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The mean transverse energy of the produced hadrons in pp interactions is calculated in the
leading-logarithm approximation of QCD. Besides the computation of the contribution of large-pr
jets, we have shown that gluon bremsstrahlung, which dominates at small x, corresponds to events
with a large transverse energy and a large multiplicity. Experimental results seem to support this
QCD property up to hadronization effects which we have estimated from phenomenology.

I. INTRODUCTION

The dynamics of lepton-induced hadroproduction is ex-
plained as a factorizable mechanism. At high enough en-
ergy, partons are generated in a pointlike interaction
described by perturbative QCD at short distances. At
large distances, these partons fragment into hadrons, this
last step being governed by confinement forces, the
dynamics of which is not yet fully understood. The
hadron-hadron interaction is more intricate since this fac-
torization property is not obvious. Recent results in pp
and pp collisions at the CERN collider shed some light on
this problem. Hard collisions are indeed observed as two
or more large-transverse-momentum jets of particles. But
these events emerge from a background of nonjet configu-
rations corresponding to small-transverse-momentum par-
ticles with a large multiplicity.! Quite a few of these
events are characterized by a large transverse energy
Er= 3, (Er),, where the sum runs over all the particles
which deposit energy inside the calorimeters.

A priori it is not straightforward to relate the low-
transverse-momentum events and QCD since there is no
obvious large scale of momentum allowing perturbative
calculations. However, we have shown in a previous work
that gluon or quark radiation induced by “semihard” col-
lisions may explain most of the low-p; events at high en-
ergy. Indeed the rise of the total cross section at high en-
ergy is attributed to the low-x parton (mainly gluon) cas-
cading. The relevance of perturbative QCD calculations
at low x have been recently confirmed theoretically.?
Roughly speaking, Q?/x can be made large enough at
moderate Q2 to apply safely to perturbative QCD, which
explains why QCD is relevant to describe small-x events
(large multiplicity) and medium transverse momentum.

To study the mean total transverse energy (Er) or
do/dEr at the hadronic level, we have to calculate first
the corresponding observables at the partonic level using
perturbative QCD and take into account both the partoni-
zation of the incident hadrons and the fragmentation of
the outgoing partons. On one hand, we use our formalism
developed in Ref. 3 for the constituent quarks sharing the
total hadron momentum. On the other hand, the final-
state hadronization contribution to the transverse energy
has to be considered. Following an analysis made in
e*e™ annihilation into hadrons,* the effects of hadroni-
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zation are minimal when calculating (E;). This is why
we will focus in this paper on the calculation of the mean
value of the total energy (E7).

Our paper is organized as follows. In Sec. II, we recall
the formalism previously used in Ref. 3 to describe the
rise of the pp and pp total cross section. In Sec. III we
perform the perturbative QCD calculation for do/dEr
and (Er) at the partonic level and discuss the origin of
the large contribution to ( Er). Section IV is devoted to
the estimate of hadronization effects, allowing the com-
parison of our results with the full-acceptance, minimal-
bias events available at CERN ISR and CERN SPS col-
lider energies.” In the Conclusion we emphasize the
relevance of perturbative QCD for this problem. In Ap-
pendixes A, B, and C we discuss the validity of QCD at
low x and derive ( Er ) at the partonic level.

II. HADRONIC CROSS SECTIONS: THE FORMALISM

Let us recall briefly the formalism which has yielded
the rise of the total hadronic cross section between the
ISR and collider energies.’ In a first stage, one singles out
for each incoming hadron p or p one constituent quark of
low-transverse momentum m~300—400 MeV~my/3
where my is the nucleon mass. Its nonperturbative Q-
independent distribution ¥(Z), where Z is the fraction of
longitudinal momentum, is constrained by both valence-
number and energy-momentum conservation: namely,

1 1
[, ¥2dz=3, [ zwzdz=1.

The contribution to the pp cross section is given by
0,58)= [ dZ,dZ, W Z\ W(Z,)0™™N(Z,Z55) . (1)

To describe o™ at high energy, we retain as the dom-
inant contribution the exchange of one hard gluon of vir-
tual mass squared |7| >>m? (see Fig. 1). One gets

0P (Z,Z,s =5)
SANEA %D;(x,,,?)pg(x,,,?)ﬁdxadx,, .
a,b t

x, and x; are the Bjorken variables of the interacting par-
tons a,b; do/dt is the one-gluon-exchange cross section;
and the D’s are the parton distributions inside the constit-
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FIG. 1. Quark-gluon cascading. Pr, and Pr, are the outgo-
ing transverse momenta in the parton-a—parton-b collision.
The Pr’s are those of the cascading partons i or j (i<m —1,
j<m'=1.

uent quarks. The A domain of integration specifies the
phase space suitable for perturbative QCD calculations
and corresponds to the following cutoff conditions.

(i) Short-range interactions imply a transverse-
momentum cutoff Qr?>>Aqcp® Where Aqcp is the QCD
scale parameter of the coupling constant

a(f) _ 1 1
4r N, N, In(F/AY)

and Q7 has to be chosen for consistency larger than m?.

Qr? >1 GeV?, for instance.
(ii) The kinematics of the a,b collision implies

~oa ~
t<s =XgXpS .

(iii) The required validity of the leading-logarithm ap-
proximation (LLA) implies a cutoff on the longitudinal
momentum x,,x,. Indeed for a given Q% x cannot be
too small (this point is discussed in Appendix A). In a
model-dependent way,’ we have fixed the longitudinal
cutoff as

2
Xg,Xp >xc—ﬁ; . (2)
t
The integration on x,, x;, and the summation over parton
species a, b reads, in a compact form,

oP(§) =7 f z(t)*—(Cz(n) +N(n)g) 3)

2 S

where (n ), (n), are defined as the truncated multiplici-
ties of excited quarks and gluons at the scale 7:

(n)gs= fxmi,. DE&%(x,Ddx ,

where x.,;, is specified by conditions (ii) and (iii). In a

factorized approximation one gets®
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2 13
m a 5
Xmin=X,=—— for Qri<t<m? - ’
t m
(domain I),
122 _ 1/3
X min = ’_—{ for m? - T<§
s m

(domain II). In a 2 X2 matrix form, one may write, in an
an elegant way,

Cy{n)s+N.(n);=(Cy,N,

2 fHsz

i=1

, @

where i labels the step of parton cascading and

a,(ti) it-‘-H
41 t;

x"+1
X;

dx,-

Xi

dMi = ) (5)

where H(Z;=x; . ,/x;) is the usual singlet-gluon mixing
matrix

Po(Z) 2N;Pg(Z)

Pyl2)  Py(2) ©

and #;,x; labels the virtualness of parton i, and the longi-
tudinal momentum fraction of parton i versus the
constituent-quark momentum. Note that among the
Altarelli-Parisi kernels® Py and Py, behave as 1/Z near
Z=0.

The ¢;’s (more precisely’ the S;=1;/x;) are strictly or-
dered in the LLA. This condition allows the resumma-
tion of all the ladder contribution (see Appendix C). The
truncated multiplicity of the gluon and the singlet are
simple functions of

7)=ln—t—2, N =ln-s—2 ,
m m

and

_ ft as(t) dt

where p is a phenomenological parameter determined by
Dokshitzer, Dyakonov, and Troyan’ (DDT) to obtain the
correct sharing of momentum between quarks and gluons
in the nucleon at all scales.

With this formalism, we have obtained the correct rise
of the pp total cross section between CERN ISR and col-
lider energies.> This rise is explained by the excess of the
increase of the parton multiplicities over the decrease of
each individual cross section.

III. QCD CALCULATION OF THE PARTON
TRANSVERSE ENERGY

Let us consider the differential transverse energy cross
section for partons doP*"'/dE;. Following our formalism
[see Egs. (3) and (4)], one writes
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dEr 2 5087 0 ST U B PR
where
|pri—ng_nl=t;"20=Z P i=1,...,m—1, j=1,...,m'—1
is the transverse momentum (~ transverse energy) of the parton of the upper or lower cascades (see Fig. 1). pp, and

Prm are the transverse momenta of the interacting partons. E7 is the total transverse energy of the first produced par-
tons. It is formally simple to express the moments of doP"/dE; thanks to the & function. Indeed the Laplace

transform ¢(7) of do/dEr reads

_ (V5 do  —1Ef
o(1)= fo -—-dETe dE;, Rer>0
w =3 ~7lpg; | m —ripgl [V [ 4D g+ (ppe )
=7 S, 1€V TT aMie o 1€V T aMye ™75 | 1 | —=—e P (8)
i=1 j=1 t

and

9)

d(n) (1)
E+"\o. = —1"‘—£-—
<E m >0‘" =

7=0

Note that for this specific problem, the usual exponentia-
tion methods for moments do not apply. For instance, the
x; integrations defined by the domain A require some care
(see Appendix C). The mean transverse energy is obtained
for n=1. To perform the calculation we note that each
term | pr;lin 8¢ /07 cancels the 1/¢; singularity of the
matrix element dM; [see Eq. (5)]. Indeed one can write
this integral as

172

H o) dy ag(t; 1)
f S 2 g (Ve

4 t i i - 4

if we neglect the logarithmic dependence of the running
coupling constant on f;. As a consequence the term
t,~+1” 2 cancels the singularity of the next matrix element
dM; ,,, which in turn cancels the next singularity with
the appearance of a power of a,(z) at each step. This cal-

r

act calculation is difficult to handle since from energy-
momentum conservation in the parton-parton collision
Pim —PTim—1)=PIm'—Prim—1 and |Prm —Prim—1)] 2
~1. However, we show from kinematics that, as in deep-
inelastic scattering, the maximum value of (pr(m_1))°
[(prim—1))?] is equal to T(1—Z,)/4Z, [T(1—Z,)/4Z,].
For Z,; of order 1 this maximum value is smaller than T
whereas it is larger for small Z, ;.

In the first case, the balance of transverse momentum is
realized between the two outgoing partons a and b:
Prm ~Prm» and | prm | ~7 /% Er is thus nothing but
2% '/? and corresponds to the usual hard-scattering contri-
bution to large-pr events.

In the second case, for Z, <«<1 say, the energy-
momentum conservation is realized between the outgoing
parton a and parton m —1, |prm |~ |Prim_n| >t
This is nothing but the configuration of a deep-inelastic
process where it is W?=Q%(1—Z)/4Z rather than Q?
which sets the scale (p;%) (Ref. 8). The first configura-
tion [Z,,~O(1)] is very easy to handle for the main
contribution. Indeed E;~27 /2 at this order and we get

culation is performed in Appendix C by using the as- 81=(Er)0i,
sumption of strong ordering of the ¢;’s inside each chain @
2 i ¥ oaslt
mo<< - <<t <<t,_,. We get an order-a; correction = [? s Coin N 21,2
. . . . . . . = t .
to the main contribution. This order-a, contribution is 272 72 (Caln)s+Neln)g) di

nothing but a sort of soft-gluon bremsstrahlung and corre-
sponds to the sum of the transverse energy arising from
the cascading partons inside each chain. Under the strong
ordering assumption the main contribution to (Er)
comes from |pp; |, i=m—1,m, j=m’—1,m’. The ex-

J

a,(?)
72

81=(Er ) \Oin=" f; )
T

where

The order-a; correction arising from the contribution of
the remaining py;’s of the cascading partons is calculated
in Appendix C.

The final result reads

(Cy{n)s+N (n) TV 1+X (D], (10)
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~ | N.In I, |16N£1n
A agl1) X min min
X()= — 172
T &) 1
I, |16N £1In
X min
1 172
a,(7) Nclnx
~— S for large 16N £1n L .
m §(t) X min
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In the second configuration, both the first- and second-order soft-gluon bremsstrahlung contributions need some more
care. The complete calculation is performed in Appendix C yielding the result

5 a(?)
8;=(Er)y0in=m f; R ,;2
T

where

~ a,(?) a,(?)

Y(f)=4N,

142N,

~ 122
t]

X min

and
(p'72y, = f‘ y12D58(y )dy
»8 X min a ’

is the % truncated moment of the singlet and the gluon
structure function, respectively.

Comparing formulas (11) and (10) we notice that §, is
of order a,(?) compared to the large-p; contribution 8.
But the energy scale is (/X pi,)!”/? rather than 7!/2 and is
quite large for small x;,. This explains why 8, gives an
appreciable contribution to the transverse partonic energy.
This result has already been obtained in deep-inelastic
scattering® where the scale of (py?) is W2~ Q?/4x rather
than Q2. Note that it is not the truncated multiplicity but
the 3 truncated moment which enters in the definition of
Y(7). Indeed the maximum value of pr,_; is
(Txp, _1/4x,)"/? and not (7/4x,)'/%. As shown in Appen-
dix C, this extra x,, _,'/? arising from the integration over
tm 1 changes the first moment into the 3+ moment of the
gluon and singlet distributions.

A general comment is in order. Our calculation relies
heavily upon the non-Abelian character of the theory,
namely, the existence of the three-gluon vertex yielding
the 1/Z singularity of the Py and P, kernels. We thus
think that this large- Er background observed in hadron-
hadron collisions at high energy may be connected to the
non-Abelian character of QCD.

A rough quantitative estimate can be made when com-
paring 8, and 8,. Indeed in the model of Ref. 3 for the
rise of the total cross sections, one considers X, =m?/7
[(§D'?] in domain I [domain II]. In this model, the
minimum value of x., is (m2/s)'3=7x10"3 at
Vs =540 GeV and (y'/*); /(Xpin)'?~2.4(n),. Thus if
we consider only the main contribution for the gluon we
get (8,/8,)3~10a,(7). In this model,® () is of order 3—5
which means a,({7)) of the order 0.25. Thus 8,/8;~4.

(Cy{n)s+N.(n),)Y(D)dF ,

(11)

(C2y 2, +Ne (7))

As far as the soft-gluon contribution is concerned, we get
a correction

4

a,(f)=~2a,()~0.5

T
for 8, and
1 172
N mx_mi; a,(?)
10 ™

or 2.5a,(7)~0.6 for §,.

This rough quantitative estimate tells us that, at the
partonic level, the direct hard-scattering contribution to
E7 is four times smaller than the bremsstrahlung ones
(the gluon gives the main contribution to Er).

In Sec. IV a more quantitative estimate taking into ac-
count the hadronization is given. Note that at the parton-
ic level the s dependence of E; may be parametrized as
59 In our model we have found a~0.25 which is inter-
mediate between the a~0 expected theoretically from soft
interaction and a=~0.5 characteristic of scale-invariant
hard interaction.

IV. HADRONIZATION EFFECTS AND RESULTS

In order to estimate the hadronization we first have to
discuss the nonperturbative distribution ¥(Z) [see Eq. (1)].
In this equation the partonic contribution oP™(5) depends
on Z, and Z, only through §=Z,Z,s. The energy
dependence of (E7 ). is rougly A5® with a=~0.25 for
model of Ref. 3. The effect of the initial hadrons on the
determination of { ET )y,q is to give an overall factor

Uhad( ) _

= [fo’za¢(2)dz]2.
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Although the distribution ¥(Z) is not well known, its first
and second moments are determined to be 3 and 1, respec-
tively. A phenomenological form

I'(a+b+2)
I'a+1IT(b+1)

with b =2a + 1 and —1/2 <a <0 yields an overall factor
of 3 rather than 9 for an independent quark model. It is
interesting to note that the order of magnitude is not far

from the expectation of the additive quark model
W(Z)=138(+ —Z) which yields

ZY1-2Z)®

N

9gPart ~5.445%=5.40"(s) .

Indeed the Z,,Z, components of the distribution func-
tions near 1 are depleted by energy sharing among the
constituent quark.

The estimate of the hadronization effect of the first
produced partons is less reliable. The broadening of par-
ton jets modifies the value of (Er )4 Here, we rely
upon similar calculation done in e*e™ annihilation.
Indeed comparing a QCD calculation at the LLA with re-
cent experimental results, it is possible* to compare
(ET)part and {E7 )p,4 for the jets seen in e *e ™ annihila-
tion at different energies. (Er),.q can be described by
the same perturbative QCD formula as (E7 ),y but with
a rescaled larger A (Ap,g=~600 MeV rather than
Aqcp~100 MeV). We have tentatively applied the same
recipe in our calculation of { E7 )y,q, namely, by replacing
Aqcp by Apaa=~600 MeV both in Y (7) and X (7). To get
a rough quantitative estimate of the broadening of the
jets, we note that () ~m*(s/9m?)!”? (see Ref. 3) ~3—6
GeV? at Vs =540 GeV. Thus

s (Apaay (7))
as(Aqeps (7))

~2-2.5.

In this scheme, the final hadronization increase of the
amount of transverse energy overcompensates the decreas-
ing effect of the partonization of the initial hadrons.

A direct phenomenological comparison with experi-
mental data at each energy is not reliable due to our lack
of knowledge of the cut-off Q7 and our nonperturbative
hadronization uncertainty. However as in the model of
Ref. 3 we calculate the rise of {Er)o;, between the ISR
and the SPS energy which does not depend on Q72 With
the same set of parameters as in Ref. 3 we get

A(Eroin) =Er0un|v; s gev —ET%in |5 _50 Gev
~750 GeVmb .

to be compared to (850+115) GeV mb quoted by the ex-
perimentalists.’

The correct order of magnitude of the effect is repro-
duced by our calculation. This seems to indicate that the
mechanism we have imagined is not too far from the real-
ity.

Note that other authors’ have treated the same problem
by using different methods such as, for instance, Monte
Carlo calculations. They have obtained a fair agreement
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with the data. However, our QCD-inspired approach
gives a consistent description of the rise of both the ha-
dronic cross section and the hadronic mean transverse en-
ergy.

V. CONCLUSION AND OUTLOOK

We have shown that, in addition to the large-Pr jets
corresponding to hard parton-parton interaction, quite a
few hadron-hadron events at very high energy can be
described by gluon bremsstrahlung related to the low-x
singularities of perturbative QCD. These events, charac-
terized by a large total transverse energy and a high multi-
plicity are produced for intermediate values of the interac-
tion scale 7. In this domain, the smallness of the asymp-
totically free coupling constant is offset by the large mul-
tiplicity of partons at low x. In our specific case the
dominant contribution to the total transverse energy is the
second term of the perturbative expansion

1/2>

rather than the first one §; ~ (¢!/2).

The reasonable order of magnitude obtained for the
average Er is linked to the non-Abelian character of the
underlying field theory. An essential role is indeed played
in our mechanism by the low-x singularities of perturba-
tive QCD for medium size scale. This specific regime has
been investigated by numerous authors.”? These studies
have shown the relevance of perturbative QCD for x
values larger than x,;,(Q?) which can be very small.
[The higher the QZ, the smaller the lower bound
xmin(Q2)-]

The success of the semihard interactions to explain both
the rise of the total pp cross section® and the mean total
transverse energy in hadronic collisions at high energy is
an incentive to get a better understanding of this lower
bound below which perturbative QCD does not apply any
more. On a phenomenological ground, we hope that our
scheme can explain the so-called “minimum-bias” events
observed recently at the SPS collider and provides a good
tool to study the future hadronic experiments of the very-
high-energy machines (Fermilab Tevatron Large Hadron
Collider and Superconducting Super Collider). Because of
the expected dominance of semihard interactions, the
main prediction of our scheme could be the presence of
many minijets or middle momentum jets among these
“minimum-bias” events. More quantitative study of this
expected phenomena is required.

A

82 ~ (a, (?)

X min

APPENDIX A: LONGITUDINAL-MOMENTUM
CUTOFFS IN PERTURBATIVE QCD

The calculations of E; and other related observables
rely upon the validity of perturbative QCD at small x and
the knowledge of xnin(f). In a previous work® we have
shown that the choice x,;, >m?/f allowed to describe the
rise of the total cross section for pp at high energy. The
purpose of this appendix is to argue this choice and to dis-
cuss the validity of perturbative QCD in the vicinity of
the lower bound.
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Known results!® in the Regge limit of Yang-Mills
theories yield naturally a perturbative cutoff x, such that
In1/x, ~In(%/ty). Indeed, one has to consider three dif-
ferent domains when either In1/x or In?/A? [~1/a,(1)]
or both of them are large.

(i) The domain Inl/x <<Inf/A% where the LLA is
valid.

(ii) The Reggeization domain In1/x >>Inf /A%

(iii) The intermediate domain In1/x ~Inf/A2.

Actually, it can be shown!? that the results obtained for
the LLA in domain (i) still apply in the intermediate
domain. In particular, the nonplanar diagrams which
contribute in this domain restore the strong ordering of
virtualities which characterize domain (i).

In a previous work® we tried a form x,=m 2/1, and got
a reasonable description of the rise of the total pp cross
section between the ISR and SPS colliders for m identi-
fied as the intrinsic transverse momentum of the constitu-
ent quark ~330 MeV. Note that for a timelike cascade
this bound must be obeyed from kinematics.

It is now of paramount importance to check that per-
turbative QCD calculations, based upon the factorization
property of one-gluon exchange and the Altarelli-Parisi
evolution equations, are valid for x value bounded both by
x. and the kinematical conditions x,x,5>>7 which yields

2

m- . .
Xg,p =X, :—?— in domain I,

~

172
t . .
- } in domain II .
5

Xa,b >

Note that the absolute minimum of x is (m?2/f)!/3
=7X 1073 at collider energy.

Recent theoretical investigations® have shown that there
exists a simple criterion to test the validity of perturbative
QCD at small x; namely, the packing fractions of partons
W has to be much smaller than one:

m,?

A

W(x,D)=xf(x,1)=

<«<1,

f? a,(t) ﬂ

u 4mr

3

7 5
77=ln?, Ns =1n;7: §=

4Cyexp( —4N,£) 1—exp[—T(4C,+Ny)E]

H. NAVELET AND R. PESCHANSKI 33

where f(x,7) is the structure function of the involved par-
tons. For the gluon sector we get after integration
Xmin <X <1

1 ~ t 1
<n>8:fx .f(x’t)dx<< t2 fx iﬁ

m, min X

7 1
= 51n
mg, X min

For large 7 this yields
1

X min

2

~

16N, £1n

<< |In

’

m,?
which is obviously satisfied if In1/x p;, ~Inf/m?.

It is worthwhile to note that in the model of Ref. 3,
(n)g is always 100 times smaller than (7/m,*)In1/x i,
which justifies the use of perturbative QCD at small x.

APPENDIX B: THE TRUNCATED
MULTIPLICITIES (REF. 3)

For valence quarks we have approximated the truncated
multiplicity by the full multiplicity which is finite:
n*(n)=1. For gluon and sea quarks the truncated multi-
plicities are obtained from Eq. (4) and the normalization
is fixed by means of the second moments. This yields

(n >g=)"g{IO[(l6Nc§7—7)l/2]_1} ’

I,[(16N &)

(n)y=A,
* (16N, £7)12

1
—_ |41,
2 +

where
7, N< 1731, domain I,
=

%, n> %, domain II ,

and

& 4C,+Ny 1—exp(—4N.£) ’
N 4C
8N & —f —exp(— %Czé')—l- ——l—exp[ — —§'§(4C2 +Ny)]
N 4C, + Ny 4C,+ Ny
s:

exp(4N £)—1—4N &

Iy and I, are modified Bessel functions.
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APPENDIX C: QCD, RESUMMATION FORMULAS FOR TRANSVERSE-ENERGY DISTRIBUTIONS

From formulas (8) and (9), {E7) o}, reads

2A A

r s a2 ay(r, D
(ET>Uin=2X_2" erz 2 (Cy{n)s+Nc(n)g)X ar |’

—""Prl_i —TPr

e

m—1
dx(Cy,N,) [] dM;e

i=1

YrD=-3 [

0

where zﬁ,,g(f,?) is one ladder contribution for the singlet
and gluon sector, respectively. The factor 2 in front takes
into account the two ladder contributions.

To proceed further, we use the following assumptions.
(i) The ¢;’s (rather than the s;’s=t;/x;) are strongly or-
dered, namely, m? <<ty << -+ <<t _;. (ii) The x; are
also strongly ordered which means that we keep only the
small Z; contribution to ¥(r,7). With this approximation
the gluon contribution is dominant and Pg(Z;)
24N,,./Zi, Z,-=x,-+1/x,-.

With these assumptions it is possible to get the contri-
bution to (Er) the cascading partons by performing the
integrals over dt; and dx;, i=1,...,m —2. Indeed, for
the gluon contribution

" =C2¢S(Ty?)+Nc¢g(7,/t\) ’

_TlpTi|
~

dx; ag(t;) dt; g1
~4N,————e

dM.
M’ ¢ 41 t;

X
Ef(x‘ )g(t, )dx,dt, .

Note that pr;=t;'"%(1—2Z;)"*~t;'"/? at small Z;. The
calculation of the nested integrals in x; and ¢; is simple
since

S nonay |
y y lay
(n+1)

1 1
S haddys - [ h(poddyo=

The result for ,(,7) reads, up to a normalization,

1
“ dx, dXp_y (P )" —tpr 4pr )
Ye(rD)= [, 4N, - S, 4N — f e
m—2
4N_In
y gty 1) dty Xpm 1 [J(rtpm_]™ !
4r tm—1 & (m —2)! (m —1) ’
where
e ag(t’) 4y’ w2 aJ(r,1) tag(t')  dy ag(t)
J(1,t)= =~ J(0,0)=£(1), — ———| = ~ 172
T f 4r 1 @.0=¢0 T |,_o f 4 (¢")12 2 4

if we neglect in the last integral the small logarithmic dependence of a,(t’).

. o —rppy)
Note that without assumption i, dM;e 7

would not have been factorizable and the summation impossible.

In the case Z,~0 (1)[(P1(m —1))*Imax=P7m >=f and we can easily perform the last three integrations:

"
4N In—

P i J(r,H)]™"

D= R A
Yslr ¢ % m! m!

and
1 " 1 |”
R 4N In— g(?)] R 4N,In \
B Oy (7,1) _piny min +2a,(t)A]/22 X min (&)t
9T |r=o0 p- m!m! 47 - m! (m—1) °

Remembering that
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172 )
~ fx D¥(x',Ddx"

min

4N, In—— &) ]

1
=1, {16Nc§ln;—

2

mim!
m 1 172
4Nclnl I, 16N £In—
X §m+l X A
4N“§’ ml man Ve 77— =xDj(x,1),
4N &In—
we get at once
1 m
4N £1n ]
X min
§~ mim)! ~{n )

which is the truncated multiplicity for the gluon and

m

4N, In— v
cin ] ~ 4Ncln 1/2
2 X min [§(t)]"‘" _ X min I[ 16Nc§ln 1 )
m m! (m —1)! § X min
The total contribution reads
| 12 172
. ~ | 4N,In I, |16N £1n _
d (T,t) 2?1/2(71) 1+2as(t) X min min
CE N ¢ 4rr £ 2
Iy |16N £1In
X min

The second case (ii) is a little bit difficult to handle.

Indeed in this configuration (Z, ~0), the maximum value ( pr,, 2) max==1 /4%, _1/x, does depend on x, and X, _,

-1
and pry, =P1(m —1) due to the balance of momentum inside the chain

A dx, 1 dx,, _ ?xm—l/“xa At —1) Aty _2mt 172
(1,0)= 4N, 4N, —_— e "
¢g ’ J."‘mm ¢ Xq fxa ¢ X

m—1 4 tm—l

m—2
4N_In
Xm -1 [ (Tt ]!
X3 ,
< (m —2)! (m —1)!
Y(r,7) 1 dx, 1 X 1 B _1/4% Aty 1) Al ) 1/2
_ 9, - Tsmoll Tm—ty,
or = J."min 4Nc Xq fxa 4N¢ Xm—1 f 4 tm —1 m—l
m—2
1 [4Nc§(tm—1)]mh] X min
NN, 2T (m—1 (m —2)1
1 m—2
" ag(ty 1) 2 [4Nc§(tm—l)]m—2 X min
4 (m —2)! (m —2)!

m

The integral on #,, _; can be readily expressed if here again we neglect the #,, _; dependence of Dg(x,t,,, _1) and a(t,, _):
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i) 4N, ., dx, L 12 )
_awdn | Nea®o e e o (e [T
or =0 4 *min  Xg Xq Xgq g
4N.a, (1) dx, X1 | dxp . n
. fxmin X, fxa X, X1 fxm_!Dq'(xm_z,t)de—z .

For the first contribution, we change the order of integration:

f dxa ~ 2
X nin (xa )3/2 - (xmin)l/z

and we get

dx,
fx xa fx

min

172
2

Xm —1

a Xa (X min

where (y!7?)

second integral
4
(y'72y, .
(Xi) 2 Y e

The final result reads

~ A~ ~ 172
_ 63&([,1) 4 4Nca,(t) fi 12
ar 1=0_ 4 min Nc <y )g I+

1
Df(xm_l,t)dxm_lz——x——————— fxminxm_l /Dqg(xm_pt)dxm——l=

)1/2

5 4Ncas(?)

2
— 2,
o) 2

g is the 2 truncated moment of the gluon structure function. By the same kind of trick, we get for the

4

Following exactly the same method for the singlet sector we get the answer for the mean transverse energy { Er ), aris-

ing from the small-Z, domain:

5 aX?) .
<Er)zain=1rf;2 ‘? (Co{n)s+N(ng YD),
T
where
A 172 A
~  4N.a,D | 7 8N, a,(?
Y22 14 SNea, (0
41 X min 4

](Cz(yl/z); +Nc <y1/2>g) »

where (y!/?), is the 3 truncated moment of the singlet structure function.
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