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The scattering of a nucleon beam on a non-Abelian flux line (proposed by Wu and Yang for test-
ing the existence of gauge fields) is studied in a test-particle framework. All predictions of Wu and
Yang are quantitatively confirmed. In particular, protons can be turned into neutrons under suitable
conditions. (Charge conservation is restored at the field-theoretical level.) Similar results hold for
the scattering of = mesons. A “shadow” of the effect survives also in the classical limit.

I. INTRODUCTION

In their celebrated paper on the nonintegrable phase
factor Wu and Yang' propose a Gedankenexperiment to
test the existence of gauge fields. By analogy to the
Aharonov-Bohm (AB) experiment,’ they suggest scatter-
ing a nucleon beam around a cylinder which contains a
“non-Abelian flux.” Although the nucleons cannot
penetrate into the interior of the cylinder—the only region
where the field strength is different from zero—they in-
teract with the gauge potential outside and produce thus a
nontrivial interference.

Wu and Yang assume first that the flux in the cylinder
is in the 73 direction. They predict then that (i) if one
scatters a proton (or a neutron) beam on the cylinder, the
interference fringes are shifted in the opposite direction; if
a coherent mixture of protons and neutrons in a pure state
is scattered on the cylinder, one will observe (ii) a fluctua-
tion in the proton-neutron mixing ratio, and (iii) a fluctua-
tion of the nucleon intensity.

They assume next that the average direction of the flux
is different from that of 7;. Then (iv) the scattering of a
proton beam will produce some neutrons as well as pro-
tons.

The predictions of Wu and Yang are purely qualitative.
The aim of this paper is to give, at least approximately, a
quantitative description.

In our attempt to deepen their heuristic arguments, we
have encountered a number of conceptual as well as tech-
nical difficulties. First, how does one produce the “non-
Abelian flux line?” (See Note added in proof.) Even as-
suming this can be done somehow, a physically sensible
model is needed to describe the process. A nucleon is
naturally identified with a spin-3 SU(2) doublet W. The
complete description of the nucleon-cylinder system
would require solving the coupled Yang-Mills (YM) equa-
tions, which is technically impossible without knowing in
detail what is going on in the cylinder. Fortunately, this
is not needed: we are interested only in describing the
motion of the nucleons which, by assumption, cannot
penetrate into the cylinder. On the other hand, it is
reasonable, as a first approximation, to neglect the
changes in the YM field due to the nucleon. This is what
we mean here by treating the nucleon as a test particle
moving in the field 4, due to the non-Abelian flux en-
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closed in the cylinder. So W satisfies a background Dirac
equation

YHB,Y+A4,¥)=mV . (1.1)

The validity of (1.1) is restricted to the exterior region M.
Dropping the irrelevant z variable and assuming the
cylinder very thin, we identify M with the punctured
plane R\ {0}.

This model can be solved completely (Sec. II). First, the
“Yang-Mills vacua”—YM potentials with F,,=0 in the
exterior region—are described: there exists a gauge—
analogous to the U gauge in monopole theory’—such
that, in polar coordinates, the YM potential is given by
1 |a

Ag== , A,=0, (1.2)

—Q

where a is a real parameter defined modulo integers. In
this gauge the field is Abelian, and the wave equation (1.1)
splits into two wuncoupled, electromagnetic *“Aharonov-
Bohm” (AB) equations with opposite magnetic fluxes.
The solution is thus obtained by mere substitution of the
known Abelian results.>*

So far so good. But how can we interpret these results
in terms of protons and neutrons? As emphasized by
Yang and Mills in the very first paper ever written on
gauge theory,® the distinction between protons and neu-
trons is possible only by measuring electric charge. The
prescription of Ref. 5 is as follows: select, at each point x
independently, a preferential direction w(x) in isospace.
In the fully dynamical theory the electric current is given
by

J‘e‘m=-%—i’y"w(x)\ll—kTr{[A,,,F“"]a)(x)} (1.3)
which is ordinarily conserved, d,J%,=0.

Observe that it is only the total rather than the
nucleon’s charge alone which is conserved. So transitions
of the type proton—neutron are, a priori, not excluded.
As a matter of fact, in Sec. IV we show that such a transi-
tion does indeed occur. It is not difficult to show that the
particle’s charge alone,

1

i =¢ |+ + 5 [ Wixoxwxds |, (1.4)
2 i
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is conserved only if the “implementation” w(x) generates
an internal symmetry, D,0=0 for the background field
configuration.®’ Otherw15e, it is only the total charge
Gtot =Gnucl + 95iea Which is conserved, where

gfaa=—e [ Tr{[4,(x),F¥x)]o(x)}d*x . (1.5)

In the non-Abelian AB setup any direction £ is uniquely
implementable (Sec. IV). In fact, o(x)=§ (a constant gen-
erator) in a suitable gauge.5?

To be an internal symmetry is a strong condition: in
our case an (x) not parallel to 4,(x) generates an inter-
nal symmetry only for the trivial field.

Having settled the problem of charge conservation, we
can identify protons and neutrons, and interpret the re-
sults of Sec. II. The cases (i)—(iii) correspond to w(x) be-
ing parallel to the electromagnetic direction. The
particle’s charge is now conserved: protons (neutrons)
remain protons (neutrons).

To describe case (iv), a subtle mixture of the fully
dynamical and the test-particle frameworks is used. We
still use the test-particle equation (1.1)—hoping that its
solution does not differ substantially from the exact
one—but interpret the result in the dynamical framework,
since it is only here that electric charge conservation can
be restored. Our procedure is best understood by the fol-
lowing analogy: consider the reflection of an elastic ball
by a wall. It is natural to describe the motion of the ball
alone, but this leads to an apparent violation of momen-
tum conservation which can only be restored by allowing
some dynamics to the wall. This does not affect the
motion of the ball in an essential way as long as this latter
is light compared to the wall.

Our results provide a full confirmation to all predic-
tions of Wu and Yang. The same technique allows us to
describe the scattering of 7 mesons, and leads to similar
conclusions.

Interestingly, a “shadow” of the effect survives in the
classical limit. We demonstrate this by solving explicitly
the equations proposed by Wong.® Protons and neutrons
are again distinguished by electric charge. If the direction
of the field coincides with the electromagnetic direction,
there is no classical effect. If, however, these directions
are different, isospin precession is found also classically.

The crucial step in performing the generalized AB ex-
periment seems to be the creation of a non-Abelian flux.
This may well explain the failure of the recent attempt by
Zeilinger, Horne, and Shull'® who, as suggested by Wu
and Yang, scattered a neutron beam on a rotating rod of
233U metal. The produced flux seems to be too weak for
observation. Viewed another way, the experiment of Zei-
linger et al. sets an upper limit ~10~'° for the strength
of the non-Abelian AB effect versus its electromagnetic
counterpart.

II. NUCLEON SCATTERING OF A NON-ABELIAN
FLUX LINE

Let us first describe the “non-Abelian vacua”—static
YM potentials 4; with Fj;=0—on M=R2\{0}. Ac-
cording to Wu and Yang,' YM fields are characterized by
their nonintegrable phase factors. To demonstrate this ex-

plicitly, choose a reference point x, [for example, let x,
be (1,0), in the usual polar coordinates (7,0)]. Let yo be a
loop through x, which winds once around the cylinder.
Denote by ¢ the nonintegrable phase factor

®=P [exp [——¢70Ajdjx” : 2.1

Under a gauge transformation defined by g (x), ® changes
as ®—g~1(x,)Pg(xy), so the YM field determines (2.1)
up to conjugacy with an element of SU(2).

Conversely, assume we are given two YM potentials 4;
and A4; whose phase factors (2.1) are conjugate. We claim
4; and Aj are gauge related. To see this consider the
s1mply connected space M* obtained by cutting M along
the half-infinite line 6=0. Let us choose arbitrarily a
path yx in M* from x§=(1,0) to x* for all x*EM.
Now

g(x)=P

exp[—fy:Ajdjx*” (2.2)

does not depend on the choice of y5, since M* is simply
connected and thus for any loop y* there exists a continu-
ous family y,(#), 0<s <1, 0<t <1 such that y(¢) is the
trivial loop, y; is y* itself, and y,(0)=v,(1)=x for all s.
Define
ax/

f A; Y dt
where the integral is taken along y,. Put g(s)=h(s,1).
According to the “non-Abelian Stokes” theorem?

-1 d 1 -1 ax ax
87l = Lo T
In our case Fj;=0, so g(s) is independent of s, g(s)
=g(1). Hence (2.2) provides us with a well-defined func-
tion on M*. It satisfies 3;¢ = — 4;g. Similarly, replacing
Aj by Aj, we get a functlon g'(x‘) on M*. Assume now
that the phase factors (2.1) belonging to 4; and A4j,
respectively, are conjugate, ®'=h"'®h for some
h €SU(2). Then

f(x*)=g(x*)h[g'(x*)]"!
defines a gauge transformation over M* which carries 4;
to 4,

F A8 =4

f(x*) projects to a function on M if and only if
f(r,2m)=f(r,0) for all . But this happens exactly when
&' =h"1®h.

® can be diagonalized by conjugation—physically, by a
global gauge transformation. In this gauge ® reads

h(s,t)=P |exp

’

exp(2mia) 0
0 exp(—2mia)

(2.3)

where a is a real number defined modulo integers. a is
unique if we require a > 0. Plainly,

0
0 —a

1

A,=0, Adg=— = —2ar; (2.4)

is a gauge potential producing (2.4), and what we have just
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proved shows that any YM potential 4; is gauge
equivalent to one of this form. The gauge where (2.4)
holds is analogous to the U gauge in monopole theory.’

Let us now study the motion of a nucleon, considered
as a test particle in a background YM vacuum 4;. Bring
A; to the form (2.4) by a suitable gauge transformation.
In this gauge the Dirac equation (1.1) clearly splits into
two uncoupled Dirac equations, each describing an elec-
tromagnetic Aharonov-Bohm experiment with enclosed
fluxes 2ma/e and (—2ma/e), respectively (fi=1). So
(1.1) is solved by mere substitution of the Abelian results.

Actually, we find it convenient to replace (1.1) by its
nonrelativistic limit (this is justified if the nucleons move
sufficiently slowly). The standard approximation pro-
cedure, see Ref. 11, Sec. 1.4, shows that the upper 4
(positive-energy) component ¥ of (the eight-component) ¥
satisfies the Schrodinger equation

L D SPNPY
=" m (Q;—4,) . 2.5)
The Pauli term o+B does not appear now since F;;=0 in
M. Both spin components of ¥ satisfy hence the same
equation, and (2.5) can be thus considered as a two-
component equation for a spinless SU(2) doublet ¢. In the
U gauge (2.4), it becomes

H, o ¢
3 ¢ _[Ha A ¢ ,¢=‘ ', (2.6)
ar X 0o A .| X
where
1 (a2 18 1]a ’
H"’:“E[? 75;—+7 ag—+ta 2.7

is the standard Hamiltonian for a particle with unit elec-
tric charge in the field of an electromagnetic AB solenoid,
with flux? (27a/e).

We are interested in the behavior of the nucleons at
large distances, so we can use scattering theory.!> Let us
briefly summarize what is known in the Abelian case.
Consider first time-dependent scattering. In the gauge
A,=0, Ag= —a, the angular momentum for a charged
particle is 7=—i(3/086)+a with periodic boundary con-
ditions ¥(r,2m)=1(r,0) (Ref. 13). Choosing a so that
—1<a<]1, the spectrum of angular momentum is
Am=m+a, m=0,£1,%2,.... Itis convenient to work in
momentum Hilbert space H=L* M,dk). H splits into
angular momentum subspaces,

H=eo H, ,
m
where H,, is defined by the projection
~ s 2 s
(P,,.l/})(k,B):Le""pf 7d6e""‘9¢(k,0) , (2.8)
27 0

k=(k,B). This has the advantage that the restriction of
the S matrix to each angular momentum subspace H,, is
just a phase shift,

S| H,, =exp[2i8,(a)], (2.9)

where

—ma for A, >0

28, (a)= (2.10

ma for A,, <O .

Intuitively, the phase shift depends on which side of the
solenoid the particle passed. The origin of the AB effect
is that, in quantum mechanics, a particle can be split and
go both sides.

In the time-independent approach one works instead
with an incident plane wave ;,.(x)=exp(ik-x). The out-
going wave has the form

Youlx)=exp(ik-x)+ f(k,0)exp(ik-r)r ~1/2 (2.11)
In the AB experiment f(k,0) is given, for 6540, by
fk,0)= sinra exp(—i6/2+[a]) 2.12)

V2mki sin(6/2) ’

where [a] is the greatest integer less then a. [This subtle-
ty will be important in the non-Abelian case where the
upper (lower) components get opposite phase shifts be-
cause the a’s have different signs.]

Equation (2.6) is solved now at once: go to the U
gauge, switch to the momentum representation, and
decompose the incident wave as

¢+

Yine= |y, 4x_|° (2.13)

where the subscript + refers to the sign of A,,. The out-
going wave function is then, by (2.9) and (2.10),

exp(—ima)$ . +explimal)d
. (2.14)

Your= explima)X . +exp(—ima)X _

Observe that (2.14) depends only on a modulo integers—
i.e., on the Wu-Yang factor.

To interpret these results in terms of protons and neu-
trons, these objects must be first identified.

III. ELECTRIC CHARGE IN GAUGE THEORIES

Let us first consider a fully dynamical nucleon-Yang-
Mills system (A4, denotes here the total YM field, not
only a background). The field equation

D, F*=0,F* 4 [A,,F*]=J", (3.1
where JV is the nucleon current,

L =1/i0y 79, a=1,2,3, (3.2)
implies that J¥ is covariantly constant, D,J¥=0. Conse-
quently,’

=2+ (A PP, (3.3)

is ordinarily conserved, 9,4 for all a. Hence
o= [ jfd’x, a=1.23, (3.4)

provides us with an ordinarily conserved charge for each
a.
Yang and Mills argue that electric charge should be in-
troduced by choosing, at each point independently, a pre-
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ferential direction w(x) in isospace. Choosing the gauge
so that this direction is along the third axis, the charge of
the nucleon (field) is expressed as

9nuct =€ [';‘+fd3x~](3)] )
qﬁeld=ef([AwF0v]3)d3x .

The total charge gnuc+¢fica =93 is thus ordinarily con-
served.

The formulas above are valid in the “preferential
gauge.” In an arbitrary gauge they are reformulated as
follows: let us select, at each point x, a direction
o(x)=w%x)r, [with |w(x)|=1] in internal space; con-
sider

(3.5)

(3.6)

1
2

Grea=—e [ Tr{[4,(x),F™x0)]o(x)}d .

(3.7

Gnuc1 =€ +% f‘PT(x)w(x)‘l’(x)de ,

(3.8)

The fundamental assumption in this procedure is that
there is a gauge such that w(x) is position independent,
o(x)=§, for all x. This is undoubtedly correct if the
underlying space is R>. In topologically nontrivial situa-
tions however, the fields 4, and ¢ are smoothly defined
in general only on contractable coordinate patches. The
local expressions A ™', (ALB ), 4'P) given in ¥V, (Vp) are
compatible if and only if

'//(a)=haﬂ¢(ﬂ) ,

A =hag ' AP hog—3,haplhag) ™"

(3.9)

where h,g is the transition function between the gauges
labeled by a and B, respectively. Similarly, in V, the
direction field is given by an »'®. Gauge invariance re-
quires that

@' (x)=hag(x) 10 P(x)h(x),p (3.10)

in the intersection of the domains. Now, ¥V, is contract-
ible for each a by assumption, so one can choose a
gauge—the so-called “rigid” gauge—such that '®(x)=¢§
is constant,*® Gauge invariance requires hence that

hag ™ (x)ehap(x)=&

must be satisfied for all x, where h,g denotes now the
transition functions between the rigid gauges over ¥V, and
Vg. Conversely, any £ satisfying this constraint provides
us with an admissible direction field: wg(x)=§ is a con-
sistent definition in the rigid gauges, and thus in all
gauges.

Equation (3.11) is, as explained in Refs. 6 and 8, a topo-
logical obstruction. Those £’s satisfying (3.11) are called
implementable directions.

Let us now consider a “background” solution 4 to the
sourceless YM equations 9,F**Y+[4;,F***]1=0 in M,
and assume the direction field w(x) is background-
covariantly constant, 3,0 + [A;,a)] =0 [in the terminolo-
gy of Ref. 6, w(x) generates an internal symmetry of the
field configuration A4;]. Let us split the total field as
A,=Ap+a,. As demonstrated in Ref. 7 the dynamical
YM equation (3.1) implies that

(3.11)

H=Jt 4 (D FP)y , (3.12)

where the subscript N means all terms quadratic and
higher order in a,, satisfies the background conservation
law 9,0# +[4,t#]=0. Hence

e (x)=Tr[*(x)w(x)] (3.13)

is ordinarily conserved, 8,t#=0. Our definition given in
the Introduction for a test particle means exactly that
quadratic and higher-order terms in g, can be neglected, '
and (3.13) reduces then to the particle’s electromagnetic
current J =Tr(J*») which must be now separately con-
served. Alternatively, this statement follows also directly
from the Dirac equation (1.1).

Now, adopting the philosophy of Yang and Mills,’ a
nucleon is a proton (neutron) if its charge is e (0).

Alternatively, consider the electric charge operator®

Qem=(e/Daw(x) . (3.14)

A nucleon V¥ is then a proton or a neutron, if it is an
eigenfunction of Q. with eigenvalue te /2.

IV. INTERPRETATION IN TERMS
OF PROTONS AND NEUTRONS

SUR) YM fields over the punctured plane can be
described without transition function, so (3.11) is au-
tomatic: any SU(2) direction is implementable. Further-
more, the implementation is unique. As a matter of fact,

wdx)=§ @.1)

in a suitable “rigid” gauge. Indeed, denoted by wg(x) an
implementation of £, so that wgxo)=§. In each
contractible subset of M—for example, in the region 0< 6
<2m—we can gauge wg(x) to the constant value £,
g"(x)w;g(x)=§. Furthermore, the G-valued function
g(x) can be chosen to be smooth everywhere—except that
it may happen that limg_,,,_og(x)=hs£1. Such a singu-
larity is, however, removable. In fact, 4 belongs neces-
sarily to the U(1) subgroup of G=SU(2) of rotations
around &, because w;(x) is continuous. But H is connect-
ed, so there is a smooth path 4 (¢) in H such that 2(0)=1
and h(2m)=h. The new gauge transformation defined by
g(r,0)h~(6) is then smooth and brings wg(x) to £.

Notice, that this unique implementation of £ can be ex-
tended to an implementation of the full su(2) in two
gauge-inequivalent ways.°

Now we are in the position to check the predictions in
Ref. 1. Assume first that the electromagnetic and the
field directions coincide. This means that, in the U
gauge, o(x)=73 so a proton or a neutron has wave func-
tion

0

x|’ (4.2)

¢
proton= ol neutron=

respectively, in this gauge. So, by (2.14),
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exp(—ima)d , +explimalp _

0
Your= 0

for a proton

4.3)

exp(ima)X . +exp(—ima)X_ | for a neutron,

J

2 2mkr sin’(6/2)+sin*ma + V' 8wkr sin(§/2)sinma cos[m/4+6/2—kr(1—cosb)]

and hence protons (neutrons) get opposite shifts, proving
(i) of Sec. I.

Let now the incident beam be a coherent mixture of pro-
tons and neutrons in a pure state. Assume for the sake of
simplicity that ¢;,.=Xin.=exp(ik-x)/V2. Using (2.11)
and (2.12) we get (ii) the outgoing proton/neutron mixing
ratio p shows a direction-dependent fluctuation expressed
as

" 2mkr sin®(6/2) +sin*ra —V'8mkr sin(6/2)sinma cos[m/4—6/2—kr(1—cosf)]

See Fig. 1(a). The picture is more symmetric for the
proton-neutron difference Inp [Fig. 1(b)].

(iii) The outgoing nucleon intensity v fluctuates, as
shown on Fig. 2, according to

(a) T MIXING RATIO p

-.P4 -.82 D.P2 B2 24
(b) A
1. 37 1 DIFFERENCE
log p
.68 T
A ooy
A
-. 68 WL
-1.37 T

-. B4 -.p2 2.2 .82 .04

FIG. 1. Fluctuation of the proton-neutron mixing ratio calcu-
lated for kr =10* and @=0.5. Protons and neutrons, respective-
ly, get opposite shifts. The vertical asymmetry can be removed
by considering rather the proton-neutron difference depicted in
(b).

(4.4)
T
sin’ra
v __ smime
2mkr sin%(6/2)
172
- | sinmra sin | = —kr(1—cosf) 4.5)
wkr 4

Observe that all results depend only on a (modulo
integers)—in other words, on the nonintegrable phase fac-
tor.

Let us now assume that the field and electromagnetic
directions are different. For simplicity, assume that
o(x)=7, in the U gauge, so that a proton or a neutron
has wave function

X

b (4.6)

, hneutron=

¢
¢
respectively. An incoming proton is by (2.14) transformed
into

proton=

¢ by —d_

¢ -+
Yout is hence a flux-dependent mixture of protons and neu-
trons: hence scattering a beam of protons produces some

You=cos(Ta) 4.7

+ —i—sin(fra)

1.B8S
INTENSITYY

.24t

1. 83}

1.2t

1.81¢

. RADIANS
'zpﬁl .B2 .B2 . B3 . B3 .4

FIG. 2. Fluctuation of the nucleon intensity calculated for
kr=5x%10* and a=0.5. A symmetric picture would be ob-
tained for negative scattering angles. The divergence at §=0 is
due to the use of the Abelian formula (2.12).
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1<0
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&

>}
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A
S

>0 w’

=

FIG. 3. Scattering of a proton on a non-Abelian flux line
whose direction in isospace is perpendicular to the proton-
neutron axis. Isospin is rotated by the angle F¥2ma, depending
on the sign of the angular momentum. For a= 7 in particular,
all protons are turned into neutrons. This effect survives in the
classical limit.

neutrons as well as protons, confirming prediction (iv) of
Wu and Yang. In particular for a =+ (when the Abelian
cross section is maximal), cosma =0, and thus all protons
are converted into neutrons. Similarly, an incoming neu-
tron is changed into a proton in this case.

In the first case w(x)=r; is covariantly constant, so the
particle’s charge is conserved. When w(x)=7,, D;w
=2a[73;,71]=2ar; vanishes if and only if a=0 (modulo
integers), so the nucleon’s charge alone is conserved only
if the YM field is trivial. In other cases the interaction of
the nucleons with the charged quanta of the field induces
a transfer of electric charge. Our fundamental assump-
tion is, however, that this does not change the “back-
ground” field in a substantial way and the Dirac equation
(1.1) is still a good approximation for describing the real
process.

When the particle goes entirely on one side of the
solenoid [either ¢_=0, X_=0 or ¢,=0, X, =0 in
(2.13)], the S matrix is just a rotation by angle F2ma
around 73:

A~ A exp(Fima) 0
S+=R3z0a= 0 exp(tima) (4.8)
(where the sign is plus or minus depending on the sign of
the angular momentum). Hence the field induces isospin
precession (Fig. 3).

Notice also that the .S matrix is the square root of the
Wu-Yang factor, §4 =(®)¥!72, Intuitively, if the particle
goes entirely on one side, its polar angle is changed by
tm. So the phase shift is half of that associated to
+27—which is ®F!.

V. MESON SCATTERING

We can, by analogy, consider the scattering of 7 mesons
on a non-Abelian flux line. Pions are spin-0 SU(2) trip-
lets. Let us define 7*,m—,7° to be the eigenstates of Q.p,
given by (3.14) with eigenvalues e, — e, and 0, respective-
ly. Identify the Lie algebra su(2) with R3 in the standard
way. The same line of thought as for nucleons leads to
describing the motion of 7 mesons by a three-component

Schrodinger equation. In the U gauge this is not diago-
nal; however, it can easily be diagonalized by a second
gauge rotation. In this new gauge—Ilet us call it the U’
gauge—our Schrodinger equation becomes

H
S le] [P ¢
ia X H_,, X X (5.1)
n A, n

Equation (5.1) splits into three uncoupled AB equations
with “magnetic” fluxes 4ra/e, —4ma /e, and 0O, respec-
tively.

It is now easy to prove the following statements, analo-
gous to the predictions of Wu and Yang. Assume first
that the preferential direction coincides with that of the
field. In the U’ gauge, the pion states are given by

¢ 0 0
at=10]|, == x|, #°= |0 (5.2)
0 0 n

Thus (i) #+ (77 ) mesons get opposite phase shifts, while
a 7° beam proceeds undisturbed, and (ii) if a coherent
mixture of 7+, 7%, and 7~ is scattered on the cylinder,
one will observe a direction-dependent fluctuation in the
mixing ratios and intensities.

These statements are confirmed exactly like those valid
for nucleons.

Let us now assume that w(x) is orthogonal to the field
direction, for example, w(x)=r, in the U gauge. In the
U’ gauge the pion states are hence represented by

¢ Ui X
mt=|—¢|, = |n|, T =|-X (5.3)
¢ 0 —X

Hence (iv) the scattering of a 7+ beam will produce also
some 7~ and 7° mesons; as a matter of fact, Yipe=m" is
scattered into

p ¢ ¢r—d_
You=cos’ma |— & | —sin’ra|—¢ +i,sin21ra ¢r—¢_
¢ —-¢| ! 0
mt T °
(5.4)

From (5.1) one could naively deduce that meson scattering
is the same for a and a+%, because fI;a and ﬁZa+l
describe the same electromagnetic AB situation. Observe
however that the S matrix (2.9) and (2.10) is (—1) if & is
an odd integer. In the electromagnetic situation this is
unobservable, since it yields merely an overall phase. In
the meson scattering, however, the upper two components
in (5.1) do get this phase shift, while the lower component
is unchanged, so there is a relative phase difference. Al-
ternatively, this is understood by remembering that in case
(iv) the electric charge of a test particle is conserved if and
only if a=0. So for a= % something must happen which
causes the loss of the particle’s charge. This is confirmed
by the explicit solution (5.4): for = all incoming 7+’s



are turned into 7 ’s.

These results complete those obtained in'> where it was
shown that, for a particle which transforms according to a
unitary representation U of the gauge group, two solu-
tions of the test particle wave equation in YM vacua
characterized by Wu-Yang factors ® and ¢’ are gauge
equivalent if and only if U(®)=U(®P’). In those papers
we did not distinguish between protons and neutrons (or
between 7+ and 77), so any gauge transformation was al-
lowed. Here, however, a preferential direction w(x) has
been chosen in order to do such a distinction. Therefore,
only those gauge transformation are now allowed which
preserve w(x).

Similar results could be obtained for the scattering of
“free quarks” [SU(3) triplets] or baryons [SU(3) octets] on
a “chromomagnetic flux line,” etc.

V1. CLASSICAL LIMIT

Generalizing the heuristic arguments of Wong,’
Ardoz!% has demonstrated, that the expectation value of
|

J(t)=

exp{ —ai[6(t)—6(0)]}J I

So classical isospin precesses, just like its quantum coun-
terpart, around the field direction. When the particle’s
polar angle changes by A6, J is rotated by an angle
(—2aAf). In the scattering process A@= t =, depending
on which side of the solenoid the particle has passed. So

R_,0Jinc forI>0

6.5)
R 2matine for I <0,

Jou=

where I=mxXx is the classical angular momentum.
Again, the phase of (6.5) depends on the sign of the angu-
lar momentum.

To get an interpretation in terms of protons and neu-
trons, first these objects must be identified. Let us choose
a preferential direction w(x). According to (6.1) the elec-
tric (3.7) of the nucleon is

G =e(3+0%,) . (6.6)

Notice that the second term here is just the “spin-from-
isospin” contribution due to the internal symmetry of the
field.5 14

A “classical proton” (a “classical neutron”) is hence one
with —Tr(oJ)=1 (— 7).

If the field direction is parallel to the preferential direc-
tion, then, in the U gauge,

1 0

o _1| foraproton

i
=12 6.7)

-1 0
0 -1

i

2 for a neutron .

The effects (i)—(iii) above disappear in the classical limit:
according to (6.4) any mixture of pure protons and neu-
trons remains unchanged since there are no off-diagonal
elements.

Jn exp{ai[6(t)—6(0)]}J 2
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the particle’s isospin,

Jo= [ Y'rpdx, 6.1)

satisfies, with the classical trajectory x (), the equations
of motion

J=[J,4,%"], (6.2)

mx,=—Tr(JF,x") . (6.3

These equations are gauge invariant if J transforms ac-
cording to J—g ~!Jg under a gauge transformation.

In the non-Abelian AB setup these equations are solved
at once. By (6.3), the space-time motion is just that of a
free particle. To solve (6.2), it is convenient to switch to
the U gauge. With the initial condition J(0)=(Jy)
E€su(2) the solution reads

(6.4)

' On the other hand, the prediction (iv) survives even
classically. Let us assume again that » and the field
direction are different, for example w=r7, in the U gauge.
Then

i |01
2010 for a proton
J= (6.8)
i |0 —1
71-1 o for a neutron .
According to (6.4), a proton is scattered hence into
5 i 0 exp(F2mai)
out =" lexp(+2mai) 0
— cos(2ma) 110 i o 1]0 -1
=cos(2ra > li o _sm(21ra)2—i 1 o |»
(6.9)

depending on the sign of the angular momentum. This is
again a rotation by angle ¥2na, cf. (4.7) and (4.8). In par-
ticular, for &= all protons are turned into neutrons.

Using (6.2), it is clear that the particle’s charge alone is
conserved if and only if w is an internal symmetry for the
field, D;w=0. (The loss of electric charge is again re-
stored in the field-theoretic framework.) This conclusion
is confirmed by the explicit solution: D;w=0 if and only
if @=0 modulo integers. But, by (6.9), then Jo, =J;,..

Noted added in proof. A promising candidate may be
the fractionally charged self-dual solution described in P.
Forgacs, Z. Horvath, and L. Palla, Phys. Rev. Lett. 46,
392 (1981).
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