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We offer a new topological interpretation of the three-cocycle in a consistent quantum mechanics.
Our basis is homotopy theory. We show how higher cocycles may appear in quantum mechanics.
Moreover, a three-cocycle gives rise to a nonassociative algebra describing defects in a quantum-
mechanical system. We also show the relation of the three-cocycle to axions in string theory.

An example of a three-cocycle in Lie-algebra cohomolo-
gy has recently been found for a consistent quantum
mechanics with a background point magnetic monopole.'
Clarification of our understanding of the three-cocycle is
needed since the original description depended upon a &-
function singularity at the origin.> A new description
should also resolve the question of what type of algebra
can give rise to a violation of the Jacobi identity.>3 The
issue can be resolved in terms of homotopy theory. More-
over, even though there are an infinite number of nonvan-
ishing commutators for the velocities, only the second and
the third are significant for the group cohmology if only
one-particle wave functions are considered. If we consider
the quantum mechanics of more than one particle or even
of several dyons, then there are higher-order topological
invariants that are relevant since the available configura-
tion space is higher dimensional. We conclude the article
with first a physical interpretation of a three-cocycle for a
discrete group. [Discrete groups arise, from example, by
approximating U(l) by torsion matrices.] Then we
demonstrate the connection with string theory. A closed
three-form in the string theory guarantees the existence of
an axion and an associative orbit for axial U(1).

We assume that the magnetic monopole is located at
the origin. There is no reason to exclude the origin if we
allow & functions to describe the singularity. We are in-
terested in studying the wave function in the background
field of a magnetic monopole. The Dirac quantization*
condition is a relation between the electric change e of
those particles whose wave function we are calculating
and the magnetic charge g of the magnetic monopole.
The condition states that the magnetic flux through any
two-sphere S? enclosing the magnetic monopole is an in-
teger, when appropriately normalized:

n
2e

A two-sphere S? can be considered as the boundary 3 of a
three-dimensional disc D3,

g= [ F=—-#. (1)

n

JopsF =L dF =, 2)

by Stokes’s theorem, provided that dF exists.

Three linearly independent vectors a;, @,, a3 determine
a 3-chain D3(a,,a,,a;) which we define as follows. Con-
sider a point € of distance € from the origin. There is a
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tetrahedron Dz determined by €, €+a;, €+a;+a,,
€+a,+a,+a,, such that the boundary of D.’ is homo-
topically a two-sphere S2. By considering this S? homo-
topically, we avoid the problem of vectors puncturing it,
except the ambiguity when they go through the origin. A
Lie-algebra three-cochain a; is a mapping from three ele-
ments a,, a,, a; of the additive group R° into an Abelian
group (in this case the integers with a covering by the real
numbers)

az(a],az,a3): f dF , (3)

D€3(a1,az,a3)
where we use the fact that R> also has a Lie-algebra
structure induced by the cross product.

aj; is a three-cocycle® for the Lie algebra since

day= [ dF (42)
:f JdF=0, (4b)
D

where D* is a four-dimensional manifold of which D3 is a
constant time slice.
In general an n-cochain is defined by replacing 3 by n
where
n+1 .
da,= > (—Daylay,...,a,...

i=1

s@n41)

where a caret denotes omission. «, is an n-cocycle if
8a, =0. Given a triangulationg of a surface S, we obtain
an n-chain over which we can integrate. The existence of
a magnetic flux in space whose source is enclosed by an
incontractible surface S defines an n-cocycle for the
translation group. One just replaces S? above by S and
D? by the n-chain. This produces a flux conservation
condition in the example where a circular flux tube pro-
duces a nontrivial three-cochain and a trivial four-cocycle.

Notice that all elements of R3 are considered for
a,,a,,a;, but zero elements determine degenerate D°*
since they do not leave the vector €. For any €, we see an
incontractible two-sphere surrounding the origin.

One can formally consider the distribution-valued form
as a source of the Abelian magnetic monopole

—edF:%S(r)rzdr sin0dodo . (52)

The 6 function is to be considered in the sense of a distri-
bution. Therefore, we consider it as a limit of a nice func-
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tion. For example,

8(r)dr = lim - —2—dy (5b)
80 7 8242

which we can rescale by 8 for any finite 8 to become
1 dr

& _ Loy (5¢)
T ro+1 T

by using tanX in place of the rescaled r. This describes
the possible virtual motion for finite §, when the mono-
pole is not strictly located at the origin.!° Moreover, in-
tegrating over X defines a type of dimensional reduction
to the surface of an incontractible two-sphere surrounding
the origin.'!

Notice that the right-hand side of (5a) is invariant
under rotations, gauge transformations, and conformal
transformations. However, it is not invariant under
translations, which would lead to a measure for X that is
not concentrated at the origin. Since the gauge group is
U(1), one can look for an extension of the gauge group as
a circle to the real line of translations as in the exact se-
quence 0—~Z—R —S'—1. Moreover, the integers can
naturally be considered as the excitations to the different
states of different magnetic charges. These give rise to
the noncompact extension of the circle to the real line.
However, there is an arbitrariness in the way U(1) can be
extended in the translations corresponding to the arbitrari-
ness of the classical value for 2eg. The gauge group
should be mapped into the translations around closed
loops. These closed loops can then be naturally embedded
in the space of paths determined by the translations.
Moreover, since there is an incontractible two-sphere sur-
rounding the magnetic monopole, one can construct a
nontrivial U(1) bundle over this two-sphere. Transport
around a closed loop, which we identify as the equator of
the two-sphere, defines a winding number. Transport
around a longitudinal closed loop requires a nontrivial
gauge transformation since it intersects the equator. This
confirms with the two-patch description of the magnetic
monopole, where one divided the incontractible two-
sphere into two patches: an upper hemisphere and an
overlapping lower hemisphere. The overlap is a region
that is contractible to the equator. The map of the equa-
tor into the gauged U(1) defines a winding number.

There is a nontrivial three-form associated with the
Hopf map from S$3—S? that determines the nontrivial
U(1) bundle over S2. We would like to identify this
three-form with the three-form determining the three-
cocycle for the translation group. In order to understand
the additional information contained in the fact that
dF =0 we first consider a one-form o,

w=fdé, (6a)

where f is a function of the coordinates to be determined.
At each point, @ determines a plane perpendicular to the
¢ direction, except at the origin where w becomes singu-
lar:

do=nw (6b)

for some 7; however, there is an ambiguity in 7 since any

33 THREE-COCYCLE IN QUANTUM MECHANICS. II 2923

one-form fh d¢ can be added to 7. In particular

n=dInf+fhd¢, (7a)
dn=hdfdé¢+fdhds , (7b)
ndn=dfdhdé . (7c)

The integral of ndmn over S* is arbitrary. However, to
identify with the magnetic-monopole source, we choose

=L € 06—, (8a)
T €+
f= fiarctanr/B s (8b)
h

where O is the Heaviside ® function that is 1 for positive
arguments and zero otherwise. Then

eg Odr

~ wh 8 +4r

2 (8¢)

eg 5 €
dn=—"2-——5—
K mwh 8 +r? €+r

50(0—m/2)d0dédr . (8d)
For nonzero € and & this projects onto the plane 6=1/2
that is the stereographic projection of S2. Notice that in
the limit 8, e—0, we recover —e dF and

77~»6(r)dr+—2g“8(¢)6(6~7r/2)d05 . 9)

The ambiguity in 1 corresponds to the fact that 6 and ¢
are not well defined at the origin. One can take the limit
of & approaching zero along any orbit, like a spiral, in-
stead of a straight line. This leads to an undefined phase
in the solution

do=nw . (10)

In order to patch the local solutions together, 2eg /h must
be an integer times V' —1, since each time we cross ¢ =0
in the 6=m/2 plane, we mut pick up an integral phase.
This gives an integral Hopf invariant when nd7 is in-
tegrated over R* so that ndn covers the plane a finite
number of times. Notice that even for nonzero 8, when
the monopole charge is spread out through space, one
must still quantize according to the Dirac condition in or-
der to have integral Hopf invariant.

In the Hopf map, one can also consider letting the ra-
dius of S? go to zero. In this limit case, one has a circle
sitting over one point and the limiting case makes sense.
If eg is not integrally quantized, one can start with the
pointlike limit but there is no way of expanding to a two-
sphere.

The existence of the three-cocycle for the additive
group R3 depends crucially on the existence of a cross
product in three dimensions. This product is nonassocia-
tive:

(axb)Xcs#ax(bxc) . (11)

However, there exists a nonlinear product using both the
scalar and the cross product which is associative:

(axb)-c=a-(bxc). (12)
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Classically, there are three independent velocity vectors
at each point and they commute since they are ¢ numbers.
One can solve the equation of motion

v=evXB (13a)

for any B by solving v into components parallel to B and
perpendicular to B. The component parallel to B (in this
case the radial component) remains constant, while the
component perpendicular to B rotates and determines a
one-parameter group. Notice that because of the associa-
tive product

v-v=0 (13b)
so v2=const. Hence, there are classical ambiguities in the
angular velocity (it becomes infinite) at the origin, related
to the ambiguity we encountered in (7a).

Quantum mechanically, the velocities must be con-
sidered as operators. Of course the standard momenta
and positions, p; and x;, respectively, satisfy the commu-
tation relations

[pi:pj]zoz[xi’xj] ’ (14a)
[pisxj]=—id;# . (14b)
However, these are not gauge invariant. The gauge-

invariant velocities v; =p; +eA; (where A; is defined only
locally) satisfy the same commutation relations with the
positions

[Ui,Xj]z—iﬁijﬁ (15)

but they do not commute with themselves. The algebra
for an operator solution of the equation of motion is com-
plicated. Since we have that

[vi,vj]= —i efiFy; (16)

one must extend the algebra to include F;. If Fj; were
constant, then this would determine a central extension in-
sofar as all higher-order commutators would vanish. In
the language of cohmology, there is a one-to-one
correspondence between central extensions of the three
one-parameter groups generated by the classical velocities
and the two-cocycles determined by the constant curva-
tures F; (Ref. 8). In the case of the point magnetic
monopole V-B=£0. The nonzero value gives the alternat-
ing sum of the triple commutators.'> These are obstruc-
tions to Fj; being a central extension. Moreover, one can-
not avoid the 8-function singularity at the origin by re-
stricting the wave function to vanish at the origin since
one cannot also assume all derivatives of the wave func-
tion also vanish at the origin. There is, however, a power
associative algebra'® with an alternating trilinear form for
vector fields v, w, and z such that

viwxz)= 3 [v;,[w;,z]]=(vXw)z, (17a)
c‘y{:]{cc
(vXv)z=0=z(vXv), (17b)

(13b) is crucial for consistency of the equation of motion
when v, w, and z are velocities because we want
vXB= —BXv. This triple product shows that the veloc-

ities themselves may be difficult to define, but powers of
the velocity, like the Hamiltonian, %vz, and the curvature,
Fjj, are well defined.

One can consider extensions by other sources or by
higher tensor fields G;; obtained from a two-form poten-
tial. For B=r, V-B is a constant so the fourth-order
commutation vanishes.>'* However, when B=r"r,n >0,
there is a nonvanishing fourth-order as well as a higher-
order commutator. Not much is known algebraically
about these extensions. However, homotopically, there is
a very beautiful framework for discussing them.'’

We shall consider as an example of the formalism, the
point magnetic monopole. We have a triple product s of
operators that is a nonvanishing associative product.
However, there may be obstructions from higher-order
commutators to associativity. (We will see that on a
group level, only the triple product is relevant.) The first
obstructions are seen by considering the five possible
products of four elements determined by the commuta-
tors:

(1) [[v;,v;),[ve,0;]1=0 for classical background , (18a)

(2) [[lvisv;]0e 15001 (18b)
(3) [lvislvyve 1o, (18¢)
(4) [vp[lvjve 0] (18d)
(5) [vi,[vj,[ve, 0,117 - (18e)

Adjacent products and (1) and (5) represent the five ho-
motopics H{? that can exist such that

> [[x,y1,2], (19)

cyclic permutation
of components

(i)
HP (x,p,2)=— >
cyclic permutation
of components

HY(x,y,z)=
[x,[y,2]], (20)

where the minus sign comes from the commutator.

For (1) and (2) x=[v;,v;],y =vi,z=v;. When x=uv,,
y=vj,z=vy, we see that Hy=H,. Even though
(18b)—(18e) do not vanish, they do not present any new
obstruction. Suppose we rescale v;—tv; and consider the
possible obstructions to letting z—0. First there is the
commutator [v;,v;]= —i ehF;; whose integral over a two-
sphere enclosing the origin must be constant. One must
therefore rescale S by ¢ 2. The next obstruction is the
triple commutator eijk[v,-,[vj,vk]]. If we rescale volume
by ¢~3, this will yield a nonvanishing integral. However,
higher commutators do not give rise to new obstructions
since space is three dimensional. Moreover, in order to
specify the algebra uniquely, we would of course write
down all higher-order commutators and see that the ob-
structions remain in two and three dimensions. One can
even note that in an abstract setting the algebra has a pa-
rameter e which we can vary to zero and obtain an associ-
ative, a commutative algebra. Of course there is an ob-
struction to such a variation in quantum mechanics. If
one has more complicated flux-tube configurations, then
dimensional parameters will enter and there is an obstruc-
tion to the homotopy argument. Finally, we note interest-
ing possibilities when one is in four dimensions with a



non-Abelian group or if the background field commute
and higher-order relations are possible.

The fact that the individual velocities are not well de-
fined gives rise to an ambiguous phase in V-B correspond-
ing to the fact that —i d /dr, the radial component of the
velocity, is not well defined. This is related to the fact
that the triple product is really a determinant. Just as
with the determinant of the Dirac operator, nonvanishing
phase gives rise to an anomaly or ambiguity. We can get
rid of this phase by restricting the domain. Moreover,
just as in the families index theorem, one can consider this
phase as varying as the parameter e varies, even when eA
does not define a connection as in Sec. II.

The key formula for translating from the Lie algebra to
the group is the Campbell-Baker-Hausdorff formula:

eAeB=exp(A +B+%[A7B]+%[A’[A’B]]

(Ref. 16). Classically, the one-parameter groups deter-
mined by the solutions to the equations of motion are ad-
ditive since the velocities commute. However, quantum
mechanically, all the nonvanishing commutators contri-
bute to the product. All the higher commutators are
determined by differentials of the commutator given by
the curvature. There is a possible obstruction to the ex-
tension as one might choose a coefficient incompatible
with the given extension. However, if we are in three spa-
tial dimensions then the only forms that matter are the
two-form F and the three-form dF.

Consider another description of the origin of the three-
cocycle in the group cohmology in connection with the
fiber degree of freedom. Namely, one can perform a uni-
tary transformation on the momenta p; to w; that also
commute and satisfy the Jacobi identity

w;=U""p;U, (22)

if:iA,-dx"

23
p , (23)

U(x)=exp

where the integral is over a straight line from a to x.

The representation of the Heisenberg algebra generated
by p', x/, and # depends upon the potential about which
one perturbs by the magnetic monopole. If we consider a
background three-dimensional, quantum-mechanical har-
monic oscillator then the creation a,-* and annihilation a;
operators generate a U(3) algebra, a,~+a ;- The Hamiltonian
is the diagonal H =2ai+ai, the angular momentum is
a; aj—ajfai, and the remaining generators are given by
the symmetric quadrupole tensor a;a;+a;a;— %H&,»j.
The unitary transformation to the monopole state leaves
invariant the rotation group SO(3) that now includes a
piece from egtT and U(1) electromagnetism. The remain-
ing algebra forms an induced representation of
SO(3) X U(1). In the case of the point monopole, the rep-
resentation is generated by the velocities and all their
products. In any case, for constant energy, we have level
sets S° in the total phase space, R, of momenta and posi-
tions. The Hamiltonian generates a circle action whose
quotient is CP2. However, there is also a circle action by
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the gauge group under which the Hamiltonian and the ve-
locities, but not the momenta are invariant. The latter
circle action can be identified with the nontrivial U(1)
bundle which was described simplicially in Sec. I. Note
that one can also consider the Hamiltonian for a free par-
ticle in the background magnetic monopole. This gives
level sets CP'=S? which appear as the zero oscillator fre-
quency limit. The additional terms are apparent when we
consider the products of the U’s as in

U(x)U(y)=exp

i [, e/hBas! |U+y), @4

where S is the plane surface determined by x, y and x+y.
If the U’s determine a ray representation of the transla-
tion group, they certainly associate

U(x)[U(y)U(z)]
=[U(x)U(y)]U(z) (25)
=U(x) |exp |i [ %B-ds Uly+z)
y.z
. e
—exp zfsxyZB-dS U(x+y)U(z) (26a)
. e
=exp|i [ + [ 5BdS|Uxty+z) (26b)
=exp |i $Bds|U
=exp|i [ +[,,, 5B |Ux+y+z) 260
which is equivalent to the statement that
e [ V-BdV=2mn#, @7
V

V a volume enclosing the magnetic monopole. [For flux
tube, V(V-B)s£0, so one can integrate over a loop in R*
as well as over the volume since there is a length scale.
Higher gradients correspond to more complicated fluxes
like cylinders.]

However, when we consider the algebra of velocities, we
are truncating w;. Therefore, the fact that the velocities
have an infinite number of nonvanishing commutators is
equivalent to the fact that in order to relate p; to w; by a
unitary transformation, one must include an infinite num-
ber of terms. If, however, one approximates U(1) by tor-
sion matrices, i.e., matrices such that 4¥=1 for some w,
then the series will terminate. This is an interesting case
because one might consider U(1) as a limit as N goes to
infinity of Zy. For finite N, only a finite number of rela-
tions appear as infinite group theory where one can define
certain large groups as automorphisms of algebras. As an
example, one might have an algebra where the Jacobi
identity is not satisfied, but some multiple of the triple
product does vanish (mod N, for example).

There are interesting complications one can consider.
First, one might look at the angular momentum algebra.
Classically, one knows that the algebra for L; =€ r;vx
does not close. However, J;=L;—(1/r)egr; does. It is
once more interesting to consider a projection onto the
algebra, generated by L;, that does not close. One has
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[Li,Lj]zieijkLk—iee,-lmej,sr,erms . (28a)

But

Gilmej,srlerms =F,-jr2 (28b)

for the magnetic monopole, so we must extend by rZFij.
The triple commutator one checks to satisfy the Jacobi
identity fails by a term which vanishes classically, but
does not vanish when the positions and velocities are con-
sidered as operators. In particular if one perturbs by addi-
tional interactions, the wave function may depend upon
the velocity vectors. The possible failure of the Jacobi
identity is thus once more determined by considering the
motion in the fiber (dependence on the gauge group) but
now inconsistent with the equations of motion:

€¥[L;,[L;,Ly]1= —ie(r;d;Fy—r;d;F;)r’ . (29)

As long as the motion in the fiber is trivial topologically,
there are no further obstructions to form a group of rota-
tions and the Jacobi identity is satisfied.

Additional interactions may cause the Jacobi identity to
fail as an operator statement because r; = —id/dv;. One
could even consider Fj; as a dynamical variable which can
be excited.!” One is then no longer in the realm of quan-
tum mechanics. The algebra one considers is now closer
to the algebra for the angular momenta in the string
theories where there are an infinite number of oscillator
states corresponding to the excitations of the magnetic
monopole. In terms of the group, one now must consider
not only straight lines, but lines with attached loops
which bound surfaces through which flux flows. For this
reason, it is not clear whether this algebra represents a
string theory or a membrane theory. The latter is plausi-
ble because the excitations are stringlike solitons wrapped
n times around the equator of a two-dimensional disc.
Such a membrane may explain why space is three dimen-
sional.

We have stated that for a one-particle system, the third
cohomology of the group is the highest-dimensional coho-
mology of significance. However, when we consider sys-
tems with a large number of particles, there are higher-
dimensional cells that are possibly incontractible since the
available coordinate space is 3N dimensional for an N-
dimensional system. In particular, if we consider the
quantum-mechanical interaction of monopoles or dyons
among themselves, then there are additional possible
structures. This is related to the surfaces in which motion
can occur. The simplest question one can ask is whether
volumes determined by motion of two particles separately,
each encloses a different unit of flux. This is determined
by a cohomological product of three forms which could
possibly determine a six-cocycle. This product is antisym-
metric so the number obtained from the six-cocycle de-
pends upon the order in which one measures the flux. Of
course, if the flux satisfies the Dirac quantization condi-
tion, the difference is unobservable at the group level.
There is the suggestion that cohomology will be useful for
considering quantum-mechanical correlations in general.

In the product space of motion, there is a well-known
five-form that determines the angular momentum of a
pair of dyons

L=rx(EXB). (30)

If one integrates this form over the product space of
motion of the two dyons as well as the one-dimensional
space of angular motion, one obtains a number. If the an-
gular motion is to determine a finite-dimensional repre-
sentation of the rotation group, this number fixes the
quantization of angular momentum for dyons of electric
and magnetic charges (e;,g;) i=1,2 to satisfy

elgz—ezgl:%ﬁ- (31)

There are interesting geometries that can arise by consid-
ering several dyons,'® especially when the total magnetic
charge is zero.

The analysis of the defect structures of a simple system
in nature leads to a physical interpretation of a nonassoci-
ative extension of an algebra. Consider biaxial nematics'®
with isometry group G=SU(2) and isotropy group H =0,
the quaternion group. The defects are classified by the
conjugacy classes of 7(G/H)=Q, which is non-Abelian.
Given two classes, a and 8 of 7{(G /H), we can consider
the commutator afa~'8~!. For the quaternion group, if
a and f3 are noncommuting 180° disinclinations of distinct
types represented by /o, and io,, for example, then the
commutator is — 1, a 360° disinclination. The commuta-
tor is considered in order to see the effect of trying to
cross one defect with another. We see that there is an ob-
struction to crossing of the defects io, and io, as
represented by the 360° defect — 1. Just as in the case of
the magnetic monopole, we can consider an extension of
the group represented by the Z, obstruction. The new
representation considers defects as pairs with one term an
element of Q and the other an element of Z,. However,
this determines a nonassociative extension.

Consider (a,a), (B,b) for a,BEQ,abEZ,,

(a,a)-(B,b)=(aB,a+b+Cl(a,B)), (32)

where C is determined by the rule C(a,8)=0 if aff is real
and 1 otherwise (the algebra is associative if C=1 for
B=lora=1):

((a,a)(B,b))(v,d)

=(apBy,a+b+d+Cla,f)+Claf,y)), (33a)
(a,a)-((B,b)(y,d))
=(aBy,a+b+d+C(B,v)+Cla,By)) . (33b)
But
Cla,B)+ClaB,y)—C(B,v)—C(a,By)=+£0 . (34)

Consider a=io,, B=io,, y=io,, for example. We
therefore have a nonassociative extension. This example
suggests a physical interpretation of a nonassociative rep-
resentation. One is considering an extension of the sym-
metry group for an ordered phase by a disorder variable.
The ordered phase is not stable to all defect structures.
Therefore, nonassociativity of the representation may
mean that we are using order variables for a disordered
phase. It is crucial in this consideration that the extension
was by a central element, i.e., one that commutes with all



the elements in a non-Abelian algebra. One could make
the algebra Abelian and restore associativity by modding
out a Z, in the quaternion part of the algebra.

The dynamics of the movement of defects can be re-
versed in time. Start with the defect described by
(—1,0)=(io,,0)(io},0). In the presence of an 180° disin-
clination represented by io,, we can transport (ic,,0) to
(—ioy,0) since

(ioy,0)ioy,0)(—io,,0)=(—ic),,0) . (35)
However,
(—io,,0)ioy,0)=(1,0)%(—1,0) . (36)

Defects can catalyze changes in the obstruction. This is
related to the fact that the extended algebra has zero divi-
sors. It is suggestive of considering the new variables as
fermionic.

We can also consider the higher-order relations for the
Cs:

(1) Cla,B)+C(y,8)+ClafB,y8), (37a)
(2) Cla,B)+ClaB,y)+C(aBy,8), (37b)
(3) C(B,y)+Cla,By)+ClaBy,d), (37¢)
(4) C(B,y)+C(By,8)+Cla,Bys), (37d)
(5) Cly,8)+C(B,y8)+Cla,Byd) . (37e)

We therefore can satisfy a fourth-order condition for this
algebra since C is an element of Z;.

We can also consider an SU(3) example by looking at
the subgroup generated by

1 0 0

A= [0 0 e'?,
0 —e™® 0

. (38a)

e 0 0

B=[0 ¢¢ o0 |,
0 0 e~2¢

AB=CBA, A’B=BA*, (38b)
1 0 0

C=10 e % 0 (38¢)
0 0 e

In general Cs£1 unless  =27N/3 when A4 and B com-
mute. However, if 6=27N /3K one has

(BAB~'a~Hk=1. (38d)

[One can obtain a U(1) in the limit K — o . If one also re-
stricts the range of 6=27N /M, one obtains a discrete
subgroup of SU(3) with A4 torsion, 4> =1.] Therefore, if
A and B represent two-cochains, we can extend by Zg to
obtain a nonassociative algebra just as we extend by Z,
with Zg represented by C. This is a consequence of the
relation (38d).

In the new versions of string theory, there is a two-form
potential which determines a closed three-form H (Ref.
20). This three-form is crucial in order to cancel the

33 THREE-COCYCLE IN QUANTUM MECHANICS. II 2927

anomalies in the theory. H has an equation of motion

8,H 105 =0 . (39)
This leads to an axion in four dimensions:*'
Yh=er BTl (39b)
HYV—a3'Y*=0, (39¢)
1
YH=—0!d . 39d
» (0} (39d)

However, we see that the above equation of motion does
not have to be satisfied exactly, but may be true up to
homotopy. For example, there may be a source term for
H, g (Ref. 22) if there is dependence on the extra dimen-
sions:

a“Huaﬂ:paB ,
aaYﬁ—aﬁYazeaﬁmp‘” .

Hence Y* cannot be the gradient of a scalar field ¢.
However, Y* can be considered as a vector potential for a
connection that determines a translation. This is a con-
nection for an anomalous axial (by definition of Y,) U(1)
gauge symmetry. Even though H has a source, there is
still a consistency condition on the derivatives. We find
that the consistency condition for H is equivalent to the
vanishing of a magnetic source for the anomalous U(1):

0,0pH P =03,p°"
= EaﬁyaaaFBE )

Fop=03,Y—05Y4 -

(40a)
(40b)

(41a)
(41b)

However, the U(1) field has a conserved current which is
not gauge invariant. The variation of this current under
gauge transformations A that do not vanish at infinity are
related to this same magnetic source:

8% K3, AFy , (42)

yielding a flux at infinity proportional to the magnetic
charge of a monopole. Since there is no restriction on the
value of the large gauge transformation at infinity, there
is an obstruction to obtaining an associative representation
of the translation group with a background nontrivial
field in the anomalous U(1) theory. In the case of the
magnetic monopole in quantum mechanics, the Dirac
quantization condition imposed a restriction of all real
values of 2eg/# to the integers with quotient space the
circle of topologically trivial gauge transformations. For
axial U(1) there is an analogous quantization condition
only if the large gauge transformations are restricted. We
also note that (18a) is not zero for the translation group in
four dimensions with quantum operators. A fifth-order
relation may then be responsible for restricting the large
gauge transformations parameterized by a fifth coordi-
nate.

Finally, we note that quantum field theories and string
theories have quantization conditions which can appear in
the form of anomaly cancellation conditions. Perturba-
tion theory is usually calculated about a fixed background
field in such a way that the perturbative corrections are
assumed not to change the topology of the background
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field, whether this is trivial or nontrivial. Therefore, the
most the perturbative corrections can do to change the to-
pology is add an exact form to a closed form. If one in-
tegrates about a chain and not a cycle, one must be careful
to choose the exact form consistent with the quantization
condition. A failure to do so can lead to problems like in-
finities or nonassociativity of a representation of an al-
leged symmetry. Sometimes the consistency must be
checked a finite number of times, sometimes an infinite
number. One can violate the consistency condition for
any particular number of commutators only by adding an
additional cell that is related to the original space by a to-
pologically nontrivial map.
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