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A relativistic supersymmetric quantum mechanics is proposed which uses Osp(1,4)DS0(3,2) for
the spectrum and constrained Hamiltonian quantum mechanics for the dynamics of one-hadron sys-
tems. It combines baryon and meson towers into infinite supermultiplets in a way similar to the use
of supersymmetries in nuclear physics. The predicted mass formula is fitted to the masses of baryon

and meson resonances.

I. INTRODUCTION

The model which will be discussed in this paper can be
considered as a synthesis of two apparently distinct
theoretical ideas. Starting from a supersymmetric quan-
tum mechanics' one can consider this model as its exten-
sion into the relativistic domain. Starting from a new
quantization of the relativistic oscillator? or relativistic
string one can consider this model as its supersymmetric
extension. Our investigation was motivated by the ap-
parent success of dynamical supersymmetries in nuclear
physics®* which led to the question as to whether similar
features exist in the hadron spectrum, and thus to the idea
of a relativistic spectrum-generating superalgebra. The
mass scale in this model is that given by the slope of the
Regge trajectories, which are reproduced as the yrast
states of relativistic collective motions. The model there-
fore applies to a different domain of physics than the usu-
al supersymmetric theories of modern particle physics.

In Sec. II the properties of Osp(1,4) are reviewed in a
way which displays the similarity between supersym-
metries and spectrum-generating algebras. In Sec. III the
infinite-dimensional representations are described and
their connections to the spectrum of the three-dimensional
oscillator and the hadron spectrum are indicated. In Sec.
IV the Hamiltonian is conjectured through comparison
with nonrelativistic supersymmetric quantum mechanics.
In Sec. V the spectrum predicted by the representation of
Sec. III and the Hamiltonian of Sec. IV is compared with
the experimental data.

II. Osp(1,4) AS SPECTRUM-GENERATING ALGEBRA

Superalgebras (in relativistic physics) are algebras that
connect states with different spins. For this purpose they
use Majorana spinor operators Qa,Q,, a=1,2,i,i, ie.,
operators that transform with respect to the spinor repre-
sentation of SO(3,1)g,,:

[Spv’ Qel=— %(Uﬁl)aﬁQﬁ .
In here the Suvs #,v=0,1,2,3 which satisfy
[Sp,v’Spc]= _i(nppgvo'*'nvaspp_nwgpa—npasvp) ’
(2.2)

(2.1
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are the generators of SO(3,1)s,,. The numbers (c)),? are

the matrix elements of the operators S, in the (2 4 2)-
dimensional spinor representation’

(+,00@(0,7)=(kg=T,c =3 )®lkg=7,c=—3) (2.3
whose basis vectors are denoted by |a). Thus,
(a;(fs)')a5=2<aISMVIB)=é[Vw‘}/v]aﬂ s (2.4)

and the choice of the components of the spinor operator
depends upon the choice of the basis in this representation
space, i.e., upon the choice of the matrix representation
for the Dirac y,. As the Q, are spinor operators they
transform between integer-spin and half-integer-spin
states.

Spectrum-generating algebras (SGA’s) are also algebras
that connect states with different spins. Instead of spinor
operators the conventional SGA’s use vector operators
I', (or tensor operators T,,), i.e., operators that trans-

form with respect to the vector representation’
(1=1,j2=7)=(ko=0,c =2) of SO@3,1):

[Spv’ I“p] =(‘7;:2)para= —i (ny.pr\v""nvpry.) 2.5)
with®

(0,‘(‘!3)’;7: <ep I Suv les ) =i(17vpgz _nppgs) :

As the T, are vector operators they transform between
integer-spin states or between half-integer-spin states only.
The groups connected with the SGA’s are called
spectrum-generating groups (SGG’s) or dynamical groups,
or also “dynamical symmetries.”® The corresponding glo-
bal structure connected with the superalgebra is the super-
group or supersymmetry (SUSY) (Ref. 3). Dynamical
groups have had many successful applications in molecu-
lar and atomic physics, in solid-state physics and especial-
ly in nuclear physics. The motivation for their introduc-
tion was to describe hadron spectra and hadron structure
in relativistic physics. Supersymmetries have been very
popular in modern particle physics but so far there exists
no empirical evidence for these kinds of supersymmetry.
However, a substantial amount of evidence for dynamical
supersymmetry has been reported in nuclear physics.*
The low-energy spectrum of an even-even nucleus forms a
multiplet of the dynamical group U(6) and combines with

(2.6)
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the energy levels of the even-odd nucleus—obtained from
the even-even nucleus by adding one more fermion—into
a supermultiplet of a supersymmetry containing U(6).

In the present paper we want to study whether there is
some evidence for supermultiplets of this kind in the spec-
trum of hadrons.

According to the above discussions the difference be-
tween SUSY and a SGG is that the transition operators
for the former transform like spinors whereas the transi-
tion operators for the latter transform like vectors (or ten-
sors). Using them for the description of the spectrum, i.c.,
not demanding that [energy, Q,]=0 or [mass, Q,]=0,
there is in principle no difference between dynamical
SUSY’s and dynamical groups or SGG’s.

The set of operators S,,,[,,Q, that satisfy the above
relations (1), (2), and (5) do not yet have sufficient struc-
ture. To make them into the (enveloping) algebra of a
group or supergroup one has to postulate commutation
and anticommutation relations between the I', and Q,.

Osp(1,4) is the least complicated example of a simple
superalgebra for the relativistic case and one can hope
that it will describe the simplest examples of relativistic
physical systems. More complicated systems will prob-
ably require larger algebras than Osp(1,4) and its bosonic
part SO(3,2). As an alternative for the bosonic part, the
SGG SL(4,R) has already been suggested.” Its subgroup
SL(3,R) describes shape pulsation of a three-dimensional
“lump” rather than the simple “relativistic” oscillations
of SO(3,2). Its spectrum is more complicated than needed
for the present experimental data and most of it has to be
constrained away.

SGA'’s can describe finite or infinite multiplets, depend-
ing upon the choice of the commutation relation (CR) be-
tween the vector operators (or the tensor operators). If
one chooses for Hermitian I, the CR

[[,T]=—iSy, , (2.7)
then the S,,,I, together form the noncompact SGG
SO(3,2)S"V1~“ which has infinite-dimensional representa-
tions describing infinite multiplets.

Supersymmetries can also have finite or infinite super-
multiplets. If one requires the anticommutation relation
(ACR) between the spinor operators

Qa’éﬁz "(QTC)B ’

{Qa»0p} =3 (0"")apSpy +(¥* gl (2.8)
and the CR

[r;nQa] = ';‘(Yp )aﬂQﬂ (2.9)

then the S,,, T',, and Q, together form the superalgebra
OSp( 1,4 )Spvera DSO( 3, 2 )Spvrv

28S0(3,1) (2.10)

SI‘V ’

which describes infinite supermultiplets.
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III. REPRESENTATIONS OF Osp(1,4)

Recently several infinite-dimensional representations of
noncompact superalgebras have been constructed.>® In
particular all representations of Osp(1,4) with spectrum
I'o>0 are known.! These contain a direct sum of up to
four irreducible representations (irreps) of SO(3,2).

One obtains an idea of infinite-dimensional irreps of
noncompact groups if one considers the weight diagram
(or K-type). A weight diagram displays which irreps of
the maximal compact subgroup K =8S0(3)g; XSO(2)r
occur in an irrep of SO(3,2).

Let

=ei
u=ceigenvalue of Iy, 6.0)
Jj(j +1)=eigenvalue (+S;S;;) ,
then the weight diagram is the pattern of dots in a dia-
gram of j vs .

A typical weight diagram of an irrep of SO(3,2) is
shown in Fig. 1(a). Each dot at the coordinate (u,j)
represents an irrep of SO(3) X SO(2) which is contained in
this particular irrep of SO(3,2). The irrep of SO(3,2),
which is depicted by the weight diagram of Fig. 1(a), is
denoted by D(1,0). From the fact that there is a dot at
the coordinate (u=2,j =1) we conclude that there is an
irrep of SO(3)XSO(2) with j=1 and u=2 in the irrep
D(1,0) of SO(3,2).

Figure 1(a) shows more than just the weight diagram of
the irrep D(1,0) of SO(3,2). If one draws horizontal lines
through the dots then this figure represents the energy di-
agram of the oscillator in three dimensions with the ener-
gy given by

E,=fio(v+3), v=p—1=0,1,2,...,

j=0,2,4,...,v for v=even, (3.2)

j=13,5...,v forv=odd .

Thus viewed as the energy diagram of the oscillator, each
dot represents a state with radial quantum number v and
angular momentum j.

Different mathematical structures can have identical
weight diagrams; e.g., a representation of a simple group
and its contraction have the same weight diagram. The
two interpretations of Fig. 1(a) are a reflection of the fact
that D(1,0) of SO(3,2) contracts into the algebra of the
oscillator.

We will go one step further, by turning the picture of
Fig. 1(a) around and drawing j vs m2=my*+(1/a')v.
Then one obtains the picture of linearly rising Regge tra-
jectories plus some daughters, as shown in Fig. 1(b).

The exploration of this connection to the phenomenolo-
gy of the Regge trajectories on the one hand and to the os-
cillator levels on the other, will lead us to the physical in-
terpretation of these weight diagrams. We will discuss
this in Sec. IV and refer to Ref. 2 for a detailed discussion
of the bosonic substructure. This connection means that
the Regge recurrences are relativistic vibrational excita-
tions, which become the usual oscillator levels in the non-
relativistic contraction limit 1/¢—0.

The representation D(1,0) is for various reasons not the
right representation: it leads to a spinless oscillator in the
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FIG. 1. The weight diagram of the SO(3,2) representation
D(1,0) and its physical interpretation. In (a), u =eigenvalue I'y
is drawn vs j. Each level corresponds to the energy of a har-
monic oscillator in three dimensions with the well-known angu-
lar momentum degeneracy. The oscillator algebra is related to
D(1,0) by group contraction. In (b) j is drawn vs u to depict
the linearly rising Regge trajectory. Each level now corresponds
to the mass squared of a hadron with spin j and principal quan-
tum number v. The hadron states are described by an irreduci-
ble representation space [ m (v,j),j] of the Poincaré group, ob-
tained from the representation (1 =v+ 1,5) of SO(2) X SO(3).

nonrelativistic limit, whereas the quark model requires
that the vibrating constituents have spin. Further, fitted
to the p-meson trajectory, Fig. 1(b) contains a state [the
state (u=1,j =0)] whose phenomenologically determined
mass squared is negative. We will therefore choose some
other representations of SO(3,2). There are various classes
of irreps of SO(3,2) (Ref. 10); we restrict ourselves here to
those for which spectrum I'y>0 (“positive-energy repre-
sentations”), and which are denoted by D(u™",s) where
p™" is a positive real number and s is an integer or half-
integer. These irreps are not all multiplicity-free; i.e., in
general there may be more than one dot in the weight dia-
gram for a particular value of (u,j) [or equivalently more
than one irrep (u,j) of K]. We will consider here only
multiplicity-free representations (singletons!! in the nota-
tion of Ehrman), because otherwise a quantum number in
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addition to v,j would be needed. For these multiplicity-
free positive-u representations

p™i"=smallest eigenvalue of Ty, -
S =Jmin =smallest value of j . '

There are again three subclasses of multiplicity-free
positive-energy representations. We will consider here
only the subclass of irreps D(s+1,s) for which
p™"=s +1 and which are characterized by one number
s=~;-,1,—2—,2, .... For D(s+1,s) the eigenvalue of the

second-order Casimir operator is

C[SO(3,2)]= —R = —(2—2s?) (3.4

and the eigenvalue of the fourth-order Casimir operator
)
is

P =s(s+1)[—R —(s —1)(s +2)]
=s(s+1)s—1)s . (3.5)

The weight diagram of D(2,1) looks similar to Fig. 1(a)
except that the lowest column with j =0 is missing'? and
that there are now twice as many states; i.e., there is a dot
for every pair (u,j) of integers up to the line v=p—1=j
(Re§ge trajectory for the meson). The weight diagram of
D(3,+) also looks similar, except that the dots are at
half-integer values for the pair (u,j) between the line
j =+ and v— + =u— 1 =j (nucleon trajectory)."?

With the knowledge of the representations of SO(3,2) it
is easy to describe the irreps of Osp(1,4). There are four
types of positive u representations.>® We are only in-
terested in those which are multiplicity-free, do not con-
tain j =0, and have weight diagrams which resemble the
energy diagrams of the three-dimensional oscillator.
These are the representations which reduce with respect to
SO(3,2) into the direct sum

D(s+1,5)@D(s + 3,5 +7) (3.6)

and which are distinguished from each other by the value
s=+,1,2,.... If we want to have j = contained in
them we must in particular choose

D(3,7)eD(2,1). 3.7

The weight diagram of this representation is shown in
Fig. 2. It is just a combination of the two weight dia-
grams for the irreps D(3,3) and D(2,1) of SO(3,2) (Ref.
14).

We denote the representation space of D(3,7) by #%
and the representation space of D(2,1) by #7. each #%
is then a direct sum of irrep spaces #*(j) of the irreps
(1,)) of SOQ2)re X SO(3)g;;:

F= 3  ex*),

.;4=22,34,...l

e (3.8)
Ho = > e X*(j)

.13

=7kl

The representation space of the representation (3.7) is then
denoted by #:
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FIG. 2. The weight diagram of the representation

D(%,%—)GD(Z,I) of Osp(1,4). The O make up the weight dia-

gram of D( —;—, -;—) and the @ the weight diagram of D(2,1).

Ho=HdH§ . 3.9

The basis of eigenvectors of the complete system of
commuting operators I'q, -;—SUSU ,S12 of #, we denote by
| 0,1,j,j3). Thus each #%*(j) is spanned by the (2j +1)
vectors |0, jojz)  with  (u,j)  fixed and
Ja=—jh—j+L ..., +]j

The vector operator I'; transform between different
H*(j) changing p and j by integer values. The spinor
operators transform between #§ and ¥ changing u
and j by half-integer value.

IV. RELATIVISTIC SUPERSYMMETRIC
QUANTUM MECHANICS

We want to use Osp(1,4) for a relativistic supersym-
metric quantum mechanics. Nonrelativistic supersym-
metric quantum mechanics has been studied extensive-
ly.""* It uses Hamiltonians of the form

Hi=1(00") or Hu=7- 3 (Qul}, @1

a=

where Q, are the anticommuting charges. The Hilbert
space (space of states) is the direct sum

H=HrtexN

where #+ and #~ are the spaces of bosonic and fer-
mionic states, respectively. Q and Q* transform between
Xt and #~. A popular example has been the supersym-
metric oscillator with spin-orbit coupling'® which uses
Osp(1,2) as a spectrum-generating superalgebra. The
above Hamiltonian H;, describes the intrinsic motion
only and the motion of the oscillator as a whole, the
center-of-mass (c.m.) motion, is ignored. Including the
c.m. motion would require the additional kinetic energy
operator P2/2M where P is the c.m. momentum. The to-

tal nonrelativistic Hamiltonian would then be
(4.2)

where k is a system constant (#iw) which makes the di-
mension correct. Thus (4.2) describes the dynamics of an
extended vibrating object that also performs c.m. motion.

For the dynamics of a relativistic extended object we
will use the quantum version of constrained Hamiltonian
mechanics.!® In analogy to (2) we would postulate the rel-
ativistic Hamiltonian of a relativistic model as

H=v|P,Pr—— 0 3 (004~ |. 43

The first term is the kinetic energy term (c.m. motion);
the second describes the intrinsic motion; 7y is an ir-
relevant additive constant. 1/a’ is a system constant
(which can take different values for different physical sys-
tems) which makes the dimension correct. We call it 1/a’
because it will be empirically related to the slope of the
Regge trajectory. v is a Lagrange multiplier (generalized
velocity) which is determined from a gauge-fixing con-
straint that fixes the meaning of the time parameter 7.
We choose the constraint such that

v=:21t-}’ M=mass=(P,,P")1/2 R

and 7 becomes the proper time of the center of mass.?
Qp=Qp(P) are the Lorentz-boosted Osp(1,4) charges.
If one had taken for the Qg in (4.3) just the Osp(1,4) gen-

erators Q, then the second term in (4.3) would not have
been a Lorentz invariant because

3 (02,011 =3 {Qa,(@7°))

is the zero component of a vector.
Let L (P) denote the operator matrix

A ﬁO ﬁm
L (P)’:: ~ A A ’
—P™ §r—P™P,(14+Py) !
pv=0,1,2,3, myn=1,23 (4.4
which depends wupon the center-of-mass velocity
P,=P,M ~'; then obviously
L(PYPv=nH1 . 4.5)

For any generator 4 of Osp(1,4) one can define the
boosted operator!’

A(P)=U-NL(P)AUL (P)), (4.6)

where U(L (P)) is the representation in the space of states
& of the Lorentz transformation L. For example, for the
Lorentz vector operator I'* one has

M™P)=U-YL)M*U(L)=L“T" . @.7
In particular, as one can immediately see using (4.4)
I%P)=L(P)Jr*=P,I* . (4.8)
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For the spinor operators Q, one defines the boosted

operators
0.=0,(P)=U-L)Q,U(L)=D(P)gQp, (4.9)

where D(P) is the representation matrix of the Lorentz

transformation L(P) in the spinor representation
(+,3)8(3,—3) (Ref. 18).
As a consequence of (2.8) one obtains
4
S (Qp,0}}=4T, (4.10)
B=1
and therefore, using (4.7)—(4.9),
4 A A A
S (Qp(P),Q5(P)}=4P,T* . (4.11)
B=1

The relativistic Hamiltonian (3) can thus also be written
in the form

1

H=v|P,Pt— ?ﬁ,,rﬂ—ﬁiol 4.12)
and the constraint relation that follows from it is
pPi— LB re =0, 4.13)
a con

We want to emphasize here the difference between our
interpretation of Osp(1,4) as a relativistic spectrum-
generating superalgebra and the interpretation of Osp(1,4)
used previously.” In the previous interpretations SO(3,2)
is the group of motions in the curved universe; SO(3,1)g,,
is the Lorentz group and I'ym is the momentum; in par-
ticular, I'y is identified as the energy operator. In our
usage SO(3,2)r, sy is something like the SO(3,2)y,0,, of
Dirac y matrices except that the generators are operators
with an infinite-dimensional matrix representation. The
energy is the Poincaré group generator P, and only
through the constraint relation (13), which at rest reads

1
Py=—Ty+m?,
0= ot+mp

is the energy related to I'y. The angular momentum gen-
erating the physical Lorentz group is J,,=L,,+S,,
which is the infinite-dimensional generalization of a well-
known relation'® valid on the spinor basis.

The form (4.12) of the Hamiltonian for our physical
system agrees with the Hamiltonian of the quantum rela-
tivistic oscillator? (QRO) for which SO(3,2) was the rela-
tivistic spectrum-generating group. This means that the
restriction H, (H_) of the operator H to the bosonic
(fermionic) subspace #* (#~) is identical with the
Hamiltonian of the QRO. This, together with the nonre-
lativistic analogy'® upon which our present model is built,
suggests that the physical system described by the
Osp(1,4) spectrum-generating supergroup and the Hamil-
tonian (4.12)=(4.3) should be something like a relativistic
oscillator with “spin-orbit coupling.”

That (4.3) or (4.12) is a sensible choice of a relativistic
Hamiltonian (for a physical system that is defined by it)
can be seen from the following facts: For 1/a’=0 (or for
the trivial representation I'*=0), it gives the Hamiltoni-
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ans of a relativistic mass point; for I',=T,(Dirac) (ie.,
(|IT,|)=%v,), it gives the Hamiltonian of the Dirac
electron; for I',=T,(D(1,0)) [where D(1,0) is the partic-
ular representation of SO(3,2), discussed in Sec. IIIJ, it
leads in the nonrelativistic contraction limit to the energy
operator of the nonrelativistic spinless three-dimensional
oscillator.?

The Hamiltonian (4.12) does not describe mass depen-
dence upon the hadron spin j, that is upon the angular
momentum j in the c.m. rest frame [j(j + 1) =eigenvalue
W where W is given in (4.16)]. There is also another
quantum number s defined by (3.3) and (3.5) which will
not occur in the mass formula that follows from the
Hamiltonian (4.12). This quantum number s is something
like an angular momentum quantum number, as one can
see from the factor s(s+1) in (3.5). But s(s +1) be-
comes the eigenvalue of the square of an angular momen-
tum operator only in the nonrelativistic contraction lim-
it.220 Then the extended relativistic object can be viewed
as a vibrating and rotating diquark (or triquark) and s can
be interpreted as the sum of the spins of the constituents.
In the nonrelativistic limit, the total “constituent spin” s
combines with the intrinsic orbital angular momentum of
the constituents (which is also defined only in the nonrela-
tivistic limit) to give the total angular momentum j, the
spin of the extended object. Although this picture of a vi-
brating and rotating diquark makes only sense in the non-
relativistic limit,? the “constituent spin” quantum number
s is defined already relativistically by the eigenvalue of the
Casimir operators of SO(3,2).

To incorporate splitting due to this “constituent spin”
and j dependence, one has to add further terms to the
Hamiltonian (4.12). This can be done without problems
as (4.12) is not the most general form for the Hamiltonian
by the rules of the spectrum generating dynamical group
approach.

Corresponding to the dynamical subgroup chain (at
rest):

Osp(1,4)D80(3,2)r 5, DSO(3)5, XSOy, , (4.14)

the Hamiltonian can have the form

H =y |P,P#— B, T% W + BC(SO(3,2)) — iy’

(4.15)
In here
Wi, e
with (4.16)
W =% €uvpoP TP = 1 €,p0P "S7°

is at rest the Casimir operator of SO(3); f’# I'* is, at rest,
equal to I'y, i.e., the Casimir operator of SO(2), and C is
the Casimir operator of SO(3,2).

1/a, A%, and B are empirical system parameters, like the
spring constant of the oscillator or the moment of inertia
of the rotator (which they are actually related to in the
nonrelativistic limit).
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There are two independent Casimir operators of
SO(3,2). However, in the representations we shall use they
are related to each other; their eigenvalues are functions of
one additional quantum number, the before-mentioned s.
Phenomenologically one will not be able to distinguish be-
tween using the second-order Casimir operator C,, the
fourth-order Casimir operator Cy, or a function of both
(e.g., C4/C,) for Cin (4.15). We will use?®

C(S0(3,2))=—R = FF“+ 7S SHY (4.17)

and the Hamiltonian (4.15) for our comparison with the
experimental hadron spectrum. Our theoretical discus-
sions will be based on the “unperturbed” oscillator Hamil-
tonian (4.3).

The space 57 in which all these operators act is ob-
tained by inducing from the space #° of (3.9). This con-
struction is possible whenever SGGDSO0(3,1) and SGG
commutes with the c.m. velocity operator i’,‘ (Ref. 21).
Let p, denote the eigenvalue of the c.m. velocity operator
with p,p#=1, po> 1 and let U(L ~'(5)) be the represen-
J

H=HteH = ex*(m(j,u),j)®

One has therewith in # a representation space of the
Poincaré group Zp,,J,, and of Osp(1,4).

wepy
The spaces #*(m,j) are irrep spaces of Z with spin j

and mass m =m (j,;z) which are in addition labfled by the
principal quantum number u=eigenvalue P-I'. The
value of the mass follows from the constraint relation
(4.13) if one uses the Hamiltonian (4.3):

my, j)=$y FAig? . 4.22)
For the states with highest j for a given u (i.e., the states
with j =p—1=v for #* and j =p— 5 =v for # ) this
leads to

mz(j)=$j FmoX(t),

where (4.22a)

2+ _, 1 1 for st ,
mo(£)=mo"+; 5 for 7~ .

The states with j <v for a given value of v (daughters)
have the same mass. If one treats 1/a, mgy(+), and
moX(—) as free parameters, one obtains already a fairly
accurate description of the mass spectrum.
If one uses the Hamiltonian (4.15), then the mass for-
mula, which follows from the constraint relation, is
——Lp+x i+ D+BQ2—25N)+Rr, (423
where (3.4) has been used. This is the mass formula
which we shall compare with the experimental data in
Sec. V.
Before we compare the spectrum predicted by Osp(1,4)

2

p=3/2,...,
j=1/2,...
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tation of the boost L ~!(5) where L is the matrix of (4.4).
Then one obtains the basis that spans # from the basis
vectors |O,u,j,j3) of Sec. III by

| Bsttodiod3) =U(L "' P)) | Oop,jij3) - (4.18)

These |p,u,j,j3) are now eigenvectors of f’#F" and W
with eigenvalues p and j(j +1), r&spectlvely, due to (4.7)
and (4.8) and similar relations for W of (4.16), which can
also be written as

=333, (4.19)

where

3y =8,"8,"Spo, 8*,=1",—P*P,. (4.20)
2,", is the operator of the spin tensor. The operators
T*(P) of (4.7) and Qa(P) of (4.9) act on the basis vectors
| Ps1Jsj3) of # in the same way as the operators I'* and
Q. act on the vectors |0,u,j,j3) of Sec. III. From (3.9)
and (3.8) follows that

exX*(m(j,u),j) . (4.21)

=1

and the Hamiltonian with the experimental hadron spec-
trum, we want to mention how this relativistic model
differs from the usual relativistic generalizations of the os-
cillator’? and the usual quantization of the relativistic
string, in particular from the one-mode version of the
quantum relativistic string.* Usually one takes for the
relativistic intrinsic position §, and momenta 7, the
(3+ 1) or d-dimensional Heisenberg commutation rela-
tions

[gp.’gv] =o=['”y.’7rv]a [77'/.4’5\'] =iy,
and

(4.24)

Suv=8u\ 7rv+.S~',w (§”v=0 for spinless case) . (4.25)
In the present model based on Osp(1,4)DS0O(3,2) one de-
fines the intrinsic position by
PV
rel
=—S,,—.
# “ (eM)?

Using the Hamiltonian (4.3) one can calculate £ ;fl and de-
fine

(4.26)

T =2Mc€ ;,°'=2Mc71,[§"‘,H] =— i—lﬁA °T,

(4.27)

g#, is the operator defined in (4.20), it projects into the

plane perpendicular to the direction P The spin tensor
of (4.19) can also be written as

Z0=Su+ES AP, . (4.28)

Often (e.g., third and fourth references in Ref. 16) _é,’“'"
constrained to zero so that 2,,=S,,,, which is already not
satisfied for the Dirac electron. We do not constrain it to
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zero, use the Hamiltonian (4.3) to calculate the equation
of motion for §,’fl, and find that it performs a harmonic
motion (Zitterbewegung) around the direction of the
center-of-mass momentum P,. It is thus the natural can-
didate for an intrinsic position (dipole operator).

On c.m. rest states &' and 7" have the form

w_ g 1r,'°‘=——r,, i=1,2,3,

i (4.29)

so they are essentially defined by the generators of
SO(3,2). From (4.26) and (4.27) using the CR of SO(3,2)
one calculates

I grel i
[E5,65 1= WEW , (4.30a)
[ﬁel,ﬂel] =— mzm , (4.30b)
(&= —i8,, , (4.30c)
con

where the con in the last CR of (4.30) indicates that the
constraint (4.13) has been used. Thus the new intrinsic
position and momentum do not satisfy the usual relativis-
tic Heisenberg CR (4.24). However, in the Inonu-Wigner
group contraction limit 1/¢—0, when & — Galilei group,

(4.31)

E7—(0,6) m—(0,m), i=1,23,

where the three &; and w; satisfy the usual three-
dimensional Heisenberg CR. Thus (4.30) is as valid a rel-
ativistic generalization of the usual three-dimensional CR
as (4.24). For the spinless case (4.30) is just a different
quantization of the (lowest mode of the) relativistic string
(in which the Dirac bracket obtained from the center of
mass gauge constraint, and not the Poisson brackets, are
replaced by the commutators).® Although (4.3) is a dif-
ferent Hamiltonian than the Hamiltonian for the string, it
leads to the same mass formula. But, whereas it is impos-
sible to construct the representation space for the four-
dimensional string because there is no consistent way in
which the constraint relations can be accounted for (ex-
cept for the lowest mode approximation when the c-
number term in the Virasoro algebra vanishes), our model
is simple enough to derive the representation spaces. This
simplicity is achieved by avoiding unobservable variables,
like the position on the string, and the resulting trouble-
some constraints. Still our model describes more than the
one-mode approximation for which the constraints elim-
inate all but the yrast states of “rigid” rotation. Our
group operators do represent collective dynamical vari-
ables which describe collective rotational and vibrational
degrees of freedom. However, their relation to the intrin-
sic coordinates is not as transparent as in the usual nonre-
lativistic picture, but is given by group contraction.

With the representations of SO(3,2) and Osp(1,4) at
hand, it is simple to include any spin s. One has just to
choose the appropriate representations D(s +1,s) and
combine them into the right supermultiplets if one wants
a unified description of mesons and baryons.
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V. COMPARISON WITH THE EXPERIMENTAL
HADRON SPECTRUM

The spectrum described by our model is given by the
weight diagram, Fig. 2, and the mass formula (4.23). We
want to test it on the best-known class of meson reso-
nances (those with normal j* and positive C,P) and the
nucleon resonances. These are the diquark mesons with
total quark spin s =1 and the triquark nucleons with total
quark spin s = % According to the picture that emerges
from our model in the nonrelativistic limit, these are the
objects that should be described by the representation
(3.7).

We have used in our fit, all meson resonances of this
kind listed in the meson table,*® except for the following
resonances with j=0%: $(975), €(1300), S(1730), the
latter of which may not exist. And we have used all the
nucleon resonances with j ——L ,; ,; ,... (Ref. 27).
One can make various fits w1th different assignments of
the principal (vibrational) quantum number v to the ex-
perimental resonances. After numerous attempts with
many different assignments for this new quantum number
v, we have concluded that the best fit is obtained if one
assigns the resonances on the p, o, and nucleon Regge tra-
jectory to the states with v=j (“yrast” states). In addi-
tion, there are the daughters with j=v—1,v—2,....
This assignment of the masses?® to the levels of the
Osp(1,4) weight diagram is shown in Fig. 3. As the I =0
and I =1 resonances of the same kind (e.g., p and w) are
almost degenerate in mass, we have assigned them to the
same level; each meson state is therefore degenerate in iso-
spin. [It appears that this degeneracy cannot be explained
by going to Osp(N,4).]

We have first fitted the meson resonances and the nu-
cleon resonances separately to (4.23) determining two sets
of values for the parameters (1/a’,A%B8,/i,2). It turned
out that

L,(meson)~i,(nucleon) ,
a a

(5.1

A%(meson) ~ A%(nucleon) .

The first equality was to be expected from the slope of the
two Regge trajectories.

In analogy to supersymmetry in nuclear physics, where
different nuclei (even-even and even-odd) have the same
level spacing after the ground-state levels have been ad-
justed, the equality (5.1) is the empirical evidence for
dynamical supersymmetry for hadrons.

A joint fit to all resonances in the w,p (with states in
2*) and the nucleon tower (with states in % ~) gives

;17 =(1.03+0.04) GeV?,

A2=(0.015+0.008) GeV?,

B=(0.53+0.03) GeV or B~——1— .
a

Figure 3 illustiates the evidence for the supersymmetry.
There we have drawn m?—smiy2—B(2—2s?) for the y
coordinate of the levels using Eq. (4.23) with the empirical
parameters of Eq. (5.2). In addition to the resonances
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FIG. 3. The mass level diagram as obtained from a fit of the
nucleon— and of the (¥ =0,CP =+1,j =normal) meson—
resonances to the mass formula (4.23). On the horizontal axis is
plotted the spin j of the resonance. Vertically is plotted
m?—mi 2—B(2—s?), where m? is the value calculated from
(4.23) with the parameters (5.2), so that the baryon and meson
ground-state levels coincide. The values of the parameters (5.2)
have been obtained in a X? fit of the experimental data for the
resonances which are shown [by particle symbol and mass (in
MeV for nucleons and GeV for mesons)] near the levels to
which they have been assigned. These are only the resonances
whose existence and whose spin are fairly well established. Pre-
dictions of (4.23) and their comparison with mass and spin
values reported in the literature are discussed in the text. In ad-

it s 1+ 3 5+
dition to the nucleon resonances with -~ ,5 ,5 ,... shown

there are listed in the Particle Data Group table partners with
opposite parity and almost the same mass. They are not shown
here but have been mentioned in Ref. 2.

shown in Fig. 3, there is the M(2.75) resonance with
jP=7" whose predicted mass is 2.76 GeV, and the
jP=%" nucleon N(2700) whose predicted mass is 2791
MeV. Also not shown in Fig. 3 are resonances that have
been reported in the literature but for which the evidence
is very weak and which have therefore not been used in
the fit. For example, there has been reported a jP=1"at
1920 MeV with a width of 190 MeV, a j¥=2% at 2020
MeV and width 160 MeV, a 3~ around 2080—2110 MeV
(Ref. 28), which would fill the gaps at the v=4 levels. In
addition, there have been reported28 a jP =4% around
2260 MeV, a jP=5" around 2500 MeV, and a jf=6*
around 2710 which could fill the levels (v=5,j =4),
(v=6,j =5), and (v=17,j =6), respectively.

It may appear curious that the value of 8 turned out to
be 1/2a’. But at least so far there is no significance to it
and it does not constitute a prediction of the meson-
baryon mass difference. There is one free parameter B to
fit one experimental value, e.g., m(p) —m (o).
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We have also made fits to other classes of resonances
containing s, ¢, or b quarks, from which we conclude that
the parameter 1/a is flavor dependent. These fits give
further phenomenological evidence for the bosonic sector
only [SO(3,2) multiplets]. The only other indication for
supermultiplets comes from the strange mesons and
baryons, but there the data are still scarcer than for the
non-strange tower.

The fit by which the values of the parameters (5.2) were
obtained has a X?/np=10/28 which is good; but the ex-
perimental errors for the mass and the widths are large, in
particular for the high-spin resonances. There is no
expermentally well-established resonance (with j>O0)
which cannot be accommodated in the supermultiplet of
Fig. 3, and there are no predictions of the model which
contradict experimental facts.’ But then the value of the
new quantum number v (or ) can be arbitrarily assigned
to the resonances and have been assigned such that (4.23)
gives the best fit. Thus the experimental evidence for this
supermultiplet of hadrons is good but not overwhelming.
But this model reproduces the linear Regge trajectories
and explains them as vibrational excitations, by a theory
which is nothing more than relativistic quantum mechan-
ics. It predicts “daughters” as radial excitations, unites
the meson and baryon resonances and has a very well ac-
cepted nonrelativistic limit.

We were led to the present model from a relativistic
quantum mechanics for a rotating and vibrating extended
object (Ref. 2 and references therein). Our fits to the
predicted mass formulas showed that the mass splittings
between the meson and baryon levels are approximately
the same which we took as an indication for supersym-
metry, in analogy to the dynamical supersymmetries in
nuclear physics. Our phenomenological fits reproduced
the almost linear Regge trajectories as the “yrast” states
of the relativistic collective motions. Going in the oppo-
site direction and starting from the fact that the slope of
the Regge trajectories has the same value for baryons and
mesons, supersymmetric theories in hadron physics have
been arrived at before.’® These theories use relativistic
Bargmann-Wigner equations in a first-order approach to
effective Lagrangians.
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