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A detailed study of the Higgs potential and the Higgs-fermion Yukawa couplings in the
SU(3) x SU(3) X SU(3) trinification model proposed by de Rijula, Georgi, and Glashow is carried
out. Spontaneous symmetry breakdown to SU(3)XSU(2)XU(1) is analyzed, stability of the
ground-state vacuum assured, and the Higgs- and gauge-boson mass matrices exhibited. The most
economical method of generating all fermion masses and mixings is given. The large corrections to
the masses of the neutral leptons are worked out at the one- and two-loop levels and shown to be
stable. The new neutral leptons (neutrettos) turn out to be rather heavy (~100 TeV). The mass
hierarchy of the neutrinos is v,> v, >v,. v, can be a few keV, v, a few eV, and v, ~ 10~*eV. The
v,-v, mixing angle is about 1072 The dominant proton-decay modes are p —K +¥, and p—mut
with possibly comparable rates. Other modes are suppressed. For example, I'(p—7*%,)/

Fp—K+9,)~10"2, T(p—e+r®)/T(p-p*n°) ~

I. INTRODUCTION

In the late 1950s and early 1960s there was a search for
the correct symmetry group of strong interactions.
Among the candidates were global symmetry
[SUQ)xSU(2)xXSU(2)] (Ref. 1) of Gell-Mann and
Schwinger, O(7) and other orthogonal groups,’ G, of
Behrends and Sirlin,> and SU(3).* We now know that
SU(3), in particular the eightfold way,’ turned out to be
the correct choice. Today the search is for the correct
choice for a grand unified theory of strong, weak, and
electromagnetic interactions.®~® Some of the models have
a close analogy to the way the old symmetry groups con-
tained isospin. For example, SU(5)° is analogous to SU(3),
0(10)” to O(7), E¢ (Ref. 8) to G,, etc. All of these have
been thoroughly investigated. The analog of global sym-
metry, SU(3) xXSU(3) X SU(3), as a serious candidate for a
grand unified theory was proposed recently by de Rujula,
Georgi, and Glashow.’

They considered an SU(3)c XSU(3), XSU(3); gauge
group with a discrete Z; symmetry imposed at the unifi-
cation scale to guarantee one coupling constant and a
desert from my, to the unification scale. This group has
been discussed before either as an electroweak gauge
group'® or as a subgroup of E¢.!! The assignment of fer-
mions and scalars is to the same 27-dimensional represen-
tation. They found an interesting pattern of neutrino
masses, viz., an inverted hierarchy, scalar-mediated pro-
ton decay with Ku and Kv as the dominant modes and
relatively light (~10 GeV) new neutral leptons (neutret-
tos).

In this paper, we study this model in detail. We con-
firm most of the results of Ref. 9. However, we find that
the additional requirement of reproducing the fermion
masses and mixings correctly changes some of their con-
clusions. In particular, we find that (a) the inverted
hierarchy of neutrino masses is possible but not favored,
(b) the proton decays dominantly into Kv but not Kpu,
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> and p—>K%* is absent.

and mu may have a substantial branching ratio, (c) the
new neutral leptons (neutrettos) turn out to be rather
heavy (~ 100 TeV).

In Sec. II the basic ingredients of the model are out-
lined. Section III contains the detailed analysis of the
Higgs potential, the breaking of symmetry down to
SU(3)xSU(2)XU(1) and the stability of the symmetry-
breaking vacuum. Yukawa couplings and fermion masses
are discussed in detail in Sec. IV. A simple ansatz for ob-
taining the correct mixing angles is also introduced. The
results for neutrino and neutretto masses are derived
there. Proton-decay branching ratios are derived in Sec. V
and Sec. VI recapitulates the main results.

II. THE MODEL

In this section we review briefly the essential feature of
[SUB)PXZ; model.’ The three SU(3) factor groups are
identified as SU(3)c, which is the unbroken color group,
SU(3); which contains weak SU(2), and SU(3)g which is
the right-handed analog of SU(3),. To ensure that there
is only one gauge coupling constant, an additional discrete
symmetry Z,, which is the cyclic group acting on the
three factor groups, is imposed. If (C,L,R) is a represen-
tation under [SU(3)]%, the effect of Z; is to symmetrize it
in the following way:

Z;(C,L,R)=(C,L,R)+(R,C,L)+(L,R,C). (2.1)

In the minimal version, only two irreducible representa-
tions are to be considered. The gauge bosons are assigned
to the adjoint representation:

24=(8,1,1)+(1,8,1)+(1,1,8) . (2.2)

Just as in SU(5), there are 24 gauge bosons, twelve light
(gluons, photon, W2, Z) and twelve superheavy. Howev-
er, there is a significant difference: unlike in SU(5), the su-
perheavy gauge bosons here are all integrally charged and
do not mediate proton decay.
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Each family of fermions is assigned to a 27:
27=(1,3,3*)+(3%,1,3)+(3,3%,1) . (2.3)
Under SU(3)¢ XSU(2); XU(1)y, the 27 decomposes as

27=(1,2,5)+2(1,2, — 3)+(1,1,1)+2(1,1,0)
+(3,2,)+(3,1,—3)+(3%,1,%)
+2(3%,1,— 1) . 2.4)

The transformation properties of the fermions can be
understood from the following assignment:’

E° E- e~
(1,3,3*): U |[E* E° v |Vg,
e+ Nl N2
), u, uj
(3',1,3)2 VR _d.l 32 33 Wc, (2.5)
B, B, B
uy d, B,
(3,3%,1): W¢l|u, d, B, |U; .
uy dy Bj

U, V, and W are elements of the three SU(3) factor
groups. We have chosen a specific and simple basis,
which is always possible with a single family of fermions.
If there are several families, one has to consider Cabibbo-
Kobayashi-Maskawa mixing as well. This question will
be addressed in detail in Sec. IV.

With this assignment of fermions, it is clear that the
model contains new particles. There is a heavy quark B,
which is a charge —+ weak singlet, and a pair of heavy
leptons E® and E*, with charges 0 and 1 and belonging
to a weak vector doublet. In addition, there are two neu-
tral chiral states N, and N,, called neutrettos, which are
not necessarily superheavy, as we shall see.

At the unification mass M, ~ 10" GeV, [SUBR)]*X Z;
breaks down spontaneously to SU(3)c X SU(2), X U(1)y.
Even though intermediate symmetries are possible, we
consider here only the case where the breaking is in one
step. The weak mixing angle sin’y is + at the unifica-
tion scale as in SU(5). Hence the model retains the suc-
cessful SU(5) prediction on sin’@y(my). Each Higgs
multiplet is assigned to a 27 [see Eq. (2.3)]. A single 27-
plet of the Higgs multiplet cannot break the symmetry to
SU(3)c xSU(2); XU(1)y, but two 27-plets can do the
desired job. Each 27 leaves a left-right-symmetric
SU3)¢ X SU(2), XSU(2)g X U(1) stability group, but in
general a different one. Together, they leave the SUQ3)¢
X SU(2). XU(1)y subgroup invariant. Besides sym-
metry-breaking considerations, there is an independent
reason to introduce a second 27: The Cabibbo-
Kobayashi-Maskawa matrix will be unity if there is only
one 27 that the quarks can couple to. In order to break

the symmetry spontaneously, the Higgs multiplets should
acquire vacuum expectation values (VEV’s) given by

000

(1,3,3*),=10 0 0, (2.6)
0 0 v
0 00

(1,3,3*),=10 0 0 2.7)
0 v, 0

The same Higgs multiplets can acquire VEV’s of order
my and break SU(2), XU(1)y to U(l)yp. In (2.6) and
(2.7) the entries with a caret correspond to fields which
can have VEV’s of order u ~my.!? As far as the symme-
try breaking is concerned, one such u is enough, but to
realize a realistic fermion mass spectrum, at least two
such u’s are necessary, as will be shown below.

III. SYMMETRY BREAKING
AND THE HIGGS-BOSON STRUCTURE

In this section, we analyze the symmetry breaking of
[SUB)IPXZ; down to SU(3)cxSU(2), XU(1)y. The
Higgs potential invariant under [SU(3)]*XZ; is con-
structed and all the Higgs-boson masses are enumerated.
The positivity of these masses is an essential criterion to
ensure a consistent symmetry-breaking pattern. The
masses of the colored Higgs will turn out to be determin-
ing factors on proton lifetime. Mixing among various
submultiplets of the Higgs multiplet is necessary to give
phenomenologically acceptable masses to the neutral lep-
tons in the theory. This will be addressed in detail in the
next section.

As mentioned earlier, two 27-plets of the Higgs multi-
plet are necessary to break [SU(3)]’XZ; down to
SU(3)c X SU(2), XU(1)y. Let ¢ and X denote these two
multiplets. From (2.3) it is clear that ¢ and X have three
pieces. Let us denote them and their charge conjugates by

d=0c(1,3,3%)+¢,(3%,1,3)+ ¢z (3,3%,1)
d=6c(1,3*,3)+6,(3,1,3%)+x(3%,3,1)

(3.1a)
(3.1b)

and similarly for X. Further, these may be written in a
tensor form as (¢¢);,(#,)j, and (¢g); where the contra-
variant (covariant) index refers to the 3(3*) of Eq. (3.1).
The charge-conjugate fields are then (é¢ )j- =(¢c) and so
on. Now we are ready to write down the complete Higgs
potential. For simplicity, we eliminate terms odd in X by
imposing a discrete symmetry.!> Consequently, the poten-
tial takes the form

V(g X)=V(d)+Vo(X)+ V3(d,X)+ Vy(cubic) , (3.2)

where
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Vi$)=Z3{ —p* Tr(dcde) +ay(Trocdc ) +a, Tridcdcdcdc) +as Tr(dede) Tr(drdr ) +as Tr(dcdrdrdc)
+las(dc)o S Yok dL (bR b €€ +Hoc 1) (3.3)

V,(X) has the same form as above, except that u is replaced by p, and a; by ;. The Z; symmetrization is understood
as follows:

Z[ Tr(dcdc) Tr(dr ¢ )] = Tr(dcdc) Tr(dy b )+ Tr(ddr ) Tr(drdr)+ Tr(drdr ) Tr(dcdc) (3.4)

and so on,

Vi, X)=Z3{MTr($cdc)Tr(X cX o)+ A Tr(dcde ) Tr(X L X1 )+ ATr(@ed e ) Tr(X g X g )+ ATr(@cX ) Tr(X e )
+[As(TrdcX o) +H.c. ]+ [ATr(@cX ) Tr(d X ) +H.c. ]+ [ATr(@cX o) Tr(X 6 )+ H.c.]
+AsTr(@cdcX X ) +ATH(GcX X cde)+AioTr(bedc X X )+ A Tr(dedcXrXr)
+[ATr X chcX o) +H.c. 1+ [ATr(deX cd X ) +H.c. 1+ [ A Tr(dcX X ¢ ) +H.c.]
s (B ITXLIFXR I €ikae B+ H.c. ]+ [AigX i (X KB ) (PR o €na’ P+ Hoc 1} 3.5)

Va(cubic)=Z;{[71(dc)albc Yo dc)seime™® + Hoe. ]+ 7280} (dr h(dr)f +H.c.]

7o)X X o e € + Hoc. 1+ [valde Vi (X g )i+ Hoc 1) (3.6)

Here, H.c. stands for Hermitian conjugation. Some of the parameters in (3.3), (3.5), and (3.6) as well as the vacuum ex-
pectation values themselves, can be complex in general, but for simplicity we shall assume them to be real by imposing
invariance under CP.

With the VEV’s given by Eqgs. (2.6) and (2.7),
((Bc)j) =v1878;3, ((Xc)j) =028, (3.7

it is straightforward to calculate the masses of all the Higgs bosons. The VEV’s v; and v, are determined by the station-
ary conditions

,u,2=2(a1+a2)v12+()»1+k9)v22 , (38)
B2 =2(B1+B)va  + (A +Ag)vy % . (3.9

In Table I we list the Higgs-boson masses except for a (1,2,5) and two (3,1,— +) multiplets from ¢ and X which obey cu-
bic equations. For the (1,2,% ), the mass matrix in the (¢$,¢,X ) basis is

—2a,%—Agvy? 6710 —2730;
6'}’1!)1 —2&2012+()»8-—A.9)022 2)\.121)11)2 . (3.10)
—2’}/3U2 2}\,12U102 ——232U22+()\,8—}\.9)012

For one of the (3,1, — %) mixings, the mass matrix in the (¢,¢,X) basis is

[—Q2a;+2a,—a3—ayv,? Yav1 Ap3v102
“'(;\rl —‘}»3+A.9)022]
Y2V1 [—(2a;+2a;—a3;—ayv,? Y4V
2 3.11)
— (A=A +Ag—Ai0)v,°]
Avq02 Yav2 [ —(2B,+2B,—B3—Byv,?
— (A=A + Ao, ?]
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TABLE 1. Masses of the Higgs bosons except for a (1,2, %) multiplet and the (3,1, — —;—) multiplets

which obey the cubic equation (see text). The

first column indicates the decomposition under

SU(3)¢ X SU(2), X U(1)y. When there is no mixing among ¢ and ¥ submultiplets, the origin is indicat-

ed as a subscript in the first column.

(1,2,3)  —5(Ao(20,2 40,2 +2Bw,>
1 {[Ao(201 24 022) 4+ 2B, 2+ 4(v 2+ 0, 2)[ 4737 — Ao( 283022 + Aov, 1)1} 2)

(1,1,0)  [Ag+Asgt2(As+ A1) (w1 +v,%)
(1,1,0)  2((a1+a)v >+ (B +By)v?

t{[(@i+a)v*+(B1+Bv2 P —[4Ma 4+ a3 (B +By) — (A + Ag)2Jv 022} 1/?)
(3,2,8)s  —[(a14+2a,—a3)v, >+ (A — Ay +Aolvy?]
(3,2,3)y  —[(2B142B,—B3)v 2+ (A — A3+ Ao, 2]
(3,1,3)y  —[(2a;+2a;— @302+ (A — A3+ Ag)v,?]
(3,1, 3 —[2B1+2B:— B2 +(Ai— A+ gl

For the other (3,1, — %), the mass matrix in the (¢,X,X) basis is

[—(2a1+2a2—a3)v,2
—(A—A3+Ag—A11)05%]

Ao,

Aav 103 [—(2B1+2B,—Bs)v,?
— (A —Ay+Ag—A0)v %]
Y4aV2 YV

The (1,1,1) multiplet and two of the (1,1,0) multiplets
from both ¢ and X, together with a mixed (1,2,7), ac-
count for the twelve would-be Goldstone bosons which are
eaten up by the 12 gauge bosons which have become su-
perheavy, thereby breaking the symmetry to SU(3)c
XSU(2)p XU(1)y. In Table II, we list the masses of
these gauge bosons. W*,Z° and the photon remain mass-
less at this stage of the symmetry breaking. There is a
range of parameters in the Higgs potential for which all
the Higgs-boson masses are positive, thereby ensuring the
stability of the SU(3)c X SU(2), X U(1)y-symmetric vac-
uum.

The same ¢ and X can have VEV’s of order u ~my
and thereby break SU(2), XU(1)y to ordinary U(l)g.

TABLE II. Masses of the superheavy gauge bosons. The
first column indicates their classification under SU(3)¢

X SU(2), X U(1)y.

(1,2,3) 384w, 4v,%)

(1,1,1) Lot

(1,1,1) Loy

(1,1,0) 382240,

(1,1,0) Zo2v 2+ 0,24 (0, 0yt — 0, 20,012

[—(2B1+2B,—B3—Byv;?

YaV2

YV
(3.12)

—(kl—k3+kg—k“)v,2]

f

That no new representations need be introduced to break
the electroweak symmetry is an attractive feature of the
model. As far as the symmetry breaking is concerned,
one VEV u of order my is sufficient, but in order to ob-
tain a realistic fermion mass spectrum at least two u’s are
necessary (see below). The nonvanishing VEV’s of the
Weinberg-Salam doublets will induce shifts in the VEV’s
v; and v, of (3.7). These shifts must be much smaller
than v; and v, themselves, for consistency. Let v,
—v,(14€) and v,—v,(1+¢€,). We shall see that there is
indeed a solution corresponding to the minimum of the
potential, where €; and €, are much smaller than 1. A
minimal choice of the VEV’s is

((¢c)5)=u18i1811+u28‘2812

+v;(14€;)8%8;3 , (3.13a)

(X)) =vy(1+€)8"5;, . (3.13b)

Here v, and v, are determined by (3.8) and (3.9). The sta-
tiorllzlry conditions which determine u,, u,, €, and ¢,
are
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ul[—,ul2+2a1(u12+u22+U12)+2a2u12+K1022]+6y1u2v1 =0, (3.14a)
uo] —p 2420y (u 2 uy 012 4 205U, 2+ Avy 2+ Aoy 2]+ 6y,u,0, =0, (3.14b)
16
[40(B1+B)— MR+ ANy 2+ 2) = Aglh + Aoty >+ — - (By -+ Bl
€= ; ; ‘ , (3.14c)
2v, [()\.1'}')\.9) —4(a;+a2)(31+62)]
3
al(u12+u22)+~3-/lu1u2+2(a1+a2)elv12
€&=— ! (3.14d)

(A1+7\.9)022

€; and ¢, are indeed very small, of order u2/v?, and hence
the hierarchical symmetry breaking is consistent. It may
also be mentioned that there is another solution where €,
and €, are of order u /v which is also small, but in this
case the mass terms u,*> and p,’ are of order u? rather
than of order v2. Because of the various possible mixings,
once the electroweak symmetry is broken, the corrections
to the Higgs-boson masses become too involved, and we
do not attempt to derive them here. All the physical
Higgs bosons, except one neutral, have masses of order v,
in agreement with general principles of naturalness.'’

Problems of gauge hierarchy and fine-tuning usually as-
sociated with grand unified theories are present here as
well. The mystery why my <<m, persists. At each or-
der of perturbation theory, certain parameters in the
Higgs potential are to be fine-tuned in order to keep the
light scalar light.

IV. FERMION MASSES

With the assignment of each family of fermions to a 27
as in (2.5), there are two types of trilinear invariants that
can be constructed [see Eq. (3.6)]:

[¥(1,3,3*)4(3,3%,1)$,(3%,1,3)
+¥(3%,1,3)9(1,3,3%)¢,(3,3%,1)

+9(3,3*, 1)¥(3*,1,3)¢4(1,3,3*)+H.c.] (4.1a)
and
[¥(1,3,3*)9(1,3,3%)¢,(1,3,3*)
+4(3,3*%, 1)1(3,3%,1)4,(3,3%,1)
+4(3%,1,3)%(3%,1,3)¢,(3*,1,3)+H.c.] . (4.1b)

If ¢, and ¢, are distinct Higgs multiplets in (4.1), then de-
finite quark numbers may be assigned to them. From
(4.1a), ¢,(1,3,3*) takes zero quark number, ¢(3,3*,1)
takes +1, and ¢,(3%,1,3) takes —1. From (4.1b),
$,(1,3,3*) takes zero quark number, ¢,(3,3%,1) minus 2,
and ¢,(3%,1,3) plus 2. If the Higgs potential has no
quark-number-violating terms, then the baryon number is
exactly conserved, and there is no proton decay. Howev-
er, if the quarks couple only to one Higgs multiplet, the
up- and down-quark matrices are proportional resulting in

m, /mg=m, /my=m, /my . 4.2)

The second half of Eq. (4.2) predicts a top mass of ~ 35

GeV, but the first half is clearly unacceptable. Further-
more, the mixing angles are all zero. Therefore the
quarks must couple to a second Higgs multiplet. If the
Higgs sector is constrained to have only two 27’s, the
quarks couple to both, and quark number is no longer well
defined for the Higgs multiplet, naturally resulting in
baryon-number-violating processes. It should be also
mentioned that proton decays inevitably only in the
minimal version of the model, where only two 27-plets of
the Higgs multiplet are introduced. A third 27, for exam-
ple, can stabilize the proton, while correcting the mass re-
lation (4.2) and the Cabibbo angle, at the same time. With
the VEV’s of ¢ and X given by (3.7), the leptons can cou-
ple only to the ¢ field, lest the electron be superheavy.

As it turns out, the most economic way of obtaining a
realistic fermion mass spectrum requires two VEV’s of
u ~10%* GeV. There are two generically different ways of
arranging these:

u, 0 0
(A) (#(1,3,3*))=|0 u, O], (4.3a)
O 0 U
0 0 O
(x(1,3,3*))=10 0 0]; (4.3b)
0 Uy 0
0 0 O
(B) (#(1,3,3*))=10 u, O |, (4.42)
0 0 Uy
u, 0
(X(1,3,3*))= |0 0 O (4.4b)
0 Uy 0

Any other arrangement will necessarily result in either the
quark mass or the electron mass being zero at the tree lev-
el. Again, we choose all the VEV’s to be real, which is
not obligatory.

Let us suppose for a moment, that there is no flavor
mixing in the quark sector. The general case, where there
is such mixing, is deferred to the end of this section. The
Yukawa coupling responsible for the quark masses is then

Ly = (¥ Vi[g(dc)f +8'(Xc)f]+H.c. 4.5)
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The term which gives rise to lepton masses is

Ly =h(c)( s dc ke e +Hc. 4.6)
The up-quark mass is then
m, =gu, [case (A)]
=g'u, [case (B)] . (4.7)
The mass matrix for d and B quarks is
gu, O
g, gu | (4.8)

This non-Hermitian mass matrix can be easily diagonal-
ized yielding

Hle, (4.9a)
(4.9b)

These results are valid for both cases (A) and (B). From
(4.7) and (4.8), it is clear that if g’=0, the unacceptable
mass ratios of Eq. (4.2) are obtained. The situation is
unaltered even when different families mix, since one can
always choose a basis where this mixing goes away.
Hence the need to couple the cluarks to both ¢ and X.

From (4.6) electron and E~ get masses, for both cases
(A) and (B),

ma=~g*uv, /(g%*+g' v,

mﬂz(g2v12+g: 2022)1/2 .

m,=—4hu, , (4.10a)

mys=—4hv, . (4.100)

The neutretto N; and the neutrino mix with a tree-level
mass matrix, for case A,

0 —-2hu1
—2hu, 0 4.11)
resulting in
my =m,=—2hu, . (4.12)

For case (B), both N; and v remain massless at the tree
level. E° and N, have a mass matrix, in the (E%N,;)
basis,

4hv1
2h(u1+u2)

2h(u;+uy)
0 . (4.13)

[For case (B), set #,=0.] Then

m gom=4hv, , (4.142)

msz—h(ul-th)z/vl . (4.14b)

The masses of the neutrino and N, being of the same
order as the electron mass is clearly a disastrous result.
So is N, being superlight. Fortunately, these results are
automatically corrected by one-loop corrections, which we
proceed to discuss now.

The presence of cubic self-couplings in the Higgs poten-
tial ensures mixing among the colored multiplets (3*,1,3)
and (3,3%,1). This results in large corrections to the neu-
trino and neutretto masses at the one-loop level. A typical
diagram is shown in Fig. 1. Such diagrams connect N,
with itself and with N,, and N, with itself, with contribu-
tions much larger than the tree-level contributions. We
have tacitly assumed here that the cubic couplings in the
Higgs potential have coefficients of order v. However,
v2 /v and ¥4 /v should be chosen somewhat smaller than
the other couplings in the potential, to guarantee conver-
gence of the perturbation series. The same ¥, and y4 ap-
pear in proton-decay diagrams (see below) and the lowest-
order diagrams dominate only if ¥, 4 /mpy’ are small
compared to 1. Since the couplings g and g’ are larger
than h, by roughly an order of magnitude or so, it is
enough to consider diagrams of order g3v and g’ 3v.

By demanding ¥, /v and y4/v be somewhat smaller
than the other Higgs self-couplings, we have guaranteed
stability of the neutretto masses while going from one
loop to two loops. However, for the neutrino mass, this is
not the case and one has to go to two-loop diagrams for
its stability. At the one-loop level, there is no v-v dia-
gram, and the large tree-level mixing term of v with N,
results only in a very small neutrino mass of order g3u?/v
since the Yanagida—Gell-Mann—Ramond—Slansky see-
saw mechanism'® is operative in this case. The contribu-
tion for v-v mixing from two-loop diagrams is compar-
able to this mass. Since E° effectively decouples, we have
the mass matrix for (N,v,N,) mixing,

gvaf —2hu;+g%urf3 g0af>
—2hu,+8%u,f; € 0 ,  (4.15)
g’vaf, 0 g2/
e~
d \\\
e N
/ \
/ \
/ \
—_— & — > —>—
Ny Qr Q. Ng
(a)
e P
// ~ // \\\
/ \\ / \
——————>——o—>—
4t ag qa Ng a, Qg L

(b)

FIG. 1. (a) One-loop diagram for the neutrino and neutretto
masses. The dashed lines correspond to the Higgs multiplets
(3*,1,3) and (3,3*,1) which mix via the cubic terms in the
Higgs potential. The solid internal lines represent quarks. (b)
Diagram responsible for two-loop correction to the neutrino
masses and mixings.
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where f, 3 are functions of the ratios g'/g and v, /v,
and include the contributions from the loop integrals.
These integrals are convergent, and have particularly sim-
ple forms if we neglect the mass of the internal fermions
in comparison with the Higgs-boson mass. Here, we have
kept the two-loop contribution €, for the v-v entry [Fig.

|

fi=(K;+K,)g'*/g*,

fr=(K3+K ) v, /018" /g)+K (v, /v,)(g'/8)+K,(g'/g)*,

f3=K (v, /Uz)+K2(U1 /vz)(g'/g)z ’

[a=2K + K P/ f1+ D+ =F) /U + )N +4F2 /(= F3P1 %)),

where
_ 3 Yali In mps’
! 872 (mL32—mR32) mR32 ’
2
3 YaV1 HL3
Kz-_—"‘_ n y
8% (ur3*—pR3®) B3
2
3 Y4V2 mp
Ki=—— In , (4.18)
8 (mp,”—pgs®) KRS
K= 3 Y4V2 %%
=
87 (up3*—mpgs?) mpg 3

Here the m’s refer to the mass of the colored Higgs from
¢ and p from X.

From (4.14), the masses of the neutrino and neutrettos
follow:

le,sz%g%z(fl +f3)

12
fi—=1f3 4f,°
X (1% 1 , (4.19)
fHi+f3 [ (f1—f3)P
mvz_“'_h__z.fi_ f3 +g3“22 /5

2.
va (f2*—f1f3)
(4.20)

g v (fLP—f1f3)

If the neutrino mass at the tree level is zero [i.e., case (B)],
the v—N, entry in (4.15) is merely the one-loop contribu-
tion, which is g3u,f;. Hence the neutrino mass for case
(B) is

uy? f3?

—_— 0 4c€. 4.21)
v2 (f22—f1f3)

m,~g3

1(b)] (all other two-loop terms contribute to only higher-

order corrections of the neutrino masses):
6=(g3u22/v2)f4 . (4.16)

The functions f, ;4 are given in terms of the loop in-
tegrals K1,2’3,4,

(4.17a)
(4.17v)
(4.17¢)
(4.17d)

A few comments are in order on these masses. Neutret-
tos have become heavy, but their masses may be as low as
a few GeV. Neutrino mass can be a few eV in case (A),
but is essentially zero in case B. We have

M, /M, ~(m, /m“)z(mc /m,)?

in case (A), so that the electron neutrino is the heavier
neutrino. As we show below, however, the requirement of
reproducing correct masses and mixing for quarks rev-
erses this mass pattern. In case (B), m,,/m,,
~(m, /m.)” so that neutrino mass increases with genera-
tion, as in most other models. For the 7 neutrino (or any
other heavy flavor neutrino) the contribution from (4.21)
will dominate. v, can be as heavy as a few keV and is
heavier than the first two generation counterparts, for
both choices of VEV’s, (A) and (B).

We now proceed to construct a simple phenomenologi-
cal model for quark mixing. We shall consider the choice
of VEV’s given by (4.3) only [i.e.,, case (A)]. Since the
mixing of the third generation (or higher generations) into
the first two is known to be very small, we consider here
only the Cabibbo mixing between the first two generations
of quarks. Flavor mixing in the leptonic sector, even if it
exists, is very small and is neglected here (except for the
neutral leptons, which can mix at the one-loop level
through quark mixing).

As pointed out earlier, one can always choose a basis
where the quark mixing angles vanish if there is only one
Higgs multiplet. When two Higgs multiplets couple to
the quarks, only one such mixing can be rotated away.
We choose to work in a basis where X does not connect
different families. Imposing an explicit left-right symme-
try and assuming for simplicity that the coupling of X to
the first generation is negligible, the Lagrangian which
generates the quark masses and mixing is

)3

L,=2Z;{g1¥1(3,3%, Dn(3%,1,3)¢(1,3,3%) +g1291(3,3%, Dy(3%,1,3)¢(1,3,3%)

+812¢2(3,3%, D¥1(3%,1,3)8(1,3,3%) + [g24(1,3,3%) +82X(1,3,3*) [#(3,3*, )¢»(3*,1,3) + H.c.} .

Consequently, the up-quark matrix for (u,c) mixing is

81U,
81241

812U

82U,

(4.22)

(4.23)
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and the down-quark matrix for (d,s,B,B;) is (B, is the second-generation analog of B)

giuy 8pu, O 0
guauz gu; 0 gav, 20
0 0 g gnu )
0 0 gnur g
The quark masses and mixing follow:
my+m,=(g+g2)u; , (4.25a)
m,m.=|818,—812°| u?, (4.25b)
2
U2
(812+8122)2822F +(817 482 +2812°)(8182—812%)
mgt+m2= ! - uy?, (4.25¢)
5 V2
(81828122 +(81 7 +812)82 2'!)‘“‘
1
24, 4
— )V u
mg*m;?= 8182812 )tz : (4.25d)

2
2 V2

(8182—8127)+(812 +8127)82 Zv 3
1

and
2,
tan20, = —212 | (4.26a)
82—8&1
(8182 —812 Uzt —gamg?
tanf, = 8118182 —812 JUy"— &My (4.26b)

2128182 —8 12Uzt +g1ama®
Equations (25) and (26) can be solved in the approxima-
tion g, >>gy, &12. With my,~5 MeV, my=~10 MeV, m,
~1500 MeV, m;~150 MeV, and 6,~0.23 as inputs, we
obtain

gligulgz’_\:lt4:280 , (4273)
8222 4s, (4.27b)
82 U
u
—tot (427¢)
%)

Equation (4.27¢) also implies an upper bound of about 45
GeV on the mass of the top quark (m,=g;u,), necessary
for perturbative unification. Equation (4.27) will turn out
to be significant in the context of proton-decay branching
fractions, which is discussed in the next section. It may
be mentioned that Eqs. (4.27) are a particular solution to
Eqs. (4.25) and (4.26), and our choice is based only on the
simplicity.

Mixing among different quark flavors induces mixing
among different generations of neutral leptons at the one-
loop level. Note that the second-generation neutrettos,
even in the absence of family mixing among quarks, are
much heavier than their first-generation counterparts, by
roughly a factor of (m, /m,)>~10". The effect of mixing
is to increase the first-generation neutretto masses by a
few orders of magnitude, and at the same time decrease
the neutrino mass arising from its tree-level and one-loop
level mixings with N, by several orders of magnitude.

T

The source of the latter is again the see-saw mechanism.
The two-loop contribution for the v-v entry will survive
and eventually dictate the neutrino mass hierarchy. To
get some quantitative idea, let us assume that all the loop
integrals give equal contribution (i.e., K;=K,=K;=K,
=K). Then, if g,,8,%v;K~10° GeV, which is a natural
choice, the neutrettos get masses of order 10° and 10'3
GeV. Without the two-loop contribution, the neutrino
masses are less than 10~8 eV. The two-loop terms, which
are of the form (4.16), are clearly much larger and will
correspond to the corrected neutrino masses. The mass
hierarchy of the neutrinos is then v, <vy <v,, for both
case (A) and case (B), as in most other models. Recall
that for case (A) in the absence of quark mixing v, was
lighter than v,, which is no longer true. v, can be a few
eV and v, ~ 10 eV. v,_is in the keV range as before. Neu-
trino oscillation between v, and v, occurs, but with a
small mixing angle ~0.01.

V. PROTON DECAY

The Higgs field ¢ has no well-defined quark number,
and couples to both leptons and quarks, without conserv-
ing baryon number, and can mediate proton decay. The
Higgs potential is baryon-number nonconserving, and can,
in principle, result in further contribution to proton decay,
but this contribution is a factor u /v smaller than the oth-
er mechanism. As one expects in any Higgs-boson-
mediated proton-decay models, the heavy-flavor modes
dominate. In our case, the decay modes expected are
m%e*, 7%u*, 7%, and K ¥, with dominant ones being
K*v, and m%u*. Here, K *¥,, for example, stands for
all final states with the quantum numbers of K *v, (i.e.,
K, mtr K+, etc).!” p—K%* is not present in
the theory. This can be understood as follows: Two pro-
cesses can, in principle, lead to p—K%*. (i) uu—5u*.

This does not occur since there is no charge % Higgs field.



33 NEUTRINO MASSES AND PROTON DECAY MODES IN SUQ) . . . 771

(ii) us—up™*. This also does not occur since the Yukawa
coupling matrix for the leptons is diagonal. It is so be-
cause Yukawa couplings of the form Eq. (4.6) takes place
only with the Higgs field ¢. (Otherwise, the electron will
become superheavy.) Though no prediction can be made
of the absolute decay rate, due to our lack of knowledge of
the Higgs-boson masses, certain branching ratios can be
calculated. We emphasize again that proton decay is a
consequence of the minimality of the model. If the 27-
plet of the Higgs multiplet that couples to the leptons is a
third one, then by imposing on the Higgs potential, an ad-
ditional global symmetry, proton can be made absolutely
stable.

We consider both the exchange diagrams and the fusion

J

s

=§[1—3(x12+x22)+x12x22(1—-x12~x22)]— 3

2 2 2 2 2
X174x — | x 1P —x5° s —(x"—x
+ |x14"‘x24l In 1 2 ‘ 1 2 | 1 2

(5°—x12'—~x22)+(XI4+xZ4—2xle24) ln

2)2

2x1x;
where
m m
X|= < y X2= d (5.4)
a ma
and
s=[1=2(x24x,2)+(x,2—x,2)?]/2. (5.5

To estimate proton lifetime and various branching frac-
tions, we assume that the decay process is roughly
described by Egs. (5.1)—(5.5), with my corresponding to
the mass of the Higgs boson which mediates the decay.
Then from (5.2), the part that depends on the specific
model is f2/mg*, which contains the Higgs-boson mass
and the Yukawa couplings to the fermions. Since the rate
is very sensitive to the Higgs-boson masses, the absolute
decay rate cannot be reliably estimated. However, certain
branching fractions can be calculated: Using (5.3)—(5.5),
Fporet) &° Pw+ 1
Tp—mut) g2 Pﬂ.o#+ 14

F(P—*‘IT-P‘-’M) _ g122 P1r+vp~ 1
Fp—K*v,) & Py, 150

(5.7

To arrive at the numbers in (5.6) and (5.7), we made use of
(4.26) and assumed m,=m,, m = the lepton mass, and
mg= the final-state hadron mass, which seems reason-
able.

The branching ratio I'p—nu*)/T(p—K*v,) is

given by R

Cp—mut) ~93122 - mp? | Poo,+ (5.8)
Fp—K*v,) g’ mrs® | Pg+,
u

where we have neglected y, and y,4 contributions as ex-
plained previously. From this we find

diagrams contributing to proton decay.'® For a decay
process, a—bcd with an effective four-fermion interac-
tion Lagrangian

1—vys
2

1—vs
2

#=—Lp
my

d (5.1

the decay rate can be calculated, in the approximation
that m, is zero
2 mas

I'=
5127 mygt

P, (5.2)

where P is the phase-space factor

14s -—xlz—sz
2x 1%,

) (5.3)

om0t

< < (5.9)
Fp—K*v,)

as myp;/mpgy varies from +—3 to 2—3. Hence for
my 3 /mpgs of the order one B(7%*) and B(K*‘T/,,) are
comparable with B(K *%,) somewhat larger.

Bound neutrons in the nuclei will also decay, violating
baryon number. The decay modes expected are 7w e,
7 ut, %, 7%,, K%,, and K%,. Again, n—Kpu*
mode is absent. The branching fractions can be expressed
in terms of the proton-decay branching fractions as fol-
lows:

Fnom"e*) Tnomp*)

4
~ ~—, 5.10
Fp—nl®) ~ wp—nut) 9 10

Nn—>7r"%,) 9 T(n—K%,) : 5.11)
Cp—mtv,) 4 Tp—oK*v, '

VI. CONCLUSION

We have studied in detail, various aspects of the
[SUB3)* X Z; grand-unification model. Only two energy
scales, m, ~10'* GeV and my ~ 10? GeV are considered
here. It is also possible that [SU(3)]>XZ; first breaks
down to one or more intermediate symmetric groups,
which then breaks down to SU(3)cXSU(2); XU(1)y.
This alternative will be reported elsewhere.

The SU(3);XSU(2); X U(1)y-symmetric vacuum is
shown to be stable. We have summarized the Higgs- and
gauge-boson masses in Tables I and II. The quark and
lepton masses have been worked out. All the new parti-
cles in the theory are much heavier than currently accessi-
ble energies, thus posing no phenomenological problem.
We have constructed a simple and explicit model for
quark mixing which correctly reproduces all the known
fermion masses and the Cabibbo angle. The masses of the
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neutral leptons, i.e.,, the neutrinos and neutrettos, are
evaluated at the one- and two-loop levels and shown to be
stable. Once family mixing among quarks takes place, the
lightest neutretto is about 10° GeV. The neutrino mass
hierarchy is v, <v, <v,. v, can be a few keV, v, a few eV
and v, ~ 1074 eV.

Proton decay in the model is Higgs-boson mediated,
and has to take place once we allow the same Higgs multi-
plet to couple to both quarks and leptons. If the Higgs
sector is constrained to have only two 27-plets, quarks
should couple to both, or else the Cabibbo angle will van-
ish, and m, /my=m, /mg=m, /m, will result. The pro-
ton can be made absolutely stable if there are at least three
27 of the Higgs multiplet. Because of the many uncer-
tainties in the Higgs-boson masses, we cannot reliably es-
timate proton lifetime, but certain branching ratios can be
predicted. p—K*v and p—n°u* are the dominant de-
cay modes and may have comparable rates. The branch-
ing ratios

F(p——»‘n‘"’T’# /F(p—»K *T/#)zIO‘Z

and

0y, -L
)13

Fp—e*n®)/Tp—p*n
in our model and the p—K%™* mode is absent. Grand
unified monopoles are present in the theory, but they do
not induce proton decay. The ongoing proton-decay ex-
periments will tell us if the proton decays dominantly to
heavy flavors or not (if it decides to decay at all). That
will establish the validity or otherwise of the model in its
minimal version. We shall wait and see.
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