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The conformal transformation law for the renormalized one-loop effective action is used to give
approximate renormalized stress tensors for conformally invariant scalar, spinor, and vector field
theories on static Einstein space-times, paying particular attention to the ambiguous coefficient of
the term IR in the vector trace anomaly. In black-hole space-times these tensors for the Hartle-
Hawking thermal state are shown to be regular on the horizon. Geometrical expressions are given
for the approximate energy densities there; these can all be expressed in terms of the scalar invariant
CuvprC*'P". A number of explicit examples are presented, including Schwarzschild space-time. In
flat and conformally flat space-times these approximate stress tensors agree with the exact results
wherever the latter are known. In more complicated space-times, where we do not always obtain the
exact results, a brief discussion is given of how to obtain a more accurate approximation.

I. INTRODUCTION

A central problem in the study of quantum field theory
on curved space-time is the calculation of the renormal-
ized expectation value of the stress tensor operator. This
quantity determines the back reaction on the metric of
space-time through the semiclassical Einstein equations.
The methods for calculating this tensor have been general-
ly agreed upon for a number of years. Unfortunately, in
practice, the actual calculations involved are very compli-
cated for anything but extremely simple space-times.
Therefore, it is important to construct schemes for ap-
proximating renormalized stress tensors in more compli-
cated space-times, such as, for example, Schwarzschild
space-time.

Such a scheme for obtaining expectation values in
thermal states of a conformally invariant scalar field on a
static Einstein space-time (R,,=Ag,,) was introduced
by one of us (D.N.P.) a few years ago.! This involved
making a conformal transformation to the ultrastatic op-
tical metric for which the coincidence limit of the second
DeWitt coefficient,? a,(x,x), was noted to vanish. This
suggests that the WKB approximation of the thermal
propagator in this space-time should be especially good.
The approximate propagator which ignores contributions
from indirect geodesics can be obtained in closed form by
following the work of Bekenstein and Parker.® The ap-
proximate thermal stress tensor in the physical space-time
is then taken to be the one obtained by conformally
transforming this approximate propagator back to the
physical space-time.

This method yielded exact results for the renormalized
stress tensors of the SO(4,1)-invariant state on de Sitter
space and the SO(3)XSO(2,1)-invariant state on the
Lorentzian analytic continuation of S$2xS? with the
Nariai metric.* In addition, it gave a simple closed-form
expression for the renormalized stress tensor for the
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Hartle-Hawking® state on Schwarzschild space-time
which agreed remarkably well with the exact result ob-
tained by extensive numerical computation by Howard.®

Later, Brown and Ottewill’ showed how this approxi-
mation could be understood in terms of properties of the
one-loop effective action for a conformally invariant field
under conformal transformations. This approach also
gave approximate renormalized stress tensors for thermal
states of conformally invariant fields of higher spins. In
addition, a discussion was given of the relationship be-
tween this approximation scheme and the argument that
the vanishing of a,(x,x) in the optical space-time implied
the existence of local states in that space-time for which
the renormalized stress tensor vanished identically.?

The purpose of the present paper is twofold: first to
unite the work of our two previous papers and second to
address a problem that exists when the scheme as given in
Ref. 7 is applied to thermal states of spin-1 fields. The
problem is that using the expression for the thermal stress
tensor in a static Einstein space given there one finds the
absurd result that at high temperatures the approximate
energy density becomes negative. This problem can be
traced to the use in that paper of the value of the trace
anomaly given by dimensional renormalization.’ Al-
though it was acknowledged that there was an ambiguity
in the anomaly in the coefficient of IR, it was incorrectly
assumed that this was unimportant. Below we shall show
that if one uses point-separation!® or ¢-function!! renor-
malization and proceeds as before then one can obtain
sensible answers for spin-1 fields.

In Sec. II we discuss the general theory associated with
the conformal transformation law for the (one-loop) effec-
tive action allowing for different renormalization
schemes. We then discuss the use of this law for the
point-separated or {-function renormalized effective ac-
tion to give an approximate renormalized stress tensor in
static Einstein space-times. This is more complicated
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than with the dimensionally renormalized effective action
since now the trace anomaly does not vanish for spin-1
fields in the optical space-time. Thus, the previous ansatz
of equating to zero the zero-temperature renormalized
stress tensor in this space-time is no longer possible.

In Sec. III we deal with static, but possibly spatially
distorted, Einstein black-hole space-times. We shall show
that the approximate stress tensors for the Hartle-
Hawking vacuum on these space-times are always regular
on the event horizon of the black hole. Furthermore, we
obtain geometrical expressions for the energy of these
stress tensors on the horizon, and so generalize the work
of Frolov and Sanchez.!?

In Sec. IV we give some specific examples, and in Sec.
V we review the successes and failures of the scheme. In
addition, we discuss possible ways of improving the ap-
proximation when it fails to give good agreement with

=k =1) and follow the space-time conventions of Mis-
ner, Thorne, and Wheeler.!

II. GENERAL THEORY

The conformal transformation law for the dimensional-
ly renormalized one-loop effective action for a free con-
formally invariant field theory on curved space-time was
given in Ref. 7. We restate this law here in a more gen-
eral form allowing for different renormalization schemes.
We shall then discuss the use of this formula for approxi-
mating the renormalized stress tensor in static Einstein
space-times with emphasis on the relationship to the work
of Ref. 1.

Under a conformal transformation the renormalized
one-loop effective action transforms according to the
equation” 415

Wrle™ guv]= Wr [gpv]—"aA [w;g]—bB [w;g]

known results. —cClw;g], 2.1
Throughout we shall use natural units (fi=c=G  where
J
Aloigl= [ d*xg'*{(RyprR¥P = 2R, R*+ TR0+ 3[R +3(00 —0,,0") (0o —a;0™)} 22
Blwgl= [ d* g‘/2[(R#VPTR"”PT—4RWR#"+R2)(»+4R,”w;“ww—2kwmw;ﬂ+2(wmw¥“)2—4w;,,af“ljw], (2.3)
(2.4)

Clwigl= fd4x g'2{[R +3(00—0w,0")](00—o,o™)} ,

and the coefficients a, b, and ¢ depend on the number of
helicity states of each spin there are and on the renormali-
zation scheme used. Point-separation, §-function, and di-
mensional renormalization all agree that

a =(2°4572)"[12h (0)+ 18k ($)+72R(1)], (2.5
b =(2°457)"'[—4h(0)—11h(3)—124R(1)], (2.6)

where 4 (s) denotes the number of helicity states for fields
of spin 5. On the other hand, there is disagreement on the
value of ¢: dimensional renormalization gives

c=0 N (27)
while point-separation and §-function renormalization
give

¢ =(2°457%)"'[— 1204 (1)] . (2.8)

As discussed in the Introduction, in this paper we shall
take the latter value.
By employing the identity

—8—%F[e ~2g,.] w=o= —ZgMSgS—#:F[gm] , 2.9
we find

TrP[g]l=a(H + $0OR)+bG +cOR , (2.10)
where
H =Cypy C*P" =R 4y, R¥P"— 2R , ,R*' + T R? (2.11)
and
G =*R,yp,"R¥P"=R,,, R¥P"—4R , R¥+R? . (2.12)

Here, and elsewhere, the renormalized effective stress ten-
sor T is defined by

TRp.v=2g—l/2

WR [g] . (2.13)

88,y

Equation (2.10) is the usual trace anomaly.
We shall be interested in cases where o itself is a scalar
function on space-time which may depend on the metric.

It is now convenient to introduce the symmetric tensors
T *[w], Tg*"[w], and Tc*'[w] defined by the equation

Ts"'[w]=2g~'"? 8 Slwlglel
pv
) 8w &
—2g-12| % O IS[olglg], .14
g 58, b8, b0 [o[g];g]

for S =A4,B,C where A/Ag,, and 5/8g,, denote, respec-
tively, the total and partial derivatives with respect to the
metric, 8/8w denotes the partial derivative with respect to
®, and an integration over space-time is to be understood
in the last term.

From Egs. (2.1) and (2.10) it follows that

2g_l/2gyv 8 A[w;g]:(H—*—%DR)
58,
—e~*(H+X0R), (2.15)
2%, 2 Blwigl =G —e %G , 2.16
8¢,y
2g—1/2g‘w o Clw;g]=0R —e~*(R , 2.17)
o8y
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and
2g'1/2%A [wigl=e—*(F + 20R), (2.18)
2g"1/2%B[w;g]=e°4“’5 , (2.19)
2g"/2£o—c[w;g]=e‘4“’ﬁﬁ , (2.20)

where a tilde denotes that the quantity is evaluated in the
space with metric g,,=e™ g - It follows that if either
adA /8w, bdB /dw, and cSC/&o are all zero or w[g] sat-
isfies the scaling law
)

Suv 56, w[g]l=1, (2.21)
then aT ,**, bT"", and cT* have traces a (H +$0OR),
bG, and c[IR, respectively. In addition, as total deriva-
tives of actions with scalar Lagrangians they are con-
served.

In Ref. 7 we always considered conformal factors w[g]
such that H +Z0R and G vanished, and by choosing the
dimensional renormalization value ¢=0 we never needed
to consider the action C. In this way the problem of
determining 8w /8g,,, did not arise. In this paper we shall
choose ¢+#0 and consider conformal factors for which
G R does not vanish. Hence we must now face this prob-
lem.

We shall restrict our attention to space-times possessing
a Killing vector field K* (at this stage we do not assume
that K* is timelike or hypersurface orthogonal). In such
space-times it is of special interest to consider the confor-
mal transformation defined by

o=+In|K?| , (2.22)

where K?=g, K*K". In this case one can prove the fol-

J

2 —172_94 54

=4(CPHR,, +2CPHT,,
88,y

Jo+8R, V)

+ %g’“’R p0P+ %R’“’Dw— %g‘”RCIw + %(Ela))”’“'—-

+8(0w) ™ o™ —4gw.

__—g#VR ((l) CL)P

3(a)pa)

— 80 M (@,,0P )Y + 8(0w)w 0™ +4g** 0,y @, ,0' )P — 8(

=4¢ ~%[2CP0),,+ R ,,CP 0],

PHY L %g“"[:l(w;,,a);p)-k
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lowing theorem.

If S[w;g]l= fd g’ L[w;g] where L is a scalar
function on space-time then the symmetric tensor
A 6 | KHEKY &
2g 12 S|w; 2g~172 — |S[w;
g Be,m [w:g]=2g WREETa [w;g]
is conserved.
In other words, it is consistent to define
173 44
o KX, (2.23)
oy 2K

that is, in varying o with respect to g,,, K* is kept fixed.
It is clear that Eq. (2.23) is consistent with Eq. (2.21).
Hereafter we shall assume Eq. (2.23) to hold.

Let us now further restrict our attention to static Ein-
stein spaces, so that K# is now assumed to be both time-
like and hypersurface orthogonal (although the first re-
quirement is inessential and w1ll | occasionally be dropped).
In this case we have""” H + 20 R=0and G=0 so that

T pv=2g-12 24 84

(2.24)
88y
Tgtv=2g"1"2 523 (2.25)
134
and
173 44
romaggie | 26 IRy g
uv

where in wntmg the last equation we have used the fact
that OR=—2H=—3e*H.

For completeness we now give 64 /8g,,, 8B /8g,,, and
8C/8g,, for arbitrary space-times:"

—8R¥, P+ 8w, RP'T— 8w'P'*R V)p+4g’“'Rp,,w‘pT+ TRo™

g Pw)

o(Ow)?—2g*(0w)*+ FRw 0™

TR*(w,,0°)
0,0 )0’ + 28" (0, ,0P)? (2.27)

(2.28)

where a colon denotes covariant differentiation with respect to the metric 8uvs

2 —-12_Y°9 SB
o8,y

+8RP. +8RPTo

=8g"R,, 0" +4Rw* + 8R*' 0w —4g* ROw — 16RP¥0’™,,

@,50,,— 28" R (0,,0°) + 8¢*"R , 0 P0r’”

—4gH( Da)) +4g8"(,,0"°7) + 4R 0, 0 +4R 0 0 + 80 D — 16RP("a)”')a);p— 8w+ 8w e D

+8g#%w

=e“6“’(4CP“"RPT+2H/‘V)~(4CPF“’TRPT+2H“V) ,

where

pr0 P T — 160 07 0,4 28" (0,,0P ) — 8wt w M, ,0°)

(2.29)

(2.30)
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H"'=—RMR,"+$RR*+(3RFR,,— tR*)g"", 2.31)
and
2g_”zsag%=2w;“‘R“"—g""R;Pw;P—ZR""Dw+2(E]a>);“"—2g“"(|:]2¢o)
+12(00) *o™ — 6" 0, (0w )P — 3g*(0w)* + 2Rww™
— "R (@,,0°P) — 2 0,0 P VY + 2g M D @, 0P ) + 2R ¥¥ (@, p0'P)
— 120/ *(02,,0P ) + 12(00) 0 0 + 68H"0,,(0,,0°)P — 120,07 )0 e + 3g* @, ,07F ) (2.32)
= +(e ST _[*)— 3¢ ~%[2CP* W), +R ,,CP 0], (2.33)
|
where by Eq. (2.21) is conformally invariant; as such it is cer-
5 tainly a conserved, trace-free tensor. Of course, the
#=g=17 58,y f d*xg'”’R? transformation law (2.1) can only ever determine Wx[g]

=2R*—2RR*+(+R*—20R)g"" . (2.34)

So far we have dealt entirely with exact properties of
the theory under conformal transformations. We now
turn to the question of using the above properties as the
basis for an approximation scheme for calculating renor-
malized stress tensors in static Einstein space-times. We
first discuss zero-temperature stress tensors and then later
discuss the finite-temperature contributions.

The conformal transformation defined by Eq. (2.22)
takes the static physical metric to the ultrastatic optical
metric (in which K* is a covariantly constant vector
field). In this space, as discussed in Refs. 1 and 7, one ex-
pects the Gaussian approximation to be especially good so
that one can make the approximation 7g**=0, with Ref.
8 arguing that there exists a class of states for which this
is exact. This equation is consistent for all spins for di-
mensional renormalization; however, it is not so for §-
function or point-separation renormalization for spin 1
since for these schemes the trace anomaly does not vanish
for the optical metric. To motivate a consistent ansatz,
take the total derivative of Eq. (2.1) with respect to g,,:
on using the chain rule and Eq. (2.23) this yields the equa-
tion

2 Wrle=2g]=e Tr*' —K*K*T",)
Aguy
=Tg* —aT #*—bTp*" —cTcH” ,
(2.35)

where T,*, Tg"", and T** are defined by Egs.
(2.24)—(2.26).

We now make the revised approximation ansatz (cf.
Ref. 16) that the left-hand side of this equation vanishes

so that

TR“V:K“KVT Rpp , (2-36)
or, equivalently,
TrP =aT #*+bTg* +cTH . (2.37)

This approximation ansatz is consistent since the left-
hand side of Eq. (2.35) is the variation of an action which

up to conformally invariant additions. It appears”’ that
in the optical metric of a static Einstein space-time any
additions make little contribution to the renormalized
stress tensor for many states of interest.

Although our discussion has followed the lines of Ref.
7, Eq. (2.36) is a natural ansatz in the spirit of Refs. 1 and
16. One can postulate it directly as a property of the opti-
cal metric and then transform it back to the physical
metric to obtain Eq. (2.37) thereby avoiding worries of de-
fining 8w /8g,,. In this approach the additional term in
TcH", as defined by Eq. (2.26), arises as the conformal
transform of Eq. (2.36).

We should note that in abandoning the requirement
that the trace anomaly in the conformal space vanish we
have lost the original motivation for expecting the ap-
proximation to be reasonable.!” It may yet be better to
solve the equation TP [e ~*’g]=0 for w[g] and use that
as the basis for our approximation. Our reason for not
doing so is simply that it is too difficult, and the solution
may not be unique. Instead we shall work with Eq. (2.37)
and let its value as an approximation scheme be judged by
the results it yields.

Now we shall discuss thermal states in static Einstein
space-times. In Ref. 1 an approximate thermal stress ten-
sor for scalar fields was obtained by explicitly calculating
the Gaussian approximation to the thermal propagator in
the ultrastatic optical space-time. In Ref. 7, working in
the static physical space-time, it was shown that the con-
formal factor

d=at +5In(—K?) (2.38)
yielded, under the assumptions c¢=0 and Tx""[e %]
=0, an approximation to the renormalized stress tensor
for a thermal state with temperature a/2m. To see the
connection between these two approaches we first observe
that the actions 4, B, and C have the property that'*

Slo1+oig]=S[ose “gl+S[wxg] (2.39)

for arbitrary conformal factors @, and w,. Choosing
w;=at and w,=7In(—K?) it is clear that taking confor-
mal factor @ in the physical space-time is equivalent to
taking conformal factor w; in the optical space-time and
then transforming the answer back to the physical space-
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time.

The prescription of choosing @, and assummg that the
stress tensor vanishes in the metric e~ g,w, generically
yields a tensor consisting of three terms, one independent
of a which coincides with that arising from w,, one quad-
ratic in a and proportional (with a spin-dependent coeffi-
cient which vanishes for spin 0) to a tensor which we shall
denote T,**[a], and one quartic in a and proportional to
a tensor T4**[a]. Written in the optical space-time these
tensors may be normalized to take the form

T,*"al=4a* —G* +RKFK") ,
T a]l=a*@*"+4KFK") ,

(2.40)
(2.41)

where G ** denotes the Einstein tensor, and written in the
physical metric they take the form

2 || KK 4, K*K”
T“v[a]=F T+?AK g —4—
+8KPC"“"K,.] ) (2.42)
4 v
a K*K
T4lw[a]=F g""—4 K2 ] . (2.43)

It is of some interest to observe that these tensors can
be obtained as the metric variation of the conformally in-
variant actions

Sz[a]=a2fd‘xg”z(—Kz)‘”z
X(O—¢R)(—KH)~!? (2.44)
and
sdal=a* [ d' g7, 2.45)

where the variation is understood in the sense of Eq.
(2.23).

As an aside, we note that in the spirit of Ref. 1 it is
straightforward to guess the forms (2.40) and (2.41) on
general grounds: Both must be trace-free and conserved,
and furthermore they should be constructed from the co-
variantly constant vector field K# and the geometry with,
on dimensional grounds,'a“zT2‘w linear in the curvature
and a~*T,*" of order zero in the curvature.

This procedure of using the conformal factor & defined
by Eq. (2.38) works whenever ¢=0 and hence gives the
thermal forms T, and Tz** of the zero-temperature
tensors T ,** and T**. Unfortunately, to obtain T¢* in
this way it is necessary in general to give a meaning to
(8/8g,y)(at) and it is not clear how to do this. Alterna-
tively, one would need a consistent approximation for

J

T 4#=1611*11," — 31<2 — X4
—I?;—4(C2K‘+4X;pK2;”+X2)g"V ,

Tr*'[e ~?Pg] when ¢0. Instead we proceed by demand-
ing agreement with the values in the open Einstein
universe, where one knows that the Gaussian approxima-
tion is exact.!® The form of the thermal stress tensor on
this space for massless fields of spin O, %, and 1 are given
by Candelas and Dowker,!° with the following corrected
evaluation of the integral:

2.:]77_47*4

© 2
[ v s+ (-

ev/T_( -1 )Zs
+[30410(—1)*]s272T?} .
(2.46)

In this way we find that the thermal tensors are given by

TAp,vz TA ;W_+_ _;_ TZMV+ 2T4I‘V s (2.47)
Tph’=T" + T,* 4+ 2T, , (2.48)
TC“V= TcHY— % THY—TH . (2.49)

In Sec. III we shall consider static Einstein black-hole
space-times and shall show that these combinations are
precisely those which make the stress tensors for the
thermal state with a=«x,, the surface gravity of the black
hole, regular on the horizon.

In passing we should note that in certain cases, such as
flat space or the open Einstein universe, (R vanishes for
conformal transformations with conformal factors of the
form @. In such cases the problem of dealing with
(8/8g,,)(at) does not arise; however, even here Tc*'[@]
does not agree with T¢*" as defined by Eq. (2.48) which is
puzzling. On the one hand, these thermal terms corre-
spond to conformally invariant additions to the effective
action and so, bearing in mind the remarks after Eq.
(2.37), one might not expect to be able to obtain any infor-
mation about them directly from Eq. (2.1). On the other
hand, it is strange that one can do so for the actions A4
and B but not for the action C.

To conclude this section we shall give explicit formulas
for the tensors introduced above for static Einstein space-
times. It is convenient to introduce the symmetric tensor
I1*¥ defined by the equation

*=(K*)~'K,CPK, , (2.50)
and the scalar X defined by the equation
K%, K% A
_ ——_’“ — — 2
X AK? 3 K~*. (2.51)

In terms of these quantities, the zero-temperature stress
tensors, T4*", Tg**, and T*Y, defined by w=+51In(—K?),
can be written as

K*K"

X(yKZ v)+ >
K

< 2 (CIKA 42X, K+ 4X2)

(2.52)
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Tpr= 8Hﬂpnp1’_ .%xnl“'+ %(4X2—— CZKZ) g
K K
Tewv=— 2y Ly Lywugan g Ly
K2 K? K* K*

and the two thermal tensors T,**[a] and T**[a] as

8 4 K*K"Y
T*[a]l=a® FHFV—FX g —4 I } , (2.55)
LRV
T4“'[a]=a‘E1: g“”—4KKI§ , (2.56)

where CZEC,WPTC“"’” . In deriving these tensors and
checking their trace and divergence it is necessary to use
various properties of IT** and X in static Einstein spaces;
we have listed these properties in the Appendix.

The energy density p associated with each of these ten-
sors is defined by the equation

p=—(K)"'T"K K, 2.57)
These energy densities are given by

pPa=— EIT( $CKA+ 2024+ 2X, K 5H) (2.58)

pa=—%<%czx‘—4x2+%A2K‘), (2.59)

pe=+ -K{—,'(CZK‘—BXZ) , (2.60)
and

palal=— -}%azx , (2.61)

plal=+ 2t 26

III. BLACK-HOLE SPACE-TIMES

Here we shall study the properties of the tensors intro-
duced in Sec. II for the special case of black-hole space-
times. These space-times are taken to be static Einstein
spaces but we do not assume any spatial symmetry. We
shall be particularly interested in the energy of each tensor
on the event horizon of the black hole and shall obtain a
geometrical expression for each of these quantities. In so
doing we shall extend the work of Frolov and Sanchez,'?
whose results we recover as a special case.

It is evident that the tensors T *Y, Tg"*, Tc*, T,**,
and T,4*¥ are all singular on the event horizon, which
coincides with the Killing horizon as the space-time is
static. To study their behavior near the horizon we follow
Frolov and Sanchez!? and make use of the work of
Israel.® We first write the metric in the form defined by
the line element

ds?=—Q0%dt>+ k= 2d 02+ h,,d6°d 6" ,
—20__ _KZ,

(3.1

where we have Q?=e hap =hgy(Q,6°) with

2845
KK +3A%*, (2.53)
1o XKD K +———(C2K4 2, KH—2X0gH,  (2.54)

I

a,b € (2,3}, and k*(Q,6°)=0,,Q¥. k is defined in such a
way that «(0,0°)=k,, the surface gravity of the black
hole. It is convenient to express Einstein’s equations (with
cosmological constant) in terms of geometrical quantities
defined by the embedding of the two-surfaces {}=const in
a three-surface t=const. The extrinsic curvature of such
a two-surface is defined by the equation

ko =5K3ahg .

We further define k =h°’k,, and denote the intrinsic cur-
vature of the two-surface by 2R. In terms of these quanti-
ties the Einstein equations take the form

(3.2)

dgk=—k — AL (3.3)
K
k(dg+Q kb =3 2R8,5— A8, —k(k—1),?
— Kk, (3.4)
2R =%"+2A—k,,,k°b+k2 : (3.5)
abK= —ﬂ(abk —-kbc;c) ’ (3.6)

where a colon denotes covariant differentiation with
respect to the two-metric h,, and all index manipulations
are performed with this metric and its inverse. Given
values of k, hg, and kg, on a two-surface 2 =const satis-
fying Eqgs. (3.5) and (3.6) as constraints, Egs. (3.2)—(3.4)
determine their values elsewhere, the constraints (3.5) and
(3.6) being automatically preserved.'?

An important consequence of Eq. (3.6) is that
ko=x(0,60%), the value of x on the horizon, satisfies the
equation

(3.7

in other words, k, is constant over the horizon. Approxi-
mate stress tensors for a thermal state with the Hawking
temperature xo(27)~! can now be defined using the func-
tion

Ko.a=0;

D=kt ++In(—K?)=kyt +1nQ . (3.8)

Since this function is smooth across the future event hor-
izon of the black hole, it follows immediately that the
thermal tensors T,*'=T,*[@] and Tp**'=T*"[>] are
regular on the future event horizon. In addition, these
tensors are the same as those defined by the function
@ '= —xKot +In(}, which is regular across the past horizon,
so that T ,#* and T** must also be regular there. Unfor-
tunately, as discussed in the previous section, it is not pos-
sible to obtain the thermal tensor 7" from @ so that this
argument for regularity breaks down. Instead we shall
simply take the formula (2.49) and show that the corre-
sponding tensor is regular.
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We shall now evaluate g4, pp, and pc on the horizon.
To do this we use Egs. (3.3)—(3.6) to obtain expansions for
x, and hence X, about the horizon. Writing

k=Ko+K1(0°)Q* +K5(6°)Q*+ - - - (3.9)
and
k=ko(6°)Q+k (6)Q3+ -+, (3.10)
we find
K,=—E‘I(—O(K0ko+/\), (3.11)
L (3.12)

Ky= 3 (Kozkoz'—ZAKoko—2A2+K0ko:a:a) .
16Kq

In terms of the above variables the scalar X is given by the
equation

X=k*++AQ%. (3.13)
Hence, defining

X=Xo+X, Q>+ X, Q%+ - -+, (3.14)
we obtain

Xo=Ko?, (3.15)

X1=—Koko— A, (3.16)

Xo= 8%02(3x02k02+ 2ok + Kok . (3.17)

Furthermore, we can write’®
Ci= ?;S—E-[sza,,k“b-é—ku,xm—{—(xk FAQR]—£A2,
(3.18)
which gives
Co?=C?| 4=12(koko+ 2A)*. (3.19)

Comparison with Eq. (3.16) yields the interesting equation

X1=—(Co?/12)1% (3.20)
It is worth noting that Eq. (3.18) can be written as
=8 GAB+—‘3‘—5AB GBA+13‘~8,,A : (3.21)

where A4,B,€ {1,2,3} and G 43 is the Einstein tensor in a
three-surface t=const, which is given by the equation
G =07"'Q, 43 where parallel bars denotes the covariant
derivative in the three-surface. In particular, it follows
that C? is everywhere non-negative, which may readily be
shown to be true for any static space-time, Einstein or
not, by going to the ultrastatic metric.

In this way it is a straightforward to show that Tc*" is
regular on the horizon. In addition, we obtain the follow-
ing formulas for the energies on the horizon:

Pa=—3(Tioko+4A)(3koko+2A) +KoAskg

==X {(TX;+3A)— A, , (3.22)

Pp=—7(3Koko+2A)’— FA?=—12X 2~ $A?,
Pe=03koko+2A)2=9X,?, (3.24)

where A, denotes the Laplacian on #°. These results
reduce to those of Frolov and Sanchez'? for 5, and pp
when A=0.

(3.23)

IV. EXAMPLES

In this section we shall give the approximate renormal-
ized stress tensor in a number of special cases, and com-
pare the results with the exact tensors where these are
known.

We start with a couple of examples in flat space-time
for which we may immediately set [T**=0 and A=0 in
Egs. (2.52)—(2.56).

A. Rindler space

In Rindler coordinates (7,£,y,z) the line element for
Rindler space takes the form

ds?= —Ed P +dE +dy*+dz? 4.1)

where £€(0,) and 7,,2E(— w0, ). We choose the
Killing vector given by K¥=38, for which K?= —£* and
X =1. It can then readily be shown that

Tr*lal=[(—3+—3$a?+2a*)a +(2—4a?+2a*)b
+(—142a*—a*)c)diag(—3,1,1,1)#, .
4.2)

In particular, choosing a=0, corresponding to the
Rindler vacuum, we obtain

pr=—2a+6b—3c, (4.3)

while choosing a=1, corresponding to the Minkowski
vacuum, we reassuringly obtain

prl1]1=0. 4.4)

Equation (4.3) gives the exact result for the energy density
of the Rindler vacuum for all spins provided (and only
provided) we choose the value of ¢ given by {-function
and point-separation renormalization.

B. The Casimir wedge

We can use our formalism to obtain an expression for
the renormalized stress tensor for a field between two
plane plates making a wedge with opening angle @, satis-
fying periodic boundary conditions, or equivalently on a
cone with semiangle arcsin(®/27). We write the line ele-
ment for flat space in the form

ds*=—dt*+dp*+p*d$?* +dz? @.5)

and take the plates to be defined by the equation ¢ =0 and
¢=®. We now choose the Killing vector K#=84. This,
of course, is not timelike but, as we noted in Sec. II, this
requirement was not essential. For this Killing vector
field we have K2=p? and X = — 1.

The role of ¢ is now taken by ¢, with the “thermal”
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state with “inverse temperature” i® corresponding to a
state periodic in ¢ with period ®. Using Egs.
(2.52)—(2.56) we obtain the approximate renormalized
stress tensor for this state as

2 4 |27 27
B_—4) 2 2128 L
Tr*v=p 1730 | T2 | [
2 | 2 |
w m
124 1T 2|
w |° (2 |
T T
+ |—142 o | | c}
x diag(1,1,—3,1)*, . 4.6)
In particular, we find
1 4’ @?
=0)=—> | > —— @.7
PR 3600%° | @ 4n?
and
1 41 47
(s=1) 41| |==1], @8
PR 720m%* | @2 @2

where we have chosen h(0)=1 and h(1)=2. These re-
sults agree with the exact results. To obtain the results
for Dirichlet or Neumann boundary conditions one needs
merely replace ® by 2® in the above equations, as can be
seen by an examination of the work of Deutsch and
Candelas.?! The standard result for the Casimir energy
between two parallel plates with separation a can be ob-
tained by letting p— o and ®—0 in Eq. (4.6) in such a
way that p® =a remains constant.

We now turn to symmetric Einstein space-times, that is,
space-times which satisfy the equations R,,=Ag,, and

Ryypro=0. (4.9)

The only examples are flat space, de Sitter space, anti—de
Sitter space, the Nariai metric,* and nonsimply connected
spaces obtained from these by factoring out by a discrete
group.

C. de Sitter space and anti—de Sitter space

We write the line element in the static form

ds?=— [1—%# dr’ 4+

-1
1—%r2] dr?

+rXd6*+sin’0d¢?) , (4.10)

where tE(— w0, ), r€[0,x), 6E[0,7], E[0,27) and
A is positive for de Sitter space but negative for anti—
de Sitter space. Choosing K*=8' we have K?
=—[1—(A/3)r?], X=A/3 and, of course, [I**=0. This
gives

= 2 |A 4 | A
T.HY= _ &~ 1A _ T4 2 2(14
R [ 3|3 | T3 |3 et
Al A
+ (2|5 | —4|= |a?+2a% |b
3 3
A 2
— | — 2 1= 2_ 4
+ 3 + 3 a‘—a c]
1 K*K"
X7 874 +3A%gH . 411

In particular, for the thermal state on de Sitter space
with the Gibbons-Hawking?? temperature, given by
a=(A/3)""2 we have simply

172
A

3

TR* =3 A%gHv. 4.12)

D. Nariai space-time

The Nariai metric* is simply the standard Riemannian
metric on S2X S? analytically continued to the Lorentzian
section. We write the line element in the form

ds?=—(1—Ax?3)dt®+(1—Ax?)~'dx?
+AXd6*+sin%0d¢?) , (4.13)

where LxE(—w,x), 0E[0,7], ¢E[0,27). We take
K¥=§ which gives K?=—(1—Ax?) and Xp=A. We
limit ourselves to considering the SO(2,1)XSO(3)-
invariant state which has a temperature defined by
a=X,">=A'"2. For this state we find

Tr* IA21=%+AY(a + 3b)diag(1,1,1,1)%,

+(a +3b —3c)
X diag(1,1,—1,—1%,] . (4.14)
The exact stress tensor for this state is given by
Tx* [exact]=A%+a +2b)diag(1,1,1,1}*, . (4.15)

As noted in Ref. 1, Eq. (4.13) agrees with the exact stress
tensor for scalar fields, however, it clearly disagrees for
higher spins. We shall discuss this in the Conclusion.

E. Schwarzschild space-time

To conclude this section_we give the explicit form
for the thermal tensors T,*, Tz, and Tc** in
Schwarzschild coordinates for a field in the Hartle-
Hawking thermal state, together with the tensors T,”*
and T,**. We shall follow the notation of Ref. 7 and in-
troduce tensors U*Y, V¥Y, and W*¥ which are given in
Schwarzschild coordinates (t,7,6,¢) by

U#,=diag(—3,1,1,1}*,, (4.16)

V#,=diag(0,2, —1,—1)*, , 4.17)
and

W#, =diag(3,1,0,0)#, . (4.18)

We further define R =2M and w=R /r=2M /r, then
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T #kol= 24;4 [(3+6w +9w?+ 12w’ + 13w+ 14w — 41w U+ 8w (1 +w +w? + 2w ) VP + T2wSWH] ,  (4.19)
Ts*'[ko]= ?}F (142w +3w?+4w 4+ 3w + 2w’ — 23w ) U + 8w (1 + w + w2+ 2w VA + 24w WH*] | (4.20)
T&V[mkﬁ[-(uzw + 3w 44w+ 3w+ 2w — 63w ) UFY — 8w (1 +w +w? + 9w’ V*'] , 4.21)
T
while ply choose ¢=0 everywhere as it leads to absurd negative
2 4 PRERE energy densities at infinity.
T,"[a]=— "z’q"w_"? v __2_w___ Ve (4.22) Clearly, as it stands Eq. (4.26) does not give a good ap-
RA(1—-w) R(1—w) proximation to the exact energy density. We shall discuss
and possible ways of resolving this problem in Sec. V.
T#a]=—2 _ywr 4.23) V. CONCLUSION
(1—w)

In particular, on the horizon

Teb LKo] = ;1;(7a +12b —9¢)diag(1,1,0,0)%,

+ i};( —a —6b +9¢)diag(0,0,1,1)%, .

(4.24)

This agrees with the general formulas (3.22)—(3.24), on
calculating that X;=R ~2 in this case. Indeed, these for-
mulas could be used to derive Eq. (4.24) since the tensorial
form on the horizon is completely determined by the trace
and the requirement of regularity.

The numerical value of the approximate renormalized
energy density for scalar fields

1
640mR* ’
is in good agreement with the value obtained numerically

by Candelas® for the exact stress tensor. For the Maxwell
field we obtain

pr(spin 0)=— (4.25)

1
pr(spin 1)=———F5—, (4.26)
PRSP 120°R*
while Elster** gives the exact value as
. 41
(spin l,exact)=+——— . (4.27)
PrispIR * 4807R"

Remarkably this is precisely the value given by Eq. (4.24)
on choosing the dimensional renormalization value ¢=0.
We do not understand this curious result. We cannot sim-

I

We have argued that it is necessary to include the ten-
sor Tc*¥ when approximating the renormalized stress ten-
sor for the electromagnetic field. In this way we have
been able to obtain exact results for all spins in all our flat
space-time examples—Rindler space, the Casimir wedge
(and hence also Casimir parallel plates), and for thermal
states in Minkowski space (and hence also for the Hartle-
Hawking state at infinity). Moreover, in conformally flat
space-times we reproduce the zero-temperature results of
Brown and Cassidy,? as well as obtaining a thermal form
which yields the correct answer in all known cases. Un-
fortunately, not all curved space-time results are so good.
While we have agreement with the exact result for scalar
fields in Nariai space-time we have disagreement for
higher spins. In addition, in correcting the Hartle-
Hawking result at infinity we have destroyed the agree-
ment we had previously with the exact result on the hor-
izon for the electromagnetic field.

There are two ways one might hope to improve the ap-
proximation: either make a conformal transformation to
a space-time in which the trace anomaly vanishes or else
add conformal invariants to the effective action in some
systematic way [see the discussion after Eq. (2.37)]. The
advantages of the first approach will be clearer when one
has a better understanding of the connection between the
renormalized stress tensor and the Green’s functions of
the theory for the electromagnetic field.!” Instead here we
briefly investigate the second approach.

For clarity we limit the discussion to the case of the
Hartle-Hawking state on a space-time with a Killing hor-
izon. So far the content of our approximation can be
summarized by the equation

Wr~(2a +2b —co* [ g'%d*x (K*)~2+(+a +b —+oio? [ g'72d*x (—KH) =4O~ +R)—K?)~172

+(ad[w]+bB[w]+cClw]) .

To improve on this approximation it is natural to add to
the right-hand side of Eq. (5.1) conformally invariant ac-
tions constructed from K* and the geometry. Such an ac-
tion if local can be written schematically as

(5.1

(K02)2—q—r f gl/2d4x (K2)a+r-2

k*k, P
KZ
X(CP)AO—+R), (5.2)
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where p, g, and r are assumed to be non-negative integers.
Sa4[xo] corresponds to the choice p =q =r =0, while
S,[xo] corresponds to the choice p =¢ =0,r =1. There
are no other actions one can construct in this way contain-
ing a positive power of kg>.

In the action (5.2) decreasing powers of ko> correspond
to increasing powers of K2 so that higher-order terms can
be expected to contribute less to the stress tensor near the
horizon. In addition, for an asymptotically flat space-
time the geometrical terms will damp the action at infini-
ty. Hence, here again, the higher-order terms should
make only a small contribution to the stress tensor.

There are only a limited number of actions of the form
(5.2) for each power of k,? and one can list them systemat-
ically. One can then attempt to fix their coefficients to
give exact agreement with known results such as Nariai.
This is not trivial since the form of the correction term
given by Eq. (4.14) is very specific. For example, the ac-
tion

ko2 [ g'2d*x K*C,,f"C,, " Cr o (5.3)

can be used to correct the value of the higher-spin stress
tensors in Nariai and Schwarzschild space-times on the
horizon; however, it does not give a tensor of the required
form everywhere in Nariai space-time.

It is not clear how far it is worth pursuing this expan-
sion. The usefulness of having an analytic approximation
decreases with its increasing complexity. It may be that a
nonlocal expression for the action will eventually be need-
ed to get a better approximation.
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APPENDIX

In this appendix we list a number of useful tensor iden-
tities valid for static Einstein space-times. First, we recall
the definitions of X and IT*":

K% K% A
Hod 2
=——t——_ K2, Al
X 4K? 3 (Aan
K,CPVK,
m=—t——° (A2)
K

We now have the following results:

R ppr=Cpwpr+ i;—(g,‘,,g‘.r —8ur8w) > (A3)
RyyprRFPT=C\pp, CHPT+ A, (A4)
Ko =RuprK"=C o K™+ %(gppKv“gvpr) , (A5)
KK,.,=5(K,K%,—K,K%,), (A6)

(A7)

Furthermore, we can decompose the Weyl tensor accord-
ing to the equation

KK, K,K,

Cmorn':nup gwr—2 X2 +1I1,,, g”p—Z K?
K, K,.K,
—Iyr |8yp—2 K2 —1IL,, 3#7“275—

(A8)

With this decomposition the Bianchi identities take the
form

K%, — LK%, + KX (1, —11,,,)
=7 (X \8up—X;u8vp) - (A9)

In addition, IT*¥ and X have the following properties:

m+=0, (A10)
,,K*=0, (A11)
M,K%=—X,,, (A12)
O, TLF=4C,fC = 5C?, (A13)
O TP = — 45 C, P7Cp 2 Co o= — 15CP (A14)
m,,*=— %xm , (A15)
(P =45 CYy = S ALK o+ 5 CK,
(A16)
and
’I‘(—:] =—<C?. (A17)
H7
Finally, we note the identities
Ca'Cpr*=3C%,", (A18)
Cu'CoCre™=1C%," . (A19)
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