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We investigate the mass difference between the 7 and 17 mesons by using lattice QCD with the
Wilson fermion formulation. The calculation of the effective potential is done by the 1/N expan-
sion in the strong-coupling limit. From a tree-level analysis of the effective potential we obtain the
result that there is no mass difference in the parity-conserving phase to all orders in the 1/N expan-
sion and that there exists a mass difference in the parity-violating phase.

I. INTRODUCTION

The U(1) problem is that the n meson (flavor singlet) is
much heavier than the 7 meson (flavor nonsinglet) al-
though both mesons are Nambu-Goldstone bosons associ-
ated with the spontaneous breakdown of chiral symmetry.
According to our current understanding, the chiral U(1)
anomaly would provide the mass difference but it is very
difficult to calculate such a mass difference practically
since both mesons are bound states of quarks.

Lattice regularization is suitable for calculating such a
nonperturbative effect. Wilson claimed' that the mass
difference between the singlet and the nonsinglet are ob-
tained in the strong-coupling limit by using lattice QCD
with the Wilson fermion which gives the correct chiral
anomaly in the continuum limit.?

In this paper we calculate the mass difference by using
lattice QCD with the Wilson fermion of r=1 in the
strong-coupling limit. The results are summarized as fol-
lows.

(1) From a tree-level analysis of the mesonic effective
potential no mass difference can be obtained to all orders
in_the 1/N expansion if the parity is conserved
({Piysp) =0).

(2) The parity-violating phase as well as the parity-
conserving phase exist. In the parity-violating phase it is
shown that the singlet meson is heavier than the nonsing-
let meson.

This paper is organized as follows. In Sec. II we for-
mulate the effective potential for mesons from QCD in
the strong-coupling limit. A detailed calculation of the
effective potential is given in Appendix A. In Sec. III we
analyze the vacuum structure for the effective potential by
the 1/N expansion and show that two phases exist. In
Sec. IV we calculate the meson mass from the effective
potential by the 1/N expansion and show that the above
results (1) and (2) are true. In Sec. V we discuss the physi-
cal implications of our result. In Appendix B detailed
calculations for the meson mass are given. In Appendix
C the case that the Wilson parameter r==1 is analyzed
and it is shown that the result (1) is almost unchanged. In
Appendix D we analyze QCD with the U(3) gauge and
show that the results are the same.

II. EFFECTIVE POTENTIAL FOR MESONS

In this section using the 1/N expansion we define an
effective potential for mesons in the strong-coupling limit
(1/g%2—0). Detailed calculations are given in Appendix
A.

The action of QCD on a d-dimensional lattice with the
lattice spacing a is

S =Sr+S¢ , (2.1)

where

1 - -
Sr=24%" 2 W1 Un?u¥h 5= aUnuuth)
nu,

+a* 3 MLy,
n’f

r = - -
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nu>v

Uy 5, Unv+He) .

Here we take U,, as the element of U(N) rather than
SU(N) since we want to treat only mesons without
baryons. The f(=1,2,...,nf)is a flavor index and M,
is a bare-quark mass of the flavor f. The second term in
Sr is called the Wilson term which is necessary to remove
a spectral doubling in the continuum limit. This term
breaks the chiral symmetry explicitly; therefore, this ac-
tion has no explicit chiral symmetry even if M;=0.

The partition function Z with source J*(n) is given by

Z()= [ DyDYD(U,,)

X exp [SF+SG +N 3 tJ(n)M(n) |, (2.3)
n

where
P 3 — A ,.
M"B(n)=a72(¢,, ()8 (2.4)
c
is the meson field, &8 represent spinor-flavor indices

[@=(a,f)], and c represents color index. Therefore M (n)
is a CXC matrix with C =242l ¢. In four dimensions
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C =4n;. In the strong-coupling limit (1/g>—0) we can
neglect the term Sg in (2.3). Correctly speaking, this lim-
it means 1/g2N —0.

After integration of the link variables U, , we obtain’

Z(J))= [ DM(n)exp [seff(M)+N St (n)-M(n) ] :

(2.5)

where

Se(M)=N S [trMM (n)—trInM (n)+ W(M (n))]  (2.6)
n

is the effective potential for mesons. Here

ﬁa§=(Mfa +4r)8a56ff' ,
k

L WelAn)

WMm)=3 3 [N
p k=0

Apuy=M )P M(n +2)P)T,

and

rry,
2

The form of Wy (A, ,) is given in Appendix A.

P

T+

III. VACUUM STRUCTURE WITH r =1

In this section we investigate the vacuum structure in
the 1/N expansion with the Wilson parameter » =1 and
show that two phases exist.

From the result in Sec. II and Appendix A we obtain

Sef(M)=N 3 | trMM (n)—trInM (n)

(3.1)

k
+3 3 {—H WiA,,)

p k=0
If N becomes large we obtain
Z(=0)= [ DM(nmexp[Seer(M)]_~ exp[Seer(Mo)] ,

(3.2)

where My(n) is the saddle point of S(M) (Ref. 4) and is
interpreted as the physical vacuum.

To obtain the saddle point My(n) we assume that the
vacuum is translationally invariant and a flavor singlet;
then the form of My(n) is given by

(3.3)

where &=(a,f) and §=(B,f’). Here we take into ac-
count the possibility that 1,y sy, may develop a nonzero
vacuum expectation value. Hereafter we set the Wilson
parameter r =1. The case for 0 < 7 <1 will be considered
in Appendix C.

We denote the vacuum expectation value of f(M)
which is an arbitrary function of M (n) as

(f(M))=f(M,) .

Mo(mPB=o(e") g1,

(3.4)
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Using this notation the saddle-point equation is written as

8S (M
(-—“‘£—)—>=o ) (3.5)

5M (n)2B

If all the bare masses of quarks (M) are equal’® Eq. (3.5)
has solutions.
In the large- N limit the solution is given as’

- a’ .
<¢175¢)W=0’Slﬂa

0 for My’>4,
(3.6)
=12[3(4—My*)]""?
e forMss.
- 0
Ty & 6
Yy m—acos
1/M, for My*>4,
_ (3.7
={ 3M
— for My’ <4,
16— M,?

where M0=trlq/nf (=Mga +4r if all My are equal).
Technical detail is given in Appendix B.

These results suggest that at the value that M,>=4 the
phase transition occurs and its order parameter is
(Yiysy) rather than (Jy). In other words two phases
exist: one is the parity-conserving phase ({¥iys¥)=0)
and the other is the parity-violating phase. It is easy to
understand this phase transition from a statistical
mechanical point of view. Now we consider the correla-
tion function of a composite operator ¥iysy, which
behaves as

<1/-Jni7’5¢n17j0i75¢0)~exp(_m7ra ln [), |n |“"°° ’

where m, is identified with the lowest mass of the pseu-
doscalar meson (m meson). We assume the pseudoscalar
meson becomes massless at some value of the parameters,
for example, at My>=4. Since this means that the corre-
lation length diverges as £~ 1/m,a the phase transition
occurs and there is another phase where iy s)50 if we
vary the parameter. In this phase the mass of the pseu-
doscalar meson is defined by

<$ni75¢n17}0i75¢0) - <J’ni?’5¢n ) <J’0’Y5¢O>

~exp(—mgqa|n|), |n|—w.
The phase transition which occurs at My*=4 can be un-
derstood by this scenario and in the next section we show
that the 7 meson becomes massless at M2=4.

Next we consider the 1/N corrections to the above re-
sult. If we assume 6=0 the solution is

o=1/M, (3.8)

to all orders in the 1/N expansion and this solution is the
same as the result in the large-N limit [see (3.6) and (3.7)].
If we consider the solution with 8540 the gap equation be-
comes
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From (3.8) and (3.10) we can conclude that “the parame-

. ) 3.9 ter value of M, where the phase transition of the parity
sin6 —1+ 8a +0(sin%0) | =0 . violation (6540) occurs is the same as the value in the
o 14 (1—40%in%9)'/? large-N limit (My*=4) to all orders in the 1/N expan-
o . . sion.” This result is different from the naive expectation.®
We take the limit as §—07 in Eq. (3.9) and obtain Finally we give the explicit form of the solution to the

o?=1 and M 2=4 (3.10) next leading order in the 1/N expansion:

= =4 . .
J
0 for My*>4,
(Biy*p)a’ /4N =g sinf= | [124—MD]? TMy—6 ) (3.11)
6-M; TN 24— M 16—yt or Mots4s
0 0 0
1/M0 for M0224 ,
($)a’/4N=ccosb=1{ 3M2 1 2V3M, , (3.12)
T6—M,2 N (16_pp2y 201 for Mor<4,
where
8+My?  (16—My%)!"? 48 q'+q2(4 M 2!
=6n; V3 A 2)2 -7
11M2 416 3 g, | (16—=Mo%)
"g‘ ‘“2 (2n — 1)1t [2(g1+g2—n)=3]!

We plotted Eqgs. (3.11) and (3.12) in the case that N— o
and N =3 with two flavors in Fig. 1. It is worthwhile
noting that the summation in 3, , is restricted in the

case of N =3, so that
q1+92 <NnpC=3X2Xx4=24,
because

(Y9)
by the property of the Grassmann numbers ¥ and 1.

Nn/C+l

IV. THE MASS SPECTRUM FOR MESONS

In this section we calculate the meson masses by using
the effective potential S.y. Since it is very difficult to
calculate the meson mass exactly, we calculate it approxi-
mately. First we expand S.¢ around the vacuum M(n):

Setr(M (n))=Sg(Mo(n))

+2 S SH(ny, ...,
2n1 ..... ny
xXI(ny) - - - (ng), (4.1)
where [1(n)=M (n)—My(n) and
S(clfsl)(nl)n2’-'~rnk)
_ 1 akseff
_k!<8M(n1)aM(n2)“'aM(nk)) )

FIG. 1. Dependence of osinf and ocosé on M solid line
( ) represents osinf@ and dotted line (. . ..) represents
o cosf in the case that N =3. Dashed line (— — —) represents
o sinf and dash-dotted line (—.—.—. ) represents o cos@ in the
large- N limit.
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SY (n) vanishes because of the saddle-point equation
(3.5). We use only SH(n,m) in order to calculate the
meson mass. In other words, we consider the tree dia-
grams for mesons and neglect the contribution of the
meson loops. Rigorously speaking, the meson loops must
be considered at the same time for a consistent large-N

S SH(n,m)(n)(m)

expansion and the contribution of the loops may be essen-
tial for the mass difference. Therefore we will discuss this
point in Sec. V.

After some calculations (given in Appendix B) we ob-
tain

nm
"f2_ / e
=n AP 4T —ple M ple TS~ B T — plysT(p)y s+ T —p)y sy I%py sy 7]
4 -n/a (27)* “ Iz
a= u
— CS T —p)(1+yDI%p)(1 —y De "
M
n/a 0 0 0, 0,
+np [ o )41) %‘,[Trru—p)zysrrn (pliy s+ Tl —piy sy, Tel(p)iv sy,
+Tel(—pliys(1—y DTrp)iys(1+yDe ™ ] , (4.2)
where

n2—1
I]“(p)m—-ze""“" 2 1%(n)egX 7%

=0
P=1, #a=1,..
B, C, and D are given by
1
20?

o%sinZ0 1
—40%in%0)'?)* (1—40%in%9)!/?
_ 1

" 4(1—40%sin%0)!2
D =D,(c%in%9) ,

Tl+a

—C,(o%sin%9) ,

where B, C,, and D, are O(1/N) and satisfy B,;(0)=C(0)=D,(0)=

Here o and 6 satisfy the saddle-point equation (3.5).

.,n f —1) is the generator of SU(ny) and trr* P =81 r. Tr means the trace over the spinor index. 4,

—B,(azsinzf)) )

0. Their detailed forms are given in Appendix B.

The mass difference between the flavor-singlet meson and the nonsinglet mesons arises from the last term in (4.2).
Now we obtain the important result of this paper.

“If =0, which is the case for My>>4, D(6=0)=0. Then at the tree level of the mesons there is no mass difference
between the singlet and the nonsinglet for =0, which means that the parity is conserved, to all orders in the 1/N expan-
sion.” Furthermore, since B{(0)=C, (0)—0 there is no 1/N correction to meson masses for My%> 4 (6=0).

From now on we look at the case for My? <4 (650). We expand I1°(p) as

1%p)="S 1% (p)T4 @.3)

4
where {4} is a basis of 4 X4 matrices that is given by

1 i 1
[S= 1, [P=—ys, T40=Zyly, T"P=—y7,

Tip, ) T
r e ’ s
2‘/5 —=v} vl
then we obtain

n—-l

3 SE(n,m)L(m)(m)=n, 2 f o )42r1°<—pm,,,(p>n 2(p), 4.4)

nm
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where
SPA VT
s
P | D§_p_4(P) 0
D:B(P):__ A . (4.5)
y 0 D§_7(P)
D,“,_T(p)=
Vip) T (uv)
Via) | 84 IA +6B —2C 3 cosp,a ] V2C(8,sinp,a —8q,sinp,a)
u#a

T(By) | —V2C(8,gsinp,a—38,,sinpga) 3 (8g,8,y—8p,8a,)[A c0s20—4B —2C (cospga +cosp,a)]— %eﬁ“‘"sinw

(4.6)
(a=0,1,...,n7*—1) for the vector-tensor (VT) sector,’
S P Av)
S A cos20 —iA sin26 0
D¢ _p_4(p)= P —iAsin26 A cos20—8B°—2C*Z cosp,a 2C%inp,a ,
A(p) 0 —2C%inp,a 8,4 +2B?—2C osp,a)
B°=B and C*=C for a=1,...,n/>—1 (nonsinglet) , 4.7)

B°=B +2D and C°=C +2D (singlet)

for the scalar—pseudoscalar—axial-vector (SPA) sector.

The mass difference arises from only the SPA sector. The mixing between scalar and pseudoscalar in (4.7) is the
consequence of the parity violation (6+40). Since there is no complete Lorentz symmetry on a lattice the mixing makes it
difficult to decide the quantum number of the mesons. Following the ordinary method we identify the SPA sector as the
7 meson (nonsinglet) or 77 meson (singlet) and the VT sector as the p meson. Then we put po=im,(im,), p; =0 for the
nonsinglet (singlet) SPA sector and po=im,, p; =0 for the VT sector into the equation that detDjz(p)=0.

In the large- N limit we obtain

2(4—My2)(16—My2)(8+My?)

" 5 for Myt<4,
15My*— 64M (2 +256
coshm ,a =coshm,a = (4.8)
(Mg?—4)(My2—1) ) :
5 for My* >4,
2M?—3
- (13M* + 112M > —512)2 + 192M M4 — My *)(8 + M ,?)? for M2 <4
or <4,
6[(25M* +208M (% —512)(13M* + 112M 2 — 512) + 384M X (4 — M ;% )(8 + M,?)?] 0=
coshma = 4.9)

(My?—3)(My%=2)
2My2—3

for My*>4 .

Equation (4.8) shows that the 7 meson (and 7 meson) becomes massless at the value of M,?=4 where the phase transi-
tion occurs. The 7 meson is the massless mode associated with the phase transition of the spontaneous parity violation.
As Witten mentioned'? there is no mass difference in the large- N limit.
Up to the next leading order in the 1/N expansion we obtain
(4 +2B)A +2A4 cos26[2C —(A +2B)(4B +30C)]
4AC[ A cos’0—3cos26(B +C)]

(4 +2B')A +2A cos26[2C'(4 +2B')(4B’'+3C')]
4A4C’'[ A cos’0—3 cos26(B’'+C'))

_ (A4 cos20—4B —4C)[(A4 +6B —4C)(A4 cos26 —4B —2C) +4C?*] + 4%in*26(4 + 6B —4C)

coshm,a = ) R (4.12)
2C[(A cos26+ A4 +2B —6C)(A cos20 —4B —4C) + A *sin“26]

coshm a= , (4.10)

coshmya = , 4.11)

where
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A=1/20%,
22
o’sin“@ 1 ns (1 2. 2091 +9—1
B= —— Y C, . (—o“sin“0) (g1 —1)+q5(g,—1)],
[14+(1—40%in%0)'/2)? (1—40%in?0)/> N 91242 992 [91(q: 9292 ]
1 " 5 c 2%in20)1 2" (g 2 4.0.2)
= o) 2~ N 2 Can—osin e

9192

9192

n _
p=-L 3 Ci) (—o%sin?9)" " '9192/2
N 9192

B'=B +2D, C'=C+2D,

and

(1) _

2n —1)1 [2(g; +g,—n)—-3]"

—(—g)t! l‘n—l 7,1

@t |22

n=0 n=0

L (2n)t

Here o and 0 are given in (3.11) and (3.12).

[2(g)+g,—n)]!

We plotted m,, m,, and m, both in the large-N limit [(4.8) and (4.9)] and in the case of N =3 with two flavors
[(4.10)—(4.12)] in Fig. 2. In our calculation for 4.10—(4.12) we dropped terms of the order (1/N)? or more. The oscilla-
tory behavior of the N =3 curves in Fig. 2, in particular that m, dips below zero, show that the higher order of 1/N is
important for N =3 in this region of M,. From Fig. 2 the domain of validity of the N =3 case is roughly estimated as

My>2.4.

Our main interest is the difference between m, and m,, then we calculate it analytically up to the next leading order.

The result is
1 dif (M%)
N sinhm (N =cw)a ’

Am(n—m)=mua —m,a =

where

12(M02—4) q,+¢;—1

>0,
(16— M,2)?

di=—n; Y, 41142C;:;z
919,

16(8+M,?)
(16 —My2)(15My* — 64M ;> +256)

f(Meh)=

and

[2(4—My2)(16—My2)(8+M,2)] /2

sinhm (N = w0 )a = 2 3
15My*—64My*+256

It is easy to check
Am(n—m)>0 for M2 <4
and

lim Am(n—=)=0.
My24

In Fig. 3 we plotted Am (—) in the case of N =3 with
two flavors.

Before ending this section we mention the case for
O<r®<1. The result in Appendix C shows that for
0< r?<1 a mass difference exists between the singlet and
the nonsinglet for only the scalar meson if 6=0.

V. CONCLUSIONS AND DISCUSSIONS
In this section we summarize results obtained in this

paper and discuss their physical implications.
There are three main results in the strong-coupling lim-

(4.13)

(15M% — 112M 6+ 3488M,* — 16 384M ;> +24 576) >0 ,

(Mo%+3My*—160M,2+768)1 /% .

r
it.

(1) A pseudoscalar meson (7 meson) is identified as the
massless mode associated with the parity-violating phase
transition rather than as the Nambu-Goldstone boson of
the chiral-symmetry breaking.

(2) At the tree level of the mesons there is no mass
difference between the flavor-nonsinglet mesons (7 meson)
and the flavor-singlet meson (n meson) to all orders in the
1/ N expansion if the parity is conserved.

(3) In the parity-violating phase, contrary to the result
(2), such a mass difference exists and

Am=mya—mza >0.

In other words, results (2) and (3) mean that the U(1)
problem is solved only in the parity-violating phase in the
strong-coupling limit.

Now let us discuss these results, unexpected by the au-
thor prior to calculations, and consider their physical im-
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FIG. 2. Dependence of m,a, mya, and m,a on M. Solid line

( ) represents m,a, dashed-dotted line (—.—.—. )
represents m,a, and dashed line (— — —) represents m,a in the
case that N=3. Two dotted lines (. ...) represent m,a

(=my,a) and m,a in the large- N limit.

plications.
(a) The reason why the mass difference cannot be ob-
tained in the parity-conserving phase will be considered.
(i) The 1/N expansion is not correct and for the physi-
cal value of N(=3) the 1/N expansion may be divergent.
In Appendix D we will treat the case of N =3 directly
without the 1/N expansion and get the same results as
those of the 1/N expansion. Therefore the 1/N expan-
sion is not responsible for the result (2).
J
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M

o 7 2

FIG. 3. Dependence of Am =mga —m,a on M in the case
that N =3.

(i) The approximation in order to calculate meson
masses from the effective potential S.gq(M) is wrong. We
calculate meson masses from the quadratic part of S.g;
S (n,m)II(n)[I(m) (see Sec. IV). Correctly speaking,
meson masses are defined by the behavior of the two-
point function:

J T1 aM ()M (n)-M (0)exp[Sse(M)]

~exp(—man)+{M)?, n—w , (5.1

where m is the lowest mass corresponding to the field
M(n) and

(M(n))= [ [T dM ()M (n)exp[Sex(M)] .

Our approximation is

f HdM(s)M(n)-M(O)exp[Seff(M)]—(M)2=f [T dM (s)I1(n)-T1(0)exp | 3, S (n,m)1(n)[1(m)+ O (IT%)

~tr[SH(n,0)]7 . (5.2)

In other words we neglect the interaction among mesons
which represents O(IT%) in (5.2). If we include this in-
teraction and calculate the loop diagrams of the mesons,'!
for example, the self-energy diagram of the meson propa-
gator, it may be possible that the mass difference can be
obtained. But unfortunately it is very difficult to calcu-
late the loop diagrams since the meson propagator [the in-
verse of D°,p(p)] is very complicated on a lattice. Loop
corrections will indeed give the different behavior of the
two-point function as Wilson pointed out,! but we cannot

I

show that this difference assures the correct mass relation
(my>mg). In further investigations we must include the
loop diagrams by using another method (for example, the
Monte Carlo simulations).

(iii) The introduction of the meson field M (n) and
description of the theory by Si(M) are wrong. S.g(M)
has no stable vacuum since —trin(M) is unbounded
above. Indeed in the large-N limit the vacuum stays at
the saddle point where (M ) =00. This shortcoming of
S.s(M) may be overcome by introducing baryon fields.
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The effective action for baryon and meson has no
—trlnM term.'? We must change gauge group from
U(N) to SU(N) and investigate such a theory in the fu-
ture.

(iv) The calculation in the strong-coupling limit is not
sufficient to detect the mass difference and we must make
the strong-coupling expansion.”> Now we have finished
the calculations and will publish results in the next paper.

(b) Although parity violation is very weak in nature, we
discuss the property of the parity violation in the lattice
QCD hereafter. This property may become useful for fur-
ther development of the investigation, for example, the
model building or the Monte Carlo simulation.

(i) Probably result (1) may hold in the continuum limit.
Indeed the Gross-Neveu model on a lattice is such an ex-
ample.”'* If the bare coupling g2 of QCD becomes small
enough, the phase structure on a M,—1/g2N becomes
complicated so that spectral doublings of the lattice fer-
mion are separated from each other.” Furthermore, we
may construct the parity-violating QCD if we take the
continuum limit from the parity-violating phase. Indeed
we can do so for the Gross-Neveu model and obtain the

continuum limit:"

SLFHY + Firsp)1 2= exp(—m/g?W)

(ii) The existence of parity-violating QCD seems to be
inconsistent with the result of Vafa and Witten.'> They
assume that the fermion part of the action is
SY(P + M)y, but the Wilson fermion does not satisfy this
assumption. Therefore the parity violation is possible in
our case.

(iii) We mention the connection between the parity
violation and the vacuum of QCD. In our case if we
change

'/’u "’1&;: =
‘/’_" '; n= 'Z'-n e
then we can set

($'¢¥')=0 and (Y'iysy’)=0.

—itys2
e s

Yn
T

Under the above transformation the fermion action be-
comes

Se =3 Fn? uVutn +arfpe’ T, + M, e"y,) .
ny
(5.3)

This action is equal to the action in Ref. 16 if we change
M—Me rs It is noted that 0 depends on M in our case.
In Ref. 16 the 6 angle of the Wilson term is proven to be
equal to the 6 angle of the vacuum. If this is the case in
the action (5.3) the 6 angle of the parity violation due to
the QCD interaction is interpreted as the 6 angle of QCD
vacuum. If so, by experiments and the effective Lagrang-
ian method,® we get the upper bound

6<3x1073.
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APPENDIX A: CALCULATION
FOR THE EFFECTIVE POTENTIAL
IN THE 1/N EXPANSION

In this appendix we present the detailed calculations for
the effective potential in the 1/N expansion. We use the
method of Ref. 17. The partition function (2.3) in the
strong-coupling limit is written as

Z()= [ DyDYexp N 3 trM +1)M(n) |[] Z,,,0 »
n nu

(A1)

where M ,J and M (n) are defined in the text. The one-
link integral Z, , is defined as

Z,,= f d U, ,,exp[a Tr(U, “D,, " +D,,“ )]
where
(Dnpab= =27 DoPF (W)a
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and

TrU, D}y =(Up )ap (D)} )pas etc .

For s1mphcxty we drop the suffixes (n,u) hereafter.
Using U'U =1 we derive the Schwinger-Dyson equation:

3’z
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Since Z is gauge invariant, Z depends on only gauge-
invariant traces A, that are defined by (Ref. 18)
A,=TrA% ¢=1,2,...,

5
a
Ap= F(1)*0),,,, .

Setting Z =exp(NW) we write (A3) in terms of A,:

A=S ¥ laer L 2 AT-PL,
q-—-la q p 1
1 _FW oW aw
t q+t.
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Now we solve Eq. (A4) with the boundary condition
W(A=0)=0. In the large-N limit the solution was ob-
tained in Ref. 17:
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Now we expand W so that
J
= W . oot ;
S qA? axk —_a+an2] 3 S a0
=! i g=1p=1

Since we know W,(A) we can calculate Wy for k > 1, in
principle, from (A6).

From Eq. (A5) it is easy to prove two statements by us-
ing the mathematical induction in the order of k.

(1) For k =2l (even) W has the form

!
_ (21+1)
WZI—EOqu...qthql quﬂ
S=

and for k =21/ +1 (odd) W, has the form

1
W21+1 = 2 C‘;?I+1;2, +2 A'ql ’
s=0
(2) For k>1 C{¥ vanishes, i.e, C{* =0, where C{¥' is
defined in (A7).
The above two statements are important in analyzing
the vacuum structure and calculating the meson masses.

Now we calculate the explicit form of W,. From (A6)
and (A7) for k =1 we obtain

A . (A7)
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and put this form into (A4). Then we obtain the recursion
equation for k > 1:

© 3F*Wi_, kZ1OWi_, dW,
+ qt + AIt! (A6)
qyz, [ NG, El AN, A,

[

Unfortunately Eqs. (A8) and (A9) cannot be written in a
closed form.
Now we return to the Z (J). From (A2) we obtain

Z())= [ DYyDyexpN

Str(M +)M (n)

+3 W(A,,)
np

(A10)

After changing integration variables in (A10) from 1, and
¥, to M(n) (Ref. 3) we obtain the final result (2.5) and
(2.6) in the text. In order to write (A4), (A7), and (A8) in
terms of M (n) we use the formula

Ag=N~%T(D} D, )"

=—trf[M(n)(PFH)M(n+2)(P;)T), (A11)

where tr means the trace over the spinor-flavor indices.
We must be careful about the sign factor.

APPENDIX B: DETAILED CALCULATIONS
FOR THE VACUUM STRUCTURE
AND THE MESON MASS

In this appendix we give the details of the calculations
used in Sec. III and Sec. IV. The useful formulas for cal-
culations are listed below:

(B1)

(AT®BI+Bl®A4l)+f"(0)Bl®B, 818 1) 14 »
By, ba

(B2)

where f is an arbitrary function of A, ,, f'(x)=df(x)/dx, fr(x)=d*f (x)/dx?, &=(a,f), B=(B,f"), ?=(v,g), and

6=(8,g’). Here

—o%sin?01 0

(Anpd=T, 0 0

—1
T,”'®1,

2 4
(A ap= 3 (TWa Ty Vg Bulapg= 3 (Tu)ay(T,"yp -
=3

r=1
It is easy to see that 4, and B, satisfy
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—- - —\Tpn _
A,+B,=1, (P;)"4,=(P;)7, and (P;)'B,=0.
Using Eq. (B1) the gap equation (3.5) becomes

101/5 A(2k) 2

18M —ce” "’@1+ 3 osind |Wo(—o stB)—kElN_Z" 2 (4np ) C g 2
“ =
A2k~
-3 N-Z"“z (4np)H=1C g z4q, iriel =0, (B3)
k=1 aB.f'f
where
6};’;:0&1’. .. X(—osin?0) 27!
If the matrix M is equal to M;-1, which means that all bare mass of quarks are equal, Eq. (B3) is equivalent to
My-o=cosf , (B4)
. 8
osind | —o~ 2+
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From (B4) and (B5) we can derive Eqgs. (3.6) and (3.7) or Egs. (3.11) and (3.12). Furthermore, from fact (2) in Appendix
A we obtain Eq. (3.9).

Using Eq. (B2) it is easy to obtain Eqgs. (4.2) and (4.3). B;, C|, and D, are given by

A(2k) 2 A2k—1) 2

By(o%sin’0)= 3 —2k2<4n,)2’};c[,,, zq,(q,—1>/4+1v-2"+‘z(4nf)2’ ’ECm zq,u;, —4)/4
k=1 1=0 =1

X A(2k) 2 A2k —
Cy(o%in’0)=3 N'2k2(4nf)212C[q] 2 g;?/4+ N2+ 2(4n - ’Ecm E q;°/4

k=1 1=0 =1 j=
) A(2k) 2

Di(o%in’9)= 3 [N~ 2<4n,)2’2c,q, 2 gi'q;/16+N~ 2"+‘§;(4n = 'zcﬁz"—”zq, g;/16
k=1 1=0 {q} i#j =1 f{q} i#j

From fact (2) in Appendix A it is easy to check that B,(0)=C,(0)=D,(0)=0.

APPENDIX C: 1/N CORRECTIONS WITH r+#1 AND 6=0

In Sec. IV it was shown that the mass difference does not exist in the parity-conserving phase to all orders of the 1/N
expansion. However, we might suspect that this conclusion is special for the case of » =1. Indeed for r =1, P (r) satis-
fy

Pl (rP; (r)=0

and due to the above property of P+(r) there are no 1/N corrections to the meson mass and no mass difference for
r—O Therefore, in this appendix we analyze the case that r+#1 and 6=0. We use P (r)=(rty,)/2 instead of
y —-( 1£y,)/2. The physical positivity demands that 0 < rr<1.
For 6=0 the gap equation becomes

40(1—r?)
4n; \My—o~!
nfl T T -]
Sq—1
+20(r —1)2 N“2k2(4n 3 ci 0(r4—l) ] S
1=0 {q)
—2k+1 -1 w_n | oXri=1) 2q-1
e U i sqll=o. <
= q

If we expand o as
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o=3 N~ %o (C2)

k=0
we obtain
—3My+4[M2+7(1—r2)]12
Oo= 2 2 ) (C3)
My +16(1—r°)
~32n; 3 CLhy (g1 +g)[od(rP—1) /4]
9199
o= , (C4)
! 8(1—r)ag (1—r)ay
Mo+ o2z T 2y 271/22 2y 27172
14+[1—=(1=r%oy’] {(1+[1—(1—=r%)o’] *} 1 —(1—r?oy’]
etc.
After little calculations we obtain
nl-1 i
3 SHn,m)ImI(m)=n, 3 fp A1 —p)I%p) + 3, B trl1%(—p)(P;F ) TI%p)(P )Te s
n,m a=0 M
+n2D [ 3 Il —pirIlp)(142"4) (C5)
I

where

A =020 '+ Wi[oXrt—1)/4]0%r*—1)*/2+ A4,(d?) ,

=Wy[s2(r2—1)/4loXr*—1)/4
+WyloXri—1)/4]1+B,(d?) ,

D=D,(d?.

Here A,(0?), B|(c?), and D,(0?) are O(1/N). From the
last term in (C5) the mass difference arises. If we write it
as

n/D [ 3 ulI§(—pI3(p)(1+e"+") (C6)
I

it is easy to see that in the case of r=£1 there exists a mass
difference between the singlet and the nonsinglet only sca-
lar mesons rather than pseudoscalar mesons if the parity
is conserved.

APPENDIX D: ANALYSIS FOR U(3) GAUGE

In order to show that our results obtained in Secs. ITI
and IV in the text are not a special case for the 1/N ex-
pansion, we analyze the theory with the U(3) gauge in this
appendix. The main result in Sec. III is that there is no
mass difference between the singlet and the nonsinglet
mesons to all orders in the 1/N expansion if the parity is
conserved. Here we will show that this property holds for
the case of the U(3) gauge.

First we calculate one link integral Z,, given in (A2)
for the U(3) group. Here we drop suffix (n,u):

- t t
Z= fumd Uexp[Tr(UD'+D UM . (D1)
Schwinger-Dyson equations are given by
2
592 s, . (D2)

~ 3D},0D,,

f

In the case of SU(3), Z has been calculated by Hoek.!” We
use his method here. We define W so that

Z=e", (D3)
and expand it so that
W= 3 Cuek™\u*, (D4)

m,1,s>0

where k=Tr(D'D), A.=Tr(D'D)?, and p=Tr(D'D)? since
W depends only on gauge-mvanant traces Tr(D'D)*
(k=1,2,...) and Te(D'D)* (k >3) are expressed in
terms of «, }» and p by the Caley-Hamilton theorem. For
example,

Tr(D'D)*=12/2+4uk/3— M +x%/6 ,
Tr(D'D)’ = (k% — 5As3 + 56 + 5Au) .

We insert (D3) and (D4) into (D2) and then we obtain
the recursion equation for C,,;. By using this recursion
equation we can calculate C,,; from the smaller value of
m +2I 4 3s. For example, Cypo=0 and C;po=5. But we
will not use the definite value of C,,, in this appendlx and
will use only the fact that W has the form (D4). Especial-
ly if D and D' are the Grassmann variables the
summation of (D4) is restricted such that
m +21 4+3s <3XngXC. Therefore the summation is fi-
nite and this expansion is well defined.

The effective potential in the strong-coupling limit be-
comes

Set(M)=33 |trMM (n)—trInM (n)
n

+E 2 ka(_l)m+l+s

p mls
X9m +2!+3 }\'I

ul.—

(D5)
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where
Knu=ttM (n)(PF )M (n +2)(P; )T,
Anp=tr[M (n)(P )M (n +@)P;)TT?,
i =tr[M (n)(PF)"M (n +2)P)T] .

We assume the vacuum expectation of M (n) has the
form (M (n)) =a-e'975; then we obtain gap equations:

Myo=cosf , D6)

sinf cosf[ — 1+ f(0,0)]=0, D7)
where

£(0,0)=120> 3 Cpus( = Diny C/2)m ¥ 42

X (9ozsin29)"’ +21+3s—1 .

If the equation f(cos6/My,0)=1 has the nonzero solu-
tion 6, the parity is broken in this vacuum. We, however,
analyze only the case that §=0 hereafter. In this case

o=1/M, . (D8)

This solution coincides with the solution in Eq. (3.12) in
the text. The value where f(cos68/M,,0)=1 has the 6=0
solution is given by

40-2=1_->M02=4 (D9)

(note that C,oo=7). This value also coincides with the
value where the parity-violating phase transition occurs in
the 1/N expansion.

We calculate meson masses with 6=0

> S (n,m)1(m)I(n)
ne2—1
f 1 a a
=3 n [ g7 (=P TC(p)
a=0

— S trll%(—p)(1+y,)1%p)
m

x(1—yDe®/4| . (D10)

Equation (D10) coincides with the result in the 1/N ex-
pansion. From (D10) we conclude that there is no mass
difference for the U(3) gauge in the strong-coupling limit
with r =1 if the parity is conserved. Furthermore, at the
value My’=4 the 7 meson becomes massless, and for
M,? <4 the parity may be broken, and these properties
are also the same as the 1/ N expansion.
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