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We present a thorough analysis of U(1) generators in all possible symmetry-breaking modes that
reduce SU(9) down to SU,(3)XSUw(2) X U(1). Two types of representations that satisfy a set of
grand-unification guidelines are considered. The first type embeds SU(S) trivially and the second
type has nontrivial embedding of SU(5). Acceptable representations of both types are found in
SU(9). Projection matrices as well as the contribution of U(1) eigenvalues to the weak hypercharge
are given in all physically interesting modes of symmetry breaking. An example is explicitly worked
out for the evolution of coupling strengths to determine the intermediate mass scales responsible for
invisible axions and the delayed decay of the proton while maintaining a satisfactory value of sin’6y
at low energies. Fermion contents are also discussed.

I. INTRODUCTION

The idea of grand unification was suggested more than
a decade ago with a simple gauge group SU(5) to unify the
strong, electromagnetic, and weak interactions.! Applica-
tions as well as generalizations of this model have been
quite extensive since then, and the subject has reached a
certain maturity in recent years in the sense that a com-
plete list of the anomaly-free, complex, and asymptotic-
free representations of all classical Lie groups is now
available.>?

One major reason for searching for all such possible
grand-unification schemes is to understand the problem of
family generations, i.e., to see if it is possible to incorpo-
rate the flavor symmetry into a single grand-unified gauge
group. The problem of the family generation is one of the
long-standing puzzles in particle physics and is one of the
major shortcomings of simple grand-unification theories.
Another problem is the necessity for a hierarchy of two
vastly different energy scales in the Lagrangian. The
gauge hierarchy problem has been discussed by many au-
thors and appears to have been solved in the context of su-
persymmetric grand-unified theories that generate all
mass scales below the Planck mass dynamically.* Howev-
er, the problem of flavor generations has not made the
same kind of progress even though the flavor dynamics
has been persuasively emphasized and studied. It still ap-
pears attractive and appealing to find a larger grand-
unification group>® into which a multiple family struc-
ture of the SU(3) X SU(2) X U(1) subgroup or SU(5) can be
embedded. The family problem is then to make the fami-
ly unification in an appropriate grand-unified model.

Another possible approach to the family problem might
be the composite models in which quarks and leptons are
supposed to be bound states of more fundamental objects,
say, preons. Exactly how preons are forming the elemen-
tary particles and how many of them are needed to give
the desired family structure are still open to solution.
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However, within the context of composite schemes, one
will need to know the representations of the fundamental
preons. In this case quarks and leptons then correspond
to certain dynamical condensates of preons determined by
a certain confining metacolor force among preons and the
family generation will be regularity of those condensa-
tions. However, no one has found such a composite
model yet. Though there are many attempts in this direc-
tion, they usually involve additional phenomenological as-
sumptions and we are far from understanding the
metacolor group of preons.” For example, we do not have
a consensus as yet if preons are all fermions.® In some
sense this is related to the deeply rooted question of the
fermion masses, i.e., whether they are generated by spon-
taneous symmetry breaking or rather by a certain dynami-
cal origin. The search for all possible representations of
preons will prove to be useful, anticipating the eventual
understanding of the preon gauge symmetry. However, it
is fair to say at the moment that the family problem
within the context of the ordinary grand-unification
scheme is better defined and perhaps more profitable if
not more promising. That is to say one updates the cri-
teria and improves the approach originally suggested by
Georgi to incorporate the number of families.

In the standard grand-unification approach one family
generation of fermions is given by the simplest anomaly-
free representation, 5* + 10, of SU(5) or more generally by
the 15 chiral states of SU(3)xXSU(2) X U(1) contained in
the minimal SU(S) representation. The representation of
one family generation is characteristically complex with
respect to SU(3) X SU(2) X U(1). This is closely tied to the
fact that these particles have survived as the set of ordi-
nary light fermions when the grand-unified gauge symme-
try breaks down to SU(3) X SU(2) X U(1) at an energy scale
M. Real representations would have combined to form
SU(3) X SU(2) X U(1)-invariant mass terms of the order
M. As mentioned already, a complete documentation of
such complex representations of classical Lie groups that
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satisfy the additional conditions of being anomaly free
and asymptotic free was presented recently.” Obviously,
any reasonable and realistic grand-unification representa-
tion will have to be anomaly free so as to lead to a renor-
malizable theory. The requirement of asymptotic freedom
implies that all fermions are confined by an infrared
slavery and therefore may be reasonable for preon repre-
sentations. But for ordinary grand unification this re-
quirement can at best be a practical one to limit the di-
mension of the representations. Since gravity will play a
role around the Planck mass scale which is reached
beyond the grand-unification scale, there is no strict
reason for the single unified coupling constant to decrease
forever in high energies. Nevertheless, asymptotic free-
dom is often required to circumvent the highly reducible
nature of particularly SU( N)-type representations.®

Another constraint often applied is the condition of the
automatic invisible axion. The axion is the pseudo-
Goldstone boson arising from the spontaneous breaking of
the Peccei-Quinn symmetry Upqg(1) which is introduced
to rid the strong CP problem.” From the astrophysical
consideration of the energy emission of red giant stars one
finds that'® the Upq(1) symmetry is broken at a mass
scale around 10'! GeV, which makes the axion invisible!!
both in mass and interaction strength with other particles.
In a more natural theory the Upg(1) should arise automat-
ically!? from the underlying grand-unification symmetry
and undergo a spontaneous symmetry breaking at such a
mass scale. In many instances, however, this Upq(1)
leaves a discrete Z (M) symmetry'® by QCD instantons,
M being the color anomalousness of the Upg(1) symmetry
thereby leading to degenerate vacua separated by domain-
wall structures in the early Universe. Since such domain-
wall structures are in contradiction with modern cosmolo-
gy, a certain amelioration is desired to remove the degen-
eracy. Thus the cosmological requirement of no domain
walls has been added to the list of necessary constraints
that any acceptable theory must obey. A simple way to
satisfy this condition without populating the theory with
more unknown particles is to embed'* Z(M) onto the
continuous gauge group of the unified theory. As the
color-anomalous number M is related to the number of
flavors that contribute to the anomaly term and their
Upq(1) charges, such embedding is not always possible
and therefore provides a nontrivial consequence to the fla-
vor numbers. In other words, the requirement of no
domain walls serves as a useful criterion to choose the ac-
ceptable grand-unified models.

Recently we have reported the results of extensive
searches for the acceptable representations'® that have at
least three generations of fermions and yet satisfy all of
those desired conditions. In addition, all particles were re-
quired to be real with respect to SU.(3) X Ugn(1), a gen-
eralization!® of Georgi’s first condition® of model build-
ing. If the representation is SU(3) complex so that the
color gauge symmetry is chiral, there will be massless
quarks. Otherwise the chiral symmetry associated with
confinement will break down spontaneously to SU(2).
Reality under U, (1) is also a reasonable requirement be-
cause all charged leptons have mass. It turns out that the
reality condition under SU.(3) X Uy(1) is closely related

to the counting of the number of generations particularly
for the spinor-type representations into which a nontrivial
embedding of SU(5) is made. The results of the search!®
have shown that there are only a limited number of repre-
sentations that satisfy all these constraints. They are
mostly in SU(9) though two SU(7) and an SU(8) represen-
tations are allowed in the list. In fact there is only one
representation!’ that has exactly three low-mass genera-
tions, i.e., 4[1*]142[2*]+[3]+[4] in SU(9). There are
several four-generation models found in SU(9). In this
respect, the SU(9) group is of particular interest.

In this paper, we study these SU(9) representations and
in particular the various symmetry-breaking patterns that
are possible in SU(9) as well as the contribution of U(1)’s
to the weak hypercharge in each symmetry-breaking
mode. The method we employ is that of the projection
matrix which was shown to be both economical and suc-
cessful for SU(7) models.'®

In Sec. II we list the constraints imposed on the repre-
sentations and elaborate on their consequences. Section
III deals with the possible symmetry-breaking patterns in
SU(9) and the weak hypercharge made of the various U(1)
eigenvalues. Consequences to the evolution of coupling
constants due to different symmetry-breaking modes are
examined in connection with the low-energy value of
sin’6y and the prolonged proton lifetime. Section IV
contains the fermion content of SU(9) models as well as
some concluding remarks.

II. CONSTRAINTS OF GRAND UNIFICATION

Although we are interested in SU(N) and in particular
SU(9) representations, we will summarize here all the con-
straints imposed on the representations. Starting with the
list of complex, anomaly-free, and asymptotically free
representations, we apply systematically the rest of the re-
quirements to narrow down the acceptable ones. The con-
straints to be satisfied by the left-handed fermion repre-
sentations are as follows.

(a) The representation should be anomaly free.

(b) The representation should be asymptotically free
with respect to the grand-unification group G.

(c) The representation must be real with respect to
SU,(3) X Ugp(1). ’

(d) The representation must accommodate at least three
generations.

(e) The representation should contain color singlets,
triplets, and antitriplets only.

(f) The representation leads to an automatic invisible
axion without suffering from the catastrophic domain-
wall problem.

As shown in Refs. 15 and 17, all these constraints can
be satisfied by reducible representations of SU(N). Al-
though there are other possibilities such as those in SO(10)
and Eg they can overcome the domain-wall difficulty
only at the expense of introducing further heavy fer-
mions.! However, we choose the domain-wall resolution
through the embedding'* of the unbroken discrete symme-
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try of Upg(1) to the continuous gauge group as this gives
nontrivial consequence to the flavor numbers. Thus we
are left with SU(N) representations only. Constraint (d)
is a generalization of Georgi’s second rule of model build-
ing® and requires the representation to be complex with
respect to SU(3) X SU(2) X U(1).

The defining fundamental representation of an SU(N)
group transforms like

N-=5
(3,1, —9)+(1,2,3)+ 3 (1,1,q)
i=1
under SU(3) X SU(2) X U(1) sub]ect to the traceless condi-
tion of the charge operator, 3.~ _,°¢;=0. Constraint (e)
can be satisfied by the antisymmetric representations of
SU(N), [ M], corresponding to the Young diagrams hav-
ing M boxes in a single column. Thus we write the repre-
sentation of the left-handed fermions in general as

N-—1
M=1

where Cy, is the multiplicity of the representation [ M].
In general, not all Cj’s will be present because
[M*]=[N —M]. Constraint (b) imposes the condition

N1 (N =2
2 Culr(M)= 2 Cr o TN M~ 1

<1IN,

2)

where I,(M)=2Tr(T?) evaluated on [ M] with the nor-
malization I,(1)=1. This restricts the complex antisym-
metric representations only up to rank 4, i.e., M <4 and
their complex conjugates up to N < 12. Constraint (a) is
satisfied if

! (N —2M)(N —3)!

A(N)“ME o o — DN —M =1 =0 @

in the convention that the anomaly of the defining vector
representation of SU(N) is unity. Because [M*]
=[N —M], we will use the notation Cy_, =Cp and
dy; =Cy —Cyy henceforth. Then Eq. (3) becomes

A(N)=d+(N —4)d,++(N =3)(N —6)d;
++(N —3)(N —4)N —8)d,=0. @

This condition is automatically satisfied by constraint
(c) in the case of SU(5). In general, the representation
must contain exact pairs of (a,q) and (¢*,—¢), @ and ¢
being the quantum numbers of SU,(3) and U,y(1), in or-
der to meet constraint (c). In particular the number of
color triplets must be equal to that of color antitriplets.
Also the sum of the charge squares of the particles in the
color-triplet representations is equal to that in the color-
antitriplet representations. One can easily verify that the
former aspect of constraint (c) for Eq. (1) is equivalent to
the anomaly-free constraint (a) whereas the latter aspect
of constraint (c) of Eq. (1) gives

N-5
A(N)/9+G(N) 3 ¢*=0, (5)

i=1

where

G(N)=d,+(N —6)d;+5(N —5)N —8)d, . (6)

Note that Eq. (5) reduces to the anomaly-free condition
A (N)=0 for SU(5). But in general for anomaly-free rep-
resentations constraint (c) necessarily reduces to
N-5
G(N) I, ¢*=0. 7

i=1

For those representatlons with G(N)s£0, we must have
q= 2,_] g:*=0, i.e., all ¢;=0 for the N —5 entries in
the fundamental representation. For those representations
with G(N)=0, not all g;’s have to be zero provided
> ¢;=0. Thus it is clear that counting the generation
number will be different drastically depending on whether
or not ¢ =0.

In the case of ¢ =0, only the usual quarks and leptons
appear along with color-singlet neutral components. The
net numbers of 5* and 10 representations of SU(5) con-
tained in Eq. (1) are

Nige,= —d—(N =5)d;— 3 (N —5)(N —6)d;

| F[1—L(N —5)N —6)(N —7)]ds @)
and

Nioy=G(N); 9)

i.e., the coefficient of g in Eq. (5) is precisely the net num-
ber of SU(5) 10 representation. Furthermore,

N“O)-N(Sg):A(N) (10)
so that
N10)=Ns,=G(N) (11)

for the representations of our interest. Thus G(N) is the
number of generations contained in Eq. (1) when ¢ =0,
ie.,

fL—G(N)(5* +10) +neutral singlets (12)

under SU(N)—SU(5) breaking. Constraint (d) is satisfied
as long as G(N) > 3.

In the case of g5£0, reality under SU,(3) X U,p(1) im-
plies G(N)=O0 for the fermion representations. It turns
out that there are only a few anomaly-free representations
that satisfy G(N)=0 when g£0. In fact there are none
for SU(6). For SU(7), the representations must satisfy
dydy:di=—1:1:—1, an example of which is the SU(7)
representation [1*]+4[2]+4[3*] which can be embedded
into the 64-dimensional spinor representation of SO(14)
naturally.”® For SU(8), the representations must satisfy
dy:dy:dy;=—3:2:—1. For SU(9) the representations must
obey d,:d2=6d3+5d4:—(3d3+2d4), a typical example
of which is [1* 1+[2]+[3%]+[4] that?! can be reduced
from the complex spinor representation with dimension
28=256 of SO(18). Since G (N)=0, these representations
become real under SU(5) in the limit of all ¢;=0 and
therefore counting the number of fermion generations
should be done by considering the SU(3)xSU(2) x U(1)
contents directly. On the other hand, this will require
specific assignments of ¢;’s. In other words, the number
of generations depends on judicious choice of the electric
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charge quantum numbers of the SU(S) singlet members in
the fundamental representation. In addition, we should
make sure to satisfy the reality with respect to
SU.(3) X Ugy(1) for a given assignment of ¢;. For SU(7),
the only possible assignment is (a, —a) and the represen-
tation [1*]4-[2]4-[3*] satisfies constraint (c). This SU(7)
representation was studied extensively’? for integral as
well as fractional values of @ and was shown to accommo-
date only two generations of quark-lepton family for the
choice a =1. Thus it is ruled out by constraint (d). For

4
[1*]-G% L) +(1,2,—3)+ 3 (L1, —gq),

i=1

4 4 4
[2]-3%1, -9 +G325,9)+(LLD+ 3 3,1, -+ +g)+ 3 (1,2,34+¢)+ 3 (1, 1,g,+g)) ,

i=1

SU(8), there are three different g;’s, the sum of which
vanishes. The representation 3[1*]+2[2]+[3*] is real
with respect to SU.(3)X U,(1) if and only if some pairs
satisfy g;4+¢;=0 (i,j=1,2,3). Then the charge assign-
ment has to be of the type (0,g, —g). Again this represen-
tation contains only two generations of fermions. For the
SU(9) representation [1*]+[2]+[3*]+[4], constraint (c)
can be satisfied by many different choices of (¢1,9,,93,94)
subject to S¢_,¢;=0. Under SU(9)—SUB)XSUQ)
X U(1), we have

4 4
[3‘]—_) (3’2’%)+(3"1)‘—'%)+(1$1’+1)+ 2 (3’1)+%‘—q1)+ 2 (3*,2,_'16"‘qi)

i=1

4 4 4 4
+ 2 (3"1'*";_“‘1:"‘11)4'2(1y1,—'1—‘11)+2(1,2,—%—(1,——%)4- E (1,1,—q,'—qj—qk),

i#j=1 i=1

4 4 4
[4*]— (1,2, — )+ 03*% L)+ 3 (L1, —14g)+ 3 (3,2, — ¢ +g)+ 3 3,1, 3 +¢;)

i=1 i=1

4 4 4
+ 2(3*a1,—%+q.‘+4j)+ 2 (3,2,%+q,-+q,-)+ 2(1,1,1+q; +qj)

ij i#j

4
+ 3 G, —F5+g+g+a)+ 3 (1L,2,5+4q+g+q)+(1,1,0).

i jstk ik

Noting that one family generation consists of (5*)+(10)
of SU(5) or

(5*)+(10)— (3,2, 5)+(3%,1,5)+(3%,1,— %)

|
(13a)
(13b)
i=1 i£]
i=1
(13¢c)
i£j ijk
i=1
ij
(13d)
f
of which are in SU(9). They are
fo=4[1"14+2[2*1+[3]+[4], (15)
fr=26[1*1+7[21+[3*]. (16)

+(1,2,—3)+(1,1,0) (14)

in the usual SU(3)XxSU(2)XU(1) contents, we need
q; +9;=0 (i) for the quark doublets (3,2,¢+4i +g;) in
[4]). Then the charge assignment has to be of the form
(a, —a,b, —b). In this case, there are four generations in
[1*14+([2]4+[3*]+[4])- If we choose a=b in addition,
two more generations can be unified in this SU(9) model.
Now we come to constraint (f). As we discussed in Sec.
1, the requirement of an automatic invisible axion with no
domain walls is desired. Of the several resolutions sug-
gested, the prescription to embed the remnant discrete
symmetry left unbroken by QCD instantons onto the
center group of continuous gauge symmetry is most in-
teresting and yet nontrivial so far as the number of flavors
is concerned. Lie groups possess invariant discrete center
groups (subgroups), i.e., Z(2) for SO2N +1) and Sp(2N),
Z(4) and Z(2)XZ(2) for SO(2N) with odd and even N,
respectively, Z(3) for Eg, and Z (N) for SU(N). All other
classical groups have trivial centers. We have recently re-
ported’® the results of searches for the grand-unified
models that satisfy all of the constraints (a)—(f). In fact,
the no-domain-wall requirement is so restrictive that there
are a small number of models allowed: There are only
two models that possess a natural automatic Upqg(1) both

The first model contains three flavor generations while
the second has G(9)=4. By relaxing the naturalness re-
striction so as to allow an Upq(1) to exist through particu-
lar choices of Higgs scalars or by considering a further in-
tricacy of the embedding mechanism concerning the gen-
eral congruence class of representations, we found five
more four-generation models, three of which are in SU(9).
All of these are of the type of Eq. (12), i.e., all ¢;=0 for
the N —5 entries in the fundamental representations. It
was also shown that?! that SU(9) model

fo=[1"1+[2]1+[3*]1+[4] (17)

with the charge assignment (a, —a,b, —b) for the addi-
tional members in the fundamental representation, could
satisfy the requirement (f) with particular choice of Higgs
scalars. Though G (9)=0, this model accommodates four
fermion generations as pointed out before. In fact, in the
case of G(N)=0 this model is the only one satisfying all
of the constraints (a)—(f). We note again that this model
is equivalent to the 256-dimensional complex spinor rep-
resentation of SO(18) revived recently by Bagger and Di-
mopoulos.”> The charge assignment (a,—a,b, —b) ac-
tivates abundant particles with color. Consequently the
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color SU(3) is not asymptotically free in this model
though it has asymptotic freedom with respect to the full
SU(9) gauge group. One needs to split the model and give
those particles with exotic quantum numbers a mass of
the order of the grand-unified scale Mg leaving four left-
handed families light in the low-energy sector. Such split-
ting of heavy from light particles was possible in SO(18)
and a similar scheme can be applied to SU(9), which has
SU(5) X SU(4) breaking with an extra U(1) symmetry.

All in all we see that SU(9) is of special interest. This is
the only group that admits representations satisfying all
the necessary constraints of model building regardless of
the charge assignments of the SU(5) singlet components in
the fundamental representation. In the case of all g;=0
for the single components, the number of families is given
by G(9). Equations (15) and (16) are two interesting
models in this case. On the other hand, Eq. (17) is the
only acceptable model when all ¢;540 and can accommo-
date four families.

In the remainder of the paper, we concentrate on and
study SU(9) models. In the next section we examine all
symmetry-breaking patterns that are possible in SU(9) as
well as the contribution of each U(1) to the weak hyper-
charge in each mode of symmetry breaking.

III. SYMMETRY-BREAKING PATTERNS IN SU(9)
AND THE WEAK HYPERCHARGE

The structure of hypercharge operators will depend on
the mode of symmetry breaking. We first study all pat-
terns of symmetry breaking that reduce SU(9) to
SU(3) x SU(2) X U(1). We choose to tracée down the maxi-
mal subgroups at each stage of breaking. There are five
U(1) factors in the end that contribute to the charge
operator

0=T)+Y, (18)

where T is the third generator of SU(2) subgroup and Y
is the weak hypercharge operator. The fundamental rep-
resentation of SU(9) embeds that of SU(5) so that 9
decomposes into (3,1) + (1,2) + 4(1,1) under SU.(3)
X8U(2). Since we are interested in SU(9) breakings to
SUB)XSU@)X [[:_,U(1); eventually, the weak hyper-
charge can be written as

5
Y=13 a;, (19)
i=1

where Y; is the diagonal operator corresponding to the ith
U(1) rotation and

a;=Tr(YY;)/TrY;?. (20

Since the charge operator is a generator of SU(9), the
charge assignment of the fundamental representation is

Q =diag(— +,— 3, —7,1,0,41,42,43 s —4q1—92—q3) .
21)

The hypercharge operator as given by Eq. (18) is not prop-
erly normalized. To ensure the proper normalization, we
set Y=CY, with the convention TrT,?=TrY¥y’=7.

Then we obtain from Eq. (18) and Eq. (21) that
Q=T;+{3+2[q:*+492"+9:>+(q1 +92+¢3)*1}?Y, .
(22)

This gives the SU(2) X U(1) mixing angle at the grand-
unification mass scale M to be

sin%0y (Mg)=TrT3%/TrQ?
={'§‘+2[¢112+422+932
+(g,+q2+¢3) 1} " (23)

Altogether there are 60 different ways of breaking the
SU((9) symmetry, all of which reduces SU(9) to
SU@3)xXSU(2) X U(1). Intermediate stages of symmetry
breaking are of the form [, SU(n;) [T, U(1);. There are
four classes of SU(9) breaking distinguished by the first
stages: i.e., SU(9)—SU(8), SU(7) xSU(2), SU(6) x SU(3),
and SU(5)xSU(4). When we trace down the maximal
subgroups systematically and consider different possibili-
ties of splitting the color SU.(3) and weak SUy/(2), these
four classes have 23, 17, 11, and 9 subpatterns, respective-
ly. However, a more interesting classification may be to
make use of how SU,(3) and SUy/(2) emerge.

Case (A). When SU.(3) and SUy(2) appear at the
same time from an intermediate subgroup SU(n;), the un-
ification mass Mg is determined by the energy scale below
which the symmetry is broken to

ny—4

SU(n;)—SU.(3)XSUw(2)x [ U(1); .
ji=1

There are eight such cases, all of which have an inter-
mediate SU(S) reducing to SU.(3)xSUyk(2)xXU(1) and
therefore have the same Mg as in the standard SU(5)
model.

Case (B). When SU(9) has an intermediate subgroup
SU(n,) breaking at the scale M; down to SU(n,)
XSUw(2)X -+ - followed by SU(n,)—SU.(3)X - at
M, the color coupling strength a3(u) changes the slope
and decreases faster for u > M,. Thus the unification of
the strong and electroweak interactions that occurs above
u=M,; will come earlier than in the standard SU(5)
model. There are 19 patterns belonging to this case.

Case (C). If SU(9) goes through an intermediate break-
ing SU(n;)—SU(n,)XSU.(3)X - -+ at M, followed by
SU(n,)—>SUR(2)X -+ at M,, the weak-coupling
strength a,(1) evolves rapidly above u=M, with a slope
larger or equal to that of a;(u). In order for a grand uni-
fication to occur at M, a, must be larger than a; in the
interval M, <pu <M. Furthermore, if this a,(u) is to be
extrapolated to the low-energy region realistically, it must
cross a,(u) at some value u < Mj; i.e., there is a prema-
ture false unification of the two interactions in the low-
energy region, the meaning of which is not clear. On the
other hand, if one wants to avoid such a premature unifi-
cation and adjusts a,(u) and a;(u) from low-energy data,
their evolution will not lead to a grand unification at M,
unless many more fermions start to contribute to aj(u)
above u =M, preventing a faster decrease. However, it is
hard to imagine how a;() can maintain the same slope
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above u=M, in that case. There are 20 subpatterns be-
longing to this case.

Case (D). The final situation is when SU.(3) and
SUw(2) split off the different subgroups SU(n;) and
SU(n;) of an intermediate stage SU(n,)—SU(n,;)
XSU(n3)X - -+ . Then there are at least three different
mass scales that influence a;(u) and a,(u). They are M,
associated with SU(n;)—SU(n,)XSU(n3)X -+, M, of
SU(n,)—-SU.(3)X -+, and M; of SU(n;)—SUy(2)
X -+ . As long as n,—nj; >0, there will be a grand uni-
fication above u=M,. Depending on where SU(n,) and
SU(n,) breakings occur, the unification scale M, can be
reached later or earlier than that of the standard SU(5)
model. In fact, one may determine the hierarchical ratios
M,/M, and M;/M, from the experimental inputs such
as sin’dy, and the proton lifetime. Thus this case pro-
vides rich possibilities. There are 12 subpatterns of sym-
metry breaking belonging to this case.

Of the 60 patterns we find 20 symmetry-breaking
modes belonging to either case (A) or case (D) to be poten-
tially interesting and meaningful. While case (B) can give
rise to a meaningful grand unification, models with this
class of symmetry breaking are likely to run into difficul-
ty with the proton lifetime since the best limit presently
available, 7/B(p—e *7°) > 2 10*? yr, may imply a delay
of grand unification compared to the standard SU(5)
model. We have already elaborated on the physical inap-
titude of the symmetry-breaking patterns of case (C). The
20 symmetry-breaking patterns that are more relevant to
the physics of SU(9) grand-unification models are summa-
rized in Table I. Obviously, different patterns of symme-
try breaking entail different evolutions of coupling con-
stants and sin’@y,. In particular, different combinations
of U(1) generators will appear in the charge and hyper-
charge operators, Eqs. (18) and (19). Thorough investiga-
tion of the five U(1) generators in each and every interest-
ing case of symmetry breaking is needed, but this is not a
simple task. For this purpose, we give also the projection
operators of

5
SU(9)—SU(3)xSU((2)x [T U(1);

i=1

in Table I. The projection operator method is the most
economic way of tracing the branchings of a representa-
tion directly on its Dynkin weight basis. Here we use the
convention that the highest height (a;,a,,...,a,) of a
Dynkin basis in SU(n +1) denotes the representation
whose Young tableau has a; columns with i boxes
(i=1,2,...,n). By applying a projection operator P
from the right on SU(9) weight basis, Wy, we obtain
SUB)xSUQR)x []7-, U(1); weights, i.e.,

WgP = W3 W2 Y] Y2 Y3 Y4 Y5 . (24)

In other words, the first two columns on the right-hand
side represent the SU(3) projection whereas the third
column is the SU(2) weights. The remaining five columns
are eigenvalues of the U(1) generators. Note that W, is
an 8 XD matrix in which each row represents a weight
component in descending order from the top. An opera-
tor of P matrix on W, from the right then decomposes
the 8 X D matrix into the form from which the weights of

SU(@3), SU(2), and U(1) generators can readily be read.
For example, the fundamental representation [1] of SU(9)
with any one of the projection matrices given in Table I is
decomposed to ([1],-)+(-,[1]) + 4(-,-) in (SU(3),SUQ2)).
We can then identify (SU(3),SU(2),U(1)y) quantum num-
bers from Eq. (21) as

4
[1]1-3,1,—5)+(1,2,3)+ 3 (1, Lq) , (25)
i=1

where Eq. (18) is used and 2:;1 ¢;=0. Finally the con-
tributions of each U(1) operator to the hypercharge can be
determined from Eq. (19). Table I shows the results of
charge combinations in each symmetry-breaking case.
Having obtained the U(1) contributions to the total charge
operator, the hypercharge quantum number of the
(SU(3),SU(2),U(1)y) decompositions of higher SU(9) rep-
resentations can readily be read off from Eq. (25) with the
help of Table I. In particular, this procedure confirms the
results of Eq. (13) based on tensor decompositions. We
note in addition that Table I contains a;’s of each U(1)
generator for general values of charges g;. Obviously, a
different choice of g; gives rise to a different charge
operator.

We have seen in Sec. II that the number of flavor gen-
erations is counted differently depending on the choice of
gi- When all g;=0, the flavor number is given by the
number of (5*+410) of SU(5) contained in the model.
Two such models are given in Egs. (15) and (16), which
have the same charge operators in each mode of symme-
try breaking. When none of the g;’s are zero, Eq. (17) is
the only acceptable model which contains four generations
for g, =—g,=a and g3 = —q,=>b and six generations if
a =b in addition. Different choices of g; give different
charge operators for a given symmetry-breaking mode. In
particular the various U(1)’s contribute differently to the
evolution of sin?§y, and also to the production of mono-
poles. From Eq. (23), we get sin*0y(Mg)=+ for the
models of Egs. (15) and (16), the same as in the standard
SU(5), while sin’@y (Mg) is much smaller for the models
of Eq. (17) for all g;5£0. Obviously one needs to increase
(decrease) sin’0y in the case all ;540 (all g; =0) when it
is extrapolated to the low-energy region following the
flow of the renormalization-group equations for the cou-
pling constants. This will provide a posteriori preferences
of certain symmetry-breaking modes in each case. The re-
normalization corrections of the coupling constants will
usually depend on two or three parameters coming from
intermediate mass scales.

Suppose that SU(9) is broken down to
SU(3) X SU(2) X U(1) in several steps as in the case (13) of
Table I: SU(9)—SU(5)xSUM4)xU(1), at M, followed
by SU@4)—SU@3)XU(l) and SU(5)—SU@4)XU(1)¢ at
M, and SUB)—SUy(2)xU(1)p and SU@4)—SU.(3)
XU(1)g at M,, and finally at M3=M,,, SU(9)—SU_(3)
XU(1)ey,. Assuming that there is a large region between
the successive mass scales where an effective perturbative
theory with the specified intermediate gauge symmetry is
applicable we can write’* at M; =My <M,

3
;" (My)=ay"'(Mp)+2 3, djIn(M; _,/M;), (26)
j=1
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TABLE 1. Symmetry-breaking patterns, projection matrices, and U(1); contributions to the hyper-

charge.
Symmetry-breaking
pattern Projection matrix U(1); Contributions to Y
(1
SU(9)—SUB) X U(1), 10011112 ay=+(g1+¢:+¢3)
SU®)—SU(7) X U(1), 01022224 a,=35(q:1+92)— 54
SU(7)—SU6) X U(1); 00033336 a3=2rq1— 742
SU(6)—SU(5) X U(1), 00144443 ay=—+q,
SU(5)—SU(3), X SUQR)w X U(1)s 00055550 as=—+
00066600
00077000
00080000
)
SU9)—SU®) x U(1), 10011202 a,=5(q1+42+43)
SU®)—SU(M X U(1), 01022404 a,=3(q1+42)— 45
SU(7)—SU(5) X SUQ)x U(1); 00033606 ay=—1r(g1+¢>)
SUQR)—U(1), 00144803 a,=71(q1—q;)
SU(5)—SU(3). X SUQ)w X U(1)s 000551000 as=—+
00066510
00077000
00080000
&)
SU(9)—SU(®) x U(1), 10011301 a,=3(q1+q:+q3)
SU(8)—SU(N X U(1), 01022602 ar=+(q1+4¢2)— 543
SU(7)—SU4) X SUB)X U(1); 00033903 a3=rq1— 39— 17
SUB)—SUQ)w X U(1) 000441200 a=—3q++
SU@)—SUB), X U(1)s 00155810 as=—+q1—15
00066420
00077000
00080000
@
SU(9)—SU®) x U(1), 10012012 a1=5(q1+92+93)
SU(8)—SU(6) x SUQ2) x U(1), 01024024 a1=2q1— 1 (g2+93)
SU(2)—U(1); 00036036 ay=3(g:—q3)
SU(6)—SU(5) X U(1), 00148043 a,=—%q,
SU(5)—SUQ), X SUQ)y X U(1)s 000510050 as=—+
000612000
00076100
00080000
6
SU(9)—SU®) X U(1), 10013002 a,=+(q1+q:+4q3)
SU(8)—SU(5) X SU(3) X U(1), 01026004 ay=—5r(q1+92+93)
SUBR)—SU2) x U(1); 00039006 a;=+(q1+42)— +45
SU(5)—SU(3), X SUQ)w X U(1) 001412003 as=+(g1—q>)
SU@)—U(1)s 000515000 as=—¢
000610110
00075200
00080000
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TABLE I. (Continued).

Symmetry-breaking

pattern Projection matrix U(1); Contributions to Y
6) ,

SU(9)—SU(®) X U(1), 10014001 a=5(q1+92+93)
SU(8)—SU(4) X SU4) x U(1), 01028002 ar=+(q1—q21—q3)— 15
SU4)—SU(3)x U(1) 000312003 ay=15(q2+1)— 543
SU4)—SU3). X U(1)4 000416000 ay=—Tq++
SUB3)—SUQR)w X U(l)s 001512110 as=—+q1— 15

00068220
00074300
00080000
o)
SU(9)—SU®) X U(1), 10014001 a,=4(g1+92+93)

SU(8)—SU(4) x SU4) x U(1),
SU@4)—SU(Q2) X SUQ)p X U(1);
SU4)—SU((3). X U(1)g

SU@2)—U(1)s

(8)
SU(9)—SU(7) xSU(2) X U(1)

SU@2)—U(1),

SU(7)—SU(6) x U(1);
SU(6)—SU(5) X U(1)4
SU(5)—SU(3). X SU(2)w X U(1)s

9)
SU9)—»SU(T XSUQ@) X U(1)

{swmamm
SU(7)—SU(5) X SUR) X U(1);
SUQ)—U(1),
{SW$~6UGLX$ﬂmwaUh

(10)
SU(9)—SU(7) x SU(22) X U(1);

SUQ2)—-U(1),

SU(7)—SU(4) x SU(3) X U(1);
SUB3)—SUR)p X U(1)s
SU4)—SU@3), X U(1)s

01028002

000312003
000416000
001512200

00068400
00074210
00080000

10020112
01040224
00060336
00180443
000100550

000120600
000140000
00071000

10020202
01040404
00060606
00180803
0001001000

000120510
000140000
00071000

10020301
01040602
00060903
000801200
001100810

000120420
000140000
00071000

1 1
a=35(q1—9:—93)— ¢
ay=—+(g2+g3—1)
ay=7(q2—q3)

1 1
as=—30— 17

a1=1¢(q1+42)
a;=5(g1+4,)+4q3
1

1
B=7mh T

ay=—<a
05=—%
a;=15(g1+42)

a;=3(q1+4:)+4s
az= —1—14(41 +q3)

as=73(q1—q>)
a5=-—%
01=Tli(‘11+¢12)

az=’~1r(41+112)+q3
‘13=7l§“ql—%42—’112“
aG=—T0:+%

1 1
as=—7h—T17
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TABLE 1. (Continued).

Symmetry-breaking
pattern

Projection matrix

U(1); Contributions to Y

(11)
SU(9)—SU(6) X SU3) x U(1),

l SU(3)—SUR) X U(1),
SU(6)—SU(S) X U(1),

SUQ@) —U(1),

SU(5)—SUB3). X SUQ)w X U(1)s

(12)

SU(9)—SU(5) X SU@) X U(1),

I SU@4)—SUB) X U(1),
SU(5)—SUQB), X SUR)w X U(1);3

SUB)—SUR) X U(1),

SUQ)—U(1)s

(13)
SU(9)—SU(5) X SU4) x U(1),

SU4)—SUB)xU(1),
SU(5)—SU4) x U(1),
SU3)—SUQ2)p X U(1)3
SU@)—SU@3). X U(D)s

(14)
SU(9)—SU(5) xSU@) X U(1),

SU4)—SU((2) xSUQ)y X U(1),
SU(5)—SU@) x U(1),
SUQ)—-U(1);

[ SU4)—SU@B), x U(1)s

(15)
SU(9)—SU(5) X SU(4) x U(1),

[ SU@)—SUB)X U(1),
SU(5)—SUQ3), X SUR) X U(1),
SUB)—SUQ)w X U(1);

[ SUQ) —U(1)s

100
010
000
001
000

000
000
000

100
010
000
001
000

000
000
000

100
o10
000
000
000

001
000
000

100
010
000
000
000

001
000
000

100
010
000
000
000

001
000
000

30012
60024
90036
120043
150050

180000
121100
62000

40002
80004
120006
160003
200000

151110
102200
53000

40011
80022
120033
160040
200000

151100
102200
53000

40011
80022
120033
160040
200000

152000
104000
52100

40020
80040
120060
160031
200000

151100
102200
53000

1
G =19

a;=7q:1+7(q2+43)
a3=3(q2—q3)
a4=—~%q1

as=—+

a,=——-;-q1

a,=1(q1+9:+93)
a3=+(q1+492)—+45
as=3(q1—q3)

1

a5=—g

a;=5(q1+g:—1)
a=5(q1+9)+Fa:+ 15

1 1
G=—3@+7
L 1 £
@G=%91—359:— 3%
1 1
a5=_7q1_ﬁ

a1=3(q1+gq2—1)
a;=3(q14+g:+1)
ay=+(g14+9:)+4q;
as=35(q1—1)— %4,

—_1 L
as=—791—T13

ax=—210-(q1+q2—1)
8 =%(q1+9)+Ta:+ 7

03=—-%q3+%
a4=—%(ql+qz)_T]5'
as=%(¢11—¢h)
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TABLE 1. (Continued).

Symmetry-breaking
pattern

Projection matrix

U(1); Contributions to Y

(16)
SU(9)—SU(5) X SU4) X U(1),

SU4)—SUQ2)y X SU2) X (1),
SU(5)—SUB), X SUR2) X U(1)4
SUQ)—-U(1);
‘ SUQR)—-U(1)s

(17)

SU(9)—SU(5) X SU4) x U(1),
SU4)—8SU(3). xU(1),
SU((5)—SU4) X U(1);
SU4)—SUB) X U(1),
SUB)—SUR)w X U(1)s

(18)
SU(9)—SU(5) x SUM@) x U(1),

SU4)—SU(@3) x U(1),

SU(5)—8SU(4) x U(1);
SU@)—SUQR)y xSUR) X U(1),
SUQ)—U(1)s

(19)
SU(9)—SU(5) xSU4@) x U(1),

SU@)—SU@3), X U(1),

SU(5)—>SUB) X SUR)w X U(1)3
SUB)—SUR2) X U(1),
SUQ)—U(1)s

(20)
SU((9)—SU(5) < SU4) x U(1),

SU@4)—SU(3), x U(1),

[ SU(5)—SU3) xSUQ2) x U(1);
SUR)—-U(1),

[ SUB)—SUQR)y X U(1)s

100
010
000
000
000

001
000
000

001
000
000
000
000

100
010
000

001
000
000
000
000

100
010
000

000

000
000
001
000

100
010
000

001
000
000
000
000
100

[N
O -

[eNe}

40020
80040
120060
160031
200000

152000
104000
52100

40111
80222
120330
160400
200000

151000
102000
53000

40120
80240
120321
160400
200000

151000
102000
53000

40211
80420
120600
160300
200000

151000
102000
53000

40201
80402
120600
160310
200000

151000
102000
53000

01=%(‘11+42—1)
az=%(41+‘12+1)
ay=75(q1+4:)+4;
ai=—5(q1+92)— 5
as=+(q1—q;)

al=-2%(q1+f12+(h+1)
02=%(41+42+‘13)-‘11§‘
03=%(‘11+42+1)—%‘13
a4=%(41+1)—%42
05-‘:—‘;“114’%

a1=55(g1+q:+g5+1)
a:=7(q1+9:+93)— 11
a;=5(q1+q:+1)—3q;
a4=—%(41+42—1)
as=3(q1—q2)

a1=5(g1+92+q:+1)
az=%(‘h+q2+‘h)—+
03=T‘5“(q1+¢12+¢13)—1]—o
as=5(q1+42)— 743
as=3(q1—q2)

01=‘2%(41+42+113+1)
ay=%(q1+q:+93)— 75
03=T15'(‘11+1)—%(<12+‘I3)
ay=7(g2—q3)
as=—%91+%
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where a;, a,, and a; denote U(1)y, SUy/(2), and SU_.(3)
coupling strengths, respectively, and

di=bs, di=by, di=bsP]s+bsPls+b/P},,
dy=b,, dj=b;,
d}=byP3 4 +b3P};4+b,(P 4+P}p+Pic),
dj=bs, di=b,,
dj=b3P]3+b,P},

+b1(P{ 4 +Plp+Plc+Pip+Plg) .

Here P’i, ; denotes the probability that the U(1)y subgroup
exists in the SU(i) or U(1); subgroup in the jth step and
b, is the constant appearing in the one-loop renormaliza-
tion equation for «,,,

4

M

For SU(n), b,=—(1/127)(11n —2Ny), Ny being the
number of fermions. Then it can be easily shown that

a,=2b,a,’ . (27

sin®0y (My,) 1 11 M,
_ =—1In|— (28)
aem(Mw) a3(Mw) 6 MW
and
sinZOW(MW) 11
— =14 ——a. (My)cot?0 5 (M,)
56,y (Mo) G oW WO
X | (5P} s +4P] —4)ln—¥-—0~
1,5 1,4 M,
+(4P% ,+3P% ;)
3L M2 29)
B an— nMW ’
where we have used
1 B sin?0y (My,) 1 B cos’0y (My)
az(Mw)— a,m(MW) ’ al(Mw)_ Czaem(Mw) ’
(30)

cot’ Oy (My)=C?*=3 +4(a’+b?) .

Furthermore, the various probabilities of finding U(1)y in
the subgroups of intermediate stages satisfy

Pls=P} +Pic=Pi +Pic,
Pl4=P};+P}p=P}p+P};, 31)
Pl 4=P}, =P} ,, Ply=P};, Pic=Pic,

subject to the condition P%,A +Pf,5 +P§,C +P%,D +P13,E
=1. In order to evaluate the probabilities, note from Eq.
(19) that after the third stage of symmetry breaking

E
TrY*= 3 a,’TrY;? (32)

i=A4

so that we identify

2a;*
P?,,-=a,~2TrY,-2/TrY2=-—C—,'2—TrY,~2 (33)
which gives from Table I for ¢;=-—¢,=a and
g3=—q4=b
Pl =——, Ply=—1_(3p 417
1,4 loczy 1,B 6C2 )
Ple=—l_(a—4b_1?, P?,D=—3—é7(1_2b)2, (34)

10C?
1
P} o=——(1+3a).
YET 62

One can use Eqgs. (28) and (29) to determine M,, M, and
M, for given values of sin’0y(My), Qem(My), and
a3(My) and for each choice of the charges g;. Currently
accepted values are

sin®0y (M ,)=0.217+0.014 ,
Aem(My)=(127.7)""

and
-1

M
—2bjln—% | =0.1-0.2

a3(Mw)= A
MS

for

Ags=0.1 —0.2 GeV .

It can be seen that there are no solutions for the inter-
mediate mass scales M, and M, for the models with all
g; =0 with the symmetry-breaking mode under considera-
tion. Thus the spinor-type representation Eq. (17) with all
q;70 is favored by this gauge hierarchy. In particular,
one finds My=5.2x10" GeV, M,;=4%x10" GeV, and
M,=2.4%x10*> GeV for sin*0,(My)=0.215, a;(My)
=0.12, and a.,(My)=128, and for the charge assign-
ments a =1 and b= — % With this M, the proton life-
time can easily be larger than 103 yr.

Renormalization corrections for other symmetry-
breaking modes can similarly be calculated. For each
mode, one can determine the mass scales of symmetry
breaking for the choices of the charges ¢;. In general, for
the models of all g; =0, the symmetry-breaking class (A)
is preferred and the proton lifetime is more or less com-
parable to the prediction of the standard SU(5) model. On
the other hand, the symmetry-breaking class (D) favors
the charge assignments g;£0. Delay in proton decay is
easily accomplished by the presence and judicious choice
of various mass scales of gauge hierarchy, but there will
be many more exotic particles, such as fractionally
charged color singlets in this class of model as we will see
in the next section.

IV. FERMION CONTENTS
AND CONCLUDING REMARKS

We have seen in Sec. II that there are two types of
SU(9) representations that can meet all of the constraints
for grand unification. The first type embeds the SU(5)
fundamental representation into that of SU(9) together
with electrically neutral four SU(5) singlets. In this case,
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the number of fermion generations unified is just the
number of 5*+ 10 of SU(5) contained in the representa-
tion. Equations (15) and (16) are models belonging to this
class having three and four generations each. All other
fermions are superheavy in this type. The second type
embeds the SU(5) fundamental representation together
with electrically charged SU(5) singlets into the SU(9)
fundamental representation. In this case, the reality con-
straint under SU,(3) X U,n,(1) implies the same as under
SU(5) and the number of fermion generations counts the
number of SU,(3) X SU(2) X U(1) contents of Eq. (14) con-
tained in the representation. There is only one model, Eq.
(17), belonging to this type, which can unify four fermion
generations with the charge assignment (a,—a,b, —b)
with ab=£0 for the four SU(5) singlets. Unlike the first
type of representation, Eq. (23) shows that sin?9y, at the
grand-unification scale is much smaller than < in this
case and should increase upon interpolation to the low-
energy region. For the model of Eq. (17), it is essential to
go through an intermediate stage of symmetry breaking
before arriving at the low-energy symmetry realm. The
existence of such an intermediate mass hierarchy is in fact
complementary to the concept of an invisible axion. In
Sec. III we treated the example of the symmetry-breaking
mode (13) in Table I for the choice of ¢ =1 and b=—5
and determined the intermediate mass scales that could
explain the low-energy value of sin’9y, and the prolonged
lifetime of the proton at the same time.

We note that the models having a trivial embedding of
SU(5) are the anomaly-free combinations allowing repeti-
tion of the same irreducible representations, while a non-
trivial embedding of SU(5) can be possible only for the
anomaly-free combination in which no irreducible repre-
sentation is repeated. This is consistent with previous
speculation?® based on the study of SU(7) models that sa-
tisfied the reality condition under SU.(3), which is a spe-
cial case of our constraint (c).

The fermion content of both types of models can be
studied from the particle content of Eq. (13) in each case
and for the specific assignment of charges g;. The two
types of representations have a rather different fermionic
content: while there are no exotic particles with unusual
charges in the models of the first type, exotic particles are
naturally appearing in the model of Eq. (17) depending on
the choice of g;. Exotic lepton doublets with fractional
charges can appear from (1,2, 5 +q;), (1,2, — 5 —q;—g;),
and (1,2,7 +¢;+¢;+qx) terms, and exotic quarks with

integral or unusual charges can be present from
(3,1, — % +4q;), (3, 1,% —q;), (3%,2,— % —gq;), etc., terms.
For the choice ¢, = —¢g,=a and g;=—q,=>b, there are
two combinations for which ¢;+¢;=0 and the 126-
dimensional representation of Eq. (13d) can give two more
ordinary quark doublets with quantum numbers ( 3,1,%)
making a total of four quark doublets in Eq. (17), which
are complex under SU.(3)XxSU(2)XU(1). Similarly,
we can see that there are four singlets each of the
type (3*,1,7) and of the type (3*1,—%) along
with (3,1,—++¢;), (3,1,32—¢g,), (3,1,3+¢;), and
(3,1,—+—g;). Thus with the usual survival hypothesis,
two in each type of singlet are expected to be substantially
heavier than the other two if we choose ¢; = —¢, =1 and
g3=—g4=—~. There are six ordinary lepton doublets
which are all complex with respect to SU.(3)
XSU(2) xU(1). In addition there are many exotic quarks
and leptons in Eq. (17) some of which are complex under
SU.(3)XSU(2) X U(1) and therefore expected to be light.
Experimental confirmation on the existence of fractional-
ly charged leptons and hadrons will determine the useful-
ness of this model. The complete weight systems of the
9-, 36-, 84-, and 126-dimensional irreducible representa-
tions of SU(9) with their SU(3)xSUQ)X [T;_,U(1);
properties can also be worked out with the aid of projec-
tion operators given in Table L

We have discussed SU(9) models which satisfy a set of
six criteria of grand unification. Symmetry-breaking pat-
terns are examined thoroughly along with U(1) eigen-
values and the weak hypercharge generator is determined
in each case of symmetry breaking. A case of symmetry-
breaking mode is explicitly treated to determine inter-
mediate mass scales that can be responsible for invisible
axions while supporting the experimental value of sin?6y,
and prolonging the proton lifetime. Finally, we have
given the fermion content of SU(9) models.

ACKNOWLEDGMENTS

This work was initiated while one of us (K.K.) was
visiting the Korea Advanced Institute of Science and
Technology which he would like to thank for its warm
hospitality. This work is supported in part by the U.S.
Department of Energy under Contract No. DE-ACO02-
76ER03130.A013—Task A, Korea Science and Engineer-
ing Foundation (KOSEF), and the National Science Foun-
dation KOSEF Cooperative Research Program.

'H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32, 438 (1974).

2E. Eichten, K. Kang, and L.-G. Koh, J. Math. Phys. 23, 2529
(1982).

3Partial lists can be found in M. T. Vaughn, J. Phys. G 5, 137
(1979); M. Popovic, Phys. Rev. D 23, 1871 (1981); Y. Tosa
and S. Okubo, ibid. 23, 3058 (1981).

41. Affleck, M. Dine, and N. Seiberg, Phys. Rev. Lett. 52, 1677
(1984).

SH. Georgi, Nucl. Phys. B156, 126 (1979).

SP. H. Frampton, Phys. Lett. 89B, 352 (1980).

See, for example, A. Schelleken, K. Kang, and L-G. Koh,

Phys. Rev. D 26, 658 (1982).

8See, for example, J. C. Pati, Phys. Lett. 144B, 375 (1984); H.
Terazawa, in Proceedings of the 22nd International Confer-
ence on High Energy Physics, Leipzig, 1984, edited by A.
Meyer and E. Wieczorek (Academie der Wissenschaften der
DDR, Zeuthen, DDR, 1984), Vol. I, p. 63.

9G. 't Hooft, Phys. Rev. Lett. 37, 8 (1976); R. Jackiw and C.
Rebbi, ibid. 37, 172 (1976); C. G. Callan, R. Dashen, and D.
J. Gross, Phys. Lett. 63B, 334 (1976); R. D. Peccei and H. R.
Quinn, Phys. Rev. D 16, 1791 (1977); S. Weinberg, Phys. Rev.
Lett. 40, 223 (1978); F. Wilczek, ibid. 40, 279 (1978).



272 KYUNGSIK KANG, CHUNG KU KIM, AND JAE KWAN KIM 33

10D, A. Dicus, E. W. Kolb, V. L. Teplitz, and R. V. Wagoner,
Phys. Rev. D 18, 1829 (1978); 22, 839 (1980); M. Fukugita, S.
Watamura, and M. Yoshimura, Phys. Rev. Lett. 48, 1522
(1982).

113, E. Kim, Phys. Rev. Lett. 43, 103 (1979); M. Dine, W.
Fischler, and M. Srednicki, Phys. Lett. 104B, 199 (1981).

12K. Kang, I.-G. Koh, and S. Ouvry, Phys. Lett. 119B, 361
(1982).

13p, Sikivie, Phys. Rev. Lett. 48, 1156 (1982).

14G, Lazarides and Q. Shafi, Phys. Lett. 115B, 21 (1982).

I5K. Kang, C. K. Kim, J. K. Kim, L.-G. Koh, and H.-W. Lee,
Phys. Lett. 133B, 79 (1983).

16J E. Kim, K. S. Soh, and H. S. Song, Nucl. Phys. B181, 531
(1981); C. K. Kim and J. K. Kim, Phys. Rev. D 29, 783
(1984).

17This representation was obtained previously by S. Dimo-
poulos, P. H. Frampton, H. Georgi, and M. B. Wise, Phys.
Lett. 117B, 185 (1982); and also K. Kang and S. Ouvry, Phys.
Rev. D 28, 2662 (1983).

18K. Kang and I.-G. Koh, Phys. Rev. D 25, 1700 (1982). The
projection operator method can be found also in A. Navon
and J. Patera, J. Math. Phys. 8, 489 (1967); R. Slansky, Phys.

Rep. 79, 1 (1981); and C.-H. Kim et al., Phys. Rev. D 27,
1932 (1983).

19§, M. Barr, D. B. Reiss, and A. Zee, Phys. Lett. 116B, 227
(1982); T. W. Kephart, ibid. 119B, 92 (1982).

20J, E. Kim, Phys. Rev. Lett. 45, 1916 (1980); Phys. Rev. D 23,
2706 (1981). See also Kang and Koh (Ref. 18) who have not-
ed that nontrivial embedding of SU(5) is possible for
anomaly-free representations of SU(#n > 7) in which no single
irreducible representation appears more than once.

21Kim and Kim (Ref. 16).

22Kang and Koh (Ref. 18). For fractional-charge assignments,
see also H. Goldberg, T. W. Kephart, and M. T. Vaughn,
Phys. Rev. Lett. 47, 1429 (1981); L.-F. Li and F. Wilczek,
Phys. Lett. 107B, 64 (1981).

233, Bagger and S. Dimopoulos, Nucl. Phys. B244, 247 (1984); J.
Bagger, S. Dimopoulos, and E. Masso, Phys. Lett. 145B, 211
(1984); J. Bagger, S. Dimopoulos, E. Masso, and M. H. Reno,
Nucl. Phys. B258, 565 (1985); Phys. Rev. Lett. 54, 2199
(1985).

245, Dawson and H. Georgi, Phys. Rev. Lett. 43, 821 (1979); S.
Dawson, Ann. Phys. (N.Y.) 129, 172 (1980).

25Kang and Koh (Ref. 18).



