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We construct relativistic wave equations describing the dynamics of two interacting particle sys-
tems involving spin-0 bosons and/or spin-% fermions. The method consists in quantizing the mani-

festly covariant formalism with constraints of classical relativistic Hamiltonian mechanics. In this
formalism the two-particle wave function satisfies two independent wave equations, which thus
determine in a definite way its relative time evolution. We solve the compatibility condition of the
two wave equations and classify the general classes of interaction potentials according to their tensor
structure. We outline the relationship of this framework of relativistic quantum mechanics with the
Bethe-Salpeter equation and its sector of normal solutions.

I. INTRODUCTION

The use of the manifestly covariant formalism with
constraints'* in classical relativistic Hamiltonian
mechanics®~ !> has led to substantial progress in the Ham-
iltonian formulation of relativistic quantum mechan-
ics.’=2!' One of the main features of the Hamiltonian
formalism is that it avoids the appearance of unphysical
degrees of freedom. In particular the time component of
the coordinate four-vector of a particle is assigned to play
the role of a parameter and not that of a dynamical vari-
able. On the other hand, the advantage of the constraint
formalism is its property of eliminating the redundant
variables of the theory without breaking, to some extent,
its manifest covariance.

It is then natural to extend this way of constructing rel-
ativistic mechanics to the quantum level. Here a system
of N spin-0 and/or spin-% particles will be described by
means of a wave function satisfying N independent wave
equations. Each equation is a generalization of the
Klein-Gordon or the Dirac equation, according to the
spin of the constituent particle of the system to which it
refers. These equations are the quantized versions of the
N first-class mass-shell constraints of classical mechanics.
The interaction appears through potentials, which are
functions of the variables of the system. The potentials
have to be chosen so as to satisfy the compatibility condi-
tions of the N wave equations. In general these conditions
also guarantee the realization of the Poincaré invariance
of the theory in its Hamiltonian form.

One consequence of the fact that the dynamics of the
N-particle system is described by means of N independent
wave equations is the absence of relative time excitations
from the energy spectrum of the system.

The purpose of the present work is to study, within the
framework of the manifestly covariant formalism with
constraints, the structure of the wave equations describing
the dynamics of relativistic two-particle systems involving
interacting spin-O and/or spin-+ particles. This is mainly
achieved by solving the compatibility conditions of these
equations and exhibiting the corresponding general classes
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of interaction potentials. We also classify the latter ac-
cording to their tensor structure, such as scalar, pseudo-
scalar, vector, etc.

The generality of the results allows one to use these
wave equations, by appropriate choices of the interaction
potentials, for the phenomenological study of a very wide
variety of relativistic two-body problems which can be
met in particle physics. In this respect we present in
separate papers?? two applications concerning confining
interactions in fermion-antifermion and fermion-boson
systems, having straightforward connections with meson
and quark phenomenology.

The determination of the wave equations describing the
dynamics of relativistic systems represents one part only
of the general attempt to construct a relativistic quantum
mechanics of interacting particles. The formulation of
relativistic quantum mechanics has also to be completed
by the construction of the scalar product of physical
states. Some features of this problem were examined in
Ref. 21 and we intend to present a general analysis of this
question in a separate work. (See also the Appendix.)

A particular drawback of the Hamiltonian approach to
relativistic quantum mechanics has been consisting for a
long time in the lack of explicit connection with field
theory. In this respect the quasipotential approach—%
provides a first basis for such a relationship, by starting
from the Bethe-Salpeter equation®*~3? and reducing it,
with appropriate hypothesis, to a three-dimensional equa-
tion. Here one uses the Bethe-Salpeter equation in its in-
tegral form for off-mass-shell scattering amplitudes. This
approach, however, seems to be more suitable for scatter-
ing problems, where the basic ingredients are scattering
amplitudes, and where the direct connection with the local
fields of the underlying field theory becomes less transpar-
ent. Wave functions, as well as potentials, are defined
after appropriate analytic continuations are utilized and
Lippmann-Schwinger-type equations introduced.

In this connection a recent result was obtained by the
author,*® by directly working in configuration space. It
was shown, in the case of two equal-mass spinless parti-
cles, that the manifestly covariant wave equations of
Hamiltonian relativistic quantum mechanics can be de-
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rived from the Bethe-Salpeter (BS) equation. This is
achieved by transforming the BS equation by algebraic
manipulations so as to separate it into two independent
equations which have the same structure as the wave
equations of relativistic quantum mechanics. The first
equation determines the relative time evolution of the sys-
tem, while the second one yields a three-dimensional
eigenvalue equation. The interaction potential and the
wave function of relativistic quantum mechanics are thus
related in a definite way to the kernel and the wave func-
tion of the BS equation, when the “normal” solutions of
the latter are considered. (The result is actually generaliz-
able to the unequal-mass case, as well as to fermions.)
The relations involve integral operators which can be
evaluated, in principle, in perturbation theory. This result
establishes the necessary link between Hamiltonian rela-
tivistic quantum mechanics and quantum field theory.
We shall present a detailed account of the derivation of
these relations for the cases of fermions and unequal
masses in a separate work.

Because the starting point is the Bethe-Salpeter equa-
tion and the transformations which are introduced are of
algebraic nature, we think that the latter approach and the
quasipotential approach are equivalent, when considered
in their general forms. The advantages of each approach
depend, however, on the framework or the type of prob-
lem which is considered. The connection which we
developed in Ref. 33 seems to us more suitable for the
quantum-mechanical framework, while the quasipotential
approach seems to be more adequate for an S-matrix-type
framework.

When a relativistic instantaneous approximation
made for the (effective) Bethe-Salpeter kernel, taken in its
ladder approximation, then the relationships obtained in
Ref. 33 considerably simplify. In particular one can then
reduce, in an explicit way, the four-dimensional normali-
zation condition of the Bethe-Salpeter wave function to a
three-dimensional one and thus fix the normalization con-
dition of the quantum-mechanical wave function.
Throughout this work we shall mainly present these rela-
tionships with the above approximation, which is suffi-
cient to cover with enough accuracy the physical prob-
lems met at the quantum level.

Finally, the formalism which is presented in this paper
concerns systems of particles the total momentum of
which is assumed to be timelike. The case of massless
bound states necessitates a separate treatment and will be
dealt with elsewhere.

The plan of the paper is as follows. In Sec. II we re-
view the main features of classical relativistic Hamiltoni-
an mechanics, as formulated by the manifestly covariant
formalism with constraints. Section III presents the
method of quantizing a theory of N-particle systems. In
Sec. IV we consider two spin-0 particle systems and also
outline the relationships with field-theoretic quantities. In
Sec. V we display the scalar- and vector-type interactions.
Sections VI and VII deal with spin-3 fermion-
antifermion systems and with the classification of the cor-
responding interactions according to their tensor struc-
ture. In Sec. VIII we consider spin-+—spin-0 particle sys-
tems. A summary and concluding remarks follow in Sec.
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IX. In the Appendix we briefly sketch the construction of
the scalar product of the theory.

This paper is a completed version of Orsay Report No.
IPNO/TH 84-46, 1984 (unpublished). The contents of
Secs. 9 and 10 of that report appear as completed ver-
sions, in the following two papers (Ref. 22).

II. CLASSICAL RELATIVISTIC
HAMILTONIAN MECHANICS

In the manifestly covariant formalism of classical rela-
tivistic Hamiltonian mechanics, describing an N-spinless-
particle system, one introduces 8 ¥ canonical coordinates
and momenta X,,,pq, [a=1,...,N;u=0,1,2,3; we are
using the time-like metric (g,,)=diag(l,—1,—1,—1)]
satisfying the Poisson-brackets relations:

{ XapsXov} = (Papspp} =0 (a,b=1,...,N), o
{pawxbv] =08abgpv

(¢ is the velocity of light; henceforth we shall set ¢ =1).

The set of canonical variables (x,p) define an 8N-
dimensional phase space I'y. Poincaré algebra generators
in 'y are constructed as the sum of the individual parti-
cle contributions:

N
P, = Epan ’
a=1

v 22)
M‘w= 2 (xay.pav—xavpay) .

a=1
The N redundant energy variables p, are eliminated by
means of N generalized mass-shell constraints, which also
introduce the interaction potentials:

H,=p,*~m,*-V,=~0 (a=1,...,N), (2.3)

where m, is the free mass of particle @ and V, is an in-
teraction potential which is a Poincaré-invariant function
in Ty of the canonical variables. The weak equality sign
~ means that the constraints (2.3) should be used only
after the evaluation of the Poisson brackets.

The time parameters of the theory are fixed by impos-
ing the N time constraints:

Xo=nq(x,p)—1t; =0 (@a=1,...,N), (2.4)

where the 77’s are functions of the canonical variables. In
order that they yield acceptable definitions of time param-
eters, it is necessary that 7, defines a spacelike hypersur-
face in the time-position space of particle a and that its
Poisson brackets with its ‘“conjugate” mass-shell con-
straint H, of (2.3) does not vanish:

{(H,X,1#0 (a=1,...,N), 2.5)

so that the N2-dimensional matrix {#,¢} (¢=H or X) of
the mutual Poisson brackets of the 2N constraints is non-
singular (the time constraints must be independent from
each other). In the terminology of the constraint formal-
ism the 2N constraints H, of (2.3) and X, of (2.4) form a
set of second-class constraints [because of (2.5) and the
nonsingularity of the matrix {¢,4}].

The 2N constraints (2.3) and (2.4) reduce the 8N-



dimensional phase space ['y to a 6N-dimensional phase
space 'Y, which constitutes the physical phase space; the
dynamics of the system is described within this phase
space. The Poincaré invariance of the theory is formulat-
ed and realized in T'}, that is by taking into account the
constraints. This is usually done by means of the Dirac
brackets,"%3%3 which are modified Poisson brackets
preserving the constraints. It can be shown!’ that the
necessary and sufficient condition to realize the Poincaré
algebra with the Dirac brackets is that the mass-shall con-
straints (2.3) be first class among themselves, that is, that
their Poisson brackets vanish:

{H,,Hy}~0 (a,b=1,...,N). (2.6)

These equations impose restrictions on the potentials
V, which must be solutions of them. Furthermore the
first-class nature of the mass-shell constraints H, is an in-
dication that the time constraints (2.4) can be chosen arbi-
trarily"»>%3 [within the general conditions outlined after
Eq. (2.4)]. The physical properties of the system should
not depend upon this choice. This freedom in the choice
of the time parameters of the theory is usually called
“time gauge invariance.”

In the two-particle case the problem simplifies consid-
erably, because Eqgs. (2.6) reduce to a single one:

{(H\,H,}~0. 2.7)

One of the two potentials ¥, and ¥V, will then remain
completely arbitrary (but Poincaré invariant). One can
however simplify the problem a little more. It can be
shown (see Ref. 13, Appendix A) that by I'; Poincaré-
invariant canonical transformations the two mass-shell
constraints (2.3) can be brought into a form where the two
potentials ¥, and V, are equal:

Vi=V,=V. (2.8)
The constraints H, then become

Hi=p’-m*~V=0,
) 5 (2.9)
H,=p,"—m,"— V=0,

which also means that (p,?—p,?) is not modified by the
interaction:

pii—pilt=mi—my?. (2.10)

It is therefore sufficient, to find the general expressions of
the interaction potentials ¥, and V5, to solve Eq. (2.7) for
the cases (2.8) and (2.9) and then to apply on the mass-
shell constraints (2.9) arbitrary I'; Poincaré-invariant
canonical transformations. Configuration (2.9) is however
the simplest one and in the following we shall always use
potentials satisfying condition (2.10).

We now search for solutions of Eq. (2.7). [General
classes of solutions of Egs. (2.6) in the N-particle case,
satisfying furthermore the separability or the cluster
decomposition condition, have been given in Ref. 13.] We
shall consider this equation in the strong form, the right-
hand side being exactly zero and not involving linear com-
binations of H,. (This restriction arises in classical
mechanics when searching for the position variables of
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the particles: each mass-shell constraint H, plays the role

of the generator of an independent time displacement—

usually a generalized proper time. See Ref. 13, Sec. 3.1.1.)
Equation (2.7) can be written as

{pi*—ps%V}=0. 2.11)
We introduce the following (vector) notations:
P=p1+p2, v=1(p1—p2), M=mi+m;,
X=%(x1+x2), X =X;1—X3,
=T PRV
ro=x,=x,—/PxP,,
p=Xp=Xp W (2.12)

2
xT =r2=x2—(p-x)*,

x,’;=(’ﬁ-x)f>,,, x; =px,
Pu=p,/(p})'"? (p*>0).

For a vector Y we shall often introduce its transverse and
longitudinal parts with respect to the total momentum p:

Y=Y, —(YPp Yi=(YPB,,

(2.13)
YL - Y‘ﬁ .
Equation (2.11) becomes
{pv,V}=0. (2.14)

Since V is Poincaré invariant (hence independent of X),
this means that it can only depend upon the transverse
component r of x and eventually upon p and v:

V=V(riropivipw) . (2.15)

It is a general feature of relativistic mechanics that the
potentials do not appear as functions of only the relative
coordinates x and the relative momenta v. Ignoring expli-
cit dependences of ¥ on the total and relative momenta,
one is still left with an implicit dependence upon p
through the vector r. It is only in the c.m. frame that r
reduces to the momentum-independent vector (0,x). For
stationary systems, which have a given value of total
momentum p, the latter will be a constant of the motion
and its appearance in r will have a kinematic role only. In
general one can work covariantly by decomposing all vec-
tors along transverse and longitudinal components as in
Eqgs. (2.13).

The potential ¥ can also exhibit, as shown in Eq. (2.15),
an explicit dependence on p2. This can arise either from a
dependence of the coupling constants on p?, or from
dimensional requirements. The dependence of ¥ upon p-v
can be ignored altogether, since the latter can be elim-
inated by means of the constraint (2.10)
[p-v=(m;*—m,?)/2]. Finally the dependences upon 7-v
and v? arise when nonlocal effects are ignored or suitably
approximated by local functions, from the tensor struc-
ture of the interaction (vector, tensor, etc.) and appear
through polynomials.

In order that V yield a finite contribution in the nonre-
lativistic limit, it must have a maximal c? dependence (¢
is the velocity of light) of degree one. In the limit ¢ — oo,
the Poincaré invariance of the system reduces to the
Galileli invariance.
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The study of classical mechanics is pursued with the
construction of the observables of the system which are
essentially the position variables of the particles. Howev-
er this aspect of the problem is less relevant for the quant-
ization of the theory, where world lines do not play any
fundamental role, and we shall therefore not insist on this
point any longer. (The position variables are constructed
in Refs. 7, 13, and 37.)

III. QUANTIZATION

In order to quantize the classical N-particle system con-
sidered in Sec. II in a manifestly covariant form, one be-
gins by replacing the dynamical variables with operators
and the Poisson brackets with commutators divided by i.
For instance, the third Poisson brackets in Eq. (2.1) be-
comes

[pawxbv]:iﬁcaabg;w . 3.1

(Henceforth we shall set ¢ =1.)

One then introduces a covariant wave function
Y(x,,...,xy) on which the operators x, act multiplica-
tively and p, as i#id/0x,. Under the action of the Poin-
caré group, generated by the operators (2.2), the wave
function ¥ transforms covariantly:

W(xy, ..., xy) WA x| —a,...,A"xy—a). (3.2)

According to Dirac’s approach to the quantization
1 . .
problem,’ the first-class constraints of the classical theory
are transformed into wave equations. Equations (2.3) then
become

HVY=(—#23,>-m,*—V,)¥=0 (a=1,...,N). (3.3

(We shall often use in place of the derivation operators
i#id, the corresponding momentum operators p,.) The
potentials ¥V, must of course be appropriately sym-
metrized or ordered with respect to their momentum and
coordinate dependences. On the other hand, time-reversal
invariance demands that every odd expression of the coor-
dinates x in H, be accompanied by an i factor.

Equations (2.6), which characterize the first-class na-
ture of the constraints H,, are now transformed into com-
patibility (or integrability) conditions of the wave equa-
tions (3.3):

[H,,Hy]¥=~0 (a,b=1,...,N), (3.4)

where the weak equality sign means that the commutator
of two H’s may yield linear combinations of the H’s
themselves (appearing on the right of the corresponding
expressions), which, on account of Egs. (3.3), give zero.

The N time parameters of the theory are introduced by
constraints of the type (2.4):

Xa=n4(x4)—t, =0 (a=1,...,N), (3.5)

where 7, defines a spacelike hypersurface in the four-
dimensional space of x,. Notice that the definition of 7,
here is more restricted than in classical mechanics—Eq.
(2.4)—where 7, may also depend on the momenta and de-
fine generalized proper times. The fact that the momenta
p. are now derivatives excludes such choices in quantum
mechanics, where proper times cannot be defined in a
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kinematic way as parameters.

As in classical mechanics the physical properties of the
quantized system should not depend on the particular
choices of the time parameters (3.5) of the theory. This
would be ensured by the existence in the Hilbert space of
states of Poincaré-invariant scalar products constructed
from tensor currents of rank N satisfying N conservation

laws under the action of the operators a‘,“, - ,a‘,‘v" ,
respectively.?! [We shall show in a separate work that the
realization of the compatibility conditions (3.4) ensures at
the same time the existence of such currents.]

In order to give a probabilistic meaning to the wave
function one has to interpret ¢z, in (3.5) as the “observa-
tion” time of particle a at the “position” x, (the terms
“observation,” “particle,” and “position” being used here
in a heuristic sense). The partial derivative of the wave
function with respect to ¢, is given by the action of the
operator [(9x,)/(d1,)]-p,, where (8x,)/(37,) is obtained
after expressing x% with respect to 7, and three other
variables parametrizing the surface 7,:

F) X
A, ,xN)=-—g--p,,\ll(x1,...

i#
: an,

\P(xl,... ,XN)

(a fixed). (3.6)

The global evolution of ¥ with respect to a common

time ¢ is studied by taking the surfaces 7y, . ..,y of the
same form 7, and ¢,, . . . ,ty equal:
N(z2)=m2)= - =9n(2)=7(2),
e v 3.7
tl=t2= M =tN=t >
g 3 Fe oy (3.8)
o _2'1 an, Pav :

The simplest choice for 7 in this case would correspond
to hyperplanes defined by a constant timelike unit vector
n:

Ne=n-x, (a=1,...,N), n’=1. (3.9)

In quantum mechanics the physical phase space I'* of
classical mechanics is replaced by a physical Hilbert space
#*, spanned by those wave functions which (i) satisfy the
constraints (3.3) and (3.5), (ii) have a positive finite norm
(also extended to Dirac’s distributional sense), and (iii)
have a positive mean value for the total energy operator
P, and, in the two-particle case, positive eigenvalues for
each of the longitudinal momenta p-p, (a =1,2); in the
N-particle case (N > 2) the last condition is substituted by
the positivity of the eigenvalues of generalized longitudi-
nal momenta p-p, (a =1, ...,N), to be specified below.

Condition (iii) is a consequence of the individual nature
of each constituent of the N-particle system and is a co-
variant generalization of a similar condition adopted in
one-particle relativistic quantum mechanics. We should
emphasize at this point that, in the presence of interac-
tions, the individual momenta p, do not transform as
four-vectors under Lorentz transformations. This can be
checked even at the classical level with the Dirac brackets.
This means that the operators p,2 do not define Lorentz-
invariant quantities and cannot be assigned, in general, de-



33 RELATIVISTIC WAVE EQUATIONS FOR THE DYNAMICS OF . . .

finite signs. In order to remedy this difficulty we have to
define or construct individual Lorentz-invariant “energy”
operators, the signs of the mean values of which could
classify the space of solutions of Egs. (3.3) into definite
subspaces.

In the two-particle case these operators are manifestly
provided by the longitudinal momentum operators
PPa=par (a=12). Since in this case the potential V
[see (2.15)] is independent of the longitudinal coordinate
variables, then p,; and p,; commute with the wave equa-
tion operators H; and H, and hence are Lorentz invari-
ant quantities. Furthermore the wave function can be
considered as an eigenfunction of both p;; and p,;:

Wix,,x,)=e  PEFLPuF) o T) (3.10)
Equations (3.3) can then be written as

(pii—m o7 — V=0, 3.11a)

(Par2—my2 4T — V=0 (3.11b)

Let us suppose for simplicity that the potential V does
not depend, in the c.m. frame, upon the momentum
operators pi;,p,.,p>. Then if for an appropriate choice
of the shape of ¥, the operator —( vT*—¥) has a positive
eigenvalue A%, Egs. (3.11) lead to the eigenvalues of p;;?
and p, %

(3.12a)
(3.12b)

pil=m*+A%,
pat=my*+A%,

which in turn lead to four kinds of eigenvalues for the set
(P1LsPaL):

L= i(m12+)k2)1/2 »
p2L=i(m22+7»2)1/2 . 19

The physical Hilbert space #™* is chosen as correspond-
ing to the positive solutions of each p,; and p,;. This
also ensures the positivity of (p2)!”? and contributes, in
the spin-0 case, to the positivity of the norm. (See the
Appendix.)

If V depends on p,; and p,;, then Egs. (3.12) take the
form

(3.14a)
(3.14b)

piLl=m*+ApiL,par)
pat=m*+A%piL,par) -

We assume that the physically acceptable potentials are
those which again lead to two real solutions with opposite
signs in each p;; and p,;:

pie==%|Mzl|, p==%[A], 3.15)

with the physical Hilbert space #™* corresponding to the
subspace of solutions with positive signs. [Notice that the
eigenvalues (3.15) are related by the relation
PlLZ—P2L2=m12‘—m22-]

We can generalize these features to the N-particle case
(N >2). Here, it may happen that the N-particle system
is composed of several noninteracting subsystems. In this
case we have to treat each subsystem independently from
the others. Therefore, without loss of generality, we can

3405

consider the case where the N-particle system does not
contain noninteracting subsystems and is characterized by
a total momentum p. Here, however, the problem is more
complicated, because in general the potentials exhibit
dependences on the longitudinal relative coordinates,
mostly when cluster decomposition requirements are im-
posed.'? In this case the P-p,’s no longer commute with
the first-class constraints H, and are not Lorentz-
invariant quantities (in the sense of the Dirac-brackets
formalism or the “star” formalism, see below), neither can
they be treated as eigenvalues.

To solve this difficulty we have to construct generalized
longitudinal momentum operators p-p, (a=1,...,N),
which commute with the H’s and among themselves, i.e.,
satisfy the equations

[p'pa,Hy]1=0 (a,b=1,...,N), (3.16)

[ppsspps]1=0 (a,b=1,...,N), (3.17)
and thus define Lorentz-invariant quantities. Equations
(3.16) and (3.17) define quasilinear partial differential
equations, which have solutions, because they are compa-
tible among themselves. The latter fact can be verified by
taking the commutators of Egs. (3.16) and (3.17) with H,
and p-p, (c=1,...,N), using Jacobi identity and also as-
suming Egs. (3.4) and of course (3.16) and (3.17). p-p.
can be searched for in the form

PPa=pPa+pP, (a=1,...,N), (3.18)

where p,, are functions of the relative coordinates and of
the momenta of the particles of the system appearing
through terms depending on the interaction potentials.
The Cauchy conditions of the differential equations (3.16)
and (3.17) should be chosen such that when the total in-
teraction is removed then each p-p; reduces to p-p,. (The
latter condition could even be refined by imposing cluster
decomposition requirements.'’) p-p, should also satisfy
the obvious relation

4 2
S ppa=p°,

a=1

(3.19)

which could be trivially realized by considering it as the
defining relation of one of the p-p;’s.

One consequence of Egs. (3.16) and (3.17) is that the
wave function ¥ can be simultaneously considered as an
eigenfunction of each P-p, and that the latter can be
treated as an eigenvalue, as in the two-particle case for
P-py and P-p,.

We assume that the physically acceptable potentials are
those which lead for each P-p; to two real eigenvalues
with opposite signs, thus splitting the space of solutions of
Egs. (3.3) into 2" subspaces. The physical Hilbert space
#* will correspond to the subspace where all eigenvalues
P-p. have positive signs.

Notice that, as in the two-particle case of Egs. (3.14),
the eigenvalues of p-p; will not be independent from each
other, and actually will be characterized by a single eigen-
value, essentially determining the eigenvalue of p2 This
is a consequence of the compatibility conditions that Egs.
(3.3) have to satisfy. In other words, if the eigenvalue
equation of p? is solved, then all the eigenvalues of the in-
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dividual “‘energy” operators P-p; (a=1,...,N) will be
fixed through Egs. (3.3). These do not leave any freedom
for relative energy excitations.

The Poincaré invariance of the theory in presence of the
constraints is realized by means of the “star” operators,
the classical analo§s of which were introduced by Berg-
mann and Komar.”® A star operator 4* is a redefinition
of an operator 4 by means of appropriate Lagrange mul-
tipliers such that it preserves the constraints when gen-
erating canonical transformations with commutators. In
classical mechanics a star variable has the following ex-
pression:

A*=A4— 3 (4,6,}Crds , (3.20)
rs

where the ¢’s form a set of an even number of second-
class constraints, such as (2.3) and (2.4), and C is the in-
verse of the matrix {#,4}. The starred version of a con-
straint ¢, is identically zero:

¢r=0. (3.21)

This means that the physical degrees of freedom of the
theory are correctly accounted for. The Poisson brackets
of a star variable A* with any of the constraints ¢, is
weakly zero:

[A*,4,}~0. (3.22)

In classical mechanics the use of a star variable acting
with Poisson brackets is equivalent to that of an ordinary
variable acting with Dirac brackets.""%3%3¢ In quantum
mechanics, however, the quantized version of the Dirac
brackets with arbitrary operators (in order to preserve
manifest covariance) does not satisfy the product law and
therefore the use of star operators acting with ordinary
commutators seems to be necessary. The quantized ver-
sion of an arbitrary star operator is more complicated
than its classical analog (3.20), because one has to ensure
that products and commutators of star operators are also
starred and that products of second-class constraints are
unambiguously defined. In general it will involve an in-
finite series of products of the constraints. We shall re-
turn to this general question in a separate work, but we
note here that for our present purpose, that is for the
canonical realization of the Poincaré algebra, these com-
plications do not arise, as we show below.

In the present case the constraints ¢ are composed of N
mass-shell constraints H,, of the type (3.3), and of N time
constraints X,, of the type (3.5). The (2N)*-dimensional
operator matrix [@,¢] reduces to its off-diagonal subma-
trices [H,X] and [X,H], because [H,,H,]=0 and
[X4,Xp]1=0 (the X’s are independent of the momenta).
Furthermore since the H’s are manifestly Poincaré invari-
ant, then [P,,H]=[M,,,H]=0 and the star Poincaré
group generators take the form

N
Ar=A,— 3 [4,,X,1CyH, (r=1,...,10),
a,b=1

(3.23)

where A, designates one of the operators P, and M,
[given by Egs. (2.2)] and C is the inverse of the operator
matrix [ H,X] (we are assuming that the difficulties of the
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evaluation of C have been overcome).

It can easily be checked that the star operators (3.23)
satisfy (weakly) the Poincaré algebra in the physical Hil-
bert space #™* (i.e., when applied on wave functions satis-

fying the constraint equations). If W(x,...,xy) is a
wave function belonging to #™* then also
Pi¥=~P, ¥, M, ¥=M,V, (3.24)

and under the action of the star Poincaré group genera-
tors, W still transforms covariantly [as in (3.2)].

The physical interpretation of these results is the fol-
lowing. Let |W(z;,...,7y)) be a state belonging to #*
considered at the observation times (¢, . ..,ty) of parti-
cles (1,...,N), respectively, in a reference frame S. In
the relativistic Schrédinger picture the star operators P,
and M ;., generate canonical transformations (unitary if an
appropriate scalar product is constructed), associated with
changes of reference frames, which transform
| W(ty,...,ty)) into |W'(¢y,...,ty)) representing the
state in the transformed reference frame S’ at times
(ty,...,ty) therein. The observation times are the same
in both reference frames because by construction the
canonical transformations generated by star operators
leave invariant the time constraints (this is necessary to
give a unified physical interpretation to canonical realiza-
tions of relativity groups). Also notice that time evolu-
tions are taken into account as changes of reference
frames (global time displacements of the latter). (See Ref.
6, Chap. 16.)

The procedure developed above for constructing quan-
tized systems of interacting spinless particles is also appl-
icable to systems involving spin-+ particles. The modifi-
cations concern the expressions of the various quantities
we have met, but not the method itself. Thus the wave
function ¥ becomes now a spinor, the Lorentz group gen-
erators M, of (2.2) contain in addition spin matrices, and
some of the mass-shell constraints H, represent generali-
zations of the Dirac equation rather than that of the
Klein-Gordon equation.

In the remaining part of this work we shall concentrate
on two-particle systems and examine more explicitly the
corresponding wave equations.

IV. TWO SPIN-0 BOSON SYSTEMS:
CONNECTION WITH FIELD THEORY

For two spinless particle systems, the wave equations
(3.3) become, after taking into account the particular
choice of (2.8) and (2.9)

HV=(p,’—m*—V¥=0 (a=1,2). 4.1)

The potential V is, as in Eq. (2.15), a Poincaré-invariant
function of r, v, and p, defined in Egs. (2.12). Since p and
x commute, the operator r is well defined. (If ¥ is an
eigenfunction of the operator p, one simply replaces the
latter in r by its eigenvalue. Unless specified otherwise,
we shall not distinguish between both notations.) If V de-
pends on the relative momentum v, one has to symmetrize
or order its expression with respect to » and v in such a
way that the eigenvalues of p2 come out to be real, if no



other reason forbids this result. On the other hand, time-
reversal invariance demands that every odd expression of
rin V be accompanied by a factor i.

One can check that the compatibility condition (3.4) is
satisfied in its quantized version, with ¥ given by Eq.
(2.15), in the strong sense:

[Hy,H;]=[p-v,V]=0. 4.2)

We now examine the implications of the two equations
(4.1) on the wave functions. Specializing to the case of
eigenfunctions of the total momentum p and taking the
difference of the two equations (4.1), we get

po¥V=15(m —m, )W . (4.3)

This equation determines the dependence of the wave
function on the longitudinal component x; of x (which is
essentially the relative time variable). The solution is
—ip-X, —-i(mlz—mzz)p-x/(lpz)d}(x Ty 4.4)
and ¥(x T) defines an “internal” wave function.

Taking the sum of the two equations (4.1), one gets the
“eigenvalue” equation:

W(x,,x,)=e

12

1
P —-;-(m,2+m22)+——;(m12—m22)2
4p

+0T ¥V |pxN=0, @.5)

which is a three-dimensional Schrodinger-type equation.
For V chosen of first order in c2 (c is the velocity of
light), Eq. (4.5) reduces, in the nonrelativistic limit, to a
Galilei-invariant Schrédinger equation.

The wave equations (4.1) can also be generalized to in-
clude nonlocal potentials (in x7) without altering any of
the results obtained so far. Such equations have the form
]

i , . T 1
VXX = @)+ g7 J dxiDGixTopipa) | ooyt
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(s’ —m WX, x)= [ V(xTx'T,p) (X, x,x'T)
xd*'T (a=1,2), (4.6)

where V is a Poincaré-invariant function of its arguments,
may depend on p? and also act as a derivative operator in
the relative (transverse) coordinates, and x'7 is defined as
the transverse part of x’ with respect to p, with x; =x;.
The function ¥ has the same dependence on the longitudi-
nal variable x; as in Eq. (4.4) and one ends up with a
three-dimensional nonlocal Schridinger-type equation.

The potential V appearing in Egs. (4.1) or (4.6) is arbi-
trary in form and has to be chosen according to the physi-
cal problem which is dealt with.

Equations (4.6) are the most general Poincaré-invariant
wave equations satisfying the compatibility condition (4.2)
(up to Poincaré-invariant canonical transformations).
Therefore one has to expect that any other Poincaré-
invariant description of a two spin-0 particle system, hav-
ing a nonrelativistic Galilei-invariant limit, is equivalent,
by means of some nonsingular transformation, to that ob-
tained with Egs. (4.6). It appears that this is actually the
case for the Bethe-Salpeter equation. It was shown in
Ref. 33 that by algebraic transformations the BS equation
can be brought into the form of Egs. (4.6) for the sector of
solutions of the former which have nonrelativistic limits
(the so-called “normal” solutions), thus establishing a de-
finite connection between the present framework of rela-
tivistic quantum mechanics and quantum field theory.

The relationships between the quantum-mechanical
wave function ¥ and potential ¥ on the one hand and the
BS wave function ¢ and kernel D on the other involve an
iteration series in terms of the latter through integral
operators. If specific approximations are utilized the
above relations may still be simplified. In particular, in
the ladder approximation they reduce to the following two
coupled equations (for the equal-mass case m; =m,=m):

—itb—a)|x; —x; | te —i(b+a)|x; —x; |

)

_2_ e—i(b—a)le—x£|_1) d>(X,xL,xT) , 4.7)

(b%2—a?)

)5 LI i T
7 ol —m? WX = ~ 2 J dxiDxp,xTp1,py) @K, xT) 4.8)
I
where tegral in Eq. (4.8), thus giving, by comparison with Egs.
, (4.6), the relationship between V and D. To lowest order
a=5pH"2 b=(m?—pTH7?, (4.9) in perturbation theory one has

and W satisfies, by construction, Eq. (4.3) for m,=m,.
The momentum dependences of the kernel D here may
arise either from the couplings of the mediating field with
the external particles or from an effective dependence of
the coupling constants on p2.

In perturbation theory relation (4.7) can be inverted and
® expressed in terms of ¥ and then replaced in the in-

Y~o , (4.10a)

i
V(XT»Pth)z—W J dxiDx . xTp1py)

(4.10b)

which is nothing but the covariant form of the usual in-
stantaneous approximation®®>* of the kernel D.
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The contributions of the higher-order terms in the in-
tegral relations (4.7) and (4.8) can be taken into account in
an approximate but compact form if one uses an ap-
propriate approximation for the action of the kernel D.
This consists in replacing the kernel D in both integrals
(4.7) and (4.8) by its relativistic instantenous approxima-
tion concentrated on the hyperplane x; =0; that is, by
making the following replacement:

D(xp,xT,p1,pa)—8(xp) [ dxiD(xp,xTp1,py) . (41D)

The relativistic instantaneous approximation (4.11) is
also close in spirit to the method introduced by Blanken-
becler and Sugar®* in the framework of the quasipotential
approach to reduce the BS equation to a three-
dimensional one. Here one subtracts from and adds to the
kernel K of the BS equation, written in its integral form,
another kernel K, appropriately chosen, such that X, rath-
er than K, serves as the starting point to the physical cal-
culations and reduces at the same time the integral equa-
tion to a three-dimensional one. [Although, in our case,>
the three-dimensional reduction has been obtained in-
dependently of approximation (4.11).] The rest of the ker-
nel, K-K, is then treated as a perturbation in an iteration
series. (See also a discussion on this matter in Ref. 29.)

When approximation (4.11) is used, then Egs. (4.7) and
(4.8) can be completely solved for ® and V in terms of ¥
and D, respectively. One gets
—i|xg |(b—a)

1
d(x)= 2b[(b +a)e

—i|x; [(b+a)

—(b —a)e

JuxT), (4.12a)

Vz_.;—fdeD(xL,xT’ppr) m ’ (4.13)

( 2_vT2)1/2
]

2
3.7 | % T p Ty, : T
fdx P*(x )4( . UTZ)I/Zl/}(x )+i*(xT)

where

D(xT,p,ps)= fdeD(xL,xT,pl,pz). (4.19)

If the BS kernel D does not explicitly depend on p? then
the second term in (4.18) will be absent.

Relations of the type (4.7)—(4.18) may also be obtained
in the unequal-mass case. We shall present a detailed
derivation of the general results in a separate work.

To conclude, we summarize the three successive ap-
proximations which lead from the BS kernel to a local po-
tential (in x7) in quantum mechanics. These are (i) the
ladder approximation of the BS kernel, (ii) the relativistic
instantaneous approximation (4.11) of the kernel, and (iii)
the mean value approximation (4.15) (or an equivalent

2
one) of the nonlocal operator (m2—vT")~1/2,

.

4m2—pT

(X, x)=e P Xp(x) . (4.12b)
Equation (4.13) shows that the potential V is still non-
local in x7. Similarly Eq. (4.12) yields, on the hyperplane
Xr =0,
T ( 2)1/2 T
¢(xL =0,x )= ———L—————-z(mz_sz)l/z d’(x ) N
T

which is also a nonlocal relation in x .

In order to get a local expression for the potential V in
the variables x7, it is necessary to approximate the opera-
tor (m2—vT%)~1/2 by some local function. The simplest
choice is to replace the operator T by its mean value in
the state ¥ or even by a common constant value for all
the states W¥:

(4.14)

(m2—pT) =12 (m2— (7)1 (4.15)
One thus gets the approximate relations
VxT,py,py)~— d
4m?— (T )72
X f deD(xLyx T,Pbpz) ’ (416)
2y1/2
¢(x =0,xT)~ (p2) P(xT). 4.17)

2Am2— (T2

Relation (4.12) may also be used to fix the normaliza-
tion condition of the wave function ¥, given that of the
BS wave function ¢. It is known that the latter is normal-
ized through a four-dimensional integration.>? The use of
relations (4.11) and (4.12) permits us to evaluate the x,
integration and to transform the four-dimensional integral
into a three-dimensional one. The result in the c.m. frame
is

1 172

P(xT)

2

Y A

4m?—pT)

”ab

=1, 4.
¥ (4.18)

V. SCALAR AND VECTOR INTERACTIONS

The connection established for the potential V with
field-theoretic quantities allows us to examine its tensor
structure in more detail. We shall concentrate here on the
local approximation of V, where the latter is not an in-
tegral operator in x 7. In this case the dependence of ¥ on
the relative momentum v can only arise from the vertices
of the mediating field with particles 1 and 2. (We assume
that the coupling constants g, as well as effective approxi-
mations of the kernel could exhibit complicated p? depen-
dences.)

For scalar interactions the momenta p; and p, do not
appear at the vertices and therefore we have

V=V(rip?. (5.1)
For vector interactions p; and p, appear linearly at the

vertices and to lowest order of the coupling constants we
have



V=[pk,[p3,Cp(r.p)]+ 1+ (5.2)

([, 14 is the anticommutator), where C,, represents the
relativistic instantaneous approximation (4.11) of a (effec-
tive) propagator of a vector field, and satisfies the proper-
ties
Cur,p)=C,,(r,p)=C,(—rp) . (5.3)
To first order in C, the term (5.2) could also arise from
a minimal substitution, in the free equations, of the type

pl,u_’p'ly =P1u—Aly =Piu—

[pgrcpv]+ >
[p‘l,rcyv]+ .

, (5.4)
P2u—P2u=Poy— A2y =pory—

This observation allows us to generalize the form of the
interaction (5.2) by including higher-order terms in such a
way that the total interaction still arises by minimal sub-
stitutions of the type (5.4), but with more general expres-
sions, and that the compatibility condition (4.2) and (4.3)
still be satisfied.

To this aim we take, for 4,,,

(pi —mlz)‘l’—_—(P'zz’mzzN’

2)2
— |L,2__ L 2 2
= |3P —2(771[ +m, )+ 4p2

+ A APPr%g— (g —

+ %[UV,A‘",][U‘,,A“G] V=
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(mlz—mz

A”V)[UV,[UG,A#G]]— [Uw(Zgya_

3409

A In =[P5'1va]+ +[p‘l/’D;w]+
= ‘;‘[UV,A#V]*_ + zlpopv >
AZy :[PT’C,N]+ +[p§’Dpv]+
- ‘%‘[UV,A“V]_*_ + %pVB;w ’
where the function D does not contain first-order effects
in the coupling constant g? when Cyy50 and in the last
expressions we have expressed p, and p, in terms of » and

p [Eq. (2.12)], and C and D by linear combinations of A
and B.

Replacing now py=p, — A4, and p5=p, — A4, in

(pe?—mHW¥W=0 (a=1,2), (5.6)

and demanding that the constraint (4.3) be satisfied, that
is, that
(P2 =p )W =(p*—p W =(m,*—m,")¥ (5.7

which guarantees the validity of the compatibility condi-
tion (4.2), one gets the condition

(A +B,,—A,,B,%)p*=0 . (5.8)
Equations (5.6) then become
07— £ B pHp” —24,,0"0" + +B,.B*5p%,
Ay AP 0
(5.9

We can analyze more explicitly Egs. (5.8) and (5.9) by specifying the tensor structure of the propagator functions A4

and B. We shall consider three different cases.
Case a:

A;w:gyvA (’Z’Pz), By,vzg/.wB(rz’pz)

(analogous to the Feynman gauge).
Condition (5.8) and Eq. (5.9) become, respectively,

(mIZ_mZZ)Z
4p?

T(1=B)p*—+(m 2 +my})+(1—A4)

where we have used the notation
_ov
ar?
Case b:
A4 uv= (g uv

(analogous to the temporal gauge).

+(1—A)2UT2+3—(1

—Pup)A(r%p?), B,,=(gu,—DPp,)B(r’p?)

(5.10)

(5.11)

# —A)6A +4r’4)

—4it(1— A)Ar-v—#rA |W=0, (5.12)

(5.13)

(5.14)

In this case condition (5.8) is identically satisfied, and Eq. (5.9) becomes
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L2 12 2y, (mit—my?) 212, y 2y : y 242
P —5(m"+m, )+—4-2——+(1—A) v +7(1——A)(6A +4r24)—4iti(1—A)Ar-v—#r?4? (W=0. (5.15)
/4
Case c:
rur r.r
A/,w= gpv—’p\yﬁv—“_zv A ("2,1’2), Byv‘: gy.v"ﬁuf’v'— ﬂ»ZV B(r2’p2) (516)
r r
(analogous to the temporal gauge with the additional condition r#4,,=r"B,,=0.
Condition (5.8) is identically satisfied and Eq. (5.9) becomes
(m2—m,?)? 2 .
%pz—%(ml2+m22)+--—l—z—2—2—-—+vrz—(2,4 —-A2)-1—2(r2vTz—r“rﬂvgvg-Ziﬁr-u) —»%(A —A%)—2#°4 |¥=0.
p r r
(5.17)
On introducing the internal angular momentum of the system by means of the Pauli-Lubanski vector
W=t €uagP M (€o3=+1), (5.18)
which reduces in the two spin-0 particle case to the relative orbital angular momentum
W, =W, =€ rok,
H L= el (5.19)
Wi i=—pHr T —rerbo Dl —2itirv) ,
Eq. (5.17) takes the form
(m?—my?)? Wt .
22— Tm P my )t T 24 — AN A —an -2 w=0. (5.20)
/4 rp r

In all the above equations the relative-time (x; ) depen-
dence of the wave function ¥ is given by (4.4) because of
the “relative” wave equations (4.3) and (5.7). Equations
(5.9), (5.12), (5.15), and (5.20) represent the eigenvalue
equation (4.5) where the potential ¥ has been replaced by
a more detailed expression taking into account its relative
momentum dependence in the vector interaction case.
They are most useful when one uses effective expressions
for the interaction but maintains its definite tensor prop-
erties.

Other interesting expressions for the propagator func-
tions A (B) are

Tuly (2 5
A=A — 155 [ riaar (5.21)
(analogous to the Landau gauge) and
Ayy=(8uv+ —lz—a,‘av A (5.22)
m

(analogous to the propagator of a vector particle with
mass m).

VL SPIN-% FERMION-ANTIFERMION SYSTEMS

In this section and the following one we study two-
particle systems involving spin-3 particles. We shall con-
centrate on fermion-antifermion systems, but two-fermion
systems can also be treated in an analogous way.

Fermionic systems do not have simple classical analogs
and therefore we have to construct from the start quan-

tized systems and wave equations. In this respect, within
the quantization framework defined in Sec. III, the results
already obtained for two spin-O boson systems may serve
as a guideline for our investigation.

Let us consider a system composed of a fermion with
mass m,; and an antifermion with mass m,. The covari-
ant wave function of the system is now a 16-component
spinor of rank two:

V=V, o (x,x;) (apa,=1,...,4), (6.1)

where a; (a;) refers to the spinor index of particle 1 (2).
In the free case the wave function can be expressed in
terms of the individual wave functions

WEs (X 1,%2) =Wig (x1)Waq (x,) (6.2)
and satisfies the two free wave equations

H Ve =(iy,-3; —m,)Wfee=0, (6.3a)

Hy¥ree=wiree(iy,).5, 4 m,) (6.3b)

which are the analogs, in the free case, of Egs. (3.3). The
¥ matrix acts on the left-side index a; and ¥, acts on the
right-side index a,, and thus they commute.

The wave function ¥ can be covariantly decomposed on
the basis of the Dirac ¥ matrices:

V=S1+V,y*+T,, 0"+ A, 7Y’ +Py°, (6.4)

where S,V,T, A,P are functions. It can also be represented
in terms of (2X2) matrices involving (2X2) submatrices.
To this end we use the following representation of the ¥
matrices:
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1 0 0 o
Yo=lo —1} Yi=— —0; 0]’
(6.5)
01 i v B
Ys=11 ol 75=:{"6;waﬂ7’#77’7’ (€o123=1) .

The wave function can then be represented in the form

V. ¥,

Y=ly__ w_,

) (6.6)

where each ¥, (r,s =+ or —) inside the matrix is itself a
(2X2) matrix. The indices, + ,— refer to the kind of
behavior in the nonrelativistic limit. In this limit it is the
component ¥, which survives, while ¥, _, ¥__, and
W__ behaveas ¢!, ¢!, and ¢ 2 respectively.

We shall need below to know the behavior of the wave
function under charge conjugation. For charge symmetric
systems (m;=m,), we have

W(x,,x5)—W(x,,x,)=CW¥(x,,x,)C~!,

(6.7)
Cy,C'=—7v}
(¢ is the transpose). The parity operation gives
W(xy,x)—W(x,,x,)
=710¥(x?, —x1,x3, —X3)720 - (6.8)

In order to simplify the notation, we shall adopt the fol-
lowing convention. The matrices ¥,,01,,,7 15, Which act
on V¥ from the left (on the left-side index) will be written
without the index 1:

Yu¥V=v,¥, o,¥=0,Y, 6.9)

- 1
ys¥=vis¥, Yu=vu¥s UMEE{[V#’Y"]'

The matrices ¥,,03,,, 725 Which act on ¥ from the right
(on the right-side index) will be represented by matrices
NusEuvsMs Written on the left of W:

1.VY=VY2 1MY=VY2.72

d=Vo,,, 1s¥=¥yys,
f" 2w s » (6.10)
Tu¥Y=n,ms¥Y=Vy25Y2

1
gpvz _2_1 [nwnv] .

The matrices 7 commute with the previous ¥ matrices
(6.9) and they satisfy the same algebra as the latter. With
these notations, Egs. (6.3) become

H ¥ =(y-p, —m;)¥ire=0, (6.11a)

HyWe=(n-py+m,)WF<=0. (6.11b)

The generators of the Poincaré group in the space of
the covariant wave functions are given by formulas analp-
gous to (2.2), with the spin operators being incorporated in

M,,:

2
Py= 3 Pou>
a=1

(6.12)

2
M;.w'_‘ 2 (xay.pav'“xavpay)_g(apv'i'gpv) .
a=1

In the physical Hilbert space 5*, where the wave func-
tions are solutions of the wave equations and satisfy the
time constraints (3.5), the operators (6.12) have to be re-
placed by their starred version, as in (3.23). But as far as
they act on wave functions belonging to #*, their action
will be equivalent to that of their ordinary counterparts
[Eq. (3.24)]. Therefore under the action of the Poincaré
group in #** the wave functions W still transform covari-
antly:

W(xy,x5)—>S(AWA" %, —a,A"x,—a)S " U(A) .
(6.13)

We turn now to the determination of the structure of
the interaction potentials appearing in the mass-shell con-
straints. By analogy with the spin-O case, we can intro-
duce the interaction by adding potentials in Eqgs. (6.11):

H\V¥Y=(y-p—m—V)¥=0, (6.14a)

H,W=(q-py+m,+V,)¥=0. (6.14b)

The potentials V| and ¥, which are manifestly Poincaré
invariant (including time reversal and parity) contain now
Y and 7 matrices (according to the tensor structure of the
interaction) and may therefore involve several scalar, vec-
tor, or tensor functions.

A first condition can be imposed on the potentials ¥,
and V, by demanding that the interaction be charge-
conjugation invariant (including the mass exchange
m<>m,). In this case Eq. (6.14b) must be obtained from
Eq. (6.14a) by charge conjugation (and mass exchange
m<>m,). If the potential V¥, is represented in the form

Vi=Vi(1,2;v,m) (6.15)

(the indices 1 and 2 inside the parentheses representing
particle indices in the coordinates, momenta, and masses),
then by using transformation (6.7) we get the relation be-
tween V, and V:

Va=Vi(2,1;—n,—7) . (6.16)

The second condition on the potentials comes from the
compatibility (or integrability) condition (3.4) of the two
equations (6.14):

[H,,H,]¥=0. (6.17)

As in the spin-0 case this condition also guarantees the
Poincaré invariance of the theory in presence of the con-
straints [wave equations (6.14) and time constraints (3.5);
see Sec. III].

Equation (6.17) which is a quasilinear equation for the
potentials is still too general. This is related to the fact
that one can always apply to Egs. (6.14) Poincaré- and
charge-conjugation-invariant canonical transformations
and modify rather arbitrarily the potentials. Therefore
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among the general solutions of Eq. (6.17) we have to select
a class corresponding to a particular configuration in the
space of canonical transformations mentioned above. As
in Eq. (4.3) we select among the solutions of Eq. (6.17)
those potentials which lead through Egs. (6.14) to the
equation

(P12=p W =(m*—mV¥, (6.18)

thus fixing in a definite way the relative time dependence
of ¥ [Eq. (4.4)].

To see the additional restrictions imposed by condition
(6.18) on the potentials V; and V,, we multiply Egs.
(6.14a) and (6.14b) by (y-p;+m;) and (9-p,—m,),
respectively; we get

pi—m > —(y-py+m)V,]¥=0,
P22 —my+(n-py—my)V,]¥=0.

(6.19a)
(6.19b)

Comparison of these equations with Eq. (6.18) shows that
we must have

—(Ypr+m )V \V=(np,—m,)V,¥ . (6.20)

A general class of solutions to Eq. (6.20) is given by the
following type of potentials:

Vi=(—=np+m))V,
' parima 6.21)
Vo=(yp1+m)V,

where V is a symmetric function under the exchanges
12 and y<>—n [Eqgs. (6.15) and (6.16)]:

V( 1,2;'}’;1])= V(Z,I; -, —'y) .

Replacing ¥, and ¥V, by their expressions (6.21) in Egs.
(6.19) and taking the commutator of the two operators
acting on ¥ in Egs. (6.19a) and (6.19b) we find the compa-
tibility condition

[p12__p22’ V.IE[P'U7V,I=O ’ (6.23)

which shows that the potential ¥ depends on the coordi-
nate variables through the transverse relative coordinates
x T as in the spin-0 case:

(6.22)

V=V(xTpi.p2v.m) . (6.24)

(V is a Poincaré-invariant function of its arguments.)
We now replace the potentials ¥, and ¥, by their ex-
pressions (6.21) in the wave equations (6.14); we get

|

—i|x; |[(b—a) —i|x; |[(b+a)

1
o(x)= b [(b+a)e (b—a)e

—_m _n.ﬁ n.

v l%—kvr

——l—e(x) P
25 EXL\YP

Lo —ilx|b-a) —i|xg [(b+a)y iy-PN-P
+ b[(b ae (b +a)e ]4(p2)”2

th(xT):——z(—p—i—)-m— J ax;D(x;, xDp0,x7),

L _,1

H\V=[yp—m;—(—npy+m)V]¥=0, (6.25a)

H)¥=[npy+my+(yp;+m))V]¥=0. (6.25b)

In order to check the compatibility (integrability) condi-
tion (6.17) we can use the following method. Instead of
H, and H,, we may consider (y-p,—m,;) and
(p'p2+m;) as the independent operators. Then using
(n°p2+m;) on Eq. (6.25a) and (y-p; —m ) on Eq. (6.25b)
and taking the difference of the two equations we get

[(p1*—p22)—(m 2 —m ) ]V¥ =0, (6.26)
which is satisfied on account of Egs. (6.23) and (6.18).
(The direct calculation of [ H,,H,] with the use of Egs.
(6.18) and (6.23) gives [H|,H;]~—[vp:,VIH,
+[7°p2, V1H, ~0, which also establishes the above result,
the commutators [y-p;,V] and [1-p,,V] no longer con-
taining the constraints.)

To summarize, the wave equations (6.25) where V satis-
fies Eqgs. (6.22) and (6.23) and is Poincaré invariant,
represent a compatible set of equations for ¥ and lead to a
Poincaré-invariant formulation of the theory.

Equations (6.25) may also be rewritten differently by
bringing the operator 7-p, of Eq. (6.25a) on the right of V
and then using Eq. (6.25b) to eliminate the quantity
7n-p,¥, and similarly for y-p; in Eq. (6.25b). This pro-
cedure “diagonalizes” Egs. (6.25) with respect to the
operators (y-p;—m ) and (n-p,+m,). We shall use it in
Sec. VII when dealing with specific types of potentials.

As in the spin-0 case, Eq. (4.6), the potential V in Egs.
(6.25) may also be replaced by a nonlocal function in x7,
without any modification of the results so far obtained.
In this case one gets the most general form of the poten-
tial ¥. Then it can be shown, along similar lines as in
Ref. 26, that the wave function ¥ and the potential V are
connected in a precise way with the wave function and the
kernel of the Bethe-Salpeter equation, for the sector of
“normal” solutions of the latter. We shall present these
relationships in their general forms in a separate work; we
present here their simplified expressions when one consid-
ers the BS kernel in its ladder approximation and then re-
places it in the integral equations by its relativistic instan-
taneous approximation (4.11). One then gets the follow-
ing relations (for the equal-mass case m;,=m,=m):

Ig(xT)

+m (xT)

—i|x; [(b—a) —i|x; [(b+a)
}(e Ixpl6—a)_ ~ilx|

[ dxiD(x;,xT,p1,p2 v, mlx, =0,xT),  (6.27)

(6.28)

where ¢ and D are the BS wave function and kernel, respectively, and a and b are defined in (4.9). Equations (6.27) and
(6.28) are the analogs of Eqs. (4.12) and (4.13) of the spin-0 case. [The origin of the momentum dependence of the kernel



D is explained after Eq. (4.9).]
Equation (6.27) becomes, at x; =0,

b(x, =0,xT)= -Z—v,b(x Ty _ Z’g‘y-fm-ﬁﬁ(x T$(0,xT) ,
where we have defined

xT)= fdeD(xL,xT,phpZ’Y’n) N

It gives
—1
Ty £ a. .7
60, x")= 1+4b'y pn- pD(x T) bl/l(x )
. . _1
1 = T ] A AN T
V=_-L LIy L
4’D(x ) 1+4bypn pD(x") ,

the last equation being also equivalent to
-1

1

=—(1+ypnpVib .

1+——7 pn-pD(xT) b

4b
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(6.29)

(6.30)

(6.31)

(6.32)

(6.33)

Equation (6.32) shows that V is still nonlocal in x 7 (mainly because of the operator 1/b; for the usual types of interac-

tion, D will not depend on the relative momenturn v).
necessary to approximate the operator (m? pTh)=172

In order to get for the potential a local expression in x7, it is
by some local function, for instance as in (4.15).

As in the spin-0 case, relations (6.27)-—(6.33) and approximation (4.11) may be used to reduce the normalization condi-
tion of the BS wave function to a three-dimensional integral. The result is in the c.m. frame:

f d3xTTr

—i f d3xTTr

where 17}=(‘}/07]o¢)T and V=y¢10 V*'yono (a dagger denotes
Hermitian conjugation).

We end this section by observing that two-fermion sys-
tems can be studied in a way very similar to that of the
fermion-antifermion case. Now the 7 matrices act on the
wave function from the left (on the right-side index) and
the charge-conjugation symmetry of the interaction has to
be replaced by the exchange symmetry with respect to the
two-fermion variables.

VII. SCALAR, PSEUDOSCALAR,
AND VECTOR INTERACTIONS

The relationship (6.32) of the interaction potential V
with the kernel of the BS equation in its ladder and rela-
tivistic instantaneous approximations fixes its expression
in terms of field-theoretic quantities. Even if one uses for
V an effective form, the above equation may still be used
to understand the tensor structure of ¥ in terms of the
tensor structure of an effective interaction Lagrangian. In
this respect we shall study in this section three types of in-
teraction potential, which are local in x7 [i.e., after ap-
proximation (4.15) is made}, scalar, pseudoscalar, and vec-
tor.

However, before proceeding to this study, we would like

T 1 A A 7 7 A A
Bx )y BB D)= Fx TPy B BV

WxD(1+7V Vy-pn-p)

aii

S RN

r
to introduce an appropriate transformation for the wave
function in order to bring the total energy operator into a
form which is manifestly Hermitian in the free norm in
the c.m. frame. The fact that the wave function ¥ of Egs.
(6.25) does not satisfy this property is evident from the
normalization condition (6.34), where the presence of the
potential V in the first large parentheses means that it
does not correspond to the free norm [even after the ap-
proximation (4.15) is made]. The advantage of the free
norm (in the c.m. frame) is that the normalizability prop-
erties of the solutions there are more transparent.

It is also evident from Eq. (6.34) that the transforma-
tion which we have to use is the following [in the local ap-
proximation (4.15) and for Hermitian potentials ¥ not de-
pending explicitly on p?]:

V=[1—(y-Pn-PV?]~ 29", (7.1)

but we shall derive it, independently, from the structure of
Egs. (6.25) without using any connection with field
theory.

A. Hermiticity property of the total energy operator

For sxmpllmty we shall work in the local approximation
(4.15) where (vT") is now replaced by a common constant
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for all the states and V is assumed to be Hermitian (more
precisely V*yon():y(moV) and p? independent. In this

H. SAZDJIAN 33

P01 VY=[—y P DD PV +myD

A T A T
case, in the c.m. frame, the only p’-dependent pieces in =y Py +yppo+m)V¥,  (7.22)
Eqgs. (6.25) are the kinematic factors y-p; and 1-p, and PP ¥=[—yPnPppV—manp
thus we can isolate the total energy (or mass) operator. r
[In the c.m. frame x T reduces to the vector (0,x).] +ypnoT—nplyvT+m V]V . (7.2b)
Equations (6.25) yield | The sum of these two equations gives
Pp¥ =) W=(1+yPnpN~ my p—mmP—rv-Pr-v +n-pnv N1 —y PPNV . (7.3)
In the c.m. frame, the terms in the brackets are Hermitian in the scalar product
9= [ d*xTrx"y), (7.4)

but the presence of the two factors on the extreme left and right spoils this property for the total energy operator.
It is evident that transformation (7.1) symmetrizes the expression of (p?)!/? which becomes Hermitian in the scalar

product (7.4) with the new functions X’ and ¢/

172 172
BB A . —yDnpV ,
(p1 2w = [LLPIRY | g p—y o by |- LRIRE g (7.5
L+v-pn-pV 1+v-pn-pV

According to the relationship with the BS wave function,
one has to introduce the constant +(m?— (wT*))~172 (for
the equal-mass case) in the integral (7.4) in order to nor-
malize the integral over the internal wave functions to un-
ity [Eq. (6.34)].

In the subsequent calculations we shall always use
transformation (7.1) but shall omit the prime from the no-
tation of the new wave functions. Then if relationships
(6.27)—(6.33) are used to relate the wave function to the
BS wave function one has to remember the additional
transformation (7.1).

As a last remark, we notice that in order for transfor-
mation (7.1) to be finite for finite values of x it is neces-
sary that

T Tr(y Py-pV)i*<1, (7.6)

which shows that the potential ¥ must be appropriately
bounded and in particular regularized at finite values of
x. Confining interactions may occur when the upper
bound 1 of (7.6) is reached for some particular value of
|xT2| (in general when |xT2| — o0 ) in which case the
wave function W' in (7.1) also vanishes in that region and
the two phenomena are balanced to yield a finite value of
W which is then generally sufficient for its normalizabili-
ty, according to formula (6.34). ,

If condition (7.6) is not satisfied for all values of x7",
one could still work with the BS norm (6.34). In this case,
however, it is necessary to impose appropriate conditions
on the coupling constants and on the form of the poten-
tials in order to guarantee the positivity of the norm and
of the energy eigenvalues.

B. Scalar interactions

In this and the following two subsections, we shall
study in more detail Egs. (6.25) for given types of tensor

f
structure of the potential V. The relationship (6.32) be-
tween ¥ and the BS kernel D shows however that the ten-
sor structures of the two quantities are not identical, ex-
cept when one neglects second- and higher-order terms in
D. Our purpose being rather illustrative here, we prefer
to deal with simple expressions for V; therefore we shall
directly discuss the structure of ¥ without worrying about
the corresponding structure of the kernel D, which in this
case will be more complicated than that of V; it is ob-
tained by inverting formula (6.32) or (6.33). Nevertheless,
as we pointed out above, both of them coincide to lowest
order of the interaction.

In this subsection we consider scalar-type interactions
which correspond to potentials ¥ which are independent
of the Dirac matrices:

V=V(rip?. (7.7)

[As we pointed out in the spin-0 case, after Eq. (4.9) and
at the beginning of Sec. V, in local approximations in x T,
the dependence on the relative momentum v can only
arise from the couplings of the mediating field to particles
1 and 2.]

Using this expression of ¥ in Egs. (6.25), we now bring
the operators 7-p, of Eq. (6.25a) on the right of ¥ and use
again the equations of motion to diagonalize the wave
equations with respect to y-p; and %-p,. After using
transformation (7.1) we find

H VY= |y p;—m— (myV4+m V?

2
(1—V?)

+ifiVy-r) |¥=0, (7.8a)
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_ 2 ) [V defined by Eq. (5.13)]. As can be checked explicitly,
Hy Y= |npy+my+ Tz (mV+myV the operators H, and H, in (7.8) satisfy the compatibility
condition (6.17) in a weak form.
FifiVyr) |W=0  (7.8b) Taking the “square” of these equations we find the gen-
’ eralized Klein-Gordon-type equation:
J f
HY=(H,+2m ) H \Y=(H,—2m,H,V , (7.9
2 2 2 .
Ao [t mimmaY e M2 14y [P mi—ma) (1 y gV
4p? 4 | 1—V 4 14V (1—V?)?
+4# | ——— y-rn—r—-ZiﬁM———V——(y-r—}-n-r)
(1-7?) (1-v)?
, 4 Vv
+21ﬁ(m1-—mz)m('}/-r—n-r)-i—ZﬁzmyT-nT ¥=0 (7.10)

[¥7, 37 defined by Eq. (2.13)].

C. Pseudoscalar interactions

Pseudoscalar-type interactions correspond to potentials
V which are proportional to the matrices ys7s:

V=ysnsW(rip? . (7.11)

Proceeding as for the scalar interaction case and using
transformation (7.1), the wave equations can be rewritten
in the form

Hl\PE(y-pl—ml+iﬁA1/5'ﬁ-r)‘~I’=O, (7.123)

HoW=(n-p,+m,—ifid7-rns)¥W=0, (7.12b)

A= 1.4 (7.13)
1—w?

[W is defined as in Eq. (5.13), and 7 and 7 in Egs. (6.9)
and (6.10).] Notice that the pseudoscalar interaction acts
in Egs. (7.12) as a purely quantum effect and that the ef-
fective potential 4 determines W up to an arbitrary in-
tegration constant.

The operators H; and H, of (7.12) satisfy the compati-
bility condition (6.17) in the strong sense:

[H,,H,]=0. (7.14)
The “square” of Egs. (7.12) is
~ (m12~—m22)2
W= |4 = hm e+
o 4 B AY Ay T T
—2#P AV rijr (W=0 (7.15)

[H defined by Eq. (7.9) and 7 7,7 T by Egs. (6.9), (6.10),
and (2.13)].

The matrices 7 7 and 7 7 can be expressed in terms of
the spin operators. Introducing the Pauli-Lubanski opera-
tors

#i v
Wisa= _Zeaﬂuvpﬂau (€o13=+1),

fi v
Wisa=— Zeaﬁyvpﬂgﬂ s
(7.16)
VVls2= W232= - %ﬁzpz >
Wi=W+ W,

which commute with all longitudinal variables and ma-
trices, we get

i

i o -
V'PWisa=5PF o NPWaa= SPas (7.17)
and Eq. (7.15) takes the form
~ (m2—m,?)?
HY= f:—pz——;‘(m12+m22)+~————l 3 2 T
4p
2.2 4 AA
+# A% — S TATPTBW LW
8 y A A
—?Ay-pn-pW15~rWzs-r v=0. (7.18)

_ A particular feature of this equation is that the operator
H above commutes with the longitudinal matrices vP
and 7P, and therefore its solutions can be classified ac-
cording to the eigenvalues of these matrices; the positive-
energy solutions (both in p,-p and p,-p) will correspond
to the eigenvalues +1 of y-p and —1 of %P, that is to
the submatrix W, , of the decomposition (6.6) in the c.m.
frame.

Knowing the solution ¥ of Eq. (7.18) one can then
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develop an inverse Foldy-Wouthuysen transformation to
get the solutions ¥ of Egs. (7.12). In the present case the
Foldy-Wouthuysen transformation operator can be con-
structed in a compact form (we shall show this elsewhere).
For our present purpose it suffices to observe that if ¥ is
an eigenfunction of p,, y-P, and 1P, and is a solution of
Eq. (7.18), then the solution ¥ of Egs. (7.12) is given by

V=(H,+2m ) H,—2m,)¥ /(
HV¥=0,
v

_4m1m2) ’

(7.19)
PU=—npV=+V.

This is a direct consequence of the fact that the operators

H; and H, of (7.12) commute strongly [Eq. (7.14] and of

the definition of H in (7.9) and (7.18).

The pseudoscalar-type interactions seem to play an im-
portant role in the representation of confining interactions
and spontaneous breakdown of chiral symmetry, and are
further analyzed in Ref. 22 (first paper).

D. Vector interactions

Vector-type interactions correspond to potentials V
which are proportional to the matrices y,7,:

(7.20)
(7.21)

14 =‘}/P17VC“V( rvP) ’
Cu(rp)=C,,(—rp) .

[The latter equation is a consequence of Eq. (6.22).]

The “diagonalization” procedure of Egs. (6.25), as used
for the scalar and pseudoscalar interactions, and transfor-
mation (7.1) lead however to rather complicated expres-
sions for the wave equation operators H,; and H,. Some
of the complicated terms, which contain momentum-
dependent tensor functions, are however of third order in
C. It can be shown that by adding to the potential ¥V in
(7.20) axial vector-type interactions which are of third or-
der in C and appropriately fixed, the resulting expressions
of the operators H, and H, can be considerably simpli-
fied. This third-order axial-vector-type interaction can be
thought of as representing some effective local approxi-

mation of high-order diagrams of the BS kernel. We
therefore choose the following expression for V:
J
— (m2—my?)?
Av= %(1—B)2p2—%(m12+m22>+———~‘74——2—2——(1-1<)2+
/4

+ 280+ Eu K (1= K)rbo TV —#2(1 — K)(3K +2Kr?) + 672K
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V=yumC8"(r.p)+7,7,C8"(r,p), (7.22)
Co=0(Cy’) . (7.23)

As in the spinless case, we shall consider three different
“gauges” for Cy,,.
Case a:

Couy=8uvColri,p?) ,

~0pw g;w~0( P ) (1.24)

Co,,v=g,,,,Co(r2,p2) .
(Notice that because of the factor g,, and the physical de-
grees of freedom of the vector field of the underlying field
theory, C, represents minus the scalar propagator; this re-
mark applies to all vector propagator functions met in
Secs. V, VII, and VIIL)

C,, satisfies the equation

2(Co—C)HCy+Co)=—C, , (7.25)
which means that
Co=—2C*+0(Co%) . (7.26)
The corresponding wave equations are
H\Y=[y-p)—m,—v,(3Bp*+Kv* +HKE"r,
+i#Kr*) ¥ =0, (1.27a)
HyW=[n-p;+m;—n,(5Bp*—Kv*—#iKo*"r,
— ifiKr#) ¥ =0, (7.27b)
where
B=— K=Tag
C=Co+0(Cp*) . 728
Because of condition (7.6), | C | is bounded by +:
IC|<+. (7.29)

Equations (7.27) satisfy the compatibility condition
(6.17) in its strong form (7.14).
The “square” of these equations is

(1-K)T

r? —ﬁ2a”a§$K Yp2ghv—2rkrY)

—#0,,65(1—K)[2Kr*r'+ K (g"* —$ D )| —#(0,,,— £, (1 —K)Bptr— piz(m 12— m 320+ £, (1 —K)KpHr”

—[4i#K(1—K)r-v—2#%(1—K)(3K +2r2K ) +4#2r2K 2] |W =

(7.30)

In this equation the o and £ matrices can be expressed in terms of the spin operators W,; and W, of (7.16) and even-
tually of ys and 7s. The internal orbital and total angular momenta W; and W were already introduced in Egs. (5.18)
and (5.19). We list here several useful relations which serve to reexpress Eq. (7.30) in terms of these operators:
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Wp-Ws= 'gpz(ayv"‘ Euyirtv v,
ﬁl
WisWas= ———8-p20,g§”’” )

2
PiW e Wos— (Wi r) (Wogr)=— -ﬁ;pzalkﬂ""r“ra ,

ifi ifi (7.31)
WisVs=—"0up"s Wiuulls=—"P"6ub"
[v3, A (r))]=4itidr-v—2#(34 +24r?) ,
[324(r2)]=6A4 +4r24 ;
1?:%(1_B)sz_%(m,2+m22)+ﬁ(mﬁ_mﬁ(1—K)2+(1—K)ZuT2+i2WL-W,1’<(1—K)
p p
—#(1—K)GK +2rK) + 60K 7+ SR 22W Wy (1 4y m) — K22 W W,
P p
+ %K.' 2( W,s-r)( Wz_,'r)( 1 -'}’57]5)+ ;sz_k( 1 —K)rZWh‘Wzs
p
_1%1'&(1—1()( Wi W X1 —ysms)+ —= R(1— KO, Wy 247 5775)
p
+2iB1—K) (W s rys— Wasrns)+ —2’;(m 2=m K1 —K) W igorys+ Wagrns)
P
—[4iAK(1—K)r-v —2#2(1 —K)(3K +2r2K) +4#*r’K 2] . (7.32)
Case b:
Couv =8y —DuPICo(r2,p?), Copuy=(8uy—DuP)Co(r%p?) , (7.33)
H =ypi—m;—y,(2Co ™ 4 2i#Cr* 4+ 26CETTHr,) (7.34a)
Hy=mn-py+m;y+1,(2Co T 4+ 2i#Cr 4+ 26Co ™Moy, ) | (7.34b)
with C and C,, related to C, by relations (7.28) and (7.23) and | C | bounded by +:

ICl<T. (7.35)

These operators satisfy the compatibility condition (6.17) in its strong form (7.14). The “square” operator H (7.9) is
given by
(m2—my?)? .
o H(1-20% T —8iHC(1-200r v
/4

ﬁ=%p2_%(m12+m22)+
+H(1—200(6C +4r°6) +4RC 12+ S e 20w, W, + L c 20w, W,
P P

+—;~2—6’(1-—2C)[r2W1s'Wzs—(W1:"')( Wu-r>]+—3—§~<l’2( Wi r)(Woer) . (7.36)
p

I
It commutes with y-p and 7-p and therefore the solu- Hy=vpi—m—y,[2C(rvT¢ —rtrv —ifir#)
tions of the equation H¥ =0 can be classified according
to the eigenvalues of the latter. As in the pseudoscalar in-
teraction case, the inverse Foldy-Wouthuysen transforma- +ﬁB§"f"rv] R (7.38a)
tion (7.19) can be applied to get the solutions of the equa-
tions HW=H,¥=0.
Case c: Hy=npy+my+n,[2C(r2vTH —rtrv —ifirk)

COpvz[rz(g/,w"f’pi;v)_rprv]CO(’Z)p2) ’

~ ~ (7.37)
COpvz[rz(gpv_ﬁpﬁv)_ryrvlco(rz’pz) ’

+#ABo T ], (7.38b)
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_ 3C+2Cr2-2rC?

(7.39)
(1-2Cr?)

B

’

(7.40)
I

|Cr2| <';')

("112——"122)2

H=p*—1(m+m))+ 4p?

4

+ [P W — (W, r)(Wogr))(B + BC —BY) .
p

As in case b above, H commutes with the matrices yP
and 7-p. The angular momentum operators W, W,,, W,
are defined in formulas (5.18), (5.19), (6.12), and (7.16).

VIIL SPIN-%—SPIN-O PARTICLE SYSTEMS

In this section we consider systems composed of one
spin- fermion (particle 1) and one spin-0 boson (particle
2). The construction of Poincaré-invariant compatible
wave equations parallels, in a simpler way, that of the two
spin-5 particle case, considered in the two preceding sec-
tions.

The wave function is now a four-component spinor:

V=VY,(x,x;) (a=1,...,4). (8.1)
The Lorentz group generators are
2
#
M,=73 (xa#p,,,,—xa,,pa,,)——iam. (8.2)

a=1

The first wave equation is a generalized Dirac equation,
the second one is a generalized Klein-Gordon equation.
They have the form

HVY=(yp,—m —V¥=0, (8.3a)
Hz\llz[pzz——mzz—(y-p]+m1)V]\l’=0. (8.3b)

The wave function and the potential V satisfy Egs. (6.18)
and (6.23), respectively, and the constraint operators H
and H, satisfy the compatibility condition (6.17).

]

f T | PixTyp

2
m —UT

2 172
I—L— l Px D +id(xT)

|-

D being defined as in (4.19) or (6.30).

We now analyze the tensor structure of the interaction,
as we did in Secs. V and VII, in its local approximation
(4.15).

Scalar interactions. They correspond to the case in
which V does not depend on the y matrices and the rela-
tive momentum v:

V=v(rp?. (8.8)

_

4m2—pT?
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C and C, being related to C, by relations (7.28) and
(7.23). H, and H, satisfy the compatibility condition
(6.17) in the strong sense of (7.14).

The *“square” operator H of (7.9) is given by

+uT 4 —“;C( 1—CrY)W, 2—2#%2Cr*+3C —2C**—B%?)
p

+ =5 W -W,(2Cr?+3C —2Cr?) + % W WyB(1—2Cr2+ Br?)
p p

(7.41)

T

The relationships between the wave function ¥ and the
potential ¥ on the one hand and the BS wave function ¢
and kernel D on the other can be obtained as in the two
spin-0 or two spin-% particle cases. In the ladder approx-
imation of the kernel and with the relativistic instantane-
ous approximation (4.11), they read (for the equal-mass
case my=my=m):

_ 1 —i|xg |(b—a)
d(x)= b [(b+ade
—(b—a)e LTy T)
_iE(xL)Y’ﬁ Y §+vr —m]
X(e T RICTO_ i@ 0Ty (8.9)
T (pH”? T
&(x; =0,xT)= RISy Pix’), (8.5)
V=‘f J @xiD e, x7p1pasy) L 8.6)
m

2
( 2__vT )1/2

[a and b defined in (4.9)]. The potential V takes a local
form in x7 only when the operator (m2—vT")~1/2 is re-
placed by a local function, as in (4.15).

Using relation (8.4) and approximation (4.11) in the
normalization condition of the BS wave function, one
finds that of the wave function ¥ (in the c.m. frame):

172

PixT)

2

- pr

4m2—pT

172 ab-

3’ (8.7)

=1,

[

After bringing the operator y-p, of Eq. (8.3b) on the right
of ¥ and using again Eq. (8.3a), the two constraint opera-
tors become

Hy=yp—m—V, (8.9a)

Hy=py —my2—2m \V=2itiy-rV—V? .
The “square” of the operator H, defined by

(8.9b)
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H=( H;+2mH, (8.10) Vector interactions. They correspond to the case in
which V is proportional to the ¥ matrix and the momen-
is weakly equal to H: tum p,, representing the couplings of the mediating vec-

(H—H,)W=[(p2—m 2)—(py—m,?) tor field to the fermion and the boson, respectively:

—2VH,¥=0, (8.11) V=7ulp2,C*"(rp)]4 (8.13)

([, 1, is the anticommutator),

I?\I[ L2 1 2 2 (mlz—mzz)z T2 _ v X ”
= |zp"—7(m"+m; )+'“—‘4p2"_ tv Hy=y-py—m—y,[2C*p,,—if(3,C*] , (8.13a)
Hy=py’—my*—(y-py+m ) 7,[2C*p,, —i#(3,CH)]} .
—2m\V =2ifiy-rV—V? |¥=0 (8.12) (8.13b)
. Bringing in Eq. (8.13b) y-p, on the right of C and us-
[V defined by (5.13)]. ing Eqgs. (8.13a) and (6.18) we get for H in (8.10):
J
. (m—mjy?)?
Hy= %pz—%(m12+m22)+—‘41—,3—2——+vT2—4c'“p,,,p2V—2m<a,,cw)p2v+2iﬁ(avcmp,v

+4CHC,ygpagph —#7(3,3,CH*) —4i#iCH¥(3,C ,p)p5 —4i#i(0,C**)C 005
—21PCPHD,40PC ) — 143, CH)(IPC5) — #i0 o[ 2(3°CH)p,, — i#(D7D,CH)

—4CHY(3,C%P)p 5+ 2iHICH(3,05C°P)] |W=0. (8.14)

We consider for C,, the three cases studied in boson-boson and fermion-antifermion systems.
Case a:

Cuv=8,C(r’p?), (8.15)
H,=v-p;—m, —v,(2Cp¥ —2i#Cr#) (8.16a)
Hym B 2pA1=202—L(m 2+ m))+ Z—l—z-(mlz—mzz)z(l+2C)2+(1+2C)2vT2

p

8

+8i#C(142C)r-v —#4(142C)(3*C)—4#Pr’C 21— = W - W ,C(1+2C)
P

iy W rC(14+2C)—2m 2= my?) [ CP— 2w rysC1420) | (8.16b)
P

The angular momentum operators were defined in Eqgs. (5.18), (5.19), and (7.16) and some of their properties presented in
formulas (7.31).

Case b:
Cuv=8uy—P,p,)C(r%p?), (8.17)
H1=?"P1—m1+27’,€(CUT"+iﬁCP”) , (8.18a)

~ ) 1 2 2 (mlz__mZZ)Z 2. T2 o
Hy~H=~-—p°—5(m;"+m, )+————Z—2—-+(1+2C) v +8iAC(14+2C)r-v
/2

—ﬁ2(1+2C)(82C)~4ﬁ2r2C2—p%WL-WlsC(1+2C) . (8.18b)
Case c:
Cuv:‘[rz(guv"ﬁ;tf’v)"‘ryrv]C(rzypz) ’ (8.19)

Hl=y~pl-—m1+2y”C(r2vT"—r"r-v—iﬁr") , (8.20a)
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(mlz—mzz)z

szﬁz%pz—%(m12+m22)+ 4p2

——42—C(1+rZC)WL2—iZWL-W1,(3C +2r:C+2r3CYH .
p p

Notice that the operator H in cases b and c above com-
mutes with the matrix y-P, and therefore, as in the
fermion-antifermion  case, the Foldy-Wouthuysen
transformation can be applied to solve the equation
H,¥=0. If ¥ is a solution of the equation H¥ =0, being
at the same time an eigenvector of y-P, then the solution
V¥ of the equation H;¥ =0 will be given by

V=(H,+2m)W/2m,),

. ~ - (8.21)

HY=0, yp¥=+V.
Also notice that since particles 1 and 2 are of different na-
ture, then in the expressions of H their contributions do
not always appear in a symmetric way concerning the
terms proportional to the masses [Eqgs. (8.12) and (8.16b)].

A further remark concerns the Hermiticity property of

the energy operator. In some expressions of H—Eq.
(8.16b) as well as Eq. (7.32)—the latter does not appear in
a manifestly Hermitian form in the free norm in the c.m.
frame. This feature does not infirm the Hermiticity prop-
erty of Py, since it can be established directly from the
Dirac-type equations of H, (and eventually of H, if par-
ticle 2 is also a fermion; see for this Sec. VII A). The Her-
miticity of H becomes manifest in norms usually used for
spin-0 particles. This phenomenon also exists for the case
of a single fermion interacting with an external vector po-
tential.
]

2
H1=Y‘P1—m1+P_27"PWL'W1sA s

(mlz—mzz)z

szﬁz%p2——%(m12+m22)+ 2
4p

—RANW, = 2W W) —4iysW [ A (rev +ifw T — Arev T +i#hA(rvTe—r%rv)] .

IX. SUMMARY AND CONCLUDING REMARKS

We have applied the manifestly covariant formalism
with constraints of classical relativistic Hamiltonian
mechanics to the construction of relativistic wave equa-
tions describing the dynamics of two interacting particle
systems. In this formalism the wave function satisfies
two independent manifestly covariant wave equations,
each of them being, according to the spin value of the cor-
responding particle, a generalization of the Klein-Gordon
or the Dirac equation. The interaction between the two
particles is represented by potentials depending on the
particle variables alone.

The compatibility condition of the two wave equations
sets certain restrictions on the structure of the interaction

+vT 424
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+o P4 283(3C +2P2C +2r2C?)

(8.20b)

Axial-vector interactions. They correspond to potentials
of the type

= _h?WLA (r2,p2)

- ~—fz—y-pWL-W,sA (r2,p?) . (8.22)
Such potentials cannot arise in the ladder approximation
of parity-conserving interactions in renormalizable field
theories. However they can arise from a local approxima-
tion of fourth-order irreducible diagrams in vector in-
teractions in the Bethe-Salpeter kernel. They correspond
to the exchange, between the fermion and the boson, of
two vector particles. The vector particles couple to the
fermion line at two different vertices with matrices y, and
¥, respectively. Furthermore the fermion propagator
joining the two vertices is proportional to (y-p}+m}) and
one finds, among other terms, the product of three ¥ ma-
trices which involve the term i€,,qg7 “p . On the boson
line the vertices of the vector particle involve the momen-
ta ps, and p5, In a local approximation, by contracting
the two vertices on each line to a single point and then re-
placing the kernel by an effective function D(r?,p?), the
above term becomes i€,,q57 a[ph ,p5Dp37],, the nonvan-
ishing contribution of which will be proportional to
i€ vap? #p¥r%BD, which is of the form (8.22).
The wave equations are defined by the operators

(8.23a)

(m,2—m,?)

(8.23b)

I

potentials, guarantees the Poincaré invariance of the
theory in the physical Hilbert space and ensures freedom
in the choice of the time parameters. The fact that the
two-particle wave function satisfies two independent
equations determines in a definite way the relative time
evolution of the system, thus eliminating from the energy
spectrum the possible occurrence of relative energy excita-
tions. The number of degrees of freedom of the system is
therefore the same as in nonrelativistic mechanics and in
that limit one obtains a Galilei-invariant dynamics, if the
interaction potentials have been chosen to have the ap-
propriate behavior in ¢2.

The interaction potentials depend on the relative coor-
dinates through their projections on three spacelike axes
orthogonal to the total momentum of the system. The po-



33 RELATIVISTIC WAVE EQUATIONS FOR THE DYNAMICS OF . . . 3421

tentials may appear either in local or nonlocal forms (i.e.,
as integral operators with respect to these three spacelike
components), the former being a particular case of the
latter.

We outlined that the present framework of relativistic
quantum mechanics is in direct connection with the
Bethe-Salpeter equation and its sector of “normal” solu-
tions. This means that the quantum-mechanical potential
and wave function can be expressed, in perturbation
theory, in terms of the Bethe-Salpeter kernel and wave
function.® In particular the normalization condition of
the quantum-mechanical wave function can be determined
from that of the Beth-Salpeter wave function. When a
relativistic instantaneous approximation is made for the
Bethe-Salpeter kernel, taken in its ladder approximation,
then the above relationships considerably simplify and one
may even formally extend them to nonperturbative in-
teractions and effective kernels.

In this respect, the “local” approximation of the in-
teraction, which yields potentials that are local functions
of the transverse relative coordinate variables and which
was extensively used throughout this paper, may provide a
kind of zeroth-order approximation for nonlocal quanti-
ties inherent to field theory.

The generality of the results about the interaction po-
tentials makes it possible to apply the above wave equa-
tions to the study of a very wide variety of phenomenolog-
ical problems concerning relativistic two-body systems.
We present in separate papers?? two such applications re-
lated to confining interactions in fermion-antifermion and
fermion-boson systems.

The formalism used for the construction of two-body
wave equations can also be applied to the N-particle
(N >2) case. Here, however, the technical problems are
more difficult to solve than in the two-particle case. This
is already evident at the classical level.”> The requirement
of separability (cluster decomposition) imposes severe con-
ditions on the structure of the interaction potentials;
furthermore one has to satisfy here N (N —1)/2 compati-
bility conditions of N-independent wave equations. This
problem necessitates therefore a separate treatment.

Relativistic quantum mechanics of interacting particle
systems provides a simplified relativistic framework to the
study of those physical problems, where, to a good ap-
proximation, a finite number of degrees of freedom suf-
fices to describe some particular aspects of the dynamics
of the system. In this respect, it seems now possible to
formulate and construct the theory in a consistent way,
being at the same time in close connection with quantum
field theory.
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APPENDIX: THE SCALAR PRODUCT

In this appendix we briefly sketch the method of con-
structing the scalar product of the theory. We shall

present some details for the spin-O case, but shall simply
quote the results in the spin-5 case. We shall devote a
separate paper to a detailed presentation of this subject.

The main property which we demand from the scalar
product is its Poincaré invariance, which then guarantees,
with the covariance of its kernel, the Hermiticity property
of the Poincaré group generators and permits a unitary
realization of the Poincaré group. Of course, one also has
to ensure the positivity of the norm of physical states.

Generalizing a well-known procedure in the one-
particle case, we construct the scalar product in the two-
particle case from a tensor current of rank two,
Juv(X1,%3), built up from two wave functions, satisfying
two conservation laws:

a‘l‘j,w(xl,xz)=0, a{]'lw(xl,xz)=0 . (A1)

The scalar product is then constructed as a double
three-dimensional integral of this current over two space-
like hypersurfaces =; and 3,:

(W, d)= le 5 Juvx1x2)dot(x)doY(x,) . (A2)

The two conservation laws (A1) guarantee the indepen-
dence of the integral (A2) of the types of surface =, and
3,, and more particularly ensure the Poincaré invariance
of the scalar product defined by Eq. (A2).

The case of two spin-0 boson systems was presented in
Sec. IV. The wave function satisfies Eqgs. (4.1) and (4.5)
and we concentrate here on the case of local potentials
(2.15). The potential ¥ will be assumed to be superfically
Hermitian, in the sense that when p, are replaced by real
eigenvalues, then V is Hermitian in the usual L; norm.

In order to construct the tensor current j,, in (A1), we
first consider the case of the two different eigenvalues p,
and p,, (p?s#p"®) of the total momentum operator with
corresponding eigenfunctions ¥, and W,, respectively;
they can be decomposed as in Eq. (4.4). The expression of
the norm will be obtained as a limit, with p'>—p?. For
simplicity we shall also use the notations

V=Vx,p,...), V'=Vixp',...), (A3)

where the transverse variables x 7 of (2.12) are calculated
with respect to p and p’.
We write j,, in the form

Juv=Jw +iu » (A4)

where j“,ﬂ,’ has the expression of the current obtained in
the free theory!'%2!

:(0) : oy

Juv (X],Xz )=i 2\1/;'(x 15X2 )BI#BZV\PP(xl,xz ), (AS5)
and ji\) is a remainder. In general 712 does not satisfy
current conservation (A1) in the presence of an interaction
alone. We therefore search for the expression of ji.) to
ensure the current conservation (A1) of j v

The current i) in (A5), satisfies the two equations

i =F 1, =W — (V' —V)3y+3 5 (V' — V)

+[WV'+ MY, , (A6a)
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B =Fau =Y —(V' = V3143 (V' = V)
B+ MY, .

This means that j) in (A4) must be a solution of the
equations

(A6b)

35F1v=a‘1‘F2,uEF(xl,x2)

= W2 {29 43V + 23, N3+ (V' = V) +p2—8%) — (1p? =3 V' = N +[3AV' + M} ¥, ,

where 3= 7(3;—9,).
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yl‘j;tlv)(xlvxZ)z—Flv(xl’xz) ’ (A7a)
B (X1,%3) = —F,(x1,%,) . (A7b)

These two equations are integrable, since F; and F, satis-
fy the compatibility equation

The solution of Egs. (A7), which vanishes when the interaction is switched off, is

j;}J:—iB,pfGA(x,-—x’;)Fh,(x’l,xz)d‘x’l—-iaz.,fGA(xz—-x'z)Fz,,(xl,x’z)d“x’z

—alﬂ82vf G (xy—x1)G4(x;—x5)F(x},x5)d*\d*x} ,

where G, is the advanced Green’s function satisfying the
equation

3G (x)=—id%x) .

It can be checked that the kernel of the current j{\), and
hence that of j,, in (A4) is translation invariant and is a
pure Lorentz tensor of rank two, as a consequence of the
Poincaré-invariance property of the potential ¥ in (2.15).
These two features, together with the current conservation
(A1), ensure the Hermiticity properties of the Poincaré
group generators and therefore the unitary realization of
the whole group.

In order to construct the scalar product, we choose, for
the surfaces 2, and X, of formula (A2), two parallel hy-
perplanes perpendicular to a unit constant timelike vector
n, which we take, as usual, parallel to the x9 axis:

(U W) | o, 0= [ d°XdPx U3 X,x)

=(27)36%(p'—p) exp[ +i (ph —po)X°]

X [ d* yp(x)

where we have used the notation

Yp(x)=exp[ —i(m2—my?)p-x /(2p2)]111p(x Ty

[cf. Eq. 4.4)].

i%816820— (P +Po)

(A8)
(A9)
I
n.xl=t1) n‘X2=t2, n=(1)0) . (All)
Then the scalar product is
(A10)

(W, W)= [ joo(X,x)d’X d’x

= [ QXX+ (X,x)]d*X d° . (A12)

By using the expressions of i’ in (A5) and j{ in (A9),

the formula

J 3G 4(x)d’x=—i6(—x0), (A13)
and integrating by parts the terms of F in (A8), containing
derivatives of the potential ¥, and finally using the equa-

tions of motion and some algebraic identities, we end up
with the formula

i%310020— (P +Po)

Vixp',..)=Vixp,...
(x,p ') (X,p,...) W, (X,x)
Po—Do
Vixp',..)=V(xp,...) by (x) (A14)
Po—Po ?
(A15)

To calculate the norm, we take the limit pyo—p,, after using an appropriate e-limiting procedure, where — i€ is an in-
finitesimal imaginary part which we introduce in the eigenvalues p, and pj. We obtain

(wp',a’wp,b ) I P'2=p

=(2m)*2pe83(p' — p)8asfalp?) ,

2=(21T)383(p'—p) f d3x ¢:(x) lif510520—4p02%
/4

I/Jb(X)

(A16)
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where the labels a,b distinguish different eigenfunctions
with the same mass squared p2. The origin and the mean-
ing of the additional normalization factor f,(p?) in the
right-hand side of (A 16) will be explained below.

The é&xpressions of the scalar product and of the norm
simplify in the c.m. frame, where the operators id,o, and
i35, become identical to the operators P-p; and P-p;
which have well-defined eigenvalues (3.13)—(3.15), with
positive signs, or, equivalently,

(pH”? 1+ m>—m,*
2 - p?

ﬁ'Px,z =

pi> |mi—my?| . (A17)

Furthermore in this frame the transverse vector x7
reduces to (0,x) which is independent of p2. Therefore
the only p? dependence of the potential V arises from its
explicit dependence on this variable in the c.m. frame and
nc;w longer from its implicit kinematic dependence through
x".

We now turn to the interpretation of the normalization
factor f in Eq. (A16). If the Hilbert space of physical
states is identified with the physical Hilbert space of two-
particle relativistic quantum mechanics, then the com-
pleteness relation implies that f =1. However if the phys-
ical states | p) are supposed to belong to a larger space
than that of two-particle mechanics, such as in quantum
field theory, then the two-particle Hilbert space is only a
subspace of the total physical Hilbert space. For this
reason it is the global normalization condition of the
quantum field theory state | p) which should fix the nor-
malization factor of the two-particle quantum-mechanical
wave function. Upon comparing formula (A16), in the
c.m. frame, with the normalization condition obtained
from the Bethe-Salpeter equation Eq. (4.18) and using the

J

(Wpr0s¥p5) | 2,2 =(27)8p'—p) [ dx Tr |§,(x)

=(2m)2pe83(p’ —P)8asfap?) ,

aVv
Yolo— VY0U0V+4P02‘(.3;7

local approximation (4.15) and (4.16) we get for f the ex-
pression, in the general unequal-mass case,
-1
f — ﬁ'p 1 + ﬁ‘p 2 ’

2Am 2= T2 2my2—(pT )12

(A18)

where P-p; and P-p, are given by Egs. (A17) and the
mean value (vT ) is calculated in the c.m. frame, in the
L, norm for instance. (It is an approximate value.)

The knowledge of the factor f in (A18) is crucial when
relating the quantum-mechanical wave function to physi-
cal quantities, typical of field theory, such as decay cou-
pling constants.

Finally, we examine the question of the positivity of the
norm. Since the norm is Poincaré invariant, it is suffi-
cient to examine this question in the c.m. frame. If, there,
the potential V is independent of p?, then the kernels of
the scalar product and of the norm become identical, in
the c.m. frame, to those of the free expressions of two-
particle relativistic quantum mechanics. In particular, if
the eigenvalues of P-p; and P-p, have been chosen posi-
tive, as in Egs. (A17), then the norm is positive. This con-
dition was actually imposed as one of the defining condi-
tions of the two-particle physical Hilbert space (cf. item
iii) of Sec. III).

If ¥ depends on p? in the c.m. frame, then the norm is
no longer straightforwardly positive. One must impose
additional restrictions on the shape, coupling constant and
p? dependence of V in order to maintain the positivity of
the norm of physical states, characterized by positive
eigenvalues of each p-p, and p-p,.

We now simply quote the results obtained for the
norms in the fermionic case. For a fermion-antifermion
system we get

l[lb(X)

(A19)

with f, having the same expression as in (A18); ¥ is defined after Eq. (6.34) and Vhas been assumed to be superficially
Hermitian ( YonoV yYono=V, for p, real, in the L; norm). If ¥ is independent of p? in the c.m. frame, then the positivity
of the norm requires the mequallty (7.6) to be satisfied. In this case the transformation (7.1) brings the norm to its free
expression (7.4), were its positivity is obvious.

For a fermion-boson system we get

(V0¥ | o2

=ny83(p' —p) [ d’x §,(x) p(x)

o 14
Y0id20—4po’ 3p?

=(27)*2pe8%(p’ —P)8as fa(p?) (A20)

with f, given by (A18), $=v"y, and V superficially Hermitian (yoVTyo=V, for py real, in the Ly norm). If Vis in-
dependent of p? in the c.m. frame, then, there, the norm takes its “free” expression. Furthermore in the c.m. frame the
operator id,, becomes identical to P-p,. The positivity of the latter then ensures the positivity of the norm.

If V depends on p? in the c.m. frame, then the comments made at the end of the case of two spin-0 particle systems
hold also in the fermion-antifermion and fermion-boson cases.
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