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The sensitivity of cryogenic gravitational-radiation detectors is presently limited by the perfor-
mance of the transducers. A superconducting ac-pumped inductance bridge is proposed as a new
transducer for resonant-mass gravitational-radiation detectors. The impedance matrix of the trans-
ducer is computed to determine the input, output, and transfer characteristics of the electromechani-
cal system. It is shown that the dissipative forces exerted on the proof mass by the bridge circuit
through the two sidebands cancel each other almost exactly so that the Brownian-motion 1evel is
nearly unaffected by the electric sensing circuit. This implies that an effective energy coupling coef-
ficient near unity could be used without being limited by the electrical Nyquist noise. %'ith the
parametric up conversion of the signal, the inductance bridge can be coupled to a nearly quantum-
limited dc superconducting quantum interference device (SQUID). The sensitivity of the
gravitational-radiation detector employing the new superconducting transducer is computed as a
function of transducer parameters. It is shown that the proposed transducer, with modest values for
its parameters, is capable of matching a high-Q gravitational-radiation antenna, cooled to 50 mK, to
a nearly quantum-limited dc SQUID.

I. INTRODUCTION

An extremely low-noise transducer with high electro-
mechanical energy coupling is required for a sensitive
resonant-mass gravitational-radiation detector. In order
to improve beyond the performance of piezoelectric trans-
ducers originally employed for Weber's room-temperature
antennas, ' various passive and active transducers have
been developed for cryogenic gravitational-radiation detec-
tors.

In a passive transducer, the mechanical motion of the
proof mass modulates dc energy in the electrical circuit so
that the output signal remains at the input-signal frequen-
cy co . In an active transducer, however, the electrical
circuit is driven at a pump frequency to& » to and the
output signal appears at the two sidebands to+, where

6)+ =CiP& N~ .+

The dc-voltaged-biased capacitor transducer'" and the su-

perconducting inductive transducer, in which a persistent
current is used for the dc current bias, faO in the first
category. A resonant I.C circuit or a resonant cavity is
usually employed for the second class of transducers in
order to take advantage of the signal gain by the electrical
g at the pump frequency. Either the capacitive6 or the in-
ductive component is modulated by the mechanical
motion in the I.C circuit transducer, and the capacitance

is modulated in the reentrant cavity transducer.
Since modulation of the resonance frequency is the sig-

nal coupling mechanism in a resonant active transducer,
the frequency noise of the external oscillator is an impor-
tant source of noise. ' In order to reduce the effect of
this oscillator noise, one employs a superconducting cavi-
ty stabilized oscillator (SCSO) (Refs. 9 and 10) or balances
out the pump noise by matching two resonant cavities
or IC circuits. '

In this paper we propose a simpler form of active trans-
ducer: a superconductfng inductance bridge The four.
bridge inductances are modulated mechanically at to~ and
the bridge is driven electrically at co~ g&co . No electrical
resonances are introduced so that the pump signal is am-
plitude modulated by the mechanical motion. The large
carrier signal at co~ is precisely balanced at the bridge by
applying a feedback force to the proof mass. This "force
rebalance" operation not only improves the dynamic
range of the system, but virtually eliminates the oscillator
noise at the bridge output. The absence of capacitance
and the low loss in the superconducting bridge should
make the bridge balance relatively straightforward. Fur-
ther, the all-inductance bridge is an ideal input circuit for
the most sensitive amplifier known today, the dc SQUID
(superconducting quantum interference device). Nearly
quantum-limited dc SQUID s exhibit 1/f noise below 100
kHz (Ref. 14), which presents a problem for the passive
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where the input variables Ei and Ui are the force and
velocity and the output variables V+ and I+ represent the
voltages and currents at the two sidebands r0+. We follow
the approach outhned by Giffard and Paik'~ to compute
all the matrix elements. The pulse detection noise tem-
perature' of the entire gravitational-radiation detector is
then computed in terms of these transducer parameters.
It is found that the electrical damping terms at the two
sidebands co+ nearly cancel each other. This suggests a
possibility of increasing the energy couphng coefficient
without incurring excessive electrical losses at the
mechanical frequency ai . The relatively low electrical Q
of the passive transducers, including the superconducting
inductive transducer (Q, &10', typically), tends to in-
crease the thermal noise of the antenna in the high cou-
pling limit. Thus the useful value of the energy coupling
coefficient is presently limited to approximately 10 in
the passive transducers. ' This situation could be im-
proved by means of the proposed active transducer.

II. DYNAMICS OF THE TRANSDUCER

The superconducting inductance-bridge transducer is
schematically shown in Fig. 1. Also shown in the figure
is an equivalent circuit of the SQUID with two conjugate
noise sources: S, and S;. The bridge formed by four in-
ductors, L i, Lz, L3, and L4, is driven by an external os-
cillator with an ac current across AB:

io(t) =Re(loe ~ )=Io coscozt . (3)

Let the bridge inductances be modulated by a displace-
ment of the proof mass, x (r), according to

Li(t)=Li[l+x(t)/di]=Li+Ax(r) „

Lg(t) =L2[1—x (t)/d i]=L 2
—Ax (i),

(4a)

(4b)

superconducting transducer. In the active bridge trans-
ducer, this problem is bypassed by choosing co~ above the
1/f noise corner frequency.

The input, output, and transfer characteristics of a
transducer can be completely determined by means of an
impedance matrix. We would like to obtain the im-
pedance matrix Z,J of the form given by

V Z Z ] 0

Zi+
Z+~ Z++ I+

L3(t)=L &[1+x(r)/d3]=L3+Ax(t),

L4(t) =L4[1—x (r)/d4] =L g
—Ax (t), (4d)

x(r)=(Ui/co )sinco t, (8)

which can be substituted into Eqs. (4) to express
L„(t),k = 1, . . . , 4, in terms of Ui.

In this section, we will ignore the effect of electrical
damping on the bridge operation. Four independent cir-
cuit equations can then be written as

Li(t)ii(t) —Lz(t)iz(t) —Lq(t)i3(t)+L4(t)i4(t)=0, (9a)

ii(&)+i/(&) =~'0(&),

i i(&)+~4—(&)=~ (&)', '

ii(&)—ii(&)= i (t)

Simultaneous solution of these equations gives

ii(t) =D '[(L2+L3)io —(L3+Lg)i),
i2(t) =D '[(L i+Le)ip+(L3+L4)i],
i3(t)=D '[(Li+Lq)ie (Li+Lt)i]—,

i4(t) =D '[(L2+L3)io+(L +iL)&']

(9b)

(9c)

(10a)

(10b)

(10c)

(10d)

where the time dependence of the current variables and in-
ductances have been omitted on the right-hand sides «
Eqs. (10) and

D =L i(r)+L2(t)+L3(&)+L~(&)

=L )+L2+L3+L4 .0 0 0 0

where dk(k =1, . . . , 4) is the equilibrium value of the
spacing dk for the coil Lk and where the geometry of the
sensing coils has been assumed to be identical:

L i/d i Li——/d2 Li——/d3 L4——/d4= A—.

This assumption simplifies analysis and is satisfied
reasonably well in practical pancake-shaped sensing coils.
It will be seen, however, that the conclusions of this paper
do not depend on this condition.

The input variables chosen in Eq. (2) are the velocity of
the proof mass, u (t), and the force acting on it, f ( t):

u (t)=Re(Uie )=Ui cosco t, (6)

f(t) =Re(EO+Fie ) .

From Eq. (6), one finds

Ls e5
~—rIAAf

II

The output voltage is then obtained from

U (&)=(4ldt)[L2(r)ip(&) —L i(r)i i(&)] .

The output variables are expected to have the form

(12)

i (t) =Re(I&e ~ +I+e + +I e ),
u(t)=Re(V&e ~ +V+8 + +V e ) . (14)

FIG. 1. A schematic circuit diagram of the superconducting
inductance-bridge transducer and an equivalent circuit of a dc
SQUID.

Substituting Eqs. (3), (10), (13), and (14) into Eq. (12) and
identifying terms that involve the same time dependences
on the two sides of Eq. (12), one finds
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Vq ——D '(L3L4 L—1L3j)tvpIo

+D '(L 1+L2){L3+L4j)O3&Ir,

V+ ——+(AIo Ui/2)(to+/to }

+D '(L
1 +L2)(L 3+L4j)to+I+,

(15a}

(15b)

to the leading order in the modulation depth Ui /(co d; ).
Here the condition (5) has been used to simplify the first
term of Eq. (15b).

Equations {15)determine the forward transfer and out-
put characteristics of the transducer. In order to complete
the analysis, we compute the effect of the electric circuit
on the mechanical motion of the transducer, i.e., the re-
verse transfer and input characteristics of the instrument.
The electromagnetic force acting on the proof mass is
given by

f(t) Lili /2di Lent& /2—d2+L3l3 /2d3 L41$ /2d4

=(A/2)[(l 1+12)(l1
—l 3)+(13+l4){l3 14)] y (16)

where use was made of Eq. (5) and the time dependence of
the current variables are implied. Substitution of Eqs.
(10) and Eq. (16) leads to

III. IMPEDANCE MATRIX AND
ENERGY COUPLING COEFFICIENTS

Equations (15} show that the input velocity Ui gen-
erates signal voltages only at the two sidebands, V+,
which in turn induce sideband currents I+ to flow
through the amplifier input. The first term of Eq. (15b)
yields the forward transductances Z+1.

Z+1 ——+(AIO/2)(tv+/ol ) . (20)

The second terms in Eqs. (15) represent the voltages
across the transducer output due to currents Iz and I+
impressed at the output terminals. The output im-
pedances Z++ are given by the ratio of these voltages to
I+.

ing them, the input frequency signal is fed back through a
voltage-to-current converter to a forcing coil loop carry-
ing a bias dc current I&. The relative positions of the
sensing and feedback coils, L1 through L6, are shown in

Fig. 3. In the force rebalance mode, the demodulated out-
put signal is a direct measure of the specific force or ac-
celeration applied to the transducer.

f(t)= Aio(t)—i (t) Z++ =J+L{) & (21)

~o = (AIo/2)Ip-
Fi ———(AIo/2)(I++I' ) .

(18a)

(18b)

The elements of the impedance matrix are read off Eqs.
(15) and (18) in the following section.

Notice that the condition (S} led to the simple coupling
coefficient Alo/2 in Eqs. (1S) and (18}. When this condi-
tion is not satisfied, the coupling coefficient has a general
form involving Lk /dk for k = 1, . . . , 4. Essential
features of the transducer clearly remain the same. No-
tice also that the bridge balance condition,

go LO

O
——0,

13 I 2
(19)

has not been assumed in the derivation of the equations in
this section. This additional condition eliminates the first
term in Eq. (15a), the pump signal leaking through to the
transducer output. It is desirable to maintain the balance
at all times by operating the instrument in a negative feed-
back mode so that the bridge becomes a null detector for a
proof mass displacement away from its balance point.
Then the oscillator noise is balanced out along with the
carrier signal and the dynamic range of the instrument is
lQlp roved.

Figure 2 is a schematic circuit diagram of the "force re-
balanced" bridge transducer. The driving current from an
external oscillator is amp1ified through a resonant tank
circuit which is coupled to the bridge through a supercon-
ducting transformer with a step-down turns ratio. After
detmting the sidebands with a dc SQUID and demodulat-

= —(AIo/2)Re[I&+ (I+ +I' )e ),
where terms with frequencies of the order of 2cor have
been ignored. Comparing this with Eq. (7), one finds

Z1+ = AIO/2— (23)

Notice that the output current at the pump frequency, Iz,
produces a dc force, which is not relevant for our discus-
sion. When the symmetric coil condition, Eq. (5), is not
satisfied, there is in general an additional term in Fo,
which is proportional to Io . The amplitude fiuctuations
in Io at the frequencies ol+ can then contribute to the
back action noise of the circuit.

In order to compute the input impedance Z11, one needs
to find the force Fi generated by the circuit in response to
the input velocity Ui. Equation (18b) gives the relation-
ship between I'~ and the output currents I+. Hence, one

OS& ILL@TOR

GB"
DEMODULATOR OUTPUT8 )

)vial
™

Ls

INDUCTANC E
BRIDGE BALANCE

FEEDBACK

FIG. 2. A schematic diagram of the inductance-bridge trans-
ducer with force rebalance feedback.

DC SQUID

where I.o is the total bridge inductance seen across the
output terminals:

—1 (LO+Lo) —1+(Lo+L0)—1

The residual component of Vz, after balance, produces a
dc bias upon demodulation and is filtered out in the signal
processing. Therefore, we can ignore Vz as long as it does
not overload the amplifier.

The reverse transductances Zi+ are read off Eq. (18b):
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)',L q

L~

L6

FIG. 3. Relative positions of the sensing and feedback coils.

Substituting this into Eqs. (15), one obtains

I+ =+LImLo(1+r)'j '(AIo/2)Ui

where

(25)

r =Ls/Lo .
Combining Eq. (25) with Eq. (181),one finds

AID
Z11

2
2

1+y
1

J~mL o

(26)

(27)

This completes derivation of the matrix elements Z~J. It
is clear that the particular choice of variables in Eq. (2)
with complex conjugates in the first row has been necessi-
tated by Eq. (18b) which relates I'"

i to I+ and I'. Equa-
tion (27) implies that the transducer proof mass experi-
ences an additional positive spring constant

'2
AIO

kE ——

1+y 2
(28)

due to the presence of the magnetic field.
It is instructive to compare the matrix elements, Eqs.

(20), (21), (23), and (27), with the corresponding quantities
for other passive and active transducers. In Table I we
show the impedance matrix elements Z;1 and the "energy
coupling coefficients" p for the present transducer and for
four other types of transducers, computed earlier. In the
passive capacitor transducer, C and Eo are the sensing
capacitance and the applied dc electric field, whereas, in
the passive inductance transducer, Lo and Io represent
the output inductance and the stored dc current of the
sensing circuit. The inductance modulation coefficient A,

can find Zi i from Eq. (18b) by substituting I+, which are
generated by Ui. Since I+ ——0 with the transducer output
open circuited, it is clear that the functional dependence
of I+ on Ui depends on the load impedance conno:ted to
the transducer output. We therefore consider the case in
which a SQUID with an input coil inductance Ls is can-
nected at the output of the bridge. A SQUID can be
represented' '

by an ideal current amplifier with zero
input impedance in series with a stray inductance Ls, as
is seen in Fig. 1. The output voltages V+ are then given

by the back emf:

V+ ———jco+LgI+ .

where co+ are given by Eq. (1) and cop is the resonance fre-
quency of the circuit, which does not necessarily coincide
with co~. When both sidebands are detected, the total in-

put impedance Zii and the total energy coupling coeffi-
cient p can be obtained by summing their respective side-
band components.

The transducer energy coupling coefficients p+ are de-
fined as the geometric means of the "forward and reverse
energy coupling coefficients, "p+i and pi+.

p+=(p+ipi+)' ', (30a)

p+i = IZ+i I'
(30b)

Mao~
f
Z++

/

IZi+ I'
pi+ = (30c)

Mco /Z++
/

Here M is the dynamic mass of the transducer, and Z++
are the "loaded output impedances" which include the ef-
fect of the input impedance of the amplifier. For the
transducer with an output inductance Lp, which is fol-
lowed by a SQUID with an input inductance Ls, Z+~ be-
come

Z++ =jpl+Lp(1+r), (31)

where r is the parameter defined by Eq. (26). For the
inductance-bridge transducer, the energy-coupling coeffi-
cients are therefore given by

m
1+

CO+

(AIo/2)

1+y M~m'L, o

(AIo/2)'
&+y' Ma)~ Lo

(32a)

(32b)

(AIo/2)

1+& Mourn Lo
(32c)

The relevance of these coefficients will be made clear in
Sec. V, where we discuss the overall sensitivity of the
gi'avitat1oilal-radlat loll detector.

Table I reveals that the inductance bridge resembles the
modulated resonator transducers in that it has parametric
g81ns:

Gp~=
i Z+i/Zi+ i

=co+/co =cop/co (33)

although there is no signal gain by the Q of the resonance

defined by Eq. (5) for each sensing coil, appears in all
three inductance-modulated transducers. In the capaci-
tance-modulated resonator, C and E~ are the sensing
capacitance and the amplitude of the electric field at the
pump frequency. Likewise, in the inductance-modulated
resonator, L, and I~ are the sensing inductance and the
amplitude of the pump current fiowing through L,
respectively. In both circuits, Q and b, + represent the
quality factor of the resonator and the frequency tuning
parameter defined by

6+=2 (co +/cop AP—p/co+),
—1
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and the device is similar to the passive inductor transduc-
er in many other respects. As we will see in Sec. V, the
parametric up conversion permits operation of a nearly
quantum-limited dc SQUID in its white-noise region.

5f (t) =Re(5Fp+5Fie ) . (41)

This implies that there is no correction to the reverse
transductance:

IV. EFFECTS OF ELECTRICAL DISSIPATION 5Zi+ ——0 . (42)

Lk =Lk+rklj& =Lk[1—(j/QO)(&p/&)] .

Here we assumed the same Q for the four inductors:

(34)

In this section we consider effects of electrical damping
on the previous analysis. In a superconducting circuit, ac
losses can occur from a number of sources: irreversible
fiux fiow, i dielectric loss in the insulating material, '

eddy current damping in a normal metal, induced motion
of the coil, etc. Since the electric loss occurs at either the
fundamental or second hatmonic of the driving frequency
in all these mechanisms, the dissipation can be modeled as
a resistor in series with the inductor which gives the ob-
served Q of the inductor at co&. Then, the sensing induc-
tors I.k in Fig. 1 are replaced by I-k, where

+(j to+L p+rp)I+, (43)

where the driving voltage is given by the total back emf at
the SQUID input:

V+ +5V+ = (J'tp+Ls+ —rs)I+ ~

One should not conclude from Eq. (40), however, that
the input impedance is also unchanged. As we have seen
in Sec. III, Z~~ depends on the output loading condition.
The output impedance of the bridge has been modified by
Eq. (39b},and we introduce another series resistance rs to
represent the damping in the SQUID input inductance
Ls. Combining Eqs. (15b) and (37b), we find

V++5V+ = +(AIoUi/2}(co+/tp }

Qo=pLk«k . (35)
Solving Eq. (43) for I+, one finds

5' ——(cop/Qp)D '(LiL4 —LiLi)Ip

+(cop/Qp)D '(L i +Le)(L i+Le)Ir,
5 V+ (cop/Qp)D '(L——i+Le)(Li+L4)I+,

where

(37a)

If the dissipation mechanism is a thermodynamic process,
the equivalent resistor will be accompanied by a Nyquist
noise generator according to the fluctuation-dissipation
theorem.

%e use a perturbation method to compute correction
terms in Z,J. The solution to the unperturbed equations
has been obtained in Secs. II and III. It follows from Eqs.
(9} that the first-order corrections to the currents ik(t)
vanish as long as rk and Lk satisfy the relationship (34).
The first-order correction to the output voltage is then
simply

5v(t)=r2i2(t) —riii(t) .

Substituting Eqs. (3), (10}, (13), and (34) into this equa-
tion, one finds

I+ ——+— 1 1—
joi (Lo+Ls)

and, from Eq. (18b),

ro+rs ~o
Ui, (45)j~+(Lo+I.s)

2(rp+rs)
5Fi ——

cop (Lp+Ls)

'2
AEo

U) . (46)

The ratio 5Fi /Ui is the correction to the input impedance

AI.
'

2
(47)

2 1
5Zii ——

1+y copLpgp

where

Qt, =p(Lo+Ls)/("o+rs) (48)

is the electrical Q of the entire circuit, including the
SQUID at pi~.

Notice that 5Z» is real and positive, thereby contribut-
ing a damping term. Use of Eqs. (32c) and (47) leads to a
relationship for the Q's:

Q, '=[H+Re(Zii)]/Mpi

5v(t)=Re(5V&e ~ +5V+e + +5V e ) . (38) =Q '+(13 +P )Q, (49)

Again, the Ip term in Eq. (37a) drops out upon the bal-
ance of inductors. Equation (37b) determines the first-
order correction terms to Z+

&
and Z++ ..

5Z+ ) ——0,
5Z++ ——(co~/Qp)Lp =rp,

(39a)

5Fp 5Fi ——0, ——
where

(40)

where ro is the equivalent resistance in series with the to-
tal bridge inductance I.o.

The force equations (16) and (17) remain unchanged
upon perturbation. Therefore,

where H is the mechanical dissipation coefficient, Q, is
the loaded Q of the transducer, and Q and Q, are the
mechanical and the electrical quality factors at co, identi-
fied as

Q~ =Mco /H,

Q, =(co~/co )Q~ .

(50a}

(50b)

The near cancellation of the correction terms in I+ is re-
sponsible for the reduction of the electrical damping by
co~/co&, the inverse of the parametric gain Gz. This sug-
gests a possibility of virtually eliminating damping at the
input signal frequency m

For the class of dissipation processes which are gov-
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&=R.pt / I Z22 I
(53)

whe«R, i,&
and Z22 are the optimum source impedance

and the output impedance of the transducer, respectively.
For a SQUID, the parasitic input impedance jco+Ls must
be added to Z22 in Eq. (53). In the ease of an active
transducer which couples energy through both sideband
channels co+, Eq. (52) holds for each sideband. It is con-
venient, therefore, to interpret the parameters a,2, a2i,
and g as the mean values between the two sidebands and
describe the combined system with a single expression.

We confine our treatment here to a resonant transducer,
either in a two-mode or a multimode detector. In such
a system, the entire signal energy is transferred to the
transducer in half the beat period, rs/2. So, if r & ~s /2 is
chosen, a2~ and a&2 reduce to the mean transducer
energy-coupling coefficients multiplied by a dimensionless
factor representing the fraction of the electrical energy
coupled to the amplifier input. For our bridge-SQUID

erned by the equilibrium thermodynamics, the fluctua-
tions produced by 5Z» are taken care of if the perturbed
quality factor Q„defined above, is used in calculating the
Brownian noise of the transducer. Likewise, the addition-
al noise produced by ro and rs at the output of the trans-
ducer can be absorbed into the voltage noise of the
SQUID by adding their Nyquist noise contribution to S,
in Fig. 1:

S,' =S,+4k' Tci)pLO(1+y)Qp (51)

The implication of this additional noise on the
gravitational-radiation detector sensitivity is discussed in
Sec. V.

V. GRAVITATIONAL-RADIATION
DETECTOR SENSITIVITY

The impedance matrix approach to the analysis of the
gravitational-radiation detector, advanced by Giffard, 22'2'

was originally applied to the case of a noiseless transducer
followed by a voltage amplifier. This method has been ex-
tended by Paik' '~ to the case in which the transducer is
followed by a current amplifier. Spe:ifically, noise and
optimization of a resonant gravitational-radiation detector
employing a resonant passive superconducting transducer
followed by a dc SQUID has been analyzed. Here we ap-
ply the previous analysis to the detector with an active
bridge transducer coupled to a nearly quantum-limited dc
SQUID.

In the limit that the transducer noise is unimportant,
the "pulse detection noise temperature"' of the detector,
TD, can be written in the general form

~m ~ a i2~m f& 2(g+ g )
Tg) T + T+ +

0 CK2)CO~ '7

where T and Q, are the temperature and the quality fac-
tor of the antenna; a2i and ai2 are the forward and reverse
signal energy coupling coefficients between the antenna
and the amplifier input; Tz and r are the noise tempera-
ture and the integration time of the amplifier. For the
case of an ideal current amplifier with a zero input im-
pedance, g is an impedance matching parameter defined
by

system, we have

y 0+i+0 i

1+y 2

~i++i 1 — m

1+y 2 P

y (Alo/2}'

(1+y) Mcu~LO
a=(a21ai2) 1/2

(54a)

(54b)

(54c)

where a is the "signal energy-coupling coefficient. "
Although transducer noise does not appear explicitly in

Eq. (52), one can include the input and output noise con-
tributions from the transducer by redefining Q, and T~,
as discussed in Sec. IV. In a properly tuned multimode
detector, Q, represents the harmonic mean of the quality
factors of all the resonant modes under observation.
When electrical coupling is introduced, each of these Q's
will be modified according to Eq. (49). The loaded Q of
the antenna, Q,', then must satisfy a similar formula:

(Q,') '=Q, '+2(1+y)y 'aQ, '. (55)

S,=2k' erik aipLoy,

Si 2k@T~(qk a)pL——oy)

Equation (51) can then be written as

S,' =S,(1+/),

(59a)

(59b)

(60)

2(1+y)
y

1 T
gk Q~ T~

g=y(1+y) 'rik

It follows from these that

~k = TN(1+4)'"

g'=g(1+/)'~

2 T
CQp Tx

' (61)

(62)

(63)

(64)

In order to account for the output noise of the transducer,
we first express T~ and R,p, in terms of the equivalent
voltage and current noise power spectral densities at the
SQUID input, S, and S;:

T~ —(2kg ) '(S,S—; )
'~ (56)

(57)

where S, and S; are assumed to be uncorrelated. Effec-
tive quantities, T~ R,'~„and g', can then be defined by
substituting S,' in Eq. (51) for S, in Eqs. (56), (57), and
(53). The transducer noise is properly taken into account
if we substitute Q,', TN, and g in place of Q„TN, and g
in Eq. (52).

It has been shown' ' for a dc SQUID that

R, , =re co&Ls, (58)

where k is the energy coupling constant of the SQUID
input coil Ls and ri is a numerical factor of the order of
unity, which depends on the operating condition of the
SQUID. For a normal operating condition, ri=0.4 has
been computed both analytically' and numerically. '

Combining Eq. (58) with Eqs. (56}and (57},one finds
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We now attempt to minimize T~. For given antenna
and amplifier parameters, the optimum integration time,
~,~„can be shown in a straightforward manner from Eq.
(52):

+opt
O'~m

1+ p 2T
aQ,' co~ g'T~

- —1/2

(65)

A (a,Q~)
—=1+ 1+2 T 2(1+y } Qp coIp

PQp TN y aQa con

(69)

Since the performance of transducers are the main limita-
tion at present for the sensitivities of the cryogenic
gravitational-radiation detectors, ' ~e compute ~,pt and
Tn;„as functions of transducer parameters, a and Qz,
given the best antenna and amplifier parameters available
today or in the near future.

Figures 4 and 5 show ~,~, and TD m;„plotted as func-
tions of a and Q~. Assumed antenna and amplifier pa-
rameters are T =0.05 K, Q, =10, co~ /2ir = 10 Hz,
co~ /2m'= 10 Hz, y = 1, /= 0.1, and TN ——10fuoq/kii
=5X10 K. For this choice of values, g'=2X10 Q
which satisfies the above condition when Qz & 2 X 10 . In
Fig. 4, the hmits coming from the beat period in the mul-

with a corresponding pulse detection noise temperature:
' 1/2

,,=2T„' [1 (g}']'" 1+
aQ. cow gT~

(66)

The occurrence of the inverse of the parametric gain,
G~ '=co /co~, in front of T~ is a manifestation that the
active bridge circuit is a parametric transducer. In the
white-noise range of a SQUID, Tz acct is expected. ' '
So in the present case, the parametric up conversion is
used to move the signal frequency from the 1/f noise-
dominated region to the white-noise region. For a nearly
quantum-limited dc SQUID, this requires co&/2m &100
kHz. In the limit T~O, Eq. (66) yields the Giffard lim-
it22' i TD;„2T~(co——/cop), which becomes 2') Iks
when T~ is quantum limited. The lowest noise tempera-
ture of a dc SQUID has been computed"'9 to be
T~=-2%co~/ka, and such a SQUID has in fact been
demonstrated experimentally in the low coupling
(k «1) limit. ' The best noise temperature of a well-
coupled SQUID to date is approximately 60 times
worse, judging from its measured flux noise.

With a practical choice y = l„which maximizes a, and
ki=0. 5, g is approximately 0.1. In most situations, in-
cluding the numerical example to be considered in this
section, g(10. Therefore, (g) &0. 1 from Eq. (64).
Equations (65) and (66) can then be simplified, with good
approximation, as

~,p, =2(aco g) '[A (a,Q&)]

TD;„——2T~(co /cop)[A (a,Q~)]'~,

where

UJ

1= IO'-

timode resonance have been plotted by dashed lines. For
an n-mode detector with a mass ratio of p between the
neighboring masses, the beat period can be shownis to be

vii ——(2ir/co )p'i

=(2m'/co )(M /M)'( '" (70)

where M, is the effective mass of the antenna. For the
transducer with wire-wound superconducting sensing
coils, ~ A, Io, and do (average coil spacing} are practically
limited to 1 Hm ', 8 A, and 10 m, respectively. Equa-
tion (54c) then implies an approximate relationship:

a &Mo/M,

where MD=10 kg. Substituting this into Eq. (70), we
obtain the multimode limit:

rmi~ —Ts /2 5 X 10 scc(7 X 10 a) (72)

where an antenna mass of 2M, =1.4X 10 kg is assumed.
This limit could be improved by going to thin-film sens-
ing coils. In Fig. 5 the amplifier limit 2TN( co~ /c~o) and
the quantum limit 2@co~ are indicated by dashed lines.

It appears from these calculations that the transducer
parameters required to reach the amplifier limit within a
factor of 2 are Qz) 10 and a&10 . Considering the
optimistic assumptions that ~e have made on the antenna
and the amplifier parameters, these transducer parameters
appear to be reasonably modest goals. With a=0.2 in a
three-mode system, one could then have r, p10 sec,

IO-4

~Cl

IO-5

CL 1

~ CA

g c/)

AMPLIFIER LIMITg IO6
g IO6

I—

QUANTUM LIMIT
-7 « . . . , . ~ I I j I i I litl I I i I \ ill c « i s a

IO-~ IO-& I

SIGNAL ENERGY COUPLING COEFFICIENT g

FIG. 5. The minimum pulse detection noise temperature
To, as a function of transducer parameters a and Q~.

C9
4l
I— IO-2Z

K
CL~ Io-&

IO+ IO & IO2 I

SIGNAL ENERGY COUPLING COEFFICIENT ~

FIG. 4. The optimum integration time ~~, as a function of
transducer parameters a and Q~.
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which corresponds to a detection bandwidth of approxj-
mately 50 Hz centered at 1 kHz. The strain sensitivity of
this detector is approximately h;„-=4X10 2, a two-
order-of-inagnitude improvement over the best sensitivity
reported to date.

Throughout this paper, ~e have assumed that the
bridge balance error eb, defined in Eq. (19), is sufficiently
small so that the oscillator noise can be ignored. In prac-
tice, eb is limited by a finite signal-to-noise ratio of the
feedback circuit. It is useful, therefore, to derive a condi-
tion under which the above sensitivity calculation is valid.
If the carrier signal contains sideband components In +,
the resulting noise in the output voltage is found from Eq.
(15a):

5 vp, —, ebj—top—I.OIO, . (73)

If this quantity is small compared to the signal voltage,
the first term in Eq. (15b), the oscillator noise can indeed
be ignored. It is straightforward then to obtain the
desired condition

eb(In+/In) &2x/dp, (74)

where x is the displacement of the transducer proof mass.
With the practical antenna and transducer parameters

considered above and with M, /M-=10, the antenna
strain sensitivity h;„=4X10 with a 50-Hz bandwidth

corresponds to the "transducer strain sensitivity" of
x/do=-10 "Hz '~ . The best available oscillator has an

ainplitude fluctuation noise of approximately 10
Hz '/2 at 1 kHz away from a 100-kHz carrier. Substi-
tuting these numbers into Eq. (74), we find eb &10
This in turn requires a signal-to-noise ratio of at least 100
dB in the feedback circuit. These electronic requirements
are challenging but appear to be within the state of the
art. The balance requirement is relaxed considerably if
one used thin-film sensing coils which permit do-—10

VI. CONCLUSIONS

The superconducting inductance-bridge transducer
could solve the present difficulties in the passive super-
conducting transducer. First, a large signal coupling
could be obtained in the active device without introducing
excessive electrical damping to the mechanical input.
Second, the parametric up conversion of the signal fre-

quency will overcome the large 1/f noise in nearly
quantum-limited dc SQUID's. The relatively poor input
coupling constant of the best tunnel-junction dc SQUID's
has a modest effect on Tz;, although it has a devastat-

ing effect on r~, as can be seen from Eqs. (67) and (68).
This problem could partially be offset by a large signal
coupling constant of the transducer. The poor electrical
quality factor of present passive transducers, however,
prohibits use of a large transducer coupling. In a
parametric transducer with low effective electrical damp-

ing, one could utilize a as large as obtainable. A near uni-

ty transducer coupling may be realized by going to thin-
film coils with a large winding density and a small gap.
This new development in the transducer technology, cou-
pled with advances in cooling the antenna to millikelvin

temperatures, in wideband detection by means of a mul-

timode detector, and in SQUID technology, may eventual-

ly bring us to the standard quantum limit of the
resonant-mass gravitational-radiation detector, certainly a
desirable milestone before one leaps beyond the quantum
limit.

In this paper, we have analyzed a purely inductive
bridge. The elimination of capacitance may simplify the
bridge balance and minimize the loss in the circuit. Intro-
duction of capacitance would be desirable, however, from
the standpoint of high-energy coupling of the transducer.
It has beni pointed out in Sec. II that a capacitor could be
used at the input of the bridge to increase the carrier
current without affecting the rest of the circuit. It is also
possible to introduce a parallel capacitor at the output of
the bridge as a means to increase the output signal cou-
pling to the SQUID, or as a narrow-band filter for one of
the sidebands in case a nonsymmetric detection of the
sidebands is desirable. Application of the back-action
evasion method, '3 for example, may require introduc-
tion of additional capacitances into the system, as in the
scheme of Bocko and Johnson. The basic scheme
analyzed in this paper, however, has the merit of simplici-
ty and is worth experimental investigation.
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