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We formulate quantum field theory for a wide class of accelerated space-times in four dimensions
and describe its thermal properties in terms of analytic mappings. We demonstrate that four-
dimensional Rindler space uniquely satisfies the condition of global thermal equilibrium, while
spaces which are asymptotically Rindler have thermal equilibrium asymptotically. We discuss the
renormalization of the quantum energy-momentum tensor with application to situations in two,
four, and v dimensions and specifically refer to the general result for conformally flat two-
dimensional space-times. Covariant and noncovariant regularization schemes are presented and
compared, and we make an improvement to proposals for covariantly regularizing the stress tensor

by point separation.

I. INTRODUCTION

In previous publications,"? analytic mappings have
been used to define a wide class of accelerated space-times
preserving the light-cone structure of flat Minkowski
space-time. Two-dimensional quantum field theory
(QFT) was then formulated in these accelerated spaces
and Bogoliubov coefficients, relating a positive-frequency
description for accelerated and inertial bases, were given
explicitly in terms of the mappings. In this paper we ex-
tend to four dimensions a series of results stemming from
this approach: four-dimensional QFT and its thermal
properties are analyzed in terms of analytic mappings re-
lating some manifold to its global analytic extension. Fol-
lowing a description of the relevant formalism (in Sec. II),
we give a specific demonstration (in Sec. III) that the
four-dimensional Rindler space (described by the exponen-
tial mapping) uniquely satisfies the condition of global
thermal equilibrium. Spaces which are asymptotically
Rindler have thermal equilibrium asymptotically. In Sec.
IV we give a general discussion of renormalization in a
curved space-time where there may be no unique state sin-
gled out as a ground state, and where (even for a free sca-
lar field) coupling to the curvature may force us to regard
gravity as interacting. We examine several properties of
some specific regularizing schemes which indicate how
the renormalization might be effected, noting of course,
that final results must be independent of any scheme we
use to obtain it. A refinement to proposals for covariantly
regularizing the stress tensor by point separation is given
in Sec. V.

Generalizations of this work including rotating ac-
celerated frames and even nonanalytic mappings are given
elsewhere.’

A. Contextual background

Before presenting our work in the next sections, we
pause here to survey the context in which it has been
developed.

While a full quantum theory of gravity is still nonex-
istent, continuous effort over the last quarter of a century
has demonstrated the many difficulties encountered in re-
peated attempts to construct such a theory and have also
indicated some of the particular properties which an even-
tually complete theory will have to possess. Complemen-
tary to these approaches, there are investigations for prob-
lems in flat space-time which can throw light on both
classical and quantum results in curved space-time:
Quantum field theory developed for curvilinear (accelerat-
ed) coordinates in flat space in a way which can be direct-
ly generalized to curved space-time may be useful for a
physical and mathematical discussion of the full theory.

The genuine coordinate independence which is so fami-
liar in the classical theory of general relativity is not a
particular property of gravity but a fundamental principle
prevalent in all descriptions of physical laws. On the oth-
er hand, the apparent difference which results from the
treatment of a quantum field theory in a variety of coor-
dinate systems (in either curved or flat space-time) is not a
coordinate effect at all, but is a consequence of the fact
that physically different quantum states are correctly
described by the quantum theory as being physically dis-
tinct. “Canonical” states for different coordinate systems
are physically different (each timelike vector field leads to
a separate indication of what constitutes a definition of
positive frequency).

It seems difficult to give sensible meaning to the follow-
ing question: how should we describe quantum field
theory for an (accelerated) observer following a particular
world line? Even for a uniformly accelerated observer,
some subtle assumptions go into the handling of this ques-
tion. First, although one might use a coordinate system
giving the world lines for an infinite family of uniformly
accelerated observers, this system actually refers only to
accelerated frames, since there would need to be collusion
(spacelike correlations) between observers in order to have
and maintain them as uniformly accelerating. In addi-
tion, to use standard quantum-field-theory techniques, one
would impose boundary conditions such that, asymptoti-

1056 ©1986 The American Physical Society



34 FIELD QUANTIZATION FOR ACCELERATED FRAMES IN . . . 1057

cally, modes appear as free waves in these coordinates.
But for an arbitrary accelerating observer, both the coordi-
nate system of his connected region and the asymptotic
boundary conditions we might assign for him can actually
be chosen in an infinite variety of ways. However, a per-
fectly well-posed problem is as follows: what description
is there for a quantum field theory in accelerated frames?
We associate a physical meaning to this question by
describing the boundary conditions of the quantum theory
in terms of the asymptotic behavior of those frames. This
automatically specifies the quantum state to be examined.
In addition it allows us to use appropriate coordinates in
examining physical consequences of the quantum theory
for the chosen state. Of course, these consequences are
completely independent of the coordinates used to evalu-
ate them.

Further considerations arise for curved space, in which
acceleration and gravitation are locally indistinguishable
but globally inequivalent. On the one hand, we have just
imposed a connection between the boundary conditions of
the space-time and a quantum state in which to discuss
physics. We have done it by using the asymptotic
behavior of the accelerated frames. On the other hand, in
curved space, we shall have to decide whether there may
be some link between the global properties of the gravita-
tional field and some specific state which may be regarded
(gravitationally) as a global ground state in our space-
time. The alternative to such a normalization is to regard
gravity as essentially interacting with (otherwise free)
fields propagating in a curved space-time. These ques-
tions become unavoidable when one tries to handle the in-
finities, inevitably arising in theories of field quantization.

The usual purpose for examining QFT in flat space is
to obtain an understanding about the particles which we
use the fields to represent. In curved space-time, this
same reason exists, with the added fact that we can look
at (linearized) curvature effects on the theory. But a more
interesting reason in the context of general relativity is to
be able to determine some nonlinear effects of the cou-
pling between matter fields and geometry through the
stress energy of the quantum fields. Of course, one
should include the quantum effects of gravitation itself
but technically this is rather difficult and it has often been
felt that dealing simply with a scalar-field source first
would give a guide to the treatment of some of the diffi-
culties. Even to consider the back reaction of the scalar
field, progress is not altogether straightforward, the prob-
lem being that the stress tensor for a quantum field is a
formally divergent operator, just as it is in flat space.
Whereas one has a clear idea of what the vacuum (i.e.,
zero-energy) state is in flat space, and therefore can give a
well-defined procedure for rendering quantum operators
finite, in a curved space-time this is not the case, and
there has arisen some discussion over whether one should
use a normalization procedure, equivalent to defining
some specific state as having zero energy or whether a re-
normalization of the theory is necessary, equivalent to re-
garding the curvature as introducing an interaction be-
tween the scalar field and the geometry. With regard to
normalization, it is not at all clear how to determine
which state might naturally be regarded as having zero

energy, or even whether there is any such state. On the
other hand, renormalization of a theory is usually con-
sidered in the context of a perturbative expansion. How-
ever, in the case of gravitation, apart from the infinite
changes which will be introduced into the quantities origi-
nally appearing in the Lagrangian, new counterterms will
be required at each level of a loop expansion about some
classically valued geometry (say Minkowski space). Be-
cause of this the full quantum theory of gravity is often
described as being ‘“‘unrenormalizable.” It has also been
argued that if only the matter fields are quantized, even
an expansion to one loop may not make sense since the
quantum fluctuations of the geometry should also be con-
sidered at exactly that level where back-reaction effects
for the matter fields become significant. Nevertheless
there is ample reason to believe that knowledge gained
from a treatment of the “semiclassical” Einstein equations
will be useful in any perturbative discussions of the “full”
theory. In this context, some form of the “absolute” re-
normalization would seem to be required, and we shall
refer to methods which have been used for carrying this
out. However, it simply is not clear that geometry will
respond to quantum matter in the same way as does an
observer in a laboratory which is accelerating. Thus, at
least in any discussion of quantum fields on a fixed
space-time background, some form of normalization may
be more in order. We will make further reference to the
choices which arise here in Secs. IV and V.

II. QUANTUM STATES AND YACUUM SPECTRA
IN ACCELERATED FRAMES

The extension of earlier results to four dimensions is
embodied in the following coordinate transformations:

x—t=f(x'—t'), x+t=g(x'+1t'),

=y 2=z, (1)
so that the metric takes the form

ds’=f'(x"—t")g'(x" +t')dx"*—dt"’ +dy>+dz? ,

where f(g) is a strictly monotonic function, unprimed
coordinates refer to all of inertial Minkowski space and
primed coordinates to an accelerated space-time. (Below,
we shall use u =x —t,v=x +t,u'=x"'—t',v'=x"—t', for
convenience.) Singularities of the inverse mapping
u'=F(u) [v'=G(v)] at u, and u_ (v, and v_) give
the (x',t') boundaries of the accelerated space, thus

ur=f(tew), vi=g(xw). (2)

Here u. (v4) can take finite or infinite values. Future
and past boundaries at ¥ =u _ and v =v_ are defined by
different types of singularities of f and g, respectively,
and they can have (as we will see) different associated
temperatures. The definitions proceed analogously for fu-
ture and past boundaries at v =v, and u =u_,. Boun-
daries can be horizons or infinites. For finite u,,v, the
accelerated coordinates cover a bounded region (a paral-
lelogram)

u_<|x—t|<uy, v_<|x+t]|<v,,
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of Minkowski space-time; ¥ =u, and v =v4 represent
two event horizons. (If f=g, the bounded region is a
rhombus.) There can be horizons on # but no horizons on
v and vice versa, in which case the coordinates cover an
infinite strip at 45° angle with the x axis. If v, =210
and v; =1, there are no horizons. Conditions (2)
guarantee that the accelerated coordinates (x’,z’) range
over all values from — o to + oo (light rays take an infi-
nite time ¢’ to reach the boundaries of the accelerated
space). For t'— * « the world lines of the accelerated ob-
servers defined by x’'=const tend asymptotically to the
characteristic lines u =u. (v=v.) where its velocity
given by
_gw)—f'(u’)
g'Ww)+f'(u')

reaches the values +c. These conditions ensure that one
can formulate QFT in these accelerated spaces in a con-
sistent way. In accelerated spaces for which the mappings
f(g) do not satisfy conditions (2), self-adjointness of prop-
agation equations, completeness and orthogonality of their
solutions cease to hold, unless additional assumptions on

the wave functions are imposed. This can be clearly illus-
trated by comparing the mappings

f1=2 8 (ab—By£0) and /=B

(a,B,y,8) being real constants. Both mappings describe
uniform accelerations (f, gives the Rindler frame). How-
ever, f; does not satisfy conditions (2) and then solely
quantum effects of Casimir type can be described in terms
Of f 1

In four dimensions as in the two-dimensional massive
case, knowledge of f'(+ ) [g'(+ )] is also required to
proceed with a discussion of QFT. Different choices are
possible. For definiteness in our discussion here we will
take f=g,u_ =0 (then u’'=— o is a critical point) and
u, =+ o, so that the accelerated space covers the right-
hand wedge of Minkowski space-time. Then

f(—ew)=0 (3a)
and we choose
f(+o0)=+w (3b)

since the Rindler space is included by this as are also
nonuniformly accelerated space-times which are asymp-
totically Rindler. The cases with two or zero event hor-
izons can be easily solved from the discussion given
below.

In the accelerated space-time, the minimally coupled
scalar-field equation

OP=m 2P 4)
becomes
%( — 8,248, 48,2 43,2 —m? |#=0 (s)

where A=f"(x"—¢t')f"(x"+1).
The substitution

\/p:_z_l;ei(kzy+k3z)¢(x,’t,) — 0 <ApAi< + oo (6)
yields

(—3,2 43,2 —AM?)p(x",t') =0
with

M?*=A2 4 A% +m?. @

Conditions (3) mean that the effective mass AM? is zero
on the horizon and infinite at infinity preventing particle
escape there. Thus we can choose as a complete set of in-
basis solutions, the functions ¢ satisfying

. i 1 ihu’

lim ¢ft=———e " , (8
vV'——0 ¢A1 2'\/ 17'}\,1 )

lim ¢i;f’1=0, A>0 9)
u'—>+ o

and given completely for any mapping by>
172

! f:wdge"*lffo(mu[ﬂg)—u]}"2),

T

#h==
(10)

where J,, stands for the Bessel function.
This can be also written as

1
2\/ 7T)\.1

iAF(u)
e

oin =

+MVy [ dn M

« J {M[v(n—u)]"?)
Vin—u ’

in terms of the inverse mapping F=f —1. Near the hor-
izon, for uv—0, ¢5f’1 behaves as

w1
! ZVTTAI

where 8(A) is real. (Because of the infinite potential bar-
rier existing at uv— + o, the waves coming from the
past horizon leave out through the future horizon.)

The functions ¥} are orthonormal with respect to the
scalar product

iAu’ ; Ay’
__0 (e 1 _eZIS(A)e —iAv ) , an
uy —

(VW) =i [ W9 d3+,
Gu=v—23,—8,V—2).

With two event horizons, conditions (3) are modified to
f'(£e0)=0

and besides the solutions @ =9, we would also need the
solutions ¢ ;" satisfying

. i 1 —iAp’
lim ¢f=—r—e !
u'—+o to2y 1'r7»1 ’

lim ¢P=0, A,>0

v —

(12)
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to form a complete basis.
Alternatively, with no event horizons, one could choose

f'(£ o )={inite constant C. 0 ,

i.e., asymptotically inertial frames, and then {¢ ¥,3)
would describe asymptotically massive plane waves (with
effective mass not necessarily equal in the left and right
asymptotic regions).

The solutions ¢, are described for frequencies A; which
are positive with rwpect to the accelerated time ¢'. As is
well known a complete set of solutions describing positive
frequencies @ with respect to the inertial time ¢ is given
by

_ 1 o (k1% +hay+ksz —Egt)
L,
with — oo <k1,k2,k3 < + o0,
Ep=+(k®+k >+ k2 +mH250. (13)

We recall that in the formulation of QFT in accelerated
spaces, the dynamical operators are defined in terms of
the accelerated creation and annihilation operators C;,C I
associated with the accelerated modes ¢,. The vacuum
state of the theory (|0)) is defined by the inertial opera-
tors a; associated with the inertial modes ¢y, i.e.,

a, |0)=0, Vk .

The state |"0’) such that C{ |1%0’) =0, VA, is an excited
state with respect to the true vacuum LO). A Bogoliubov
transformation relates C}' to a; and aj,

cp= [, dkAra+Byoa]], (14
where
AA(k)=(¢iilr¢k)’ Bk(k)=<¢iknr¢l:) . (15)

Alternatively to the solutions ¢, one can define solutions
o by fixing the positive-frequency boundary condition
at the future rather than at the past, thus

i out __ —iAv’ ,
Jom A 2\/ Pz
(16)
lim ¢,=0
v'—>+ew
They satisfy @3"(u’,v')=¢"*(v',u’). Analogously, we

could define C3* and |0") such that C™ | 0out) =0.
Note that 1_0’°“‘)¢ |0""). (Only in the Rindler frame
|0°") = | 0") up to a phase factor.) As we always deal
with the in formulation we omit in what follows the su-
perscript “in.”

Before proceeding further it will be useful, as in the
two-dimensional case, to introduce the functions

N(A=(0|C,Cl |0)= [ 7 d’k By(k)B}(K),
(17)

ROLMA=(0]CoCx |0)= [~ d’k 43 (k)By(K) .
(18)

N(A,A') and R (A,A’) describe interferences between the
created modes with different frequencies A, A'. N(A,A') is
the production function. For A=A’ it gives the number
N(A) of A quanta in the vacuum |0) on the total volume.
The number N,(A) of A quanta per unit volume is ob-
tained by introducing wave packets; i.e.,

No(W)= lim [ [ dndn W MIWEH,A")
XN (A,A")
Wg is such that
® n12__
7 an | weann2=1.
For instance

We(A,A)=V2E/mexp[ —EA—L')] .
From Egs. (10), (13), and (15), we find

Bl(k)=Bll(k1,M)8(k2+k2)8(k3+k3), M =32+ +m? (19a)
where
(k1+Ek)
By (ky,M)=— vy v f du exp —tle(u)———-(k1+Ek)u (19b)
Then, we get
R(ApA)= [~ dkid (k))B,, (kp)
1 1 ® exp[iA F(u +ie)—il\F(u, —ie)]
=+—"——— — d , O. 20b
4’ VA Sy dudu (u—uy+ie) i 200
R A= [° dkidy (k))B,. (ky)
f du exp[iA,F(u +ie)——ik',F(u1—ie)]’ €0, (20b)

4172 \/M

(u ——u1+i€)2

The B, (k) coefficient factorizes in the product of a two-dimensional massive coefficient of effective mass M and two &
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functions. N(A,A’) and R (A,A’) also factorize in this way but, because of boundary conditions (3), they are independent
of the mass of the field. Conversely, given N (A,A’) we reconstruct the mapping, i.e.,

fu')=f(ugy)exp —4m'Ref0°° %e"*"’[\/m'zv(x,m]x:o , y'=y, z'=z, 1)

where f(ug) is an integration constant (scale factor of the
transformation).
From Eq. (21) we get the relation

1 d ' iAu' 7 ’
a2 w)=Re [ dre™ VAN N Ao -

(22)

III. UNIQUENESS OF THE EXPONENTIAL MAPPING
AND THERMAL PROPERTIES
OF THE ACCELERATED FRAMES

From the above results, we prove the following
theorem: each one of the following statements implies the
two others.

(i) The functions N(A,A’) and R (A,A’) have the form

NAA) =N, (A)S(A, —A8(Ay—ApB(A;—A3)
R(AA)=0.

(ii) The Bogoliubov transformation can be decomposed
as a two-term one:

Cr=[1+N,(x)]"*Cy4) =[N, (AD]'*Ci )

(iii) The accelerated space is

N=e¥¥, je., Fu)= , 2
Sflu')=e i.e (u) 2‘n'Tlnu (23)
where
T =[AMN,(A) ], =o0 - (24)

The equivalence of statements (i) and (iii) follows from

Eq. (16).
The equivalence of statements (i) and (ii) follows from

the relation

1+N,(Ap)

A, (k)=
alk) N,(A,)

172
] B, (k)

which is necessary and sufficient condition for the Bogo-
liubov transformation being decomposable. This condi-
tion allows us to define a basis

- - Ak)
Coiny= Prk—2" 4
wo=J_, [+, 72

Bik)

Cumr= [~ d% ,
such that
[CrnCluml= f_wmd3k AX(k)Ay (k)

=[14+N,(A]6*(A-1"),

[N, ()] 72

(25a)

[

[CaonCll= [ d*k BY (kB (k)

=Nv(k1)8(3’(k—k’) s (25b)
[CrsnClio]= f_: d’k A, (k)By.(k)
=0=[C}4,»Ca_)]- (25¢)

We see that Egs. (25a) and (25b) give statement (i). It
should be noted that the theorem defines f(u') as given
by Eq. (21) up to a bilinear transformation such that

U—u_

=e u_<u<u, . (26)

u,—u

»' and z’ are defined up to a linear transformation on t’,
namely,

y=y'+ot’, z=2z'+yt',

i.e., up to a drifting (or uniform rotation) in y and z; o
and y are constants.

A corollary of the theorem is the following: If N(A,A")
satisfies the statement (i), then N,(A) is given by

1

MW=y

27
but the converse is not true.

We see that the parameter T as defined by Eq. (24)
plays the role of a temperature. For any of the statements
(), (ii), (iii), Eq. (22) is equal to a constant of value 27T.
The theorem characterizes a situation of global thermal
equilibrium over the whole accelerated space. This situa-
tion implies the presence of events horizons. The Rindler
frame has one event horizon [Eq. (23)] or two event hor-
izons at the same temperature [Eq. (26)]. Note that the
presence of event horizons is a necessary (but not a suffi-
cient) condition for global thermal equilibrium.

A local (or asymptotic) thermal equilibrium situation is
described by the class of mappings f(u') such that

lim f(u')=e " %" (28a)
u'—tew
or equivalently by
Jim N (A,A)=N, ()8 A—1) ,
N (28b)

lim R (A,A")=0.
A—A’

The accelerated spaces corresponding to Egs. (28a) or
(28b) have nonuniform acceleration but for u'— * oo the
acceleration becomes uniform, i.e, the systems become of
Rindler type. For all these spaces N,(A) is given by Eq.
(27), or more generally by
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1 1

.+.
T-—1 (-1

1
N,(A)= 5 (29)

The asymptotic temperature T . are given by

Ty= lim [.7 drcosru [VAV N (A zo - (30)
U —>Too
or equivalently by
1 d 1
= 1., .
T+ 21_‘_du,[lnf(u)].,__,J_,,,‘, 2ﬂ_(\/gooa), (31)
where

1
a= [A(x:,tl)]l/Z

is the acceleration. A typical nonthermal situation is
described by mappings f(u') such that

Oy InA(x’,2')

lim f(u)=-2+Bu’ (32)

u'—tew
or equivalently by

Alin)lvN(k,k')zN(kl)8(kz—k§)8()»3—k§) )

(33)
;}in}vR (A, A )=R(A)S(Ay+A3)8(A3+A3) ,

where N(A,) and R (A,), are nonvanishing finite functions
of A;. For these spaces, the acceleration is nonuniform
and particle production takes place in a nonthermal situa-
tion and is confined within a finite volume of the space
(the total vacuum energy is finite). All the spaces of this

class have
Ti =0

and (34)
N,(A))=0.

G(P,Py)= [ d*k gi(P))@k(P,)

IV. THE ENERGY-MOMENTUM TENSOR
AND ITS RENORMALIZATION

When normalization with respect to some particular
state which has been defined to be empty is not appropri-
ate, it has become a practice in this field to introduce a
complete renormalization of the theory, essentially by ex-
tending techniques developed for empty Minkowski space.
Whatever the problems implied by that approach, we will
look, for the present, at the properties of some of the
schemes adopted to carry out the combined regularization
and renormalization of the theory, with an emphasis on
the point-separation scheme. This has the advantage for
the task at hand that not only is it defined entirely in and
on the original manifold (as is also £ function regulariza-
tion) but the divergences can actually be obtained from
the divergent terms of the effective action given by the
vacuum-to-vacuum amplitude. Thus, in a sense, the re-
normalization is immediate, with both infinite and finite
subtractions being given by those terms in the effective ac-
tion which lead to divergences. Dimensional regulariza-
tion involves an extension of the space-time with extra flat
dimensions and may not be very appropriate in curved
spaces where differences from other schemes have oc-
curred for some higher spin fields. Our explicit represen-
tation of the fields means that point separation is an ap-
propriate regularization scheme to discuss here.

We first consider the Green’s function G (P,P,) and
the renormalization of (0| ¥?|0). Inertial and accelerat-
ed observers define the same Green’s function

G (Py,Py)=(0|[W(P)),¥(P;)], |0) (35)

for the free fields. Inertial observers express G in terms
of the modes ¢ ; accelerated observers express G in terms
of the modes ¢;:

= [ d®Aa(P)$(Py)+2Re [ [ d*Ad N[N (A, A)6(P))$%(Py)+R (AN )o(P s (Py)] . (36)

It can be noted that
G'(P1,P)=(0"|[W(P,),¥(P,)], |0")
= [ d*Agu(P$3(Py) 37

is the “false” Green’s function defined with respect to the
accelerated state |0'). G’ is not translationally invariant.
As is well known, when one attempts to calculate
(0| ¥?|0), divergences appear:

¥ 0= [ d%|gc|? (38)
=F +(0 | ¥?|0"),
where
F=2Re [ [ dAd*N[N(AL1 )16}
+RAA)¢80]
(0|92|0)= [d*A|¢r|?.

(39a)
(39b)

r

The left-hand side (LHS) of (38) is divergent. In the RHS
the first term (%) is finite whereas the second also has a
divergent part. In fact, in the accelerated state, the diver-
gences of (0’| W?|0’) are exactly those which appear in
(0| ¥?|0); that is, they are independent of the particular
state chosen. This divergent behavior is general for the
expectation value of any composite operator. With
respect to the eigenmodes of the accelerated state,
(0| ¥?|0) separates into a finite term plus a term which
can be recast as the expectation value on the state |0').
This term contains the infinite part. The problem is then
to separate the divergent and finite parts of the term given
by Eq. (39b) and to justify discarding the divergences. Al-
though usually thought of as resulting from the short-
distance behavior, the divergences in Eq. (38) or in the in-
tegral (39b) are actually governed by the properties of the
mode functions in the asymptotic regions of the space-
time. The apparent divergence dependence on the asymp-
totic region comes precisely from the fact that, whatever
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the asymptotic region, we always choose fields which,
asymptotically, are “free” fields in that region. Thus we
will always have the divergence appearing exactly in the
way that it occurs for the vacuum in Minkowski space.
This allows us to subtract the divergences in the accelerat-
ed frame by following a similar procedure to that in the
inertial frames. In the inertial frame, with some regulator
€, we would have

(0| ¥(e)|0)=(0|WXe)|0)p+ (0| ¥Xe) | 0)p »
where

lin})(ol V(€) |0)p< oo

€—

lim (0| ¥%(€) |0)p=c .
€—0

ID and IF stand for the inertial divergent and finite parts,
respectively. By subtracting (O |W%(e)|);p and letting
€—0, one obtains the (inertial) renormalized quantity

(0| ¥?|0) gen= lin(l)[(Ol\PZ(e)IO)——(O | W(€) | 0)1p] =0 .
€—

(40a)

In the accelerated frame we follow a similar procedure,
but the inertial (€) and accelerated (€’) regulators need not
necessarily be identical:

(0| ¥X€e)|0)=F +(0" | ¥Xe) | 0")
with
(0'WHE) [ 0') =(0" | W) |0 ) ap+ (0" | YA€) |0 ap
El,iglo<0' [W2€) | 0') ap= o0, el’i—xPO«), | W2€) |0 )= .
Whence, we subtract (0’ | ¥(¢') | 0’) sp to obtain the (ac-

celerated) renormalized quantity
J

(0| 92| 0') Aren= lin})[(O’ | W2(€') |0') —(0" | WX €) |0 ) ap]

(40b)

since in the Minkowski vacuum (0| W¥?|0).,=0. Here
AF and AD stand for the accelerated finite and divergent
parts, respectively; Aren stands for the renormalized value
in the accelerated state. Clearly, renormalization in flat
(Minkowski) space can be made easier than it would be in
general, since vacuum expectation values of ¥2 (and T,,)
are zero in the inertial vacuum, and our observations here
are also sufficient for a discussion of the renormalization
in the interacting case.

From Egs. (40a) and (40b) we see that whereas field
quantization lead to indentical divergences, renormaliza-
tion has assigned different finite values to the same opera-
tor in different quantum states. This is irrespective of the
adopted regularization scheme. Thus (f'm,)reg need not
be covariant (e.g., the introduction of a cutoff in the high
momenta, or ordinary ‘“point splitting” are not) but
(T4 ) ren should be. We refer to Ref. 4 for a critical dis-
cussion of various proposals of regularization. For later
use we note the possibility of evaluating (0| ¥2|0) as the
limp] —~p,G(Py,P;) in a space-time representation rather
than in a mode sum. However, for arbitrary mappings we
will need to use the modes ¢, in calculating the divergent
part [Eq. (39b)] in order to obtain a finite (0’| ¥?| 0’ ),
It is only the convenient representation of quantized fields
asymptotically in some particular coordinate system
which has sometimes lead to the incorrect notion that the
states associated with those fields are coordinate depen-
dent: of course they are not.

We now consider the energy-momentum operator (for a
minimally coupled field) given by

Ty =03,08,0— +£,,(8°93,0+m*P?) .

With respect to eigenmodes for the accelerated state, the
vacuum expectation value (0| T, | 0) can be expressed as

(0|7, [0)=2Re [ [ d*Ad* N[N (MATu(61,05) +R (AA)T (63,6201 +(0' | Ty [0) 41

where
(0T 10 = [ d°AT,,(2,6})
and

T‘w((ﬁ,(])) = ay¢a\4) - _;‘gpv(gapaaqsapq’ +m 2¢¢7) .

(42)

Derivatives and indices generally will refer to primed (accelerated) coordinates. In our coordinates defined by Eq. (1),

T,, and T; components can be concisely expressed as

Tuy(¢’¢) = a:'¢at'¢ + anax'¢ax‘¢ + AB}‘( ay'¢ay"p + ayaz’¢az‘¢ + Yum 2¢¢ ), TOi(¢r‘p) = at’¢at’¢ ’

where
ap= Bo= Yo
a==B=7r |_,
—ay= Br=—7v, ’
—a3=—P3= 3

The vacuum energy and momentum densities are given by (0’| T | 0') and (0’| —T; | 0'), respectively. By using Egs.
(19¢) and (19d) and performing the integrations in A) and A we see that the diagonal 00 and 0i components can be writ-
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ten directly in terms of their two-dimensional counterparts with the modified M2 and the 22 and 33 in terms of a modi-
fied operator which we can write for all cases as

T2(6,@;M,)=0,93,¢+ 3,3, +AM, ¢¢
with

M, =B, (A +a A +y,m?) (M*=M?) .
Then

0T t5m)[0)= [ f dAhydrs(0| T 2x',t3M,) | 0)
where

(0|7 2x",t';M,)|0)=2Re [ fowd)\,dk’l[N(kl,k )T\ (2 My )+ R (A, ANT 2 (5,0, M)
et 2
+ [y AT, 85, -

The equatxon is written analogously for (0| T¢; | 0); (T0(2)) is just the two-dimensional energy density with M? in-
stead of m?
For the purpose of computation, it is useful to introduce the quantity

Guy=1013,98,|0)=2Re [ [ d*Ad*N'[N(AA)3,823,85 +R (LA, 03,801+ [ d*13,400,8% . 43)
and give explicitly

H=(0|T|0)=+5[Geo0+G1+A(Gy+Gy+m?G)],

P;=(0| T4 |0)=—Gy,

(0| T1110)=7[Gw0+G1—AlGn+G33+m?G)],

2 1
(0] Ty | 0>='27[G00“Gn +A(Gp—Gy—m?G)],

(0] T3310) =5 —[Goo— Gy ~ AlG — Gy +m?G)]

where G =(0|¥2|0) is given by Eq. (36).
According to the renormalization prescription given by Eq. (40), we have

<0] f‘y.vlo>Aren=<0| ? uv | O)°’(O' | ?/.w | 0‘>AD
=2Re [ [ d*Ad’N[N(LA)T (85,82 + R (AA) T ($2,62)] + [f AT (3,82 |, (44)

It is implied here that a regulator (€') is introduced and the € —O0 limit is taken after subtraction.

A. Applications

By way of application, we consider the explicit evaluation of our formalism for the example of Rindler space, which,
as we have shown, has unique thermal properties globally. The mapping which gives rise to Rindler space is given by

flx'+t)=le®*r)
(I and a~ ! are unrelated length scales) so that
A=Df"(x"+1)f'(x' —t") =1%a?e ¥ |
The explicit solution of (8) satisfying boundary conditions (9) can be found by evaluating (10), or in this case, directly:

ie.,

J—e“”'**’")m x't), (45a)

=7

(IM/2) —ih /a —iA

VvV AIF(—zA /a)
where K, (2) is a modified Bassel function. Then, from Egs. (19) and (20) [or equivalently (19) and (18)] we find

2, (x'1") = K i alIMe™) (45b)
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1 | M iM | —ar2a | K\ +E

B kM= | E o | [ 2
A3, (k,M)=e**"B, (kM) ,

()3 2
Noa=2_A=2) pgan—0

(e 1)
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i /a
, (46)

(47a)

(47b)

Since the full field is given by (45a) we have immediately 0,1, = —iA ¥y, Oy ¥n= —iAy¥y, O, ¥ =iAsx. Thus, for ex-

ample, in G, we have

8V(A—1)

S ()

2Re [ [d*rd*n

=2Re f dA, f dAydAy————

=2Re f dA, f dAyd)s

This last result follows since the A; and A; integrals are
finite and the A, integral is odd; recall from (8) that M de-
pends on A, and A;. Similarily, we find that the corre-
sponding term in the exprmsions for Go; and G,; also
vanish. And, since K, =K _, we have in G,

2Re [ [ dxdx'ﬁi—m“—(iklwi)(axw)
(e
—2RefdAW(a Y)Y =0

where the integrals are all finite but the integration result
is purely imaginary. The same result follows for this term
in Gy; and G3. Thus we have shown in particular that
each (T;) (component of the Poynting vector) is zero, in
accordance with the global thermal equilibrium properties
enjoyed by Rindler space-time. The same is true for the
vacuum expectation value of angular momentum operator

L= fzdv(x"f'ov-x"f’o") .

This cannot be considered, however, as characterizing an
isotropic thermal radiation for the Rindler vacuum.
Rindler observers have a preferred direction, namely, their
spatial direction of acceleration. In Rindler space, (Tow)
is a constant up to a dependence in x’' through ‘/g;
=ae®™. One could regard the gradient 3,:( T )¢, as
defining a preferred direction of the thermal vacuum. On
the other hand, the response of a uniformly accelerated
detector model with a directional discrimination has been
found to be nonisotropic.’~’ It is not possible to con-
struct an accelerated flat space-time for which the
vacuum is spherically symmetric and in global thermal
equilibrium. The mapping

rtt=e®" @o=g', 6=6' (48)
(r,¢,0, being spherical type coordinates) yields to
ds’=a%e" (dr'?—dt'?)+e** cosh’at'd Q4 6,p) .

The vacuum spectrum N,(A) is Planckian with asymptot-

(—AAy)
21rla

'/’;. ¥

( A l) —
—1 2 k‘/aKm,/a(Me

“)K _ir,/a(M e™)=0.

ic temperature a/2m, but there is an asymptotic (rather
than global) thermal equilibrium situation in this case.

It is useful at this point to consider the case of two di-
mensions, for which the solutions to the wave equation
and Bogoliubov coefficients are given directly by Egs.
(45b) and (46) with M =m; N and R are given by Eqgs.
(47) with A=A,. Thus, we have for G

=|["ar th T g
=|J, dMicoth——=¢i dx, Ar

K,-;,l/a(m e™)

lfw d)"l ‘lT)\.]

X K _ir,/alm ™) (49)

AF

The point of reconsidering the massive two-dimensional
case is the following: we find that a naive regularization
scheme suggests a renormalization which (surprisingly)
leads to a sensible physical result. We can examine this
outcome rigorously only in the two-dimensional massless
case but particular computations for four dimensions
show that a class of mappings exists for which a similar
result might be proved. The special features we have used
in two dimensions apparently need only be partially
present in four dimensions. A simple evaluation of { T )
for any f(g) in the massless case can be obtained from a
space-time representation rather than from a mode sum
for G. Point separation is a natural choice of regulariza-
tion in that case. For the purpose of this section, we will
use ordinary point splitting; a fully covariant regulariza-
tion is given in the next section.

The same kind of separation in Eq. (38) between finite
and infinite terms occurring in the accelerated frame
can be observed if we consider (0|¥?|0) as
limp _,p,G(P,,P;) in a space-time representation. The
square length
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0?=(x;—x,)}—(t, —t;)*=Aulv
(Au=uy—u,, Av=v,—v,)
is expressed in terms of the mapping f,g as
a?=[f(u})—f(uy)]llgw)—gwy)].

In the inertial frame, when Au —0, Av—0, o~ 2 diverges
as (AuAv)~l. In the accelerated frame, when Au’—0,
Av'—0 (Au'=u| —u,y Av'=v]—v)),

”2

f(u’,)=f(u’2)+f’(u’2)Au'+f"(u§)A;
Au13

+flll + - ,

”

gw)=gw3)+g'(vy)Av' +g"(v3) A;

"'.—.—-—.—Au,a Y
+8 3l + s
and then
1
-2 - 1— ' ”2
Au'AU’f’g'( afAu +b,Au )
X(1—agAv’'+byAv'?)
where
2
1/, L
af-—-zf,y bf—-z 2 f,' 3f,l’
2
oolgn o _11fgn|_1g”
& 2g7 8 2128 3 g

In the limit Au’'—0, Av'—0, o~
an infinite term as

2 separates in a finite plus

N S _af o
T f'g | Au'Av' Ay Au’
1 Au’ Av’
+f, 7 bfA 7 +bgA ; +afax

Even to have a well-determined finite part here, one must
be careful to specify how the limits Au’'=(Ax'—At')—0,
Av'=(Ax'+At')—0 should be taken. But this simple

(0| Too |0)ar=(0]| T |0) = (0T |0")
ﬂl-

2
___1 3
_—247r[ 2 f’”+ g

In the Rindler case f =e®', g =e®

', each f(g) term gives
—a?/2,s0

1rT2

<0|T0010)AF-—-+24ﬂ_ 5

g _3
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calculation shows how a purely divergent quantity ac-
quires a different finite term depending on the “renormal-
ization” scheme chosen (here expressed in curvilinear
coordinates). Particularly illustrative of this is the evalua-
tion of (0|7,,|0) in the massless case. In two dimen-
sions we have

1 .
G(P,P;)=— -Z;ln[(ul —uy)(vy—v,)—ie€]

1 ,
=——j4;ln[(f1 —fz)(gl —g;)-—ze] (50)
and
.@12G=(a“,la“:2 +au,13v§ )G
1 fif3 8182
- + (51)
4 [(fx—fz)z (81—82)°

Here fi=f(u;), gi=g(v{), i =1,2. In the limit u}—u),
we have

ffa 1 1| ___
(fi—f2* Au? 6
Then
2
1] 1 11| 3|
D,G=—— +—+—= -
L 41r[Au'2 76| f 2 fH
2
Ll 318"
6|g 2|g
+ O(Au’)+0(AY") . (52)
On the other hand,
1 prodhaar L irar
.@126=Tﬂ’f0 T(e WL
1 1 1
=—— (53)
Ar | Au?  Av?

and we see that the divergent part appearing above is the
whole of the operator for the accelerated state. Thus a
subtraction of the divergent part is equivalent to a nor-
malization with respect to the accelerated state. So we
have

" 2
g
’

g

g 3

2 |g 2

l . (54)

corresponding to the energy density of a Planckian gas at
temperature T =a /2. We can also show how this result
emerges from a mode sum representation. If we take
point separation in the time direction for simplicity, we
obtain
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(0| T | 0y == &1 [ drrealncom
2
_1lla Lg _fae | m
Tr | 2° |7 a’e”?
where
iae' 1
2, — =y —
§l 2T o (n—ia€ /2m)?
47t
=— +£&(2) .
a2€:2 g
Then
~ 1 1 a?
0T |0)=—2" -5+ 54
and

o T?
(0| Too |0)ap="—

The same calculation in four dimensions starting from

T 4w (0P+Ay24+Az%) 4w A
A=AfAg+Ay*+Az?,
AfAg=(f1—/f2)(g1—82),

Ay =(—y;), Az=(z;-2z;),

leads to
1 4 ’ ’ ’,
912G="“—“2v2A3 (Agf1f3+Afgigs)

A
RPN

1
Ay*+Az2— :
et s |

Now
D,=3,,8,+3,, +2(3, 3, +3, 9, )
2= 0 %y T Oy Ty 0 O 9292,
and
Taking the limit Ay’ —0, Az’ —0 first:

A 1
4 (Afog)?’
(55)

:@126=

11 fif'z+gig'z
2 AfAg | Af?  Ag?

and then u]—uj (v]—v3), straightforward but lengthy
calculations [expansions to the fourth and fifth derivatives
of f(g) must be now included], give

[1+(@a —B—A4*Au?—(b +ad +C—AB)Au'®] +(same term in Av’) ,

(56)

0| Too |0 aAp=
< ' 00] )AD 271'2A 4
1 B | C

<0|T00|0)AF—2772 5 B+ |b— > A+(c-—D)]

where
2
R AGRE N i N SRS U VROV i s
6| f " 2|F (12?2 | f e

(24)2 f f? f

LI L]iﬁ l

WL
o5 |

Iz

A=A, B=(4*—B), C=24B—C, D=(B?—24C—-D),

Azl ﬁ—i’i ’ B=_1_ -g-zl_+ 111—1 f” " Czi _LIV_L Ty T
2 g' f’ 6 gl fl 2 f’g 24 gr f;

ool |e, o s( a)[r g ], 10 e
20| g T2 |7 e || 7T T Ty




In the Rindler case, these equations give
a=a?/12, b=a%/3, c=a'/32,
A=0, B=a%/12, C=0, D=7%a*,
A=0, B=—a*/12, C=0, D=0a*,

A 1 ~
(OITOO'|0)AF=—2?(-§—B2+C—D)
1 o T
== 57
277 240 30 57
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state, and that we have therefore normalized the Min-
kowski vacuum with respect to this state. In the four-
dimensional case we stumble upon a similar result for the
exponential mapping without being able to find the gen-
eral class for which it is true.

B. v dimensions

For massive fields, calculation by dimensional regulari-
zation is often very instructive. We shall first calculate
(T T,3) in generic space-time dimensions and then consid-

corresponding to a Planckian density energy at tempera- ¢ gimensionalities of interest. We analyze now (T 1) as
ture T =a/2m in four dimensions. . a function of the space-time dimension.
In the two-dimensional case, the finite part of D, G is The Green’s function in v dimensions is given by
2 2 )
U N N il i I W P Y Pl G [ 4% e
28w | f1 2| S 247 | g 2 | ¢ ’ 27 k*4+m?tie
where each factor is related to a Schwarzian derivative _ mY=1 Ky i[m (X2 +ie)'?] (58)
which, like the measure in Eq. (20) is invariant under Qm? (X 4ie)2)w-1
homographic transformations: f—(af +b)(cf +d)~ L. h
But, from Davies and Fulling,® or our covariant point- ~ WAere
splitting result later in this paper, this is just the negative Xl= X +X 2+ - +X,_,>
of
(0| Too |0") aren=1(0"| Too |0} — (0| T0 |O) .
7 I _ao e
Thus we know that the subtracted divergence is exactly an K, (2)= 2 SmTARGASO
expectation value with respect to some state, which hap- >
pens to be (homographically equivalent to) the accelerated By using
|
1 g 1 1 )
z z
L(z)=—— | £ L2 TP S— 6
M= T+ lz [ GarD |2 | T2 0t |2 | TOE)
we have
/2 m2—v 2¢2 4y4
m v m X 4 v m-X m°X 6
X)= rft—— || 1+——+0X rfi—-1]]1 .
G(X) PR 2 + +0(X*%) > + 24—v) + 84—v)(6—) +0(X )} (59)
By computing
r|Z-1
mY v g,‘l 2\ —v/2
0 aLG(X)-—( )V/ZF 1——3 "'—V'—-!- a2 (x*)~"
X, X 2 4 | x4
X (2= v)gun —2—v) L2 +%[ng“1+(2—v)X“XA]+—m8— (4f“*) +X2X XAH ,
r l_l (XZ)I—V/Z
s, c0=—p x| L2 m? |1+ =2%2 | oxt
(4»17)"/2 2 4/? 2(4—v)
we obtain
(T (X)) = 11m 0,0, ——— g,,;, (340%°—m?) G(X)=(TM(X=0))+(T,,;_(X)) . (60)

Here
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mY v 1
(T,MX:O)):WI‘ 1—--2— ;-—l 8ur » (61)
7 (xX)1-v2 v 2—v X, Xy
(TpA(X»:W‘F 27 g2 8Ty
m? XuX2 m? 3 mx? m2x*
T ey KXot a0 B G 6—v) oW
(62)
Now let v—d =2,4. We have
—v —v ‘/'
v=d +(v—d), Zvn:f;m}‘-; 1—(v—d)in ZX-{—O(v—d)Z],
rli-%|=(-pi-an 2 _c|+0(v—a), {%4 =—-‘1;ld-—1+5(v—d)+0(v—d)2].
We get
2
—2 2
(TM(X=0))H2=BVT;nguA V_2_2 +1n z‘n}gﬁ ] a=el/2+e, (63a)
6
4 mt mp —1/12
= =£ 7 - - , b= (63b)
(TM(X 0))v-4 (411.)2 2 gM v—4 In 2\/1—Tb e
and
2
- -2 .2 2 x -2 | gu X, X, X, X,
(T,.;,(X))v_.2=‘ﬁ—;"n_“‘n‘;_‘8px —:‘2‘+lna7r B —-B‘;r 2-—){%——- -—;7—+m2—;—(2— ) (64a)
6
= Bt m* 6 VrX g 8  2m? 32 4m?* mt
(T,,A(X))v_.4=m—z’8,,; maiatl @ | | 3o T xE (B et T oy |KeXa| - (64D)

Now, if v is used as a regulator, we take v negative and X =0. Thus, in dimensional regularization (T"k) is given by
Eq. (61) and its expressions for v—2,4 are Eqs. (63a) and (63b). If we use X as a regulator, then (7, (X)) is given by
Eq. (60) and its expressions for v—2,4 are

2
2—v | 2 mXa 8un  XuXy X, X,
(TaX))yar= 34# Pogaln | T | 2T e TEE ik | (652)
6 2
J: aamid m mX 8un 32X, X, 2mgu, ,XuXa  m* XX,
<T“1(X)>v_,4=m ——Tg“A '%‘ _8}_4— Xb - X2 +4m X4 +'X—2 X2 (65b)

T
The poles at v=2,4 appearing in the X =0 and X0 from the classical definition. It can be easily built up

terms (63) and (64) mutually cancel. piece by piece to reflect the symmetry, conservation, and

It can be noted that Eq. (61) is only valid for m=£0. conformal tracelessness of the classical expression and by
<Tuk) as given by dimensional regularization does not in- construction has the property of being parallelly trans-
clude the m =0 limit. This is so because for X =0, the portable between the separated points which give rise to
only term contributing to G(X) comes from I,,,_(X). its definition. Somewhat surprisingly, in one way or

The m =0 contribution is contained in the I, _;(X) another, it differs from the corresponding quantity used
term which vanishes at X =0. To include the m =0 by other authors in the field, but only by terms which are
term, (T, ) must be defined for X0 and point splitting odd in the separation, i.e., whose sign changes under
is required. parallel transport. Whatever the value of using it for a re-

normalization may be, it would seem worthwhile to

record our regularized tensor here and to give some argu-

V. COVARIANT POINT-SPLITTING ments for its adoption.
REGULARIZATION

. . A. Constructing the tensor
There is a very natural form of the regularized operator

which suggests itself here. In keeping with the efforts of From the point-splitting point of view, just as the
other authors, it embodies numerous properties expected  Green’s function is the fundamental object from which to
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construct quantities such as (), we seek some analo-
gous object for ¢ T,w) which preserves the Lorentz covari-
ance and, where applicable, the conformal invariance:
also, we seek an object which is formally conserved in the
coincidence limit, the final result automatically being con-
served, since renormalization takes place in the Lagrang-
ian. However, it is a little difficult to implement conser-
vation for our regularized tensor unless the tensor itself is
regular in the coincidence limit.

The classical expression for the stress-energy tensor of a
scalar field has terms such as a,,$(X)P(X), ¥,,(X)¥.(X),
and ¢,,,(X)¥(X) occurring in it, where the (regular) a,,
may be g,,, R,,, Rg,, (contractions of these terms also
appear). In the quantum theory, since these terms
represent products of field operators (or their derivatives)
at a point, they are divergent (ill defined). However,
terms such as Y(XYX"), ¥, (XY, (X'), ¥, (X )W(X),
VXWX, ¥,/ (X )WP(X) are clearly well defined and
will be suitable for use in building up a regularized quan-
tity. In addition, there is an (essentially) unique object,
the geodetic bivector of parallel displacement, g,,,/, which
allows the indices expressing dependence at one point to
be translated to the other, so that a properly tensorial
quantity can be defined. Whatever other properties the
stress energy may have, since this parallel transport is
needed for the definition of our regularized tensor, it
would seem most useful to have a definition which is in-
variant under such transport between the separated points:
ie.,

Tl X, X)=,#8,” T/ X,X') .

We can think of this as a “symmetry” under X<X’;
terms lacking this symmetry would vanish in the classical
expression obtained from the coincidence limit. Thus

U, (XA X)—> T [8* ¥ XN, (X)
+8, ., (XY, (X)],
Y XYX) — 5 [, P X)
+8,78, Yy X' WX],

and
au (XPX)YX)— % [a,,(X) +g,,“'g,,"'a,,vl (X)JYX)P(X’).

In the first two cases, the symmetry under p«v is
preserved; in the third case no symmetry whatever is used
in the construction. The contraction terms in the regular-
ized tensor follow unambiguously from these definitions,
which lead to an explicit preservation of the vanishing of
the trace in the conformally invariant theory. Thus, in a
curved space-time, with

GH=RMF— 1g"R, G=[¥(X,),¥(X,)],

and conformal coupling &, we will consider

TW=(5—E)G"VGH +gH G )+ UE— 18" G,y GP7 —E(GHV+-gH, 8% GHY)

+E8P(GP+G P )+ LE( TP gl g, FHY)G — tm %G | (66

In the expression given by Brown and Ottewill,’ the
operators occurring in the first and third terms of Eq. (66)
are not distinguished. In Ref. 10, Wald does not apply
point splitting to the Einstein tensor. Dowker and Critch-
ley!! split the Ricci curvature and V*V", but not the scalar
curvature and VAV". Christensen'? uses the conformally
coupled field equations

WX, =[ER (X)+m2P(X),
YX'),* =[ER(X")+m?]Y(X) ,

to partially remove these second-order operators (so that
tracelessness in the conformally invariant case becomes
independent of the field equations), but he makes no dis-
tinction between the scalar curvature at the two points.
Candelas'® fully removes the OOG (and [O'G) terms.
Davies and Fulling’ in fact remark that some asymmetry
between X and X' may be introduced into the regularized
tensor by use of the field equations. In his examination of
the scheme proposed by Adler, Lieberman, and Ng,'*

Wald shows that a certain regular, boundary-dependent
Green’s function used in their analysis, is not symmetric
and does not satisfy the wave equation in both X and X".
Using his proposal for the regularized energy-momentum
tensor, he finds that their renormalized tensor is not con-
served and suggests a modification to correct this fault at
the expense of introducing an anomalous trace. Although
our proposal alters a number of the features used by Wald
in his analysis, it will not spoil his results concerning con-
servation since he applies his regularized operator only to
a nondivergent quantity, and it turns out that the differ-
ence we would introduce vanishes identically in the coin-
cidence limit. However, our proposal introduces addition-
al direction-dependent finite terms which would in general
lead to additional (IR terms in the trace (even with respect
to Wald’s work, but not that of Christensen) and would
spoil conservation if there is anyone who has genuinely es-
tablished conservation for his renormalized result. Ulti-
mately, the residual effect of our proposal partly depends
on one’s handling of direction dependent terms.
In flat space-time, with £=0, from Eq. (66) we have
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T %(8"\/6;"‘/ +8*, G

— 8"8,y G?” —m%gHG) .

with
—%f g2 +81f2) Afigl, fi=fu)),
$(fi8—81f3), Ar=13g5, gi=g(v)),

In the coordinate system defined by Eq. (1), we have

g,“,:(—A,A,l,l) >

i=1,2.
Then

- N 1
_: ‘: 0 7-00=‘Z‘A—z[’(Goo"FGlr)-H(Gor+Glo')
8uv = 1 ’ 2
0 . +A A Gy +G33y+m*G)] .
Of course, we could take the expectation of this with
r —s respect to any state. If we choose, say, the Minkowski
1 |=s - 0 vacuum |0), the operator G would become just the Min-
ghy=— A , kowski Green’s function. If we choose an accelerated
Ay 0 ! state |0’), G would become the Green’s function for that
Ay state.
As an example, we consider the two-dimensional mass-
—r —s less case referred to earlier (as then, we will for conveni-
| s r 0 ence use the Feymann Green’s function rather than the
g = symmetric one). For the accelerated state we have
A]A2 AlAZ 1
0 AiA, G'=—-In(Aw'Av) (Au'=uj—uj,A0'=v}—v3)
;s and then
0 ’
1 s r (01 50| 0 1 AR g1 1
Vo1 , 0| Tg|0)=— +— .
8 w=1}, o A, 7w £y (Au')? gy (Av')?
A Using 3/du =(1/f')(d/du’), we expand
|
' ”" " 112
1 1 1 1 1 Au 1 1 Au?
—=f117+ =0 Au+—,a —ou' |— | | =~ =l——FAu+ |——5+3— 7
2 ‘[f f ‘f f 2 r=n 2 [ Pt
and
11 a=f) 1 JAu? | S 7 1S S
An =~ Au == |fi+f] , +f"( u) =2 : — |(Au)?
u u Au Au 2 Au 2112 6 f13 4 f
to obtain
’ ’ " i 2 e 2
- 1 [ f2 0 gh? 1 1| fi 187 1
(0| Fpl0y=—| I 8L 1 LI 1 _ia L 1le
|l | m? T T s A | 6g1 4 lgi| ||
f
From our previous expression which can be subtracted by a renormalization of the
cosmological constant to give
o?=(f,—f1)g2—81) » 1 Crr )
2____ ¢ 2= o' ' G ) - _ _____L_ 2 _l
S =—Jikn B 0i=—gibu, (01 7w|0Vm=—2- l 611 T l
i i "0 ” 2
the divergent part can be written as 187 1 [g
+ —+= | .
| | @0+, 0% S 6g 4 g
v (02)? As mentioned earlier, this is the negative of the result of

our naive subtraction scheme for the Minkowski vacuum.



Using this covariant method instead, for the Minkowski
vacuum, and expressing the result with respect to ac-
celerated coordinates we would have

A 1| f12 et
(0[.700|0)=~2; .A_u—z F )
and obtain

(Oiﬁmfo)reﬂ=0 .

VI. CONCLUSIONS

We have extended, from two to four dimensions, a pre-
vious description of accelerated frames using analytic
mappings. For a treatment of the divergent operator
products arising in quantum field theory, we show that in
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a normalization with respect to a natural ground state
specified in terms of these accelerated frames, the coordi-
nate mapping (and its inverse) relating the accelerated
frames to global inertial coordinates, plays a distinguished
role. As in two dimensions, the exponential mapping is
uniquely singled out as giving rise to a situation indicating
global thermal equilibrium, and asymptotic properties of
mappings are directly related to thermal properties in the
asymptotic regions. We do not attempt to settle the ques-
tion whether normalization may be more appropriate in
curved spaces, but as a unique way of indicating which
state to use for a normalization has not yet been
developed, it seems that to discuss the back-reaction prob-
lem a renormalization may be essential. In this context
we propose a new regularized energy-momentum tensor
using covariant point splitting, and discuss its properties
and relation to previous proposals.
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