as the source of gravitational energy possessed by
matter in a given state in a given space-time which is to
appear in the semiclassical approximation of the quan-
tized Einstein-matter field equations. It is too optimistic
to imagine that by picking one renormalized stress tensor
from the many possible candidates that one has picked
that one with precisely the right amount of gravitational
energy. The ambiguity extends way beyond the renormal-
ization of terms which appear in the semiclassical effec-
tive action and are at most quadratic in the curvature.
For example, in Egs. (5.7) and (5.8) we have defined our
renormalized stress tensor to have traces that are in agree-
ment with the usual values for the “trace anomalies.” It
should be noted that there exist equally valid definitions
of renormalized stress tensors which, for conformally in-
variant field theories, have zero trace. They differ from
our definitions here by conserved, local, geometrical ten-
sors. The details of their construction may be found in

Ref. 6.
1

It is our opinion that the physical role and meaning of
renormalized stress tensors is to be realized in curved
space-times, exactly as in flat space-times, through equa-
tions such as (5.9). In this case they are unnecessary—the
tensors 7°°[ W 4] and 7% W] carry the physically relevant
information and moreover, once the states are specified,
these T tensors are essentially free from ambiguity. Fur-
ther discussion of these ideas may be found in Ref. 6. It
may be that one day this view will prevail; for the present
it seems that renormalized stress tensors capture the ima-
gination. That being so we hope that this paper will re-
move from them their largely historical connections with
the mathematical devices of { functions, space-times hav-
ing continuous dimension, etc., and instead highlight their
connection with 7 tensors which are obtained directly
from the physical Green’s functions of the theory.
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APPENDIX A

In this appendix we extend (and in one place correct)
the covariant Taylor-series expansions given by Christen-
sen' for the Hadamard coefficients of scalar and vector
theories.

For scalar theories

1 1
Vo=v0— 300,00+ T V0ap0°%0°

+%( —%UOab;c+%v0;(abc) )o.aa,ba,c+ T
V1=U1—-%Ul;a0‘a+ T
where
vo=7[(§—%)R+m?],
Vogp = — ?:Uquraqurb - Ttli()_RapbqRPq

+ 55 RapRo? — 135 0R gy + (56— 55 )R,ap
+77(6—%)RRap +7m Rap
v = T;Fqurstqrs_ '7;—0RMRN" ‘2‘7(5— %)DR
+3E— g R+ gmAE— R +7m* .

For electromagnetism

— 1 !
Voab =Voab +( — 7V0ab;c +Vo[ab]c )T+ T (Vorabied — Vofab)ic ;) )0 0%

1 3 1
+ 5 (= TV0(ab)(cd;e) + T V0ab;(cde) + Vo[ablede )T T+« +

1
Vieb=V1ab+(— TV1ap;c +V1[apic )0+ -,
where
1 1
Yoab =3 Rab — 77 R8ap »

Vorab) = $R[bra] »
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UO(ab)Cd= %‘Rab;(“d)'{' %RabR Cd+ %R(apchb)pqd+gab( - Tzi()‘Rmrcqu’d
- ﬁFR cpdquq+ T,%chde—— %RR ed__ %R jed _ j%)‘DR cd) ,

vO[ab]Cdez _ 730_R (c[a;b]de)__ %R(c[a;blee)_ %R[am(cRb]pqd;e)“ ~3%Rabp(c;qude)q
+7‘%Rabp(c;dRe)p+ %Rabp(cRde);p"'%Rabp(cde.’e) ,

1 i 1 1
Vigh= — TfRapququr"" TRaprp_ 2 RRgp — 37 0Ry,

1

+8ab (555 Rpgrs RP™ — 535 Ry R + 71z R*+ 11-0R)
V11ab)°= 335 R (P Rolpgr + 35 R(P Ryp;q + 75 R P Riig
+ 735 R g (a R, 51+ 37 R, (a Ry + 37 RPa Ry
~ 55 RPRp(a;6)— 3w R?(aRp1p + 77 RR “(0;5)+ T35 R (a1
- ﬁRabpq;rRmm_ s—-:b‘Rabpq;rR e — ?%Rabp c;qRPq
+ o0 Rabp;g RPI+ 135 Raspg R — 535 R ™R ., .

The corresponding DeWitt coefficients a,(x,x’) (suppressing any bitensor indices) may be obtained from these expan-
sions by using the identity

_l)r(mZ)n—r+1
(n—r+1)

Vax,x'sm?)=2"+1r)=1'y ( a,(x,x') .

r=0

In deriving the above formulas we have used the following Taylor-series expansions:
A'2=14+ 5 Ry0°0" — 55 Ryp,.0°0%0° + (557 Ry Rog + 56 Rappg RePa?+ 55 Rapca )00 %0 0
— (s RapRea;e + 365 RappgRePa%,e + 565 Rapicae )0 0botadot + - - -
DAY2= %R + (55 RpgraRPs + 55 Rapbg RP'— 35 Rgp Ru?+ 5 RRap — T35 R a1
+ % ORab )0°0° (755 Rpgra Ry + o5 Rapg RP.c — 55 Rp Ry P,
+ 7 RR . + —égR,,b;p"c — 55 R.ape )00+ - -+,
86" 8ab'sc = — 5 Rabed 0%+ % Raped: e 0%0° — 55 (Rabed;ef + Rabpd RPecs)o%0%0”
+( T;o“Rabcd;efg + T%RabdepeCf:x + '3%3Rabpd;eRpfcg Jolo‘olat+ - - -,
8" 8apic= FRafa.p10%+(— +Rala:b)e + +RappaR?,
— +RapgaRs)0%0° + (55 Rafa;p1er + 5 Rapga Re e/
+ 25 Rapgd;e R6Pf — 35 Ranpa;q RPe 7 — 55 Rappa e R?;
—%Rabdeef;p—j‘%‘Rabdepe;f )olotal + - - .

APPENDIX B
Here we note a number of useful geometrical identities which have been used in the text and in Appendix A:
Ricae R “* =5 Rocge Ry ,
CacdeCb" = 8ab Ceaer C%
RCped;a=Rpa;c —Rpc.a »
RR pegia = ¢ (R Rpeq)se »
R =7R,ap+Roc Ry —RoepaR .

The Bach tensor can be written as
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)

BabEg —1/72
Sgab

f dx g I/ZCCdBchdef

— ancdbRcd + 4Cacdb;cd

=4R*%®R 4+ FRR®—20R®+ $R*+g*(R4R““— +R*++0OR)

=—2R%4R%"%*{4R° R*— +RR®-20R® 4 1R

+gab( %RcdefR Cdef'"RcdR Cd+ %R 2+ %DR ).
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