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We derive a generalized geodesic deviation equation valid for any two geodesics, with arbitrary
tangent vectors, not necessarily parallel. This equation is valid in any neighborhood in which the

change in the curvature is small.

In 1925, Levi-Civita' published the equation for the
second covariant derivative of the distance between two
infinitesimally close geodesics, on an arbitrary n-
dimensional Riemannian manifold:
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Here, 6x¢ is the infinitesimal connecting vector between
the geodesics, u*=dx#[s]/ds is the tangent vector to the
geodesics and R, is the Riemann curvature tensor.
This equation, known as the geodesic deviation equation,
generalizes the classical Jacobi equation for the distance
between two geodesics on a two-dimensional surface:

where y is the distance between the geodesics, o is the arc
of the base geodesic and K[o] is the Gaussian curvature
of the surface. The hypotheses under which the geodesic
deviation equation (1) was derived are the following.

(1) The two curves are geodesics:

Du§ 0 and Du$§
dr an do
where 7,0 are affine parameters.

(2) The law of correspondence between the points of the
two geodesics—that is, the definition of the connecting
vector 8x *[7]—is such that, if d7 is an infinitesimal arc
on geodesic 1 and do the arc on geodesic 2 corresponding
to the connecting vectors 8x*[7] and 8x*[7+d7], we have
%:—:LH», where %:0 .

(3) The geodesics are infinitesimally close in a neighbor-
hood U:

x3[o]=x{[r]+8x[7]

=O,

where the relative change in the curvature is small:

R ,0x°
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and #~? is approximately the typical magnitude of the
components of the Riemann tensor.

(4) The difference between the tangent vectors to the
two geodesics is infinitesimally small in the neighborhood
U:
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where

Su®=uf[o]—uf[r].

(5) Equation (1) is derived neglecting terms higher than
the first order (¢!) in 6x® and in u°.

In this paper we derive a generalized geodesic deviation
equation dropping condition (4) and retaining only condi-
tions (1), (2), (3), and (5). In other words, we derive a geo-
desic deviation equation valid in any neighborhood U in
which the change in the curvature is small, but in which
the difference between the tangent vectors u{ and u§ is
not necessarily infinitesimally small, i.e., 5 and u§ are
completely arbitrary. For simplicity,” we define the con-
necting vector 6x% as connecting points of equal arc
lengths s on the two geodesics, that is, dr=do=ds and s
satisfies

dx§[s
uf[sluo[s]=—1, where u§[s]= x3ls]
ds
and
a dx‘l'[s]
uy[slusa[s]=—1, where u§[sl= o

Physically, s is the proper time measured by two ob-
servers comoving with two test particles following geo-
desic motion.

The equation of geodesic 1 is

Du§ duf
ds ~ ds

+axJufui=0 2

and the geodesic equation (2) is

Du$ duf
ds ~ ds

+ Tanlx 1 +8x Jubuj
d? d
=:1;?(x‘1’+8x")+l",‘f,,[x‘ +8x]—é;(x‘1‘+8x“)
d v v
XZ(X‘“LSX )=0. (3)
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Now, we have
i 7 —_-j__ Brel—xH
- (oxlsh)= ds(xz[s] x¥[s])

=ub[s]—uf[s]=Au[s]

and contrary to the classical case, condition (4), Au¥[s] is
not an infinitesimal quantity. With this notation Eq. (3)

d*(6x%)
ds?

and using the definition (D /ds)v*=(d /ds)v®+ T u*v"
and the expression of the Riemann tensor in terms of the
Christoffel symbols and their derivatives, we have, to first
order,

D*(6x%) _

4 R%g,u fo“u}'—Fz,,pﬁpru“Au"
— 2T, SxPulf Au¥—T AutAu” . (6)

As for the classical equation (1) we expect Eq. (6) to be
covariant, i.e., to have the same form in any coordinate
system. However, this equation does not appear to be co-
variant because the terms containing I'g, , and I'g, on the
right side do not form a tensor. This apparent contradic-
tion is explained if we write the transformation law of the
infinitesimal quantity 6x“ induced by the coordinate
transformation x®=x[x%]:

Sx®=x3 —x{=xx]|,—xx*]|,
=3 [ 18xH + 38y | 18X 8x”

+ apv’& | 18xH8xY8x® +ebx]. (D)

6x“ is clearly a vector to first order; however, when we
act on it with the operator D2/ds?, D?%$x%/ds? is no
longer a vector to first order because now déx®/ds =Au®
is not an infinitesimal quantity, and terms such as

05 Ild (8x*)8xY

are now of the first order.

Using the transformation law (7) for 8x“ to third order
in 8x%, after tedious calculations, it is possible to check
that Eq. (6) is really covariant. However the best way to
prove the covariance of Eq. (6) is to rewrite it in a mani-
festly covariant or tensor form. We have

2
'C;D;;(Sxa)zt—g— gs—(ax”)+r,‘:vu';axv

=—(Au®+Tguldx") . (8)

d_

can be rewritten, using a Taylor expansion to first order in
6x?, as

s 2(xl )+ T(&x“)+(1‘,‘v+ [y, ,0x°)
(uff +Aut)(ui+Au")=0. )

Taking the difference between Egs. (4) and (2) we find, to
first order,

+ T4, 0xPuliuy + 2T g ul Au”+ T, SxPAutAu+2I, SxPulf Au vy T AutAu¥=0 (5)

[

Here Au®=u$ —u$ is clearly not a vector; nevertheless it
can be written to first order as

Au®=Du®—Tp,ubdx"

where Du®=ufr—u is the vector given by the differ-
ence of the vector u$ parallel transported on geodesic 1
and the vector u{. However in the quantity on which the
operator D /ds acts, Au® must be written to second order
in 8x %

Au =Du® +f F vu2T8x
=Du®— fl Chubrdx” , 9)

where the integral is calculated along a line joining
correspondent points x{(s) and x5(s) on geodesics 1 and
2. With a Taylor expansion

Au®=Du®—Tpubrdx"

- %(I’,‘fvué‘r),péixpﬁx”-}—é[ﬁx] . (10)

Because of the way in which u$; was constructed—
parallel transported on line 1 from line 2 along 8x*—we
have

ubr,, =€'[8x], on geodesic 1,

or
ubr,=—Thu Sr+e'[8x] .
Replacing this expression in (10) we have
Au®=Du®—T,ubrdx”— I‘,‘fv, oubrOxPEx”
0, Thudr8xP8x ¥ + €[ 8x] (11)
but
ubr=ub +ThHuj6xP
so that to second order
Au®=Du®—T§uldx"— 5T, ot 8xPBx”
— —ZLszF’;puZSxPSx +e3[6x] . (12)

Replacing this expression for Au® in Eq. (8) we have
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-dD?(Du"— o Aukéx — —F" 513 8xP8x Y — %I‘z,,,pu’z‘Sx”ch")

— D (puey_T2,_urDukSXY—T% I Duksx"uf —T° d’oxt o v e AukA
= — Dy pttiDutdx*— g Iy Dutdx*uf — Ty, > — I AutAu”
— 3T, ug(DuPéx”+8xPDu”)— $T%, ub(DuPéx”+8xDu”)

b

— Dua) ot 1DuPdxY — T (—

Q.

— %szr';p(u‘{ +Du°)(DuPdx”+6xPDu")— 5

=R B“,,u,Sx uy—TI4, ,8xPDutDu”—2T,

and finally grouping the various terms, we have to first
order in 8x ¢ the tensor equation

:%(Du")zR“B uBoxruy +R"‘BﬂvDu58x"u !

+ %R“prDu Bsx*Du*+ 3R aﬁuv“ 10x#Du”

(14)
Remembering that u§=uf+Au®=u$+Du®+e€'[6x]
this equation can be rewritten in the form

Z%(Du“):R"‘B uBoxiuY + LR, uBoxkDUY  (15)

or, finally,

%(Dua)=(Du“);au‘{

=—;—R"B,wug&x“u‘(-k%R“,g,wu‘zsch”u{ R (16)
where Du®=ufr—uf;ufr=[u$ parallel transported on
geodesic 1]; and u$,u{ are the tangent vectors to geo-
desics 2 and 1.

From the definition of Du® and from Du{ /ds =0, Eq.
(16) can also be written in the form

D

—(uSp)=(Du?).;uf

ds 2T a1
—lRa B &xtuY+ LR@ B sxtyu?
=3 R%g 370X U | + 7 K g UT0X" U T .

(17)

Equations (6), (16), and (17) are different versions of the
generalized geodesic deviation equation. In particular Eq.
(6) gives, in nontensorial form, the second covariant
derivative of the separation 6x¢ between the two geo-
desics. The tensorial equation (16) gives the first covari-
ant derivative of the vector field Du® and the tensorial
equation (17) gives the first covariant derivative, along
geodesic 1, of the vector field uZT(s) that is, the covariant
derivative of the vector field u5(s) after 1ts parallel trans-
port on line 1 along &x %(s).

These equations are valid for any two geodesics with ar-

—2T5,u{Du? —T'5,Du’DuP)s

pv.p

x ¥ — T AubAu”

Lol +Dut)(DuPdx ¥+ 8xPDu”) —T'g 'y Dutdxulf

SxPuliDu®—T, AutAu” (13)

bitrary tangent vectors, in any neighborhood U in which
the relative change in the curvature is small compared to
one: |A# 0x%/A | <<1, and they are valid for any value
of s within the neighborhood U.

Under the hypothesis
Au® «l
|u®]

we get the classical geodesic deviation equation (1) im-
mediately. Equations (16) and (17) are generalized in the
following sense. The classical equation (1) is valid in any
neighborhood in which 8x¢ is small and conditions (1),
(2), (4), and (5) are satisfied.

The generalized equations (16) and (17) are however
valid in any neighborhood in which 6x“ is small and con-
ditions (1), (2), and (5) only are satisfied. Of course this
neighborhood is not necessarily a tubular neighborhood as
it was in the case of Eq. (1), but is any neighborhood in
which 8x % is small, in particular, a tubular neighborhood
when 6u“ is small. Equation (16) is a generalized version
of Eq. (1). In fact from Eq. (16) we can get immediately
Eq. (1) just by imposing the particular case in which Au®
is small, so that Eq. (1) is a particular case of Eq. (16).
On the contrary from Eq. (1) we cannot get Eq. (16).

In other words, Eq. (16) is valid either when the two
geodesics are “parallel” [in which case the neighborhood
of condition (3) is a tubular neighborhood], or in the case
in which the two geodesics are not “parallel” [in which
case the neighborhood of condition (3) is not tubular]. On
the contrary, Eq. (1) is valid only in the case in which the
geodesics are “parallel,” in which case the neighborhood
is tubular.

Physically, Eqgs. (6), (16), and (17) give the relative ac-
celeration of two observers comoving with two test parti-
cles with arbitrary four-velocities (their difference Au®
need not necessarily be small) in an arbitrary gravitational
field (in an arbitrary four-dimensional Lorentz manifold).
The space-time need not necessarily satisfy the Einstein
field equations as long as the test particles follow geodesic
motion.

Equations (6), (16), and (17) were successfully applied®
to the problem of finding the minimum number of test
particles necessary to determine the Riemann curvature
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tensor measuring the relative acceleration between the
particles in a gravitational field. It turns out that the
minimum number of test particles can be drastically re-
duced by using Eq. (16) instead of the classical equation
(1.

This number is reduced either (a) under the hypothesis
of an arbitrary four-dimensional Lorentz manifold or (b)
when we have an empty region of the space-time satisfy-
ing the Einstein equations: R,g=0 (the calculation of the
Riemann tensor reduces then to the calculation of the
Weyl tensor C%g,s). For the solution of this problem and
for a discussion on the possibility of measuring the
Riemann curvature tensor measuring the relative accelera-
tion of artificial satellites with “laser ranging” techniques,
see Refs. 3 and 4.
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APPENDIX

In this section we give a simple geometrical application
and a numerical test of the generalized geodesic deviation
equation. Let us consider a two-dimensional sphere S*
with unit radius and the two geodesics on S2:

¢=const and O=const

(see Fig. 1). Consider then, in a neighborhood of the in-
tersection point 0, the connecting vector 8x¢ with com-
ponents 8x ' =¢, 6x?= —e.

Let us now solve the problem of finding the value of
the second-covariant derivative of 8x% DZ?8x%/ds? or the
values of the components of the vector D(Du®)/ds (see
Fig. 1). In order to calculate D(Du“)/ds we first observe
that the only independent component of the Riemann cur-
vature tensor is, in polar coordinates,

R?*p=—1

¢ = constant

FIG. 1. Two geodesics on S? and the vector field Du® of
which Eq. (16) gives the first covariant derivative.

and using g;; =r*=1 and g,, =r’sin’9=sin?0,
R ,=—sin%0 .

The tangent vectors to the two geodesics are
uf=(0,1) and ufj=(1,0).

Therefore from Eq. (16) we have, immediately,

%(Du N=3RYubdx'ui
+ 3R 'y ufidxugy =0 (A1)
and
EDS-(Du )=1R? uldx'ui
+ 3R qupdxuj=¢ . (A2)

D?*6x®/ds? can be obtained similarly.

Equivalently the same result was obtained after a
lengthier calculation: parallel transporting to geodesic I
the vector uf; from the two points x%*(s) and x%(s +ds)
on geodesic II, evaluating the vector Du"‘Eu‘ﬁT —uf and

finally calculating the ratio [ Du®*(s +ds)—Du%(s)]/ds in
the limit of ds very small.
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