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Angular momentum and spin within a self-consistent, Poincaré-invariant
and unitary three-particle scattering theory
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Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305
(Received 26 August 1985)

The self-consistent, Poincaré-invariant and unitary three-particle scattering theory developed in a
previous paper is extended to include angular momentum conservation and individual particle spin.
The treatment closely follows that of the scalar case, with the complete set of angular momentum
states for three free particles developed by Wick used in place of scalar plane-wave states.

I. INTRODUCTION

In the preceding paper' we presented a self-consistent,
Poincaré-invariant and unitary scattering theory for three
distinguishable scalar particles of finite mass. The goal of
this paper is to extend the treatment to particles of arbi-
trary spin and to include the effects of angular momen-
tum conservation.

Two concepts crucial to the development of a relativis-
tic three-body scattering theory are introduced in Ref. 1.
The first is the use of velocity conservation in place of
momentum conservation in order to separate Lorentz in-
variance from the off-shell continuation in energy. The
second is the introduction of factors independent of
intermediate-state integrations into the relation between
the two- and three-body off-shell variables. Both ideas, as
well as the general operator form of the scattering theory,
are used here without further comment. The only differ-
ences are in the definitions of particle states and operator
matrix elements.

A complete orthonormal set of angular momentum
states for three free particles was developed by Wick.?
Single-particle helicity states, from which the angular
momentum states are constructed, are defined by the ac-
tion of a Lorentz boost in the 2 direction onto a particle
at rest, followed by a rotation. In the spin-zero case, this
is equivalent to LM (2.5). Throughout our discussion we
adopt Wick’s state definitions, normalization, phase con-
ventions, and notation. For details, the reader is referred
to Ref. 2.

Section II extends Wick’s treatment to define another
complete three-particle basis, which is used in Sec. III to
develop the two- to three-body connection. The resulting

J

angular momentum conserving integral equations are
presented in Sec. IV. Section V relates the solutions of
these equations to the physical probability amplitude.
Section VI summarizes the results.

II. THREE-BODY STATES

A procedure similar to that used to obtain W (17) is fol-
lowed in order to obtain the matrix elements between
states in the plane-wave basis and states in the three-body
angular momentum basis. A Lorentz transformation
h (P), satisfying

h(P)P°=P ,

is applied to W (24) (Ref. 3). Then the operator acting on
[ 91v1,92v2,q323) is

L=H(P)S .

The rotation s is specified by p;, p,, and p; through
s=h~!(P)

and
pi=lq,, pa=lg,, p3=lq;,

where p,, p,, and p; are restricted to obey

p1+pa+p3=P,

2 2

P12=m1 ’ p22=m22, P32=m3 ,
(p1+p2) P =w?.

An integration-variable change gives

16 (pg /wW)sin0dOdU, =dp dp,dp38((p; +p3)* —w)8*p, +ps+p3 —P) .

With

L l111V1’42V2,‘13)\3>= z UI(-lvll)Vl (pl’I)Ul(‘zz)"z(pz’l)U!(‘saa's

Moty

and

Diay(s~H=UQ1-%P)
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we find

<P1.u1aP2I-¢2yP3,U'3|P'J'M';w'j'm'}u}vz;}»ﬁ=4(WW/P¢I)1/2-/VJVV"€‘ing‘(P —P)8(w*—w'?)
Xdjn(0) T dopy, (B 2, (BU R (175 P)

where

)\.’=}\.1'—)\.2, A'=m'—k3 ’
N=[(2j+1)/4m]'?,

and [ is specified by the condition that / ~! transform P to
rest, p3 to a vector in the direction of the negative z axis,
and p, to a vector in the xz (x > 0) half-plane. The an-
gles 0, By, and B, are functions of W, w, and (p, +p;)?, as
indicated in W (Fig. 1).

In the three-body angular momentum basis complete-
ness involves an integration over

J

(PriPaiapss | PTM 5w m Ay ks ) = (/W) [0 (0

XU (piDU L, (020U (p3iD) 2.1)
-

d*Pd(wH)=(W3/uOEW,O) ] dW d3u dv®, (2.2)
where

W00 = W—w
2Ww?

w=w(W,%m;?) .

(W,

’

In order to streamline the forthcoming equations, we
adopt a matrix notation. Underlined symbols represent
elements of (2s5;+1)(2s,+ 1)(2s;+ 1)-dimensional square
matrices. The particular elements under consideration
will be obvious from the context. Thus

D]~ V4 p(W,v0)E(W,0°)]2

X&(W — W8 (u—u)8(w’—v?)

XA pU R (17!

where

sP)E1a(p1,p2,p35)'m") (2.3)

E]z(Pl,p21P3;jm)=-/Vje ”rszdj B)Edvlk (By) vzkz(ﬁZ)U( ,v](pl’l)Uyzvz(pZJ)Up,:,Al(Phl)

viva

E12(p1,p2,p3;jm) satisfies

8.158mmBjiBmm 8y 318y 102 20 = > f dQaply ;U (175 P)E o(p1,p2.p3sim)]*
"

X[ A U1

where the summation over y represents a summation over
all intermediate helicities, and  is defined through

dv=|v|%d|v|dQ=0"-1)"2%Q .

The operator scattering equations detailed in Ref. 1 will
be evaluated in terms of matrix elements taken in the
three-body angular momentum state basis. However, the
connection between the two-body input and the three-
body problem, developed for the scalar case in LM (Sec.
IV), is easier to discuss in terms of another basis. We
therefore define a new three-particle basis through the
|

“LP)E1(p1,pasp3iim)] (2.4)

-
direct product of two-particle angular momentum states
| Pyjmaio,) and single-particle plane waves |p;03).
Since the helicities in the two-particle angular momentum
states are internal variables, | Qn_]mk A,) and | q3k3) in
W (20) can be identified with | pJ4;) and | pJA,) in W
(5). Performing the steps leading from W (5) to W (17) in
an analogous manner on W (20), and noting that

dP,=8(P;,2—whd*Py, ,

gives

(Ppjmoaypsos | PUM'w'j'm Ay As) = 1 (4W /) 284 (P — P')8(P12* —w'™)8;84 2, 80 1,
U U5 YU (P DU SN (p3s]) 2.5

where

P=Py+ps3,
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and [ is specified by the condition that /~! transform P to rest (P=0) and P, to a vector in the direction of the positive
Z axis.
The orthonormality and completeness of this new basis follows from the properties of the direct product

(P12jm0103;p303| Ploj'm'ci0%p30%) =8*P1, — P13)8(p3,03)8,i8mmd, 8, .8, . (2.6)

0,04 0,05 00
where

8(p3,p3)=2p38(p3 —p5) -
Completeness involves an integration which is convenient to write as

d*P,dpy=[u’@(w,v°)]~'du d*v dw=(W3/u®) (AW /@) W,v°)]~'dW d*u dv°d Q) . 2.7

The projection onto the plane-wave basis is
(p1p1,p212 P31 | Ploj'm'0105p503) = (4w /p)*uB(w,0°)8* (u—u" )& (v —v')8(w —w’)
X80, Uom-I ™5 P12) U, (13D U 0, (p2s1) (2.8)

where

o=0,—0,,

and [ is specified by the condition that / ~! transform P, to rest and p, to a vector in the direction of the positive z axis.
Thus

(pii1,patiap3ps | Plaj'm’'o102;p503) =u[E(w,v0)@(w,0°)]/26%(u—u’)83(v —v)8(w —w’)L15(p1,p2;i'm’) , 2.9)
where

Loap1,p2sim)= 180 Udm U= P10)UL L (b DU 25 (P23
L 2(p1,p3;jm) satisfies

8,Bmm By 518, 518, 4t % J dBChp1p2sim)Liapropasi'm’) . (2.10

III. TWO-BODY INPUT

To the requirement of Lorentz invariance and unitarity imposed on the two-body input in LM (4.5) we add here angu-
lar momentum conservation. The two-body transition matrix elements taken between angular momentum states must
conserve both the total angular momentum and its projection along the z axis, and must be independent of the particular
value of the projection. Therefore

(PrjmAhz | 1(2) | Ploj'mAiAy) = (uy) (ww') 73283 (w1, — )8 8 pm T, (w |w;Z) . 3.1

AApAlAs
Asin LM (4.5), & is given by
3=Z/u?2 .

7/ is a matrix in which each element is associated with a particular combination of incoming and outgoing helicities. The
A subscripts will not be shown explicitly in subsequent equations when their values are obvious from the context.

Two-body unitarity in operator form is given by LM (4.4). Taking matrix elements between two-body angular
momentum states leads to the matrix equation

1
w'—-%F, —3’2

Pw |w;Z ) —Pw|w;Z)=(F,—F,) fdw”fj(w |w";: &) rw” |w;F,) . (3.2)

The connection to the three-body problem is governed by the same considerations as in the scalar case. Matrix ele-
ments of the noninteracting resolvent conserve linear momenta, angular momenta, and helicities. Clustering requires
velocity conservation in both the two- and three-body systems. Therefore

(P1ajma104;p303 | T12(Z) | Ploj'm'o'10%;p40% ) =(u)(WW') 3 (16WW' /qq" )E(W, v°)§( w',v%)]1/2
X8 (u—u")8(v°—v?)8HQ—Q")8;8 pm U .(p3,p3)

XO(W —e§* —m )0 W' — 8 —m ,0° w,zn'u' |0 %), (3.3)
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where
D=(W—-)N°, &'=(W -/’ Z,=(Z—e&N)/N°.
We have defined
=Z/u®
and

Ulp;p')=UL;p")=U(p;l)

for a Lorentz transformation / which satisfies p =Ip’. Using (3.3) to evaluate the matrix elements of LM (3.19), the uni-
tarity condition for T|,(Z), reproduces the two-body unitarity condition (3.2).
The matrix elements of T',(Z) between three-body angular momentum states follow from (2.2), (2.5), (2.7), and (3.3):

(PIM ;wjmM Ay Az | T1o(Z) | P'T'M';w'j’ m'AiAyAs)
=WOUWW" )32 EW, W 0]~ /283 (u—u)8(v°—v?)5);
XN g N 7 OW — 8 —m 0°) 0 W' — €8 —m 1, 00) (T | 53T )
x 3 [dadamsiar— Q”’)U‘” p3,p'3")[U"’ =S PYUL (P UL (pY51]*

L
g30;m

X[U(J) (1 IP )U (P'l”,l’l')U(3) (pll' llll)] , (3.4)

where P, and p% are functions of u,v°, W,Q',P{; and p5%' are functions of u,v’, W',Q". 1" is defined by the condition
that /" ~! transform P to rest and P, to a vector in the direction of the positive z axis. Therefore, it is a function of u
and ”. Similarly /' is a function of u and Q'”’. Integration over the final & function sets

’
Ill-__lfll, ullz_—_ulllzl .
Then
2, Unin (P i3l Ul (P531") =8

e l” l ur

Since g5 =1""'p% and q¥%

E U53‘33)A‘3 P3 ’l")U(a) ' (P3 7p3”) 'A' (P3”> )=6A3A'3 .

0304

Finally,

differ only in magnitude of velocity,

[ aQ u—PULL (1" 5P)= [ dQ DM (Q "~ )D R (0 )= ; 78 BamrBan: -

Therefore
(PIM ;wjmAAgAs | Tp(Z) | P'T'M'w'i'm' MAs AL ) =(wO) A WW) =3[ E(W,00)E( W', 00)]' /2
X 8 (u—u")8(v°—v)8 8 pp18;8 mm
XOW —€8 —m 1 ,00)0( W' —€§* —m ,0°0) (W | ;) ,  (3.5)
where
(@ | 3. F)=6

Asx'fﬁ‘ﬁ | &) .

Using (2.7), (2.9), and (3.3) to reexpress the matrix elements of T'{,(Z) in terms of the plane-wave basis gives
(P1vPat2,pipts | T12(2) | pipi,pap,pips) = wl P (IWW') = 2 p(Wu)p(W' v0)]' /2
X 8 (u—u)8(v—v)O(W —e§* —m ,v°)
X O(W' — €8 —m 1000 115(p1,p2,03 | P 1,032 E) (3.6)

where
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T12(p1,P2:P3 | P1P2P S E )=, 2 | P Px,Pz,Jm)U( P3,P3)7'112 W | @' Z)Lh(p1,pssim) .

jm oo’

This expression can be simplified by substituting the explicit form for ;, and noting that
z U (=P ) U= PYy)=DL . (r =),

where r and r’ are defined by
UdnI™5P)=Dhp (r=), UL ("= P1)=Dhm(r'™") .
Then
21lp1:P223 |Piop2p5 2 )= ZH U,y (p3p9) 3 3 U P10, P27l @ 052

9192 00}

J —1. (1) S L (2)% rog
X Dby (r VUL (1)UL (p331)

IV. INTEGRAL EQUATIONS

A particular coupling for the three-body angular momentum states is defined by the spectator a¢ and the pair
(a +,a —), labeled by 4. The recoupling coefficient is

(PIM;wjmAg 4 hg _shg | P'T' M ;wpj'm'Ay Ay A5 ) =(u®/WH[EW,w3)EW,09)]V28(W — W8 (u—u')
X 8,8 ppg g (wim |w'j'm"; W) , 4.1)
where
Al (wim |w'j'm'; W) =[EW,wEW,09)]171720(1— | cosf | ){(A)a | (B)b) .

The angle 6 and the abbreviated coefficient {((4)a | (B)b) are given by W (31) and W (35).
The integral equations generated by LM (3.22) for particles with spin are written in terms of the matrix ¥ defined
by

(PIM;w jmA, Ay _;hg | Wap(Z) | P'T' M ;wpj'm'Ay Ay A} )
=W WW') 3283 u—u')8,;8pm [EW,0)EW 09 )] 20 W — €l —m 4v3)0( W' — ™ —mpvy)

X ¥ g (Wwjm | Ww'j'm";Z°) . (4.2)
Then
K (Wwjm | Ww'j'm';Z°)= —8 4p de"[B(W” € —m w30 W' —ef* —mpvp)
el
X (& | 5,2
wr_zetA WIS
X A%p(w"jm |w"j'm' ;W )rh (@ ;w';g')J
-~ 384 z > de”dv W' —eP™ —m O W — B —mpvd )——-—L—?
D J'm" AUA W"'—-Z
XT{‘(w l Sy Z)A D(w ]m lw“ g U;WH)
X W‘DB( W'Iw'l II " ‘ Wlwljlm I;ZC) ] s (4.3)
where

0 ’ 4 , 0
w‘,4'=w(W")vA!ma2)a wB,=w(W”)Ug’mb2)’ wb=(0(W",vg ,mdz).

The summations over A" and A"’ represent summations over all intermediate helicities.
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V. PROBABILITY AMPLITUDE

In order to connect the solutions of the integral equations (4.3) to the physical probability amplitude, the matrix ele-
ments of W 5(Z) must be reexpressed in terms of the plane-wave basis. Using (2.3) and (4.2) gives

(pri1sPatap3is | Wap(Z) | piut,popspsps) = wOHWW) = oW p(W',05)] /28 (u—u)
XO(W —e™ —m v3)0(W' —ef™ —mpv])
X ¥ 48(P1,P2:P3 | P1:P2:PHZE) (5.1)
where
X 45010203 | 10505 Z) =[080% — D (" —1)] 1/

X3 3 3 IATURMUT PIE4(p1p2spsiim) ¥ s Wwjm | Ww'j'm';Z¢)
JM jm j'm' AL’

XU ("= S PYES(p1,ps,psii'm') .

This can be simplified by noting that
S UM SPURN (5P =Djp(s's")
M

where s and s’ are defined by
U175 P)=Diy(s ™Y, Uh(I'"5P)=Dip (s’ .

An interacting two-particle state is characterized by an invariant mass w,, angular momentum quantum numbers j
and m, and other internal quantum numbers summarized by the single parameter ¥ 4. The clustered channel states,
which are asymptotically equivalent to the direct product of two-particle interacting states with plane waves for the third
particle, satisfy

(it 0,04 0,Jrm,7),00 | 'y, D g ('), ) = 10 (w,4,03)8%— )8V 4 — 'y )80 4,1 )8 BB, s B

Ya¥u 4%
(5.2)
The overlap of these states with noninteracting states defines wave functions
<PAjmaa+aa—;paaa | u’ u;"/’A(wlrj’ml"}’I) 0'; )
= uB(w,4,03)5(w,v1)] 8 W= 0BV g~ V)8 Bmm B, s Va(W,00 100 [W'y) . (53)

Then
(P1u1papapaps | u'uy, Y (W' j'm'y'), 00 )

= u 15w, 0)@w 0] 28 (u— )8 (V4 —V)B,  UPashia+sPa—ta- |Waeri'm' V), (54)
where

8 ¢(Pa +HMa +sPa —Ha — |wA?.] m ’YA )= 2 FA P1,P2,J 'm )%(w’a'a +0a— l w’,y’)&o.a,a; .

Equations (5.1), (5.2), and (5.4) are the generalizations of LM [(5.1), (2.15), and (2.16)], respectively, for particles with
spin. The techniques of LM (Sec. VI) are directly applicable. We assume, again, that there are no degeneracies in the
two-body bound-state spectrum. LM (6.11) becomes

. o . ’ r ’ ' ’ ’ l
£ _E? ll_%( —i€)X(pip1,patt2,p 31ty | Wap(EP+i€) fplllhpzl‘z:[’s#s)m

=[5(w4,v2)5 (w081 *[@(ph v @G ,vg)]
XYPa +lha +3Pa —Ha— | Ko JPmP Yo 0% Dy 4 b 1.P5 b | 15,72 mP ¥
Xty g, 04 (WP, JPmP,yP) g | QB NEP) | u,up, Yp(uP', jP'mP o yP )y ) . (5.5)
The €P* factors are fixed by LM (6.14)
e =WP— (WP vP,m* W, e =WP—w(WPvd ,m*wy .

By taking the matrix element of LM (3.18) between a bra and a ket formed from the same helicity plane-wave state we
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obtain an equation similar to LM (6.16):

VAW pw,vg) lim (—i€q)T4(P1,P2:P3 | P1:P2P3W +i€4)
A—D

= — 8w, vg W — WP | PPy g 4 Pa—ta— | W /PmP V) 2. (5.6)

Define

—-172

X(p1,p2.p3:15)=[vf Wa(uf,v)]1' 2 | — lim (—ien)z(p1,p2:ps | Prp2.pid +i€r) - (5.7)
!—)

Then, in analogy to LM (6.18), we find the probability amplitude for elastic and rearrangement scattering
d(+)(q)A (u’uA 7¢A (#p,jpmp’,yp),‘ua ) I q>B(urué’wB()upl)jp’mp’!‘yp’)’y’;) )7 WP)
=—X(p1,p2:P3H5 )X (p1,p3,p5,1p) im Lim (—e €5) ¥ 45(p1,p2,p3 | P1P2:P 3 WP+i€) . (5.8)

€4 —0 G’B —0

The amplitude is not explicitly invariant because the helicities of single-particle plane waves are defined with respect to

the frame of the observer.

The probability amplitude for free-particle scattering is similar to LM (6.20):

o PP 1p1,Pap2:P313) | Polp i1, 212D 315); W)

=— 3 [p(W,vIp(W,09)1' [ 4583 (v . — V)T (P1,P2.P3 | P1,P2P3 W + Z B (P1p2Ps | P1P2P W] . (59
A,B

The probability amplitudes for breakup and coalescence
are, just as in the scalar case, obvious extensions of (5.8)
and (5.9).

V1. CONCLUSION

The techniques of Ref. 1 have been extended to include
the effects of angular momentum conservation and indivi-

dual particle spin. The resulting angular momentum
decomposed equations exhibit the same properties as the
scalar equations: exact unitary and physical clustering.
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