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The only significant experimental evidence for T violation is based on the data on CP violation
and other measured properties of the decay amplitudes of neutral K mesons and their combined use
in an analysis based on the Bell-Steinberger unitarity relation or its equivalent. It has been pointed
out by Kenny and Sachs that there is a technical possibility that this conclusion can be evaded be-

cause the argument depends on the assumption that the effectiue (phenomenological) weak-

interaction Hamiltonian from which the decay amplitudes are derived is Hermitian. The purpose of
this paper is to show that this assumption can be circumvented by making use of additional data on
the unitarity of the decay amplitudes of both the neutral and charged K mesons to establish an

upper limit on the magnitude of amplitudes associated with T-invariant anti-Hermitian interactions.
It is assumed that the order of magnitude of such terms is in conformity with the values expected on
the basis of the usual approximate isotopic spin selection rules for the weak interactions. Then it is
found that if all the relevant weak interactions are T invariant, the data on unitarity would place an

upper limit on the CP-violation parameter
~
rt+

~

of
~
rt+

~
(0.34X10, which is an order of

magnitude smaller than the observed value. It is therefore found that the possibihty of including in

the analysis a non-Hermitian effective weak Hamiltonian up to the limit permitted by the data on

unitarity does not alter the conclusion that T invariance is violated. Confidence in this conclusion
could be increased by experiments that improve the precision of some of the available data used for
this analysis.

I. INTRODUCTION

The only well-established evidence for the violation of
T invariance is based on the observed CP violation in the
decay of the neutral K meson. The evidence is indirect; it
makes use of the relationship with other decay amplitudes
of the parameters sl+ and shoo measuring CP violation by
decay of the ECL into two pious. This relationship is usu-
ally formulated in terms of the Bell-Steinberger unitarity
conditions or the equivalent. '

The Bell-Steinberger conditions arise directly from the
assumption that the phenomenological weak interactions
are Hermitian. That the fundamental interactions are
Hermitian is generally taken to be a sacrosanct principle
because it underlies the unitarity of all the dynamics.
However it is the effectiue weak interaction that enters
into the description of the KD, K phenomena and is the
basis for the analysis leading to tests of T invariance and
CPT invariance. The assumption that effective interac-
tions are Hermitian does not stand on the same firm
ground as the corresponding assumption for the underly-
ing fundamental interactions. In fact it is common prac-
tice to take account of unobserved absorptive channels in
scattering and reaction processes by introducing non-
Hermitian phenomenological terms into the interaction.

Although no specific theory leading to a non-Hermitian
effective interaction for the E,E decay phenomena is
suggested here, the possibility that the correct theory will
turn out to have this property does exist. For example,
one might imagine the participation of an undetected
massless (or nearly massless) spin-zero particle that is odd
under CP, like an axion, in weak decays. That could in-

troduce absorptive effects and, possibly at the same time,
account for CP violation in the observed decays.

On a more general level, the recent revival of the notion
that our four-dimensional space-time is embedded in a
higher-dimensional manifold allows the speculation that,
while unitarity holds sway in the total manifold, there
may be deviations from unitarity within the space-time
subspace which is our realm of observation. That there
should be room in physical theories for such a concept is
suggested by the notion of the unification of quantum
field theory with general relativity. A unification that
permits the concept of the black hole must lead to the
possibility of an apparent violation of unitarity to account
for the swallowing by the black hole of such quantuin
numbers as the baryon number.

These remarks are meant merely to suggest that it is
possible to conceive of a situation in which the correct
theory leads to non-Hermitian effective weak interactions.
It is not my purpose here to propose, or to investigate, the
general consequences of such a theory but, rather, to
reevaluate the experimental evidence for T violation in the
light of the possibility of such interactions. I will show
that, if T invariance is assumed to be an overriding prin-
ciple, the highly sensitive experiments on CP violation
provide a measure of the anti-Hermitian terms in the
strangeness-changing effectiue weak interactions while, at
the same time, the anti-Hermitian interactions imply an
apparent (i.e., observable) violation of unitarity, which is
subject to independent experimental test. Therefore the
loop can be closed; the consistency of the anti-Hermitian
contribution required by the assumption of T invariance
with the deviations from Hermiticity permitted by the
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data on unitarity becomes a test for T violation.
For this paper the loop will be closed by using the data

on unitarity to determine a limit on the non-Hermiticity
in the effective weak interactions under the assumption of
T invariance and then to confront the CP violation that
would be "predicted" on the basis of this T-invariant,
non-Hermitian effective interaction with the observed CP
violation. The direct data on CP violation will be found
to strongly disagree with this prediction. Therefore it can
be concluded that T inuariance must be Uiolated even if the
anti-Hermitian effective weak interactions responsible for
K-meson decay occur up to the limit permitted by the data
on unitarity

It will be found that the amplitude measuring the anti-
Hermitian interaction depends on the CP-violation pa-
rameter ao, which is defined by setting I=0 in

ar =(~1 ~r)/'(~r+~l }

where Ai (Al ) is the I=0 or 2, 2ir amplitude for decay of
the K (Ko}.

In the conventional treatment of these phenomena, use
is made of the CPT theorem and the freedom to choose
the phase of Ao to obtain ao ——Q. However the proof of
the CPT theorem depends on the Hermiticity of the in-
teractions so that the assumed non-Hermiticity of the
phenomenological Hamiltonian implies a failure of the
CPT theorem for the phenomenological amplitudes Ar and
Aq. Therefore a~0 in the case under consideration.

The stated estimates of error in the data on CP viola-
tion that enter into the determination of ao are crucial to
the final conclusion drawn here. Some of the estimated
errors are large, leaving room for doubt as to whether the
estimates are large enough. Therefore confidence in this
conclusion would be increased by a repetition of some of
these measurements with a higher degree of precision, if
that is possible. Two experiments that would serve this
purpose are the following.

(1) A precision measurement of goo —P+, which is
needed to provide an accurate determination of e", given
by Eq. (23), a qiuintity that enters into the indirect deter-
mination of ao made here [see Eq. (18c}].

(2) A high-precision measurement of the CP violation
in the 2m mode of the K +, which could b-e used to obtain
a more precise measure of ai than has been used here.
This (a2} is the other (and more important) quantity need-
ed for the indirect determination of ao by means of Eq.
(18c).

An alternative (or supplemental) experiment would be
as follows.

(3) The direct measurement of ao, which is possible in
principle but has not been reported.

In contrast with the conventional tests based on unitari-
ty which allow the observed CP violation to be separated
into measurable T-violating and CPT-violating parts,
separate qiuuititative measures of the T-violating and
anti-Hermitian contributions to the phenomenological in-
teractions do not emerge from this analysis. In particular,
once the assumption of T invariance is abandoned, the
number of parameters proliferates to such an extent as to
break down the simple relationship between the measure
of unitarity and the anti-Hermitian terms. The resulting

II. GECAY AMPLITUDES

The states of the K,K system will be denoted by
~ j ),

where j=1,2 and
~

1):—[K ), )2) =—[Ko). The con-
vention for the relative phase of

~
2) is taken to be

iK')=CP iK') . (2)

The dynamical basis for the analysis of the decay and in-
terference properties of these states is the generic time-
dependent Schrodinger equation:

ambiguity in the interpretation leads to uncertainty in the
connection between them. The possibility that both T in-
variance and Hermiticity are violated cannot be excluded.

Although a clear-cut measure of the degree of T viola-
tion is not forthcoming, the result obtained here, when
combined with the usual arguments based on Hermitian
interactions, would seem to establish the qualitative ex-
istence of T violation. However, since all of these argu-
ments are indirect, it would still be most desirable to have
the conclusion confirmed by direct measurements on pa-
rameters that change sign under motion reversal. ' Since
the effect observed in K,K o phenomena may be due to a
large CP violation in the weak interactions of heavy
quarks, measurements of such motion reversal parameters
at high energies (corresponding to masses of mesons com-
posed of heavy quarks) would appear to be the most
promising.

Because the standard treatment of the K,K decay
phenomena assumes Hermiticity, some reconsideration of
that treatment is needed here and will be provided in the
following three sections. Section II introduces the neces-
sary modification of the parametrization of the decay am-
plitudes, Sec. III develops the corresponding phenomeno-
logical relationships for the 2n decay mode, and Sec. IV
the modifications in the form of the dispersive and ab-
sorptive terms in the mass matrix.

In Sec. V the connection is established between the CP-
violation parameter ri+ and the parameters characteriz-
ing the foregoing analysis. Since the objective is to esti-
mate an upper limit on

~
ri+ ~, order-of-magnitude esti-

mates of the parameters are adequate and they lead to
simplifying relationships among the parameters. The or-
ders of magnitude are fixed by the assumption that anti-
Hermitian amplitudes are of the same order or smaller
than the CP-violating amplitudes. It is also assumed that
anti-Hermitian amplitudes of the K-+ bear the usual rela-
tionships to corresponding K,K amplitudes that are
given by approximate isotopic spin selection rules. Some
of the approximations are justified in the Appendix.

An estimate of the parameter ao is made in Sec. VI by
making use of similar assumptions and, in Sec. VII, the
experimental information on unitarity is used to place
limits on the magnitude of T-invariant anti-Hermitian
amplitudes, and thereby to establish the limit on

~ ri+
that is imposed by T invariance of these anti-Hermitian
terms. This limit is an order of magnitude smaller than
the observed value of

~ ri+ ~

. Therefore it is concluded
that the introduction of these non-Hermitian terms does
not alter the conclusion that T invariance is violated.
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(3) a,j(E)=A,q(E)e (10b)

TWy T '= 8'y, (8)

for both y= 1 and 2, where T is the antiunitary time-
reversal operator. When the states

I
c,out) are chosen to

be the eigenstates of the strong-interaction S matrix,
whose elements are given in general by (c,out

I
c',in), it

follows from Eqs. (4) and (8} and the antiunitary property
of T that

where 25, (E) is the eigenphase of the S matrix associated
with the eigenstate

I
c,in) and the state

I
c', in) is ob-

tained froni
I
c,in) by motion reversal of all quantum

numbers. Similarly, it follows from Eq. (7) that

(9b)

Equations (9) suggest the introduction of the "reduced
amplitudes"

and

a,j(E)=A,j(E)e (10a}

where the units have been chosen so that fi= 1 (and will be
chosen so that c =1). Here, H is the Hamiltonian includ-
ing the effective weak interactions which will be denoted
by W, and W may include the non-Hermitian terms.

The relevant terms in 8'are the LS'=+1 term 8'~ and
the bS =+2 term 8'z. The E,EC decay amplitudes into
the actual or virtual channel

I
c ) of energy E, which arise

from Wi, are denoted by A,j(E). Then, by consequence
of Eq. (3),

A,j(E)=(2irp, )'~ (c,out
I Wi I j), (4)

where p, (E} is the density of states
I
c) and

I c,out) is
the state having the form of a free wave for t~ oo in the
standard Lehmann-Symanzik-Zimmertnann (LSZ) nota-
tion. The channels accessible in the decay process (i.e.,
those having a total mass & mx) will be denoted by I f )
and the amplitude is normalized in such a way that par-
tial decay rates are given by

rfj —
I Af, (m

For convenience, in the following the on-the-mass-shell
amplitude will be written simply as Afj.

Ajj= Afj(E —=mjr) .

It will be necessary to introduce the "transposed ampli-
tude, " A,j(E) defined by

p, )'"&J
I

W, Ic,out&. (7)

Clearly, if W, is Hermitian A,j(E)=A,~(E), the conju-
gate complex, but, otherwise there is no direct relationship
corresponding to Eq. (5) between Afj =A~~(mjt) and the
decay process. Nevertheless it will be shown that Afj
does play a role in determining the overall decay proper-
ties of the system.

The assumption of T invariance implies that

for which the condition of T invariance becomes

a,'j(E}=a,j(E) (1 la)

a,', (E)=a, j(E) . (1 lb)

Therefore reduced amplitudes that are even under motion
reversal are real numbers and those that are odd are imag-
inary. But the 2m and 3~ amplitudes are necessarily even
and the only odd contributions to other amplitudes are
those arising from electromagnetic (e.g., Coulomb) final-
state-interaction effects, which are not included in the
eigenphase 5, . Since the electromagnetic effects are small,
these odd terms may be neglected. Hence, in this approxi-
mation, all of the amplitudes aj(E) and a,j(E) are real.

The effective interactions Wr, y = 1 or 2, may be writ-
ten as the sum of Hermitian and anti-Hermitian parts:

(h) (a)8~=8'~ +8'~ (12a)

where

(h)f (h) (a)t (a)8' =8, 8' = —8' (12b)

Then the reduced amplitudes a,j may also be written as
the linear combination of contributions b,j and p,j arising
[as in Eq. (4)] from WI"' and W'&", respectively,

~j
= cj pcj (13a)

where the choice of sign in the definition of p,j is a
matter of convenience. It follows from the definition of
the transposed amplitude, Eq. (7},and from Eq. (12b) that

a„(E)=b,j(E)+P„(E). . (13b)

a,j(E)=a,j(E)+2P,j(E) . (13c)

These two real parameters a,j(E) and p,j(E) now sup-
plant the two that characterize the usual analysis: the real
and imaginary parts of each amplitude. Interference ex-
periments make possible the determination of real and
imaginary parts of a decay amplitude Afj (on the mass
shell) but no corresponding method is available to mea-
sure pfj.

III. PHENOMENOLOGY OF CI' VIOLATION
IN THE 2m MODE

The standard analysis yielding an expression for the
KL, to Ks ratio of 2m decay amplitudes i) (=7)+ or
7)00) in terms of the mass matrix and other parameters
must be modified to take into account the apparent CPT
violation that must occur under the assumption of T in-

The two amplitudes , a(Ej) and a,j(E) are thereby re-
placed by two other real parameters , a(Ej) and p,j(E),
where P,j(E) Provides a measure of the degree of non-
Hermiticity of the effective interaction. It will be most
convenient to parametrize the analysis in terms of the to-
tal ainplitudes , (aEj) and their anti-Hermitian parts,
P,j(E), by writing, in Place of Eq. (13b),
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variance. However the eigenstates of the mass matrix
take the usual form

I Kz }=2 'i2[(1+e—e)
I
K }+(1—e+e) I

X }],

The other is that e" is 90' out of phase with

e'=2 '~ ie' Im(a2/ao) (19)

'Qmr=&+&+&mr ~ (16a)

where e represents the direct CP violation in the 2n
mode:

e =(A2 —A2 )/(Ai +Hi ) . (161)

It is at this point that a departure from standard forms
becomes evident: when e is written in terms of the re-
duced amplitudes at~ for the I =0 and I =2 eigenstates
of the 2n system. First, because of the assumed T invari-
ance, 6pj and a 2~ are real numbers and the quantity
'-eI maiqn terms of which e is normally expressed,

vanishes. Second, the direct CP violation, which is in fact
a phenomenological CPT violation, may be expressed in
terms of a real number at given by Eq. (1) or

at =(at at)/(at+a—t) .

(14a)

I
I(.'t, ) =2-'"[(I+e+e}

I
Eo}—(1—e—e)

I
X o}].

(14b)

Here e is directly related to CP violation and e to CPT
vialation and both are of order 10 or less so that terms
of second and higher order have been, and will be neglect-
ed.

The amphtudes for decay of the Ez and Et into any fi-
nal state

I f ) are related to the amplitudes Af and Af for
decay of the I(.'o and E o into the same final state by the
same linear relationships:

Afs ——2 ' [(1+e—e)Af +(1 e+e)Af ]—, (15a)

Aft 2 ' [( 1 +e e)Af —(1 e—e—)Af—]

and the ratio r} =A2 L/Az s of the amplitudes into a
2n state is, therefore, to first order in e,e,

which ordinarily appears in Eqs. (18) in place of e".
The significance of this phase difference lies in the

methods available for measurement of the direct CP or
CPT violation. The quantities measured are g+ and
rioo. Then the difference r}+ —rioo yields a value for 3e'
in the conventional case and for 3e" in the present case.
In general a determination of this difference requires pre-
cise information about the phases of both ri+ and r}oo.
The measurement of (()oo, the phase of rioo, is particularly
difficult and large estimated errors are given for the most
recent measurements. However, Cranin has remarked on
the fortuitous circumstance that the measurements of the
n-n. phase shifts lead to a phase for e' that is almost equal
ta the observed value of P+ . Thus, in the conventional
case, e', r}+,and rioo all have nearly the same phase and
the value of

I

e'
I /

I ri+ —
I

can be determined with pre-
cision from a measurement of

I rioo I
/

I ri+ —
I

Measure-
ment of goo is not required. The result is that

I
e'I is

very small compared ta
I ri+

For the determination af e", the situation is just the op-
posite from this happy circumstance: because of the 90'
difference in phase of e" and ri+ the determination of e"
is very sensitive to the measurement of (()oo and there is a
high degree of uncertainty in its value. This indetermina-

cy will result in a corresponding uncertainty in the esti-
mate of the "predicted" value of

I ri+ I
based on the as-

sumption of T invariance.
The equation

3e = 'g+ —goo, (20)

which follows from Eqs. (18), along with the facts that
the phase of e",

(21)

implies that the real part of

Since az is small and need be considered only to first or-
der, Eq. (17a}can be written as

3E'
(22)

a, =a, (1—2a, ) . (17b) must vanish. Hence

When these definitions are used and the difference
5=52—5o between the I=2 and I =0 phase shifts is in-
troduced the outcome for ri „is

3l E' ' 900
sin(goo —P+ ) .

'9+ — "7+—
(23)

g+ ——@+F+ap+ e",
'f00 =6'+ F+CXP —26

(18a) And if the values

(181)
I v]oo I

/
I ri+ I

= 1.0138+0.0174 (24a)

e"=2 e' (ai/ao)(a~ —ao) . (18c)

Use has been made here of the well-known approximation
a2/ao «1 [see Eq. (441) below]. There are two impor-
tant differences between Eqs. (18) and the more usual ex-
pressions for ri . One is the appearance of the common
real term ao measuring the contribution of direct
(phenomenological) CPT violation in the I =0, 2m mode.

goo —Q+ = 10'+6'

are inserted the result is

(24b)

)e"/g+ =0.059+0.036, (25)

where the large estimated error is due to the estimated er-
ror in the measurement of goo —P+
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IV. THE MASS MATRIX

The mixing parameters e and e are directly related to
the mass matrix responsible for the mixing through the
cquatlons

1=ao+(2A) 'e '[ I'ii+ —,
' (I'2i —I"„)

+ i (2m i2+ rn 22
—m;, )]+a" .

(32)

—1 '~oe=i (2A) 'e '(Miz —Mz&)

e=i(2A} 'e '(M22 —M»),
where

(26a) Since the observed value of P+ -$0, the phase of the
third term in the square brackets is nearly the same as
that of e". Therefore they can be combined and Eq. (32)
may be rewritten as

9+— +0+(2A) e [~12+ 2 (~» ~ll)](1+i()

A=[(hm) + —,
' (I s —I r ) ]'r

yo ar——ctan[ 2b, m/(I's I'r—)],
hm =mr —ms .

(27a)

(27b}

(27c)

Equations (26) are valid to first order in the small quanti-
ties 6' and F.

Although these equations have the standard form in
terms of the elements of the mass matrix, the expressions
for these elements are modified significantly by the intro-
duction of anti-Hermitian contributions to the effective
interactions. If Mjk is written as

1&k =m.a ——~JkJ J 2 J (28)

then, for non-Hermitian interactions

~jk X~fj fkf
(29a)

mjk mK'5jk + &i I
@'z

(
k &

P I QA,)(E)A,k(E) .
C

(29b)

As a consequence of the conditions Eqs. (8) and (9) for
T invariance, I'rk and Mjk are real numbers. When they
are expressed in terms of the reduced amplitudes, they
may be written as the sum of real symmetric (Hermitian)
and real antisymmetric (anti-Hermitian) matrices

~jk ~jk+ I jk (30a)

S am Jk —m Jk +m J'k

with

~ik +~afjafk + fr'~fk +I fjafk )

f
I'k=g(Pf ajk —af Pfk»

f

(30b}

(31a)

(31b}

V. CP VIOLATION RESULTING FROM
ANTI-HERMITIAN AMPLITUDES

Equations (18), (26a), and (30) may now be combined to
write

and so forth. The symmetric and antisymmetric parts of
Wi are simply its (real) Hermitian and anti-Hermitian
parts.

+(afPf afPf)] . — (34)

Because the I =0, 2n amplitudes are much larger than all
others, it is a good approximation to include only those
terms (f—:0) in Eq. (34). The validity of this approxima-
tion is confirmed in the Appendix by making use of avail-
able data on the other amplitudes. Furthermore, an upper
limit on the CPT violation of the anti-Hermitian ampli-
tude may be estimated by assuming it to be of the same
order as that of the total amplitude given by Eq. (17a) and
terms of order higher than the first are neglected. Then,

&r Pr =2rrrrrPr-
with

Irrl &I

and Eq. (34) becomes

(3Sa)

(3Sb)

~i2+ (~» ~11) 2+0 0 (1+2i 0/ao) '

Now from Eq. (27a)

where g is a real number. Since g is the ratio of dispersive
to absorptive terms in the mass matrix (except for the
small contribution of e") which is of the order of
b,m/I' s, it is expected that

~ g ~

=1.
Equation (33) will now be used to express i)+ in terms

of other measurable parameters such as the decay ampli-
tudes appearing in the absorptive terms. No such expres-
sions for the dispersive terms are available but g will be
treated as a parameter to be determined by the condition
that the phase of rj+ given by Eq. (33) be equal to the
observed phase. That is possible because, from T invari-
ance, ao, I i2, I rr, and g are real numbers. The situation
is strikingly at odds with that associated with CPT invari-
ance because, then, a0=0, the dispersive term is intrinsi-
cally imaginary, and it is only necessary to confirm that
the absorptive terms (which are not real) are small in or-
der to demonstrate that P+ -(()0. Thus the phase of
g+ is obtained in a more "natural" way under the as-
sumption of CPT invariance than in the present case.
Nevertheless it is important to provide substantive evi-
dence that the "unnatural" way is excluded.

Equations (31) may now be used in Eq. (33) to express

rj+ in terms of amplitudes since

I »+-,'(I» —r»)=/[(pfaf afpf)+ —(a7 af )

f
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A=2-~~2r, =2~~2.,2

so that Eq. (33) may be replaced by

7)+ =ao[1—2 'f e '(1+2Po/ao)(i+i/)] . (38)

af,af, respectively, for K decay into analogous modes
(the same label f refers to the analogue mode of appropri-
ate charge and j=1 or 2 correspond to the subscript +
or —,respectively) is given by

Since P+

I)+ e =ao[e —2 'f (1+2Po/ao)(1+i()] (39)

sin{()o+2 'f g(1+2po/ao)=0.

Thell

If' I /2 7T PO
e + =2 ao sin+

(40)

(41}

must be a real number and g is determined by the condi-
tion

afi oaf+ ~ (43)

where gf is (because of the assumed T invariance) a real
number.

It is an adequate approximation for the present purpose
to assume that the ratio gf in Eq. (43) is of the order of
unity. That is justified on the basis of the usual assump-
tion that the amplitudes for these analogue decays are
simply different isotopic spin state manifestations of the
same interactions. For example, the common assumption
that E-+~a-+m decay is due to the same bI = —,

' interac-
tion that is responsible for the I =2, 2n mode of Ks leads
tolo

Since Eq. (27b) gives Po ——43.7', the relationship between
the parameter measuring CP violation and that measuring
the anti-Hermitian amplitude in the I =0, 2m state is

glv1ng

(44a)

ri+ e
' '-=2-'f2ao(2. 27X10-'—2po/ao) . (42)

~
a2/ao

~

=0.045 (44b)

A value of ao is now needed to determine the connec-
tion between CP violation and the anti-Hermitian ampli-
tude. Although ao can, in principle, be measured directly,
no result has been reported and it is necessary to fall back
on an indirect measurement at this time.

The procedure to be followed here is to make use of the
rather poorly determined value of

~

e" ~, given by Eq.
(25}, along with its definition, Eq. (18c), and an estimate
of a2 from the measurement of CP violation in the 2n.

mode of the K+ to obtain an es-timate of ao. This will
then yield an estimate of the range of values of

~ I)+
that are consistent with acceptable deviations from unitar-
ity under the assumed T invariance of the effective Ham-
iltonian.

VI. DETERMINATION OP 0,'0

The information on a2, and on other parameters that
will be needed later, is to be obtained from data on K+-

decay, especially data on CP and CPT violation in K de--
cay which are given in Table I. The connection between
the K+decay amplitudes a-f+, af and the amplitudes

gf =1.5, (45)

where, for the 3Ir state, an average over Ir+If Ir and
Ir Iron states is used. There is, of course, no K+- analogue
to the amplitude ao, nor is there a K,K analogue to the
dominant E+-~@+-v mode.

Since only an estimate of their order of magnitude is re-
quired the anti-Hermitian parts of the amplitudes are ob-
tained by using the same relationship:

pfi —~fpf+ (46)

Furthermore, gf is taken to be independent ofj since any
dependence must be small, of the order of the CP viola-
tion.

by comparison of the Koz decay rate (which is dominated
by the I=0, 2' mode) with the 2n decay rate of K
This result is also consistent with the observed ratio
I s(lr+m )/I s(m Ir ).

The ratios g~ for the other important analogue modes,

f=3m and f=Irlv, may be obtained by direct comparison
of the KL and K+-lifetimes and are found to be

TABLE I. Tests of CP and CI'T invariance from decay modes of E—.Bf + is the branching ratio
lllto m(xic f, Tllc dcflillltloll of af + is af +={af+ af )/2Qf—
Test of

CP
CI'
CP
CI'
CI'T

X--~-~P+ + Q

E —~p —v+ +

sc- ~-~-~++ + +

E— m-m m
+ + Q P

E— lifetime

Measurement

~,+=(8,.+ —8,. )y48,. =(2.0~3.0)X10-'
)g48 —( 1 4g1 0)~10—

a,+ =(8,+ —8, )/48 =(0.2+0.3) )& 10
ay+ =(8 —8 )/48 =(0.2+1.5) )& 10

(I + —I )/I"+ ——(1.1+0.9)~10 '

Reference

'D. Herzo et al. , Phys. Rev. 186, 1403 (1969).
W. T. Ford et al. , Phys. Rev. Lett. 18, 1214 (1967).

'%. T. Ford et al. , Phys. Rev. Lett. 25, 1370 (1970).
K. M. Smith et al. , Nucl. Phys. 860, 411 (1973).

'F. Lobkovricz et al. , Phys. Rev. 185, 1676 (1969).
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From Eqs. (43) and (17a) it is then found that

az ——(a 2+ —a2 )/2a2+

(18c}give

ao ——(2.0+3.0)X 10-'—(1.85+1.13)i}+ e + (48)

so that az ——a2+ given in Table I. Then Eqs. (25) and whichmaybeappliedtoEq. (42) to yield

I

=
I
(1.41+2.12)(2.27X 10 —2'/ao) I I

1+(1.308+0.799)(2.27X10 —2po/ao)
I

'X 10 (49)

VII. TEST OF UNITARITY

The eigenstates
I
K ), with a—:S or L, of the mass

matrix M satisfy

mIx. )= M.——'I'. Ix.)

all other contributions to the sum in Eq. (54) are small

and it becomes

g Bys+2 Re(Pos/aos) =1 .
f

(56)

Now to zeroth order in (
I
e

I
+ I

e
I » aos and Pos a«

real and

from which the "unitarity" condition

2&PI m'I a) —i&P I
I"'I a)

(m~ —m p) ——(I + I'p) & Ep I
E ) (51)

CX

Pos/aos=Po/ao .

Therefore

2Po/ao ——1 —g Bys
f

(57)

(58)

By I ay I
/I——

Eq. (52) may be written as

+By [1+2Re(Py /ay )]=1 .
f

(53}

(54)

This statement replaces the usual statement of unitari-
ty:

I.

follows directly. Here, the states
I
K ) —=

I
a ) and

gp I

—= && I

=
I
&&' ~e given 1 y Eqs (14) an«he ma

trices mjk, I k are defined by Eqs. (30).
Of particular interest is the case a=P for which Eq.

(51) becomes

I =+[lay I'+2Re«f By )1+2i&a lm'Ia&
f

when I" is expressed in terms of amplitudes by means of
Eq. (31a}. Although m' is an antisymmetric matrix (in

j,k) it has diagonal elements in the In) representation
but these elements are proportional to Im(e+ e)m, 2.
Furthermore m ii itself is antisymmetric for exchange of
K and EC; hence, it is CP violating and can also be ex-
pected to be of order (

I
e

I +
I
e

I
). Therefore the term

& a
I

m'
I
rr & in Eq (52) is of second order in (

I
~

I
+ I

~
I )

and is negligible.
The amplitudes ay~, Py~ are obtained from the real

quantities ayy, Pyj by means of the transformation Eqs.
(15) and are complex because e and F are complex. Since
the branching ratios of the EC into the final state

I f ) are
given by"

QB (mlv)=(1. 03+0.06) X10 '
I

and, from those on the other branching ratios that

g Bys ——0.982+0.016,
f

whence

(59)

Po/ao =0 0090+0.008 . (61)

An upper limit on the value of Iq+ I
permitted by

Eq. (49) is obtained by using the upper limits on the two
factors in the numerator. Since the estimated errors in
both factors are large, a conservative limit will be ob-
tained by taking the extreme values associated with three
standard deviations. Thus 2'/ao ~ 6.60X 10 and

I
(0.34X10 (62)

The small corrections, of order 1%, to the denominator in

Eq. (49) have been neglected. The upper limit Eq. (62) is
smaller than the observed value

gives the remaining parameter appearing in Eq. (49}.
The sum can be determined from the measured Ks

branching ratios for the m+m, nn, and .@+A y modes,
which are tabulated, ' and the semileptonic modes, which
are not. However, the last can be obtained on the basis of
evidence for the hS=EQ rule which involves a direct
measurement of the partial semileptonic decay rates of the
Es and Ki, . The implication is I s(n +1+v)=—I 1.(n +1+v), —
a result that is consistent (to zero order in

I
e

I
+ I

e
I

)

with the observed charge asymmetry in the semileptonic
decay of the KL. It follows from the data'3 on
I L(ir-'1+v) that

and may be used as a basis for determining the deviation
from unitarity due to the presence of the anti-Hermitian
terms. In the case a=S, Bos= 1 for the I =0, 2~ state,

I
=(2.27+0.02) X 10

by an order of magnitude.

(63)
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It should be recognized that the result in Eq. (62) is
dominated by estimated experimental errors. The largest
effect is that due to the uncertainty of the CP violation in
the 2nd.ecay mode of the E+, g-iven in Table I. The other
is associated with the data on branching ratios. Any
departure from unitarity is lost in the noise. The fact that
the precision of these measurements is high enough that
even when the estimated errors are multiplied by three
they are sma11 compared to the very small CP violation is
the significant result obtained here.

Taken along with the usual argument' based on the as-
sumption of Hermitian effective interactions, this result
leads to the conclusion that T inuariance is violated even if
anti Her-mitian interactions occur up to the limit permitted
by the data on unitarity It .should be remarked that the
weakest link in the overall evidence for T violation ap-
pears to be the indirect measurement of the m mph-ase
shifts 50 and 52 whose difference 5 enters all of these ar-
guments in a crucial way. Improved precision of these
data and experiments providing direct evidence of the
violation of motion reversal symmetry are needed to sub-
stantiate the existence of T violation.

g B« =0.933+0.038
f

(A7)

tudes af+ and pf+ defined for the EC +decay in the same
manner as afj and Pfj were defined for K,E, Eqs. (13).
Since there is no mixing in this case, the total decay rate
I + is given directly by the equivalent of I ~~. , Eq. (29a):

I + ——g af+ [1+2(pf+/af+)] .
f

Vfhen the branching ratios

Bf+——af+ /I +
2

are introduced it is possible to obtain a measure of the
anti-Hermitian term for charged decays analogous to Eq.
(A3):

2(p, /a, )= QBf, (A6)
. f

From the tabulated data' on the branching ratios it is
found that
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g Bf+——1.005+0.007,
f

whence it follows that

(pL /aL ) =0.033+0.019

(P+/a+ ) =—0.003+0.004 .

(A9)

(A10)

AFFENDIX". CONTRIBUTIONS
OF OTHER DECAY MODES

The foregoing discussion has been limited to the treat-
ment of the role of the anti-Hermitian term in the dom-
inant I =0, 2n mode of the Eg system. The purpose
of this appendix is to place limits on the contributions of
anti-Hermitian terms to other modes and to justify the
neglect of these modes in arriving at the crucial approxi-
mation Eq. (36). Since the only purpose here is to show
that these terms may be neglected, order-of-magnitude es-
timates of some of the parameters will be used.

The application of Eq. (52) to the case of a =I. pro-
vides the basis for estimating the magnitude of pf/af for
f&0 because EL has many decay modes having compar-
able branching ratios. As before, the contribution of m'
is negligible so that

[~~12+ 2 (~~22 ~~11)) (A 1 1)

with ~ri+ ~
givenby Eq. (62).

The evaluation of

(4A) (bl'22 —bl'())= —, g aj —af 1+2
f~o ag . f

(A12)

These averages serve as a basis for estimating the order of
magnitude of the anti-Hermitian term for specific modes.

The remaining question concerns the contributions to
Eq. (34) of the modes other than f=0, i.e., the I =0, 2m

mode. If the contributions of these modes to I'f2 and I'~~

are denoted by 61 ~2 and EI"~2, the effect on ri+, given
by Eq. (33), is determined by a comparison of

rL =g I afL I'[I+2Re(pfL/afL)l .
f

(A 1)

(A2)

Therefore, if an average value of (Pfj /afj ) is defined by

(pL/aL ) QBfL Re(pfL /afL ) Q Bfl ~

f f

I,—r =g af 1+2 Pf+
Qf+

—af 1+2
Qf

can be made by making use of Eq. (A4) to write
T

(A13)

where Bfi is defined by Eq. (53), then

2(pL /aL ) = g BfL
' —1 .

. f
Similar relationships may be obtained for the ampli-

and then relating the two similar expressions by means of
E s. (43) and (46) for the analogue modes of E+ and—
E,E . Equation (A13) includes the E„+2mode for which-
there is no analogue of K,IC . Therefore Eq. (A12) be-
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(4A) '(EI 22
—b I"ii)

=(4A) 'g I —I — a„ 1+2
Qp+

by noting, first, that only those states f that are common
modes of both K and E contribute. Therefore the
bS=EQ rule excludes the semileptonic states and only
the contributions of the I =2, 2m mode and the 3nmodes
are expected to be significant.

Generalizations of Eqs. (17b) and (35a) to include the
3K modes

(A14)

where g is an average of gf and is expected to be of or-
der unity.

An upper limit on
~
P„+/a&+

~
may be obtained from

Eq. (A10) by assuming that it is the only nonvanishing
contribution to the average. Then, since B&2 + -63%,

Qf Qf —2Qf Qf

If ~f= 1'f f f
for f=2 and f= 3m, yields

(2A) 'bl i2 ——A ' g af af(7'f 1)13f/af,
f

(A21a)

(A21b)

(A22)

2
i P~+/a~+ i

&0.008+0.012 .

=(4A) 'I fg
+ —I —(B„2,+ —B„2, )

+

I at + I

'—
I at - I

'=(B,2, ++B„2,

(A15)

(A16)

(A17) (
~
13f/af

~
) & 0.083+0.030 (A23)

where the sum includes only the I =2, 2ir ««e (f =2)
and the 3m states. An upper limit on

~
P2/ai

~

=
~
P2+/a2+

~
may be obtained from Eq. (A10)

by assuming that the only nonvanishing anti-Hermitian
term is due to I =2 and, similarly, an upper limit on

~ Ps /a&
~

may be found from Eq. (A9). Together the re-
sults may be expressed in terms of the average for the two
modes

if the corrections of (at most) 1% or 2% due to Eq. (A15)
are neglected. From Eq. (37)

(4A)-'I, =2-'"(I,/r, ) =2.55 X 10-' (A18)

and (I + —I' )/I'+ as well as (B„t+—B&z )/B„2
given in Table I, this contribution to Eq. (A11) is found to
be

(4A) '(EI'i2 —bI ii)=(1.18+0.68) X 10 g (A19)

(2A) 'b, l ii ——(2A) ' g (pfaf —af13f )
f~0

(A20)

may also be shown to be negligible compared to
~
si+

which is 2 orders of magnitude smaller than si+ and,
therefore negligible.

The term

Furthermore, if, on the basis of Eq. (43), it is assumed
that a~&

——af-+ for the analogue modes, Table I may be used
to set the limit

(A24)

Finally, from Eq. (44b) and the relationship a 3 /
ao ——Bs L I L, /I s it follows that

az /ao (as' /ao (6X 10 (A25)

so that from Eq. (37)

~

(2A) 'AI i2 ~
((0.015+0.005)X10 ((yf ) —1)

(A26)

which implies a correction of less than 10% to Eq. (62)
for any reasonable value of the average ( yf ).
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and CPT invariance based on the unitary conditions.
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where it is argued that particle creation by black holes is in-
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Hermitian interaction among observable states.
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"Motion reversal, " in contrast with "time reversal" is defined

as the transformation that changes the sign of all quantum
numbers associated with observables that are odd under T
such as momenta and angular momenta. It is well known
that cross sections and decay rates may include terms that are
odd under motion reversal even when the interactions are T
invariant, and the magnitude of such terms is predictable in
terms of final-state phase shifts. Evidence for T violation de-

pends on a demonstration that such terms are different from
what is 'expected on the basis of measured values of phase
shifts.

See, for example, R. G. Sachs, Phys. Rev. Lett. 36, 1014 (1976).
~The important result, to be used later, that the matrix elements

mjk and I ~q are real is a general consequence of T invariance
and does not depend on this approximation although the ex-
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~A summary is provided in K. Kleinknecht, Ann. Rev. Nucl.
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' Note that P/ is the absolute, not the relative branching ratio.
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where I f is the directly measured partial decay rate. If the
absolute branching ratio is known for one decay mode, f=0,
and the relative branching ratios B/(rel)=I //+&I / are
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Bf Bf( rel }So/80 (rel},
~2Particle Data Group, Rev. Mod. Phys. 56, S1 (1984). The ab-

solute branching ratio for Eq~~+m was measured by ob-
serving the decay of a tagged Eq beam in a hydrogen bubble
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lated realtive branching ratios and their estimated errors ob-
tained from combined data of several experiments were then
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it is not the average value of Bf but is, instead, the estimate of
error that is important for my purpose.

~3The measured partial decay rates I"I (mlv) (normalized to the
absolute m+n. rate of the E~), are given in Ref. 12. The ab-
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I'L, (e+e e ) were also normalized to the absolute rr+rr rate
of the EC~. The small correction due to CI' violation is ig-
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