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It is shown that a pure gravity theory in d dimensions, with an action quadratic in torsion and
curvature, may lead to a spontaneous breaking of the SO(1,d —1) gauge symmetry. The physical
vacuum, corresponding to a minimum of the self-interaction torsion potential, is characterized by a
constant nonvanishing torsion background, and in the lowest-order expansion of the gravitational
field around this configuration, an effective quasi-Riemannian theory is obtained. In particular, all
nine parameters of the corresponding quasi-Riemannian action are determined, as a function of the
torsion self-interaction coupling strength, for the tangent space groups SO(1,d —4)xSO(3) and
SO(1,d —2). Finally, the possibility that a breaking of the local Lorentz symmetry may be associat-
ed to a change of sign of the effective four-dimensional gravitational coupling constant is discussed.

I. INTRODUCTION

In the context of higher-dimensional unified theories,
Weinberg! has recently suggested the possibility that grav-
itation may be described in d >4 dimensions by general-
ized theories, called quasi-Riemannian, which are covari-
ant under general-coordinate transformations, but have a
local symmetry group Gr other than the d-dimensional
Lorentz group SO(1,d —1). The new tangent space group
is required to be of the form Gr=SO(l,n —1)XGr,
where 4 <n <d and G <SO(d —n), and some features of
such theories with this generalized gauge symmetry have
been investigated in Refs. 2 and 3.

The main advantage offered by quasi-Riemannian
theories of gravity is that one can obtain four-dimensional
chiral fermions from a higher-dimensional action,"?
without adding extra gauge fields to the starting d-
dimensional theory,4 and also without considering a non-
compact internal space with finite volume.’

However, the choice of Gr with the structure of a
direct product of two groups seems to be ad hoc,? even if
it could be motivated by analogy with supersymmetric
theories based on graded Lie algebras, which naturally
have tangent groups of this form.? Moreover the unique-
ness features of the usual Riemannian theory are lost,> be-
cause the construction of a Gr-invariant action involves
in general many arbitrary constants, so that some funda-
mental principle is needed to reduce the number of the in-
dependent parameters, as explicitly stressed in Ref. 3.

A possible answer to these problems is to introduce
some mechanism which spontaneously breaks the Lorentz
gauge symmetry. To this aim, the most direct method
to achieve a vacuum background with a local
SO(1,n —1) X SO(d —n) invariance is to couple minimally
gravity to a self-interacting antisymmetric tensor of rank
d —n which develops a nonzero vacuum expectation value
[a generalization of the mechanism first suggested by Mal-
let® and based on the presence of a Lorentz vector to break
spontaneously the SO(1,3) gauge symmetry in four dimen-
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sions]. But this requires the addition of extra nongravita-
tional fields to the starting d-dimensional action, and, like
adding gauge fields to obtain chiral fermions, would be a
procedure in contrast with the spirit of the original
Kaluza-Klein theory, as a truly unified theory should
start initially only with pure gravity in d dimensions.’

A third-rank antisymmetric tensor, however, may have
a natural geometric interpretation, in a non-Riemannian
geometrical context, as the totally antisymmetric part of
the torsion tensor; moreover, a gravitational Lagrangian
quadratic in the curvature tensor automatically provides
the self-interaction potential which leads, via the Higgs
mechanism, to a nonvanishing constant value of the tor-
sion tensor in the vacuum background. Therefore an en-
tirely geometrical mechanism, which spontaneously
breaks the gauge SO(1,d —1) symmetry starting from a
d-dimensional theory of pure gravity, may be obtained
provided that we relax two assumptions used in Ref. 3
[i.e., torsion-free SO(1,d — 1) connection and action linear
in the curvature tensor], and we consider a gravitational
Lagrangian quadratic in torsion and curvature.

To provide motivations for this approach, it should be
mentioned that a quadratic Lagrangian finds a natural
justification in the context of the classical Poincaré gauge
theory of gravity,® or may even be interpreted’ as
representing the effective contribution to the gravitational
action arising from quantum fluctuations, at some dis-
tance scale close to the Planck length. Recently, it has
been shown that curvature-squared terms appear in the
field-theory limit of string theories,'®!! and it is their
presence that allows nontrivial compactification on a
four-dimensional Minkowski space;'® moreover it has
been conjectured!? that, in the low-energy limit of the
closed Bose string, the complete set of four-derivative
terms may be expressed by an action quadratic in curva-
ture, provided that a suitable affine connection with tor-
sion is introduced. Finally, higher (than linear) curvature
terms appear in a generalization of the Einstein theory in
more than four dimensions, based on a gravitational La-
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grangian which consists of a sum of dimensionally contin-
ued Euler forms.!"13='% In this case, it is important to
stress that such a particular combination of curvature
terms contributes to the field equations at most second-
order terms, in the derivatives of the metric,!>~ 13 so that
the introduction of a quadratic Lagrangian, in dimensions
higher than four, does not necessarily imply the presence
of higher-derivative equations in the corresponding gen-
eralized theory.

Without considering a particular model, the aim of this
paper is to discuss the possibility that, starting from a
pure gravity theory with propagating torsion and qua-
dratic Lagrangian in d dimensions, a breaking of the
Lorentz gauge group SO(1,d — 1) can occur, spontaneous-
ly induced by a constant nonvanishing torsion back-
ground. In this case the lowest-order gravitational excita-
tions of the vacuum configurations are governed by an ef-
fective quasi-Riemannian theory, and all nine parameters
of the corresponding quasi-Riemannian action construct-
ed in Ref. 3 can be determined as a function of the total
number of dimensions and of only one, model-dependent,
coupling constant.

The plan of the paper is as follows. In Sec. II the gen-
eral action for the theory is presented and the vacuum
field equations are solved in the case of a constant non-
vanishing totally antisymmetric torsion. We consider in
particular solutions with the product structure
M,;_3XM,, where M, is an n-dimensional maximally
symmetric space, but it is shown that, because of the
curvature-squared terms in the action, we can obtain also
a solution with the structure My XMy;_;XM; (in d >7)
corresponding to a four-dimensional Minkowski vacuum
M,, even if the internal space is not Ricci flat and
without fine-tuning of adjustable parameters.

In Sec. III, expanding the gravitational field around the
vacuum configuration My _;XM; (keeping the torsion
background fixed) we obtain a quasi-Riemannian theory
with SO(1,d —4)XxSO(3) as the tangent space group, in
which the d-dimensional cosmological constant is vanish-
ing. All the parameters of the theory are determined as a
function of the coupling strength of the torsion self-
interaction term in the Lagrangian, and we discuss the
possibility that a breaking of the Lorentz gauge symmetry
may lead to a change of the effective four-dimensional
gravitational constant.

In Sec. IV we consider a vacuum configuration charac-
terized by a constant nonvanishing vector part of the tor-
sion, and in this case we obtain a quasi-Riemannian
theory with local SO(1,d —2) invariance. Finally, in Sec.
V the results obtained are briefly summarized.

For easy reference we use in this paper the same for-
malism and follow the same notations and conventions as
in Ref. 3, with the only difference that the vielbein field is
denoted here by V4, and the anholonomic basis is then
VA=VydzM.

II. VACUUM SOLUTIONS OF THE FIELD
EQUATIONS FOR A THEORY OF GRAVITY
WITH TORSION AND QUADRATIC LAGRANGIAN

We start considering a theory of pure gravity in d di-
mensions, covariant under general-coordinate transforma-

tions and locally Lorentz invariant. The field variables
are the anholonomic basis V4= V,,4dz™ and the connec-
tion one-form Q48=Q, 484z for the gauge group
SO(1,d —1) (conventions: capital latin indices run from 1
to d, and A4,B,C,D,... denote tangent space indices,
while M,N,P,Q, ... denote holonomic world indices).
The linear connection () is not required to be torsion-free,
so that, unlike in Ref. 3, we have in general

dVA+ QA AVE=R4£0 . 2.1

Allowing also the presence of curvature-squared terms
(for the motivations see Sec. I) we consider then a model
of gravity described by the following simple quadratic ac-
tion:

1
S =57 JIRQIAV 15+8Kc NKPATY 45

+2XmRAB(Q)A*R 5(Q)], 2.2)

where R 48(Q) is the Lorentz curvature two-form:
RB(Q)=dQB+ Q4. AQE
=3RynB(Q)dzM NdzV . 2.3)

K“B is the contortion one-form, related to the torsion
two-form R4 by

—KA, ANVE=R". (2.4)

X is the d-dimensional analogue of Newton’s constant, g
is a dimensionless coupling constant, m has dimensions
(mass)*~¢, V*B=VAAVE and finally the Hodge duality
operation is defined as (see Ref. 3)

1 c C
*VABZWGABCI'“C‘,_ZV "N AV T2
c - C
Vv 1 d-2
2—(7:2_)I_—GABCI"'C:1-2 R (2.5)
1 1 Cc - C
.RAB'_—mE'eEFC]-”Cd__ZREFABV ! d-2 . (26)

It should be noted that, while in this section we consider a
spontaneous breaking of the Lorentz gauge symmetry in-
duced by the totally antisymmetric part of the torsion ten-
sor, the torsion-squared term we have introduced in the
action (2.2) contains, more generally, also the trace of the
torsion tensor, so that the same action can be used to dis-
cuss also the case of a constant vector torsion background,
as we will see in Sec. IV. Note also that the curvature-
squared term we consider is not of the ghost-free form,
and the action (2.2) is to be regarded here not as a realistic
theory, but only as the simplest quadratic model to dis-
cuss the general features of this geometric mechanism (a
more realistic model could start, for example, from a La-
grangian involving the Gauss-Bonnet term of Ref. 11).

In order to separate explicitly the torsion contributions
from the Riemannian terms in the action (2.2), we decom-
pose as usual the connection as

QAB=QO4E_K 4B 2.7)

where QO is the torsion-free part of , which satisfies,
from (2.1) and (2.4),
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DVA=D(QO)VA=dVA+ Q% AVE=0 (2.8)

and D° denotes the exterior covariant derivative for the
Riemannian part of the anholonomic connection. The
curvature (2.3) becomes then

R43(Q)=R%4B_pOK 4B L KA NKCB (2.9)
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where

RO1B=R4B(Q0) =g 0018 1 004 . A Q°CB (2.10)

is the usual Riemannian curvature, and the action (2.2)
can be rewritten

S :ﬁf[Ro"B/\*VAB+2Xm(R°"B/\*RE,’B+D°K”B/\*D°KAB-2R°AB/\*DOKAB—ZK"C AK“BA*D°K ,p)

+2XW(K)],

where W(K) is the self-interaction potential d-form for
the contortion:

_I_—tg VAB+2mROAB

W(K)= 2

+mKAAK® [ AYK,PANKpg) .  (2.12)

The field equations are obtained by varying the action
with respect to the independent variables ¥ and K “2. In
this way one obtains in general a rather complicated ex-
pression in terms of the components of the curvature and
of the torsion tensor. However, in this paper we shall

(2.11)

I
look only for solutions of the field equations describing a
vacuum background which is the product of maximally
symmetric spaces, {( R®) =const, and in which the contor-
tion tensor satisfies

(D°Kk "By =0, (D°K,p5c)=0. (2.13)
In this case the equation for the contortion reduces to
(8W /8K ) =0 (see Appendix A), and the generalized Ein-
stein equations are simply second order, because the
Riemannian covariant derivatives of the components of
the curvature tensor are vanishing. For this background,
writing explicitly in components the equation following
from the variation of ¥4, we obtain (see Appendix A)

1 .
Sy CRUT) = (mRﬁfNABR°N""B+ amRiuy KN oKV 4+ =B 4K N 1K yp ")+ 4mK 1Y 1K PP K [M"EKm”) ,

where Ry FP=RyyF" is the usual Ricci tensor, and the
equation is enclosed in brackets as a reminder that the ad-
ditional condition (2.13) is to be satisfied, and the curva-
ture tensor { Ry 4p ) must be covariantly constant.

It is also convenient to introduce a scalar potential
U(K) to express in components the quartic torsion self-
interaction. Setting

[wk=-2fvd%uk) (2.15)
where V =det(V),*), we find, from Eq. (2.12),
UK)=m(Rin*B+ Ky cKyPKM KNPy
+ K MK Y (2.16)

(see also Appendix A).

First of all we consider the case of a vacuum configura-
tion characterized by a constant, nonvanishing value of
the totally antisymmetric part of the torsion tensor'®
(K 4pc)={(K|[4pc)) (for example, in string theory the
field strength H for the two-form potential can be geome-
trically interpreted as the totally antisymmetric torsion
part of the connection,'?!”!8 and vacuum configurations
characterized by H=£0 have been recently con-
sidered!>!"19-21)  The background determined by a
nonzero vector part of the torsion will be discussed in Sec.
Iv.

(2.14)

T

Looking then for solutions describing the product of
two maximally symmetric spaces, M, _3X M3, respective-
ly, (d —3) and 3 dimensional, we set

(Roaﬁ)zkd_jVaﬂ, (RO“b)=k3V”b ,

(R%)=0,
where greek and small latin letters denote tangent space
indices running, respectively, from 1 to d —3, and from
d —3 to d, and A4 _;,A; are the cosmological constants of
the two spaces. In this case the field equations can be sa-
tisfied by

(Kabc ) =00€abc> (KaBC> =0,

(2.17)

(2.18)

where o( is a constant which minimizes the potential
(2.16). In this background the conditions (2.13) are satis-
fied (see Appendix B); moreover, from Eq. (2.17) one has

(RO,B)=hq_5(5288—528F)

(2.19)
(RS,%) =182 85 —8285,) ,
and then
(Rﬂ“)zkd_3(d —4)8,, (RO™) =2M,8%, , (2.20)
and the field equations (2.14) reduce to
1
‘ii/‘-}—m}\.d._g, }"d—3=0’ (2.21)
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14g
2mAz+—>
mAs;+ 2

—1—+mk3 002—m0'04 . (2.22)

2X Ay=

The torsion potential (2.16) becomes, setting K, pc
=058%838¢€ape

Vig)=3m |o*—o? | 118 4 92, (2.23)
2Xm

and the torsion field equation for o=const is simply
(dU /30 ) =0; if the coefficient of o in Eq. (2.23) is nega-
tive, the constant nonvanishing solution (o) =0, where
l+g
2_ ~TS A
7o 4Xm s
corresponds to a minimum of U(o) and breaks spontane-
ously the local SO(1,d — 1) invariance.
Combining Egs. (2.22) and (2.24) we then have

(2.24)

1 1
= (1 2 .
Ay=— % 4g( +g) (2.25)
and { 1
2 2
=72y ag (g ) (2.26)

Finally, Eq. (2.21) gives two possible values for the
cosmological constant of the (d —3)-dimensional space:
namely,
1

a-3=0 = o
The vacuum configuration described by Egs. (2.17) and
(2.18) solves then the field equations of the quadratic
theory of gravity considered in this paper, provided that
Ag_3, A3, and oy are related to the parameters X,m,g of
the action (2.2) according to Egs. (2.25)—(2.27). This vac-
uum solution with broken Lorentz symmetry may be clas-
sically stable only if the nonvanishing value of oy mini-
mizes the potential U (o), and we can see from (2.23) and
(2.24) that this occurs, supposing m >0, only for o,*> 0,
that is, using (2.26), for

(2.27

X>0, g>0, g*>1, (2.28)
or

X>0, g <0, g*<1, (2.29)
if the gravitational constant is positive, while for

X <0, g>0, g’<1, (2.30
or

X <0, g<0, g*>1, .31

if the gravitational constant is negative.

To conclude this section, it should be noted that the
field equations (2.14) also admit a Ricci-flat solution for
the four-dimensional physical space-time even if the inter-
nal space is not Ricci flat, unlike the theory considered in
Ref. 3. This is due to the curvature-squared term in the
action, which leads to a quadratic equation for the cosmo-
logical constant in the (d —3)-dimensional space, and
then to a double solution of the field equations (this point
has been recently stressed also by Deseer‘iz).
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In fact, following Ref. 3, and decomposing the index
set {a} as {ajU{a}, where a=1,2,...,4 and
a@=5,6,...,d —3, we can look for solutions with the

product structure M, X M, _,X M5 setting
(R%By =), yiB (ROBy_) yaB
(RO A, (2.32)

Following the same procedure as before we obtain, instead
of Eq. (2.21), two equations for A, and A,,

1
—2~l7+mk, A=0, (2.33)
L +mA, |A,=0 (2.34)
2X 2 2—VY .

while the equations for A; and o, are not modified. We
can obtain then a Minkowski four-dimensional back-
ground, corresponding to the solution

1 11
M=0, Ay=——mr, Ay=—————(1+g)?,

even if the internal space is not Ricci flat (A,5£0, A35£0),
and without fine-tuning of adjustable parameters.

(2.35)

III. THE LOWEST-ORDER EFFECTIVE
ACTION WITH SO(1,d —4)XxS0O(3)
LOCAL INVARIANCE

Choosing as the physical vacuum the solution of the
field equations which minimizes the Higgs potential (see
Sec. II), and expanding the gravitational field around this
configuration, keeping fixed the torsion background
(2.18), we are led to shift the definition of curvature

ROAB_ (ROABY | R 4B

so that the physical vacuum corresponds to (R “8) =0.

In Sec. II it has been shown that, because of the
curvature-squared term in the action, one has two possible
solutions for (R%48) [see Eq. (2.27)]. We must consider
separately then the two cases

(3.1)

(@) Ag_3=0, Ay=—(1+g)*/8Xmg , 3.2)
and
1
b) Ay _3=———, Ay=— 2
(b) Ag_3 m’ A3 (1+g)°/8Xmg . (3.3)

In both cases we obtain, to lowest order as an effective ac-
tion, the action constructed in Ref. 3 for a quasi-
Riemannian theory of gravity with SO(1,d —4) X SO(3) as
the tangent space group.

Case (a)

Consider first the case in which the (d — 3)-dimensional
space is Ricci flat, corresponding to Eq. (3.2). In this
background ( R%#) =0, and Eq. (3.1) becomes

RO4B—) 8468V + R % (3.4)

Expanding the action (2.11) on the fixed torsion back-
ground K“8=(K48) we find that, to lowest order, the
terms linear in D°K do not contribute (see Appendix B),
so that the action (2.11) becomes
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———+—mk3 VNV, + VABA*Y g

2
d(d— 1)

s=[
+[ |3

+m [RAEN*R ;5+m [ DAKE) A*D*(K 45) , (3.5)

R ABAYY g +2mARPA*Vp+2mR ABAN* (K, “NKcp)

where Uy=(U)=U(0y)=—3ma,* is the constant value of the torsion potential in vacuum [see Egs. (2.23) and (2.24)].
It is interesting to note that the first integral in (3.5), representing the contribution to the action of the total effective
cosmological constant, is vanishing. In fact, using the definition of duality operation (2.5), one has

J VA V= VANV 4 (3.6)

_6
dd—1)
and Eq. (2.22) can be rewritten

so that the two terms in the integral cancel exactly against each other, and we have a theory with zero cosmological term.
Moreover, using (2.18) and (2.24),

2mR “BA*(K“NKcp)=2mR BA*VEF(K (g | 4Kpicp ) = —2mo®R P N* Vo= —2m RNV, .
(3.8)
Therefore the action (3.5) becomes simply
- - 1 - - -
S=m fR AB/\*R,,#;; f(R BNV og—8R NV +2R™N* Vo) +m fDO(K"B) A*D%K p) . (3.9
r
The lowest-order action describes an effective theory of Raﬁ(w)zdwaﬁ+way/\w75 (3.14)
gravity with local Gr=SO0(1,d —4)xSO(3) gauge invari- )
ance, expressed however in terms of the connection Q° is the SO(1,d —4) curvature two-form;
and curvature of the original SO(1,d — 1) group. Follow- Rab—_gqeb_ qoa A 04b
ing Ref. 3, the Lorentz connection Q° can be decomposed T
as =R®w)+5° A", (3.15)
QB=p B 548 (3.100  where
where w is the G connection, and @ is a one-form, R®w)=do®®+0° Nw® (3.16)
transforming covariantly under G, which can be inter- . form: finall
preted as the contortion for the G; connection: in fact is the SO(3) curvature two-form; and finally
Eq. (2.8) becomes R*=d Q0 by A 0Ba
dVA+wig ANVE=—GA NVE. (3.11) =d&a®+ o B/\wﬁ"+wb/\w“b—D( )@@, (3.17)

In the case we are considering, ¥* and V° transform, where D (w) is the Gy-covariant exterior derivative.
respectively, as SO(1,d —4) and SO(3) vectors, and we Moreover, in the configuration (2.8), in which
have the decomposition®
— (4
waBZQOaB wabzﬂ()ab 0% =0 ( K“b ) =00€apc V' (3.18)
(3.12) and all the other components of K are vanishing, we have
5aB=0, 5“”:0, Gaa___QOaa .

O¢ gaBy —
Starting then from the definition (2.10) of the SO(1,d —1) DXK®) =0, (3.19)
curvature, one can find easily the decomposition of the DY%K®)=D(w0)K®= —0pe. PG, AV, (3.20)
terms appearing in the action (3.9): DK™y =5%, AK“ =00, 5%, AV . 3.21)

RF=dQ%f1 % NQ**P=R¥B(w)+5% A&,
(3.13) Therefore the lowest-order contribution to the action from
' the contortion kinetic term can be expressed as a sum of
where bilinears in @, that is,
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mD°(K48) A*D(K 45) =m(D°(K®) AN*D°(K,, ) +2D°(K*) A*D*(K,))
=2ma (B AVEN BgAVE)+B AVy N BNV —BLAVE)] . (3.22)

The lowest-order effective action (3.9), considering the small curvature limit |XmR | << 1 in which the contributions of
the curvature-squared terms can be neglected, then becomes

S =§1)? R¥(0)AN*Vg—gRUOIN*Vop + B NG P N* V3 —8B°, NBTPN* Vg + 2D (0)B ™ N *V g
+ Elg(gz— D@ AVEA* B gAVEY LB AV, AN (BENVE—B LA V)] (3.23)

[note that also the D(w)@ term in the action is bilinear in &, as can be easily seen integrating by parts and using Eq.
(3.11)].

In order to compare this effective theory with the quasi-Riemannian theory of Ref. 3, it is convenient to express the
action (3.23) explicitly in components. A straightforward computation leads to

RB0)N*Vop=—VdZ R %, (3.24)
R®w)A*Vy=—Vd% Ry, (3.25)
where Raﬁ"ﬁ and R,,,,"" are, respectively, the SO(1,d —4) and SO(3) scalar curvatures:
3% NB BNV p=—Vd% 26,P5g1%, , (3.26)
B NNV =—Vd% 20,°%5, (3.27)
D(0)B%N*V oy =V d% 251,25 p)% + &1 P51 (3.28)
BGAVEN (B AVE) 428 AVy A (@ AV = —V d92(3B g5 @ P* — B @ B+ 28 e & % + B, 0@ °%) . (3.29)

Following the notation of Ref. 3, we define the symmetric trace-free part of @ as

_ 1 _ _ — —
a—){aﬂ}a =W(aP)la — :i_:gnaﬁ(”yya’ WDiab}p=D (ab)p— ';—aabwccﬁ (3.30)

(curly brackets denote symmetrization) such that 7)“‘95[ aBla =0=8"”a‘){ab} p- The action (3.23) can be rewritten then final-
ly as

1 2_1 _ . 2__1 _ _
S:—ﬁ-dedz RaBaB“gRabab+ 1+2‘g‘g— wm,,]aa)w”]“-k ‘gg_—l wmﬂaw{ﬂ”“
d—4 gz"'l — — ya gz—l — ~[bcla
+ d_3 + 2(d—3) wﬁﬁaw,, + 1248+ O pc)a®
g’—1 - — (be 2 58 ~1 |- b ~ca
+ p —2—g |@ (pe)od "I+ | S8 +2)+3 % | @0 . (3.31)

!

Comparing this expression with the general form of the  this case we find, in units such that 1/2X=1,
quasi-Riemannian action constructed in Ref. 3, which de- _
pends on nine arbitrary parameters c,...,co, We can =1, c;=—g, 03=1+2‘L— ,
conclude that the mechanism of spontaneous breaking of 8

the Lorentz symmetry we have considered, based on a Ca= 21 —1. co= d—4 + g’—1

gravitational self-interaction quadratic in torsion and cur- ¢ g © T d-3 T gd-3)"

vature, leads in this case to a quasi-Riemannian theory g2—1 gi—1 (3.32)
with local SO(1,d —4)XSO(3) gauge invariance. In the ce=2+g+ , 7= —2-g,

low-energy limit, we obtain in particular the action of g 5 &

Ref. 3, in which all nine parameters can be expressed in c =_2_(g +2) +2_g____1 cg=0.

terms of only one independent coupling constant, and in 573 3 27
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Case (b)

The second possible solution of the vacuum field equa-
tions (2.14), with a constant totally antisymmetric torsion
background, corresponds to a nonvanishing curvature also
in the (d —3)-dimensional space, Ay_3;=—1/2Xm, see
Eq. (3.3). In this case we must set

ROB=},_;818fV B+ 08785V + R **

and expanding the action (2.11) as before, we find again
that the terms linear in D°K do not contribute, and, using
the field equations (2.21) and (2.22) and the identity (3.6),
that the total effective cosmological constant is vanishing.

Using also Eq. (3.8) we obtain then, to lowest order, the
action

S=m [(RABA*R 45+D°(K*?) AN*D(K 45 ))
1

45 [ RN Vag—gR AWy +2R ™AV ).

(3.33)

It is interesting to note, comparing this equation with the
corresponding action (3.9) obtained in the previous case,
the sign difference of the term containing the SO(1,d —4)
scalar curvature, R ¥ A*V 4.

Since it is from this term that one obtains, after dimen-
sional reduction, the usual four-dimensional Einstein La-
grangian of general relativity [i.e., the SO(3,1) scalar cur-
vature], it follows that in this case a negative value of X is
required to avoid that, in four dimensions, the effective
low-energy gravitational interaction is repulsive.

This implies however that the original action (2.2),
describing gravity before the process of spontaneous sym-
metry breaking, contains a gravitational coupling constant
with the “wrong” sign, X <0, or, in other words, describes
“antigravity,” and it is the transition associated with the
breaking of the d-dimensional Lorentz symmetry that
leads to the change of sign of the effective four-
dimensional coupling constant (as regards this point, it

should be mentioned that the possibility of antigravity in
the early Universe, in relation with the spontaneous break-
ing of a local gauge symmetry, was first considered by
Linde;** moreover, a reversal of sign of the effective grav-
itational coupling, induced by a breaking of the Lorentz
symmetry, is not in disagreement with the possibility of
obtaining, in the early Universe, an inflationary phase of
accelerated expansion in the context of a theory of gravity
which is not locally Lorentz invariant®*).

In any case, what is to be stressed is that, according to
the mechanism of spontaneous breaking discussed in this
paper, it is the value of the parameter g, governing the
strength of the torsion-squared term in the gravitational
Lagrangian, which determines if there is a reversal of sign
in the effective gravitational coupling constant as a conse-
quence of the SO(1,d — 1) breaking.

In fact, if —1<g<0, or g> 1, then the torsion poten-
tial has a minimum for X >0 [see (2.28) and (2.29)], and
then we must choose the vacuum configuration corre-
sponding to case (a) (i.e., Ay_3=0) to avoid a repulsive
four-dimensional interaction in the low-energy limit. On
the contrary, if g < —1, or 0 < g <1, the minimum is ob-
tained for X <O [see (2.30) and (2.31)], and then the physi-
cally acceptable solution corresponds to case (b)
(Ag_3=—1/2Xm), so that one has antigravity before the
Lorentz invariance is broken. And since a negative value
of X may introduce ghosts into the theory, this seems to
suggest that a realistic model should be characterized by a
torsion self-interaction appearing in the action with an ef-
fective strength g varying in the range —1 < g <0, g> 1.

To conclude this section we can determine the values of
the parameters of the low-energy quasi-Riemannian effec-
tive theory corresponding to this last case. Starting from
the lowest-order action (3.33), and following exactly the
same procedure as before [i.e., decomposing the Lorentz
connection and curvature according to the new
SO(1,d —4) xSO(3) tangent space group, keeping fixed
the torsion background (2.18), and defining an effective
coupling constant X'= —X > 0], we obtain

1
S=55 [ |RH@IN Vg +8R™M0) A Vop +5% NG PN * Vg +88°% AGTEN*Vy — 2D (0)T % N * Vg,
2.—
_& > L@ AVEN @ g A VP45 AVy A @S NVE—B 2 A VO] (3.34)
Written explicitly in components we have
1 1|
S:——z—X’dedZ RaBaB+gRabab—- 3+2gg a)[B},]aw[B‘”a
21|~ gyl |3d—4) g*—1 |_g _
+ 3”%‘ ST t a3 |2
=11 (o g =1 |- ibla
— |8 +2+ Dbeja® ™"+ (8 +2— p D pejald
2 gz——
- 7(g+2)+§ % @%@, (3.35)




The nine parameters of Ref. 3 are then determined as (in
units 1/2X’'=1)

2
C|=1, Ccr=g, (‘.3:_3_2_5__‘___1,’
4
2 _ 2
C4:3_g 17 C5:“3d 4_ g 1 )
g d—-3 g(d )
2 ) (3.36)
4 =—2—g—— y C71= - )
° g g
2 gi—1
= —— 2 —_—— —t .
Cg 3( +g) 3 2g s C9g 0

IV. BROKEN LORENTZ SYMMETRY WITH
A CONSTANT VECTOR TORSION BACKGROUND

Starting again from the d-dimensional Lorentz-
invariant action (2.2), in this section we consider a vacu-
um configuration characterized by a constant, nonvanish-
ing value of the vector part ¢ of the torsion tensor, and

we show that in this case one can obtain, in the low-
]

—21?(2R,?4P) <mRMv ,,RON”AB+——&2(d 2)(28,,”

+2m(d —2) (¢2¢M¢P_8MP¢4 >

The vacuum field equations for the metric and the torsion
can be satisfied by choosing a background configuration
corresponding to a maximally symmetry space with d —1
dimensions, that is, by setting

(R9B)y =pye8, (R™)—0,
<¢a>:O, <¢4)=00 ’

where greek indices run from 1 to d —1, the underlined
index d means the fixed value corresponding to the total
number of dimensions we are consxdermg (for example, in
d=7 we have R®¥=R%, ¢9=¢7), and o, is a constant
which minimizes the potential (4.3).

With the choice (4.5), the conditions (2.13) are satisfied:
in fact from (4.1) and (4.5) we have

(4.5)

(K®BYy=0, (K™)=0,V", 4.6)
and since
DK 4B—dK 4B 4 004 . A KB4 QOB AK€ 4.7)
it follows that
(D°KBy = (Q'y ANK1+ QOB  NK™) (4.8)
(DK 4y = (dK 4+ Q% AKP)
=0o(dVe+ Q%5 A VP)
= —0,(Q% A V) 4.9)

[we have used Eq. (2.8)]. But the maximal symmetry of
the background implies (Q%y)=0; therefore Egs. (4.8)
and (4.9) are both vanishing. Moreover the only nonvan-
ishing components of (K 4p¢ ) are (K,* dy — 0053 and

(DK, ) =0o(Q9P85%+ 0%5,%)=0 (4.10)
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energy limit, an effective action for a quasi-Riemannian
theory of gravity with local SO(1,d — 1) invariance.

Supposing that only the vector ¢* contributes to the
torsion background, to discuss the solution of the vacuum
field equations we can set

KAB=yAgB_yBpa (4.1)
that is,

Kc*P=58.¢%— 862" 4.2)
so that the torsion potential (2.16) becomes simply
U(g)=——18& 1+g LoXd —1)(d —2)

m(2R 45¢%¢5 —R?) + yme*(d —1)(d —2)
4.3)

(>=¢"$,) and the generalized Einstein equations (2.14)
reduce to

—oud")+4m (6’ Ry —RY"97¢ 4 + Ry %0 4)

(4.4)

(because, for a Lorentz connection,
Therefore also {(D°K 4pc ) =0.
For the configuration (4.5),

Q0B = _ 0B,

the field equation (4.4)

reduces to
515(_““ = | X8 Lomd logt—mogt  @.11)
and the potential (4.3), setting ¢ =840, is
m 4 2|14g
=" d—1)d— —o? |8 o]
Ul(o) 2(d 1)d —-2)|oc"—0o 2Xm+ A ]
(4.12)
The constant nonvanishing solution (o) =0y,
1+g
- —TS 1) (4.13)
7 4xm +

of the torsion field equation (39U /00 ) =0 breaks spon-
taneously the SO(1,d —1) symmetry, and in this case,
combining Egs. (4.11) and (4.13), we can express A and o’
as a function of g,X,m, according to Egs. (2.25) and
(2.26), just like in the case of a totally antisymmetric tor-
sion background previously considered. This vacuum
solution corresponds to a minimum of the potential (4.12)
only if the coefficient of o is negative, that is only if the
conditions (2.28)—(2.31) are satisfied.

Expanding the gravitational field around this fixed tor-

sion configuration, we set
ROAB=)8484V°P+R 18 (4.14)

and starting from the action (2.11) we find, to lowest or-
der,
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s=[
+[ %

——+mk AV“BA*VaB+2

d(d —l)

+m [(R*2A*R 45 +D(K*®) N*DUK 45))—2m JDUKAB) A*(ROp+(K4AKcy))

where Uy=(U) = U (0,) is the constant vacuum value of
the potential (4.12), i.e.,
m
Upy=——(d —
0 5
The first integral in (4.15), representing the cosmological
term, is vanishing: in fact we have the identity

——1—“ AB *
(d—1)d-2) IV A

1)(d —2)o, (4.16)

VaBArY e~
JVENVap= d(d

(4.17)

and the field equation (4.11), using (4.13) and (4.16), can
be rewritten

2U,

1
L ma L
m d—1d—2)

20 A= moo = —

(4.18)

so that the two contributions to the cosmological constant
cancel against each other.

Moreover, the last integral in Eq. (4.15) is vanishing to
lowest order: in fact, for the constant torsion background
(4.6)

(KoPAKpg)=—00"Vag, (KoPAKpg)=0  (4.19)

and the terms linear in D°K become, neglecting trilinears
in the connection,

DU K*BY A*(ROp+ (K4S ANKcp))

=(A—0 )DUKPB)N*V,5 (4.20)

so that, integrating by parts and using (2.8), its contribu-
tion to the action integral (4.15) is vanishing.

Finally we note that, from Egs. (4.19) and (4.13), we ob-
tain

2mR “BPA* (K CNKcp)=— 1;(’; +2mA
XRBAN*V,p5 . 4.21)
The lowest-order action reduces then to
|

VAB/\ * VAB

RABN*V 5 +2mAR “BA*V 5 +2mR B N*(K S AKcp)
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(4.15)

I

1
SZX

+m [RABA*Rp+m [ DAKAEY A*DXK 43 ) .

(—gR ogA* Vg +2R “N* V)

(4.22)

As in the case considered previously, the constant coeffi-
cient of the SO(1,d —2) scalar curvature must be positive,
in order to avoid obtaining, in four dimensions, an effec-
tive gravitational coupling constant with the wrong sign,
which would lead in the low-energy limit to a repulsive in-
teraction instead of an attractive one. Therefore this
model of gravity with broken Lorentz symmetry may be
physically acceptable (attractive low-energy gravity and
stable vacuum configuration) only if Y >0 and —1<g <0
or, alternatively, X <0 and 0< g <1 (in this second case
the breaking of the Lorentz gauge symmetry is associated
with a reversal of sign in the effective coupling constant).

The action (4.22) has a local G;=S80(1,d —2) invari-
ance. Decomposing the Lorentz connection Q° into the
G connection ® and the one-form @ (transforming co-
variantly under Gr) according to Eqgs. (3.10) and (3.11), in
this case we have

0B=0%F =0, 3%=0, 3*9=0"¢, (423
and the curvature terms may be decomposed as

R*=R%¥w)+a%3 N, (4.24)

R*“=D(w)a™ (4.25)
[see also (3.13) and (3.17)], where

R%(w)=dw™+ 0%, Ao (4.26)

is the SO(1,d —2) curvature two-form, and D (w) denotes
in this case the SO(1,d —2)-covariant derivative:

D(0)3®%=da™+ o No" (4.27)

The lowest-order contribution of the contortion kinetic
term, appearing in the action (4.22), can be expressed as a
sum of bilinears in @. In fact, from Egs. (4.6), (4.8), and
(4.9) we have

mDK*E) A*D*(K 45) =m(D*(K®) N*D*(K o5) +2D*(K*4) A* DK o4))

=2mo[B g AVEIN (Bog NVg—Bpg ANV )+34 AVEN By ANV .

DUKBYy=—_oy@%% ANVE—aPs AV?), (4.28)
DUK™) = —0w@ A V4 (4.29)

Therefore
(4.30)
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The action (4.22), in the limit | XmR | << 1 in which the curvature-squared terms may be neglected, then becomes

=L
T2

+2i(g2—1)[a[a4 AVEON Doy ANV g—Bpg ANV )+B%4 AVEA (@ g AV |
g

—GRPB()N*Vg—gB %4 NG N*V 5 +2D ()5 NV oy

(4.31)

In order to compute in this case the coefficients of the corresponding quasi-Riemannian action of Ref. 3, we can rewrite

Eq. (4.31) in components. A simple computation leads to
R¥P)AN*Vg=—VdZRop%
%A NBPN*V = —Vd% 25,71 ,
D(@)3™N*V oq=V d% 25,255 ,

(4.32)
(4.33)
(4.34)

B AVIN (Bg AV 42819 AVBIN (Bog A V)= —V d%[(d —2)Bpg@ *+(d —2)Bagd "+ 8f43,™]

and defining, as in Ref. 3,
_ _ 1 vd
Wiapld =Papd ~ 5 _ 1 NapPy
we obtain finally

1 d B
S=_7fde 2 | —gR %8+

2g

g’—12d-3 d-2
26 d—1 d-—1

-+

Comparing this expression with the action of Ref. 3, we
note that for a quasi-Riemannian theory in d dimensions,
with tangent space group SO(1,d —2), the terms in the ac-
tion corresponding to the coefficients c¢,,c¢,c7 are vanish-
ing, because ObViOUSly Rdddd=6[44]a=a{dg}a=0- In-
troducing an effective coupling constant X’ such that
—1/2X'=g /2X, we find that, according to this model of
spontaneously broken Lorentz symmetry, the parameters
of Ref. 3 are determined as (in units in which 1/2X'=1)

2_.. —
C, =1, C3=__1___2__£__1_d__£ ,

g 2g g
2_—_ —
C=1+2-£-1d4-2
& = ¢ 4.38)
co__d=2 _g’~1 2d-3
STgd—-1) 2 (d-lg’

2
CS Zg y Cg 0.

V. CONCLUSION

The model of higher-dimensional gravitational theory
considered in this paper, based on the action (2.2), admits
solutions of the field equations corresponding to a maxi-
mally symmetric ground state M, _3;XM; or My_,, ac-
cording to whether the vacuum is characterized by a

2
g+2+8=Lt@—2

D 4@

(4.35)
(4.36)
- 21 — _ (aB)d
G[Gﬂ]dw (aﬁld‘{“ '%g'(d —2)—g -2 Ct)lamgw ()
+ —z%g—(gz— 1(d —2)54L,544 | . 4.37)

nonzero value of the totally antisymmetric part or of the
vector part of the torsion tensor.

In both cases, the lowest-order gravitational excitations
of these configurations are described by a quasi-
Riemannian theory with gauge group SO(1,d —4)XxSO(3)
or SO(1,d —2), respectively, and all the arbitrary parame-
ters of the corresponding action constructed in Ref. 3 can
be determined as a function of d and g [see Egs. (3.32),
(3.36), and (4.38)].

In the case of a totally antisymmetric torsion one ob-
tains two possible vacuum configurations which, minimiz-
ing the torsion potential, breaks spontaneously the
SO(1,d —1) gauge invariance. If M, _; is not Ricci flat
[see Eq. (3.3)], then the breaking of the Lorentz symmetry
produces a reversal of sign in the effective four-
dimensional gravitational coupling constant. In this case,
however, the theory is physically acceptable (that is, one
obtains an attractive four-dimensional low-energy gravita-
tional interaction) and the ground-state configuration may
be stable (that is, corresponds to a minimum of the torsion
potential) only if 0< g < 1, or g < — 1. If this condition is
not satisfied, then the physical vacuum corresponds to a
Ricci flat M, _; [see Eq. (3.2)], and there is no change in
the sign of the effective gravitational coupling associated
with the transition from SO(1,d —-1) to
SO(1,d —4) xSO(3).

In the case of a constant vector torsion background, the
physical solution (attractive low-energy gravity and stable
vacuum configuration) is obtained for X >0 and
—1<g<0, or X>0 and O<g<1. It is only in this
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second case that the effective gravitational coupling gravitational action and on the value of the arbitrary cou-
changes sign when the SO(1,d —1) Lorentz group breaks pling constants.
down spontaneously, leading to a quasi-Riemannian

theory with SO(1,d —2) local invariance. APPENDIX A: VACUUM FIELD EQUATIONS
Finally, it should be remarked that, in a realistic model,
the requirement of the absence of ghosts and tachyons Using the definition of duality operation [see Egs. (2.5)

may put further restrictions on the possible form of the  and (2.6)], the action (2.11) can be rewritten explicitly as
J

R 0AB

+_Y’LROEFROABEF+m(DOKEF_ZROEF_zKED AKDF)DO[AKB]EF

1
S_(d—Z)!f 2X 2

+(2mREF 4 mKEy ANKPRK AL k812, 4+ 1F LA, AR AV e (A1)

Ca_a

Looking for a solution of the field equations which satisfies { D°R9zcp ) =0 and (DK 45c ) =0, by varying the action
with respect to ¥4 we can neglect terms containing the covariant derivatives of the curvature and contortion tensor, and
we simply obtain

< _LROAB+_’71.ROEFR0AB +_l____KA /\KDB+m(2ROEF+KE /\KCF)K[AEDKB]D
2X 2 2X
or, in components,

where the symbol V4 is defined by
MNP Py

o Cag _
/\V GABcl"‘Cd__2>—O

(A2)

0 AB M 0 EFpO0AB
—Ry +—R R +
4)( 4 MV EF 2X

L8 g\ APK 1B+ m (R G B+ K 3 EPK yyp P K Ay K IE VMN”> 0, (A3)

c
3Gmacc,~~~cd_3V1P,1VP22‘ Vel =—d =3)WViEE . (A4)

Therefore

RO ABVMNP (REINMNSCP+RI?!NNPSCM+RI(\)INPMGCN“‘R&NMPSCN“RI?INNMSCP_RI?INPNSCM)ZzROVCP“4R2P ,

(AS)
where R2P=R&y*¥, and so on for the other terms, so that Eq. (A3) becomes
<EE(2R VeP—4R)+ - 2 2V Riy RN+ 4ROVPAPR Gy ) + ——(2VCPK[MMDKN]D "+4K (N IPK 1P

+m VRN EFK My KNP 4 4RV EFK N o KPP L) 4 m 2V PR (3 EPK vyp "KM ec KN F

FAK PRy K Y KPE) =0 (A0

At this point it is convenient to write in components the contribution to the action of the torsion self-interaction (2.12).
We have

fW(K) d_ 2)| fdd m(RY EF+K[MEDKN]DF)K(AEDKB]DF
1+ MNP, ---P, . C c
+TX£K[MADKN]DB €4Bc,---cy € | TRl Vel
=—2[Vd%ZzUK), (A7)
where
U(K)=m(RY, EF+KMEDKNDF)K[MECKN]CF+%K[MMDKN]DN (A8)

and then Eq. (A6) can be rewritten as
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1
<——(2ROVCP_4R8P)+L:'(zVCPROMNABRBINAB+4R0NPABR8NAB)+ 2';g 4K[C[N lDKN]D |P1+4mR8NEFK[NEDKP]DF

2X 2

Tracing gives

1 m
<27RO+TR&NABROMNAB+ U>=0

so that, from Eq. (A9), we obtain the field equation (2.14)

+4mK[CEDKN]DFK[NELKP]LF+2VCPU(K)>=0 . (A9

(A10)

<—E%(_2R8P+mR0NpABR8NAB+17“;_&4K[C[NIDKN]D'P]+4mR8NEFK[NEDKP]DF+4mK[CEDKN]DFK(NELKP]LF>=0.

As regards the torsion field equation, by varying the ac-
tion (2.11) with respect to K we have

85 =2m [ (D**D°K 45—D°*Rp+fas) NSK*

(A12)
where the three-form f 45 is defined so that
5 5"1;— _D°KBA*(K,NKcg) |=f a5 NSKAE .
(A13)

If we are interested in a vacuum configuration described
by a maximally symmetric space, {(R33)=AV 3, then
(D% R 45 ) =0 [remember Eq. (2.8)]; moreover, if we im-
pose on the solution the conditions (2.13), then the torsion
field equation reduces simply to (f4p)=0, where
(fap)=8W/8K“E,

APPENDIX B: VACUUM CONFIGURATION
WITH A CONSTANT NONZERO TOTALLY
ANTISYMMETRIC TORSION

Since K*2=K42VC, in the configuration (2.18) we
have

(K®)=0=(K®), (K®)=00c%VC. (B1)
As

DOKAEszAB+QOAC/\KCB+QOBC/\KAC (B2)
it follows that

(D°Kk) =0, (B3)

(D°Kk®e) =(Q%, AK"™) , (B4)

(D°K®) = (dK®+ Q% AK®+ Q% AK*)

=(D(0)K?®) , (B5)

(A11)

r
where 0®®=0%% and D(w) are, respectively, the SO(3)
connection and covariant derivative.

Using Eq. (2.8), which implies

DVe=dVe+ Q% AVE=D(0)V°+Q% AV?=0 (B6)

and remembering that €., is an SO(3)-invariant tensor,
we obtain then

(D°K) = —0pe.2(Q% AVT) . (B7)

But the maximal symmetry of the background [see (2.17)]
implies (Q%%)=0; therefore, Eqs. (B4) and (B7) are
both vanishing, and (D°K“8)=0. Moreover (D°K,,. )
= D (w)og€qp =0, so that conditions (2.13) are satisfied.

Expanding the gravitational field on the constant tor-
sion background (B1), and using Eq. (3.4), we have, to
lowest order,

—2m [ROBA*D%K 45) = —2mA; [ DUK®Y A*V,
(B8)

modulo terms trilinear in the connection. Moreover the
only nonvanishing components of K,AKcp on this
background are

K, A Kep= Uozfda cé-ecb yie=— GOZ Vap - (B9)

Therefore

—2m [ DUAKBY A*(K,CNKcp)

=2mog? [ DAK®)A*V,, . (B10)

Integrating by parts, and using (2.8), both the integral (B8)
and (B10) are vanishing, so that the terms linear in D°K,
in the action (2.11), do not contribute to the lowest-order
expansion.
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